
COMPUTABILITY /13/01/2024)

EXERCISE : Givem f :N -I fixed function and let

Bf = SeeN(ge = f)

The set is saturoted

Bf = & een1 geBf} with Bf = f)

2 cases :

(2) f is not computable

Bf = 0 B = N recursive (and thus 2
.
e.

(2) F is computable

* Bf is not 2e.

(a) if f is finite f= ↑!letg be a total function St. -

f = g

(for instance gress = ↓ free if cedamif)p
otherwise

Them ge Bf but feg finite subfunction and feß

hence by Rice-Shapizo Bf 1 not 2e.

&b) f is not finite

we have feb and for any def ,
a finite off

nemc deBF .

Hence
, by Rice-Shapizo , By is not re



* Ef

* f= (fr Var no Ef 15 22.

ef iff there 1s come a such that feret

some e
,

t auch that Ce,,
t)

hema Saper = Il , t) .

H(e
, xt)

=

#(nw .

(f (e
, (a)a ,

(a(a))

= ( Mar . In re,is ,
ra) - 11

computable

Thus By R
.
e
.

Not recursive since if not ze . Chence

not recurave

* f + p

If is not ze.

fest and d = p ef finite and def

merce by Ric-Shapizo ,
Bf is not ze . / henc not recursive)

Exercise : show that god : NeI is PR

geak , y) = greatest common divison of x and y

gad(y) = max z
.

Z divisor ofs andz divisor of y
1)

zm(z ,
x) = 0 2m(z

, y) = 0

mim(xy

= max zemimray) . (amiz ,
e + zm(z

, y) =0

mox z ...
P(z)

minz ... Prete
notworkinge1h ↑

....

3 *



zu min(x,y
f -

1-

z = mimla,y) - w

gedley) = min(xy) -

(uw min(ay) .

(z = mim(y) - w and

em(a) +2m(z
, y) =0)

= minley) = (Mumin(xy) . 2m/minky) = w
,
x) + em (minky) = w

, y))
-

-_
PR

PR

hence god is in PR.

Eshow
there ore mmn

liir Im Cant

rif observe thatsucc : IN-I occres = m + 1 is

total and computable .

Hence
, by the # recursion theorem,

there is a st
. Im = Socie =

Cats

lii) if it were that M Cr-fanta , inductively you would have

% = 42 = 42 ---

An m Cu = Im

which is false Neg succ fid)



EXERCISE : Define PR . Using only thedefinition show that

marz : N-in

is in PR

motz (a) = mox 2
, a)

(2) Rebuild mox

sum sty

x + 0 = x

x + (y + 2) = (+ y) + 1

predecessor y = 1

0 = 1 = 0

(y+1)= 1 = y

difference = y

x = 0 = x

x = (y + 1) = (x= y) = 1

max mox(exy) = a + (y = x)

Maxz() = Mox/2
,
6) = max /succesuro) , x

(2) Proceed "on demand"

moxy(0) = 2

moxzigte=
t

if you
= ytge

if y = 0

max (1
,y

sume os above

5g(0) = 1

=g(y +1) = 0



even shorter...

moxy(0) = 2

G moxz(y + 2)= = mox(1 , y) + 1

-

max (1
,y

moxe(y) + 1

max(0) = 1

G
maxy(y + 1) = y + 1

EERCISE :

Say f : -IN 10 morotome if f is total

Vagy by then flo fry)

Question :1s there a monatore , non computable function ?

Consider

free = (
+ 1 if Cert

total
,
not computable

otherwise

1 G

-⑥ &

·

⑤ ⑧ ⑨ ↓

gratfre
->

g is total

- g is not computable



Va
. If goo is total them

grat = fry) fr=Te

hance I total and different from all total computable

functions ,
hence not computable.

-

g
is momotore

if y them

graufffx zEy

= fizi = gry

* Alternative solution

ger=
If cert and cela #ec+ 1

If fest and ge(a) = x+ 1)

02 (a(a) + +

-

g is total

-

g is not computable

I total and different from all total computable function

in fact , if cein at Yo is total

- if bel =ac +1 them gree = = (a(x)

- if gered+ 2 them gra = (+ 1 + yx(x)

-

g is monotone

Vayat + y them

g(x) =x + 1 E y gry



Even simpler

gros = fat if
et

otherwise

-

g total

-

g monatore

- g not computable
If 4x(x)d

im fect en(a) = ga)
=

x = 12 oherwise

merce g is not computable otherwise An would be computable.

Exercise : show that there a ce St
. Gary) = a = y

Define

g(x , y) = x =

y computable

hence by son there a S : /N-IN total computable st . Very

Esper (4) = grey) = x =

y

By second recursion theorem there is cat st
. Peco-Pereco

hence

E(y) = Perco (y) = greg , y) = x =

y


