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No①RECURSIVE- ISETS⑭
RECURONELY ENUMERABLE SET

Def /re .
set) : A set AEN is recusaively enumerable (ie .

If the -characteristic function 59 : N -> N

1 If xeA
Sca(e) = G

otherwise
is computable

A property Q() & IN" is semidecidable if

5 : Nk = IN

sake) = (I if Ql
computable

otherwise

Note : if Qlo E N

Q() semidecidable iff (a(a(a)) se

I we could define also recurava/re . sets ANK)

PERVATION : Let AEI be a set

A recursive A Ä 2
.
e

.



Roof

# let AIN be recursive il .
I L

1 if ceA
Vale) = #

O otherwise
15 computable

we want to show A ze., i
.

e
.

sa(e) = GI If ceA
is computable

otherwise

intuitively : def SCA (2) :

you haveI
↑1 If Pxak) = 1 :

Ka for "EA" Na
-
O zeturne 1

else

loop

formally :

5a(x) = 1/uw ·

( xa(x) - 1)) computable
-

o if CA
~> ince it is

1 if A composition,
- minimalisation

O If Ce A of computable functions.
↑ otherwise

hence A 2e.

Concerning A ,
note that since A recursve also I recursive

Hence by theargument above tis Re.

# let A
,

A be re
.,
ie . the semi-characteristic functions ore

computable

Sare =

1 If ceA
1 = SCE(x) =
I set

G ↑ otherwise
& ↑ otherwie

ax ↓
-

-
et Ko



let es
,
e IN ot

. =Ye and 1= 51 = Ye

Idea

"Melg ,
t)

.

Grea
,
e
, y ,
t) ~Ste ,, y , t))ay"

formally

tafel = (mas. slea ,
cas

,
cala n Eleo, cia , caly

(w(e =y(w)z = t

= fu gfox rea, sia,
cura)

, Koreo, sare, w in
I

computable.

Hence A is recursive
Et

MOM
* K not recursive

,
it is ze.

↑ otherwiseD S[k(x) = G
1 if (ek (9x(x)t)

= 1(4(x)
= #( Ya(x, x))

* I is not2e .

otherwise if I se
,
since kee./

we would havek recessive

* Existential quantification

Q(t , j) e Ink+ decidable

Pr) = It
.

Qut, semi-decidable





Projection Theorem

Let Pla
,i) = NNk+1 semi-decidable

Then Rij) = Ec
.
Pla

,i) is semi-decidable

3D·7 ⑨ &

i gi
-

Rij

of

let Ph) NK+ semi-decidable
·
Hence

, by structure the
,
there

↳ Q(t , e) = NK+2 decidable sit.

P(a
,y) = St .

Q(t
,
x

, i)
Now

Rigj) = Ax .

P(
,y) = 5x7t . Q(t

,
x

, j)
=w

. Q) Wit
,
(w

, ijj
-

decidable

Hence R is the existential quantification of a decidable predicate

= by structure th. it is semi-decidable
F

D





* Universal quantification

R(t
,
x) = +H(x

,
x
,
t) decidable

" = Vt
.
R(tc) = Xt

. LH(ec, t) non semi-decidable

EXERCISE : Define a function total and non-computable f :N -

St . flas- on infinitely many e N

Idea
1 %0 92 92 --

↑

↑

⑧ !
↑

↑

C ifis even
↑

↑ ↑
1

↑ ↑ ↑
O

If 2 is odd

② Y ↑
fl) = Ye+1 and

3 ----- --
-

↑ If is ad

Q ↑
andG

E ------

- f total

- fac) = Ve even infinite sett

- frot computable / total and I from all total computable functions (

(Va If I 10 total f(zx + 1) = (a(2x + 1) +1 = 4a(2x = 1))

Eidea

free =4 a(x
+ 1 9x(x)t
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