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Outline
• Simulation of a nonlinear system:

−Modelling of the nonlinear pendulum.
− Simulation using Lord Kelvin’s scheme.
− Period of the undamped nonlinear pendulum.
− Comparison with the linearized model.

• Simulation of a hybrid-time system:
− Continuous-time speed PI control of a DC motor.
−Discrete-time speed PI control loop of a DC motor.
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Simulation of nonlinear systems
Example: simulate the natural response of a 
simple pendulum, starting from given ICs.
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Newton-Euler 2nd law

J ✓̈ =
P

n⌧n

<latexit sha1_base64="E1f7I8KLiJJdBnFACFiG8SSahq4=">AAACFXicbVBNS8NAFNzU7/pV9ehlsQgepCRS0YNCwYt4UrAqNKFsNq926WYTdl/EEvInvPhXvHhQxKvgzX/jtvagrQMLw8w83r4JUykMuu6XU5qanpmdm18oLy4tr6xW1tavTJJpDk2eyETfhMyAFAqaKFDCTaqBxaGE67B3MvCv70AbkahL7KcQxOxWiY7gDK3Uruye+bt+FCWY+9gFZAU9pj7CPRrsS8h9k8VtVViJZW0br7o1dwg6SbwRqZIRztuVTz9KeBaDQi6ZMS3PTTHImUbBJRRlPzOQMt5jt9CyVLEYTJAPryrotlUi2km0fQrpUP09kbPYmH4c2mTMsGvGvYH4n9fKsHMY5EKlGYLiP4s6maSY0EFFNBIaOMq+JYxrYf9KeZdpxtEWWbYleOMnT5KrvZpXr+1f1KuNo1Ed82STbJEd4pED0iCn5Jw0CScP5Im8kFfn0Xl23pz3n2jJGc1skD9wPr4BOz+fgA==</latexit>

J = ml2

<latexit sha1_base64="bUHViqg/tesofCHMIw/SLygMVDU=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBg5TdUtGDQsGLeKpgW7FdSzbNtqFJdkmyQln6L7x4UMSr/8ab/8a03YO2Phh4vDfDzLwg5kwb1/12ckvLK6tr+fXCxubW9k5xd6+po0QR2iARj9R9gDXlTNKGYYbT+1hRLAJOW8HwauK3nqjSLJJ3ZhRTX+C+ZCEj2Fjp4QZdItE54Y+VbrHklt0p0CLxMlKCDPVu8avTi0giqDSEY63bnhsbP8XKMMLpuNBJNI0xGeI+bVsqsaDaT6cXj9GRVXoojJQtadBU/T2RYqH1SAS2U2Az0PPeRPzPaycmPPdTJuPEUElmi8KEIxOhyfuoxxQlho8swUQxeysiA6wwMTakgg3Bm395kTQrZa9aPr2tlmoXWRx5OIBDOAYPzqAG11CHBhCQ8Ayv8OZo58V5dz5mrTknm9mHP3A+fwCn6o+Y</latexit>

Moment of Inertia

Nonlinear ODE

ml2 ✓̈ + b ✓̇ +mgl sin ✓ = 0

<latexit sha1_base64="UTP0aRCEkJxD4D8guC4p4LfuEHw=">AAACKHicbZDLSgMxFIYz9VbrbdSlm2ARBKXMlIoiiAU3LivYC7S1ZNK0DU0yQ3JGKEMfx42v4kZEkW59EtPLwrb+EPj5zjlJzh9EghvwvJGTWlldW99Ib2a2tnd299z9g4oJY01ZmYYi1LWAGCa4YmXgIFgt0ozIQLBq0L8b16vPTBseqkcYRKwpSVfxDqcELGq5txKLp3zjvNFuh5A0oMeADPEZDsZojkjcxQJbbLiaUnyDvZab9XLeRHjZ+DOTRTOVWu6HvZfGkimgghhT970ImgnRwKlgw0wjNiwitE+6rG6tIpKZZjJZdIhPLGnjTqjtUYAn9O9EQqQxAxnYTkmgZxZrY/hfrR5D56qZcBXFwBSdPtSJBYYQj1PDba4ZBTGwhlDN7V8x7RFNKNhsMzYEf3HlZVPJ5/xC7uKhkC1ez+JIoyN0jE6Rjy5REd2jEiojil7QG/pEX86r8+58O6Npa8qZzRyiOTk/v4MjpF0=</latexit>

Torque due to weight

⌧1 = �mgl sin ✓

<latexit sha1_base64="nU3oT4Fyc7nEoYpZGucNV2E1DMI=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCF0siFT0oFLx4rGA/oAlhs920SzebsDsRSunBi3/FiwdFvPojvPlv3LY5aOuDgcd7M8zMC1PBNTjOt1VYWV1b3yhulra2d3b37P2Dlk4yRVmTJiJRnZBoJrhkTeAgWCdVjMShYO1weDP12w9MaZ7IexilzI9JX/KIUwJGCuyyByQLXHyNT2PcxwJ7mkvswYABCeyKU3VmwMvEzUkF5WgE9pfXS2gWMwlUEK27rpOCPyYKOBVsUvIyzVJCh6TPuoZKEjPtj2dPTPCxUXo4SpQpCXim/p4Yk1jrURyazpjAQC96U/E/r5tBdOmPuUwzYJLOF0WZwJDgaSK4xxWjIEaGEKq4uRXTAVGEgsmtZEJwF19eJq2zqlurnt/VKvWrPI4iKqMjdIJcdIHq6BY1UBNR9Iie0St6s56sF+vd+pi3Fqx85hD9gfX5Aw/HlnM=</latexit>

Friction torque

⌧2 = �b ✓̇

<latexit sha1_base64="ymzOnLi4uFZcFTw54KAsBCZ8K+4=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEF1qSUtGFQsGNywr2AU0Ik+mkHTp5MHMjlFDc+CtuXCji1q9w5984bbPQ1gMDh3Pu4c49fiK4Asv6NgpLyyura8X10sbm1vaOubvXUnEqKWvSWMSy4xPFBI9YEzgI1kkkI6EvWNsf3kz89gOTisfRPYwS5oakH/GAUwJa8swDB0jqVfE1PvOdU6cXQ+bAgAEZe2bZqlhT4EVi56SMcjQ880vHaRqyCKggSnVtKwE3IxI4FWxcclLFEkKHpM+6mkYkZMrNpieM8bFWejiIpX4R4Kn6O5GRUKlR6OvJkMBAzXsT8T+vm0Jw6WY8SlJgEZ0tClKBIcaTPnCPS0ZBjDQhVHL9V0wHRBIKurWSLsGeP3mRtKoVu1Y5v6uV61d5HUV0iI7QCbLRBaqjW9RATUTRI3pGr+jNeDJejHfjYzZaMPLMPvoD4/MH7F6Wfw==</latexit>
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Simulation of nonlinear systems
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Nonlinear ODE (implicit form)

f
⇣
y(t), · · · , y(n�1)(t), y(n)(t), u(t)

⌘
= 0

<latexit sha1_base64="8mtR35d81wUtgK8yO8IXBYfGYt0="></latexit>

y(n)(t) = g
⇣
y(t), · · · , y(n�1)(t), u(t)

⌘

<latexit sha1_base64="gWQzzNIdOG16SX6YNUzb/xBP8nQ="></latexit>

Nonlinear ODE (explicit form)

Lord Kelvin’s scheme (chain of integrators)

y(n)(t) y(n≠1)(t)s s y(n≠2)(t) s s y(t)

...

· · · yÕ(t)

u(t)

g
!
y(t), · · · , y(n≠1)(t), u(t)

"



Simulation of nonlinear systems
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Lord Kelvin’s scheme (chain of integrators)

Nonlinear ODE (implicit form)

ml2 ✓̈ + b ✓̇ +mgl sin ✓ = 0

<latexit sha1_base64="8CjnY9Ukvkpi8Clhkp3bzv2uJx4=">AAACKHicbZDLSgMxFIYz9VbrbdSlm2ARBKXMlHrZiAU3LivYC7S1ZNK0DU0yQ3JGKEMfx42v4kZEkW59EtPLwrb+EPj5zjlJzh9EghvwvJGTWlldW99Ib2a2tnd299z9g4oJY01ZmYYi1LWAGCa4YmXgIFgt0ozIQLBq0L8b16vPTBseqkcYRKwpSVfxDqcELGq5txKLp3zjvNFuh5A0oMeADPEZDsZojkjcxQJbbLiaUnyDvZab9XLeRHjZ+DOTRTOVWu6HvZfGkimgghhT970ImgnRwKlgw0wjNiwitE+6rG6tIpKZZjJZdIhPLGnjTqjtUYAn9O9EQqQxAxnYTkmgZxZrY/hfrR5D57qZcBXFwBSdPtSJBYYQj1PDba4ZBTGwhlDN7V8x7RFNKNhsMzYEf3HlZVPJ5/xC7uKhkC1ezuJIoyN0jE6Rj65QEd2jEiojil7QG/pEX86r8+58O6Npa8qZzRyiOTk/v4HvpFk=</latexit>

Nonlinear ODE (explicit form)

✓̈ = � b

ml2
✓̇ � g

l
sin ✓

<latexit sha1_base64="Kh8jya7lHov+MOsDzgvgq6WMLGM=">AAACLnicbZDLSgMxFIYz9VbrrerSTbAIblpmSr1shIIILivYC3RqyaSZNjSTGZIzQhnmidz4KroQVMStj2F6WdTWA4Gf/zsnyfm9SHANtv1uZVZW19Y3spu5re2d3b38/kFDh7GirE5DEaqWRzQTXLI6cBCsFSlGAk+wpje8HvPmI1Oah/IeRhHrBKQvuc8pAWN18zdurxdC4sKAAUnxFS66viI08dIkEA/lFLvzuIintJ8mwiDN5ZR08wW7ZE8KLwtnJgpoVrVu/tXcS+OASaCCaN127Ag6CVHAqWBpzo01iwgdkj5rGylJwHQnmayb4hPj9LAfKnMk4Ik7P5GQQOtR4JnOgMBAL7Kx+R9rx+BfdhIuoxiYpNOH/FhgCPE4O9zjilEQIyMIVdz8FdMBMYGASThnQnAWV14WjXLJqZTO7iqF6vksjiw6QsfoFDnoAlXRLaqhOqLoCb2gD/RpPVtv1pf1PW3NWLOZQ/SnrJ9f+TiptA==</latexit>

Note: order of blocks matters !

✓̈

<latexit sha1_base64="LTAZhhdKDOvD12dlomBP6RR7euU=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUTwVvHisYD+gCWWz2bRLN7txd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC1PBDbjut1NaW9/Y3CpvV3Z29/YPqodHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3c38zphpw5V8hEnKgoQMJI85JWClwI8iBbkPQwZk2q/W3Lo7B14lXkFqqECzX/3yI0WzhEmgghjT89wUgpxo4FSwacXPDEsJHZEB61kqScJMkM+PnuIzq0Q4VtqWBDxXf0/kJDFmkoS2MyEwNMveTPzP62UQ3wQ5l2kGTNLFojgTGBSeJYAjrhkFMbGEUM3trZgOiSYUbE4VG4K3/PIqaV/Uvcv61cNlrXFbxFFGJ+gUnSMPXaMGukdN1EIUPaFn9IrenLHz4rw7H4vWklPMHKM/cD5/AEuDkm0=</latexit>

✓̇

<latexit sha1_base64="DT7OmPbl2oKJVXmZfNJPCpNSfgg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQplMJ+3QySTM3Agl9DfcuFDErT/jzr9x2mahrQcGDufcw71zwlQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44vpv5nSeujUjUI05SHsR0qEQkGEUr+f4gwdzHEUc67Vdrbt2dg6wSryA1KNDsV79snGUxV8gkNabnuSkGOdUomOTTip8ZnlI2pkPes1TRmJsgn988JWdWGZAo0fYpJHP1dyKnsTGTOLSTMcWRWfZm4n9eL8PoJsiFSjPkii0WRZkkmJBZAWQgNGcoJ5ZQpoW9lbAR1ZShraliS/CWv7xK2hd177J+9XBZa9wWdZThBE7hHDy4hgbcQxNawCCFZ3iFNydzXpx352MxWnKKzDH8gfP5A4pCkf8=</latexit>

✓

<latexit sha1_base64="4f4WUQpdjG5q7x4V0Vgfcz2BuLk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkongqePFYwX5AG8pmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWavVwxJH2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqV6te3tcq9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A6Qnjyg=</latexit>
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✓̈

<latexit sha1_base64="LTAZhhdKDOvD12dlomBP6RR7euU=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUTwVvHisYD+gCWWz2bRLN7txd1Ioob/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC1PBDbjut1NaW9/Y3CpvV3Z29/YPqodHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3c38zphpw5V8hEnKgoQMJI85JWClwI8iBbkPQwZk2q/W3Lo7B14lXkFqqECzX/3yI0WzhEmgghjT89wUgpxo4FSwacXPDEsJHZEB61kqScJMkM+PnuIzq0Q4VtqWBDxXf0/kJDFmkoS2MyEwNMveTPzP62UQ3wQ5l2kGTNLFojgTGBSeJYAjrhkFMbGEUM3trZgOiSYUbE4VG4K3/PIqaV/Uvcv61cNlrXFbxFFGJ+gUnSMPXaMGukdN1EIUPaFn9IrenLHz4rw7H4vWklPMHKM/cD5/AEuDkm0=</latexit>

✓̇

<latexit sha1_base64="DT7OmPbl2oKJVXmZfNJPCpNSfgg=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiSiKK4KblxWsA9oQplMJ+3QySTM3Agl9DfcuFDErT/jzr9x2mahrQcGDufcw71zwlQKg6777ZTW1jc2t8rblZ3dvf2D6uFR2ySZZrzFEpnobkgNl0LxFgqUvJtqTuNQ8k44vpv5nSeujUjUI05SHsR0qEQkGEUr+f4gwdzHEUc67Vdrbt2dg6wSryA1KNDsV79snGUxV8gkNabnuSkGOdUomOTTip8ZnlI2pkPes1TRmJsgn988JWdWGZAo0fYpJHP1dyKnsTGTOLSTMcWRWfZm4n9eL8PoJsiFSjPkii0WRZkkmJBZAWQgNGcoJ5ZQpoW9lbAR1ZShraliS/CWv7xK2hd177J+9XBZa9wWdZThBE7hHDy4hgbcQxNawCCFZ3iFNydzXpx352MxWnKKzDH8gfP5A4pCkf8=</latexit>

✓

<latexit sha1_base64="4f4WUQpdjG5q7x4V0Vgfcz2BuLk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkongqePFYwX5AG8pmu2nXbjZhdyKU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpWavVwxJH2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrYuqV6te3tcq9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A6Qnjyg=</latexit>

Initial state is set in the
initial conditions (ICs)

of the integrators.

✓(0)

<latexit sha1_base64="X3zP4O4OriICMR9CB/SbXblZBSA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXIoqngBePEcxDkiXMTmaTIbOzy0yvEEK+wosHRbz6Od78GyfJHjSxoKGo6qa7K0ikMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo9uZ33ri2ohYPeA44X5EB0qEglG00mMXhxxp2T3vFUtuxZ2DrBIvIyXIUO8Vv7r9mKURV8gkNabjuQn6E6pRMMmnhW5qeELZiA54x1JFI278yfzgKTmzSp+EsbalkMzV3xMTGhkzjgLbGVEcmmVvJv7ndVIMr/2JUEmKXLHFojCVBGMy+570heYM5dgSyrSwtxI2pJoytBkVbAje8surpHlR8aqVy/tqqXaTxZGHEziFMnhwBTW4gzo0gEEEz/AKb452Xpx352PRmnOymWP4A+fzB95gj8c=</latexit>

A Goto block 
propagates a signal 
of the From block 
with same label.



Simulation of nonlinear systems
Natural response with 𝜃 0 = 60°, 𝜃̇ 0 = 0.

Max step too large ⇒ reduce max step size …
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Simulation of nonlinear systems
Simulation with reduced max step size:

⇒ By increasing the number of integration instants, 
the response is smoother.
R. Antonello Introduction to Simulink 7
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Simulation of nonlinear systems
Natural response with 𝑏 = 0 (undamped sys):

⇒ With no damping (no energy dissipation), the 
response is periodic.
R. Antonello Introduction to Simulink 8
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Simulation of nonlinear systems
The oscillation is not harmonic (i.e. not a pure 
sinusoidal motion). This is more noticeable for 
large swings ( e.g. 𝜃 0 = 175°, 𝜃̇ 0 = 0 ).

R. Antonello Introduction to Simulink 9
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Simulation of nonlinear systems
For an undamped nonlinear pendulum with 
𝜃 0 = 𝜃! and 𝜃̇ 0 = 0, the period of the 
oscillation is equal to (1,2):

where:

(1) https://www.math24.net/nonlinear-pendulum/
(2) http://www.sciencedirect.com/science/article/pii/S089812211200017X
R. Antonello Introduction to Simulink 10

T = 4

s
l

g
K

✓
sin

✓0
2

◆

<latexit sha1_base64="MCZTMiV2xHh8s8EMLjvf9sR+tNU="></latexit>

K(m) =

Z ⇡/2

0

d✓p
1�m2 sin2 ✓

<latexit sha1_base64="n6VrFf6nNhFp6H6LJAHcfhPvHFI="></latexit>

Elliptical integral 
of the 1st kind

https://www.math24.net/nonlinear-pendulum/
http://www.sciencedirect.com/science/article/pii/S089812211200017X


Simulation of nonlinear systems

Check the result by measuring the period on the 
plot with the ginput command …

R. Antonello Introduction to Simulink 11

Note: the ellipke routine evaluates the 
elliptical integral of the 1st kind in the form:

K(m0) =

Z ⇡/2

0

d✓p
1�m0 sin2 ✓

<latexit sha1_base64="HuDVZjszRtyIVQZ/vZt863OBuAs="></latexit>



Simulation of nonlinear systems
Spectrum (FFT) of the nonlinear oscillation:
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Simulation of nonlinear systems
For small oscillations, the dynamics can be 
linearized with the approximation sin 𝜃 ≈ 𝜃:

R. Antonello Introduction to Simulink 13

Nonlinear ODE

ml2 ✓̈ + b ✓̇ +mgl sin ✓ = 0

<latexit sha1_base64="UTP0aRCEkJxD4D8guC4p4LfuEHw=">AAACKHicbZDLSgMxFIYz9VbrbdSlm2ARBKXMlIoiiAU3LivYC7S1ZNK0DU0yQ3JGKEMfx42v4kZEkW59EtPLwrb+EPj5zjlJzh9EghvwvJGTWlldW99Ib2a2tnd299z9g4oJY01ZmYYi1LWAGCa4YmXgIFgt0ozIQLBq0L8b16vPTBseqkcYRKwpSVfxDqcELGq5txKLp3zjvNFuh5A0oMeADPEZDsZojkjcxQJbbLiaUnyDvZ ab9XLeRHjZ+DOTRTOVWu6HvZfGkimgghhT970ImgnRwKlgw0wjNiwitE+6rG6tIpKZZjJZdIhPLGnjTqjtUYAn9O9EQqQxAxnYTkmgZxZrY/hfrR5D56qZcBXFwBSdPtSJBYYQj1PDba4ZBTGwhlDN7V8x7RFNKNhsMzYEf3HlZVPJ5/xC7uKhkC1ez+JIoyN0jE6Rjy5REd2jEiojil7QG/pEX86r8+58O6Npa8qZzRyiOTk/v4MjpF0=</latexit>

Linearized ODE
Linear state-space model

ml2 ✓̈ + b ✓̇ +mgl ✓ = 0

<latexit sha1_base64="5iUfp1NjOfsLeWB/lJNwFl17cFQ=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIglJmSkVRhIIblxXsBTpjyaRpG5rMDMkZoQx9GDe+ihsXXnDhxmcxnXZhW38I/HznnCTn9yPBNdj2t5VZWl5ZXcuu5zY2t7Z38rt7dR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+4GZcbzwypXkY3MMwYp4kvYB3OSVgUDt/JbF4KLmnbqcTQuJCnwEZ4RPsj9EMkbiHBTY4Jfga2+18wS7aqfCicaamgKaqtvMf5k4aSxYAFUTrlmNH4CVEAaeCjXJurFlE6ID0WMvYgEimvSRdcoSPDOngbqjMCQCn9O9EQqTWQ+mbTkmgr+drY/hfrRVD98JLeBDFwAI6eagbCwwhHieGO1wxCmJoDKGKm79i2ieKUDC55kwIzvzKi6ZeKjrl4tlduVC5nMaRRQfoEB0jB52jCrpFVVRDFD2hF/SG3q1n69X6tL4mrRlrOrOPZmT9/AIYu6KP</latexit>


✓̇
✓̈

�
=

"
0 1

�g

l
� b

ml2

# 
✓
✓̇

�

<latexit sha1_base64="qLNUMtsfHow4zZojY5r72QlUY5A="></latexit>

sin ✓ ⇡ ✓

<latexit sha1_base64="rDPejv4op7wIUXmgJ2UvcGOeDcE=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMSEVxVXDjsoJ9QGcomTTThmaSIbkjltKNv+LGhSJu/Qx3/o1pOwttPXDh5Jx7yb0nSgU34HnfTmFldW19o7hZ2tre2d1z9w+aRmWasgZVQul2RAwTXLIGcBCsnWpGkkiwVjS8mfqtB6YNV/IeRikLE9KXPOaUgJW67lFguAxgwIAEJE21epw/um7Zq3gz4GXi56SMctS77lfQUzRLmAQqiDEd30shHBMNnAo2KQWZYSmhQ9JnHUslSZgJx7MDJvjUKj0cK21LAp6pvyfGJDFmlES2MyEwMIveVPzP62QQX4VjLtMMmKTzj+JMYFB4mgbucc0oiJElhGpud8V0QDShYDMr2RD8xZOXSfO84lcrF3fVcu06j6OIjtEJOkM+ukQ1dIvqqIEomqBn9IrenCfnxXl3PuatBSefOUR/4Hz+AKWBlxE=</latexit>
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State-Space
block parameters

Use a Demux block to 
get the components of 
a vector-valued signal.

Use a Mux block to form 
a vector-valued signal
from its components.



Simulation of nonlinear systems

The two oscillations are not identical; in 
particular, their periods are slightly different …
R. Antonello Introduction to Simulink 15
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Simulation of nonlinear systems
The undamped linearized pendulum is an 
harmonic oscillator:

The period of the oscillation is:

R. Antonello Introduction to Simulink 16

Linearized ODE (with 𝑏 = 0)

ml2 ✓̈ + b ✓̇ +mgl ✓ = 0

<latexit sha1_base64="5iUfp1NjOfsLeWB/lJNwFl17cFQ=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAIglJmSkVRhIIblxXsBTpjyaRpG5rMDMkZoQx9GDe+ihsXXnDhxmcxnXZhW38I/HznnCTn9yPBNdj2t5VZWl5ZXcuu5zY2t7Z38rt7dR3GirIaDUWomj7RTPCA1YCDYM1IMSJ9wRr+4GZcbzwypXkY3MMwYp4kvYB3OSVgUDt/JbF4KLmnbqcTQuJCnwEZ4RPsj9EMkbiHBTY4Jfga2+18wS7aqfCicaamgKaqtvMf5k4aSxYAFUTrlmNH4CVEAaeCjXJurFlE6ID0WMvYgEimvSRdcoSPDOngbqjMCQCn9O9EQqTWQ+mbTkmgr+drY/hfrRVD98JLeBDFwAI6eagbCwwhHieGO1wxCmJoDKGKm79i2ieKUDC55kwIzvzKi6ZeKjrl4tlduVC5nMaRRQfoEB0jB52jCrpFVVRDFD2hF/SG3q1n69X6tL4mrRlrOrOPZmT9/AIYu6KP</latexit>

✓̈ + !2
0 ✓ = 0 , !0 =

r
g

l

<latexit sha1_base64="1g8WaT+zxtKHMzFjjOONi2CjIok="></latexit>

Tl =
2⇡

!0
= 2⇡

s
l

g

<latexit sha1_base64="QZaVjHAu/kDfCUefIPHWgknYuDE=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwVZJSHwhCwY3LCn1BE8JkMkmHTh7OTIQS8idu/BU3LhQRd/0bJ20W2npg4HDOudy5x00YFdIwZlplbX1jc6u6XdvZ3ds/0A+P+iJOOSY9HLOYD10kCKMR6UkqGRkmnKDQZWTgTu4Kf/BEuKBx1JXThNghCiLqU4ykkhz9susweAstz+cIZ00roXlmxSEJkGPkyigUSzxymZURlmdBnjt63WgYc8BVYpakDkp0HP3b8mKchiSSmCEhRqaRSDtDXFLMSF6zUkEShCcoICNFIxQSYWfz+3J4phQP+jFXL5Jwrv6eyFAoxDR0VTJEciyWvUL8zxul0r+2MxolqSQRXizyUwZlDIuyoEc5wZJNFUGYU/VXiMdI1SBVpTVVgrl88irpNxtmq3Hx0Kq3b8o6quAEnIJzYIIr0Ab3oAN6AINn8ArewYf2or1pn9rXIlrRyplj8Afa7AdD0qMr</latexit>
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Tl = 2⇡

s
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g

<latexit sha1_base64="NL/GBwwSycRj6inU0BLzZ2h3dcU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSlPjZCwY3LCn1BE8JkMmmHTiZxZiKUkJUbf8WNC0Xc+g3u/BunbRbaeuDC4Zx7ufceP2FUKsv6Nkorq2vrG+XNytb2zu6euX/QlXEqMOngmMWi7yNJGOWko6hipJ8IgiKfkZ4/vpn6vQciJI15W00S4kZoyGlIMVJa8szjtsfgNaw7CXXkvVCZE4QC4Yzl2TDPPbNq1awZ4DKxC1IFBVqe+eUEMU4jwhVmSMqBbSXKzZBQFDOSV5xUkgThMRqSgaYcRUS62eyNHJ5qJYBhLHRxBWfq74kMRVJOIl93RkiN5KI3Ff/zBqkKr9yM8iRVhOP5ojBlUMVwmgkMqCBYsYkmCAuqb4V4hHQMSidX0SHYiy8vk269Zjdq53eNavOiiKMMjsAJOAM2uARNcAtaoAMweATP4BW8GU/Gi/FufMxbS0Yxcwj+wPj8AVGnmQk=</latexit>
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<latexit sha1_base64="5D8FPa61aUCvYH03IU0Mpj6H+g0="></latexit>
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Simulation of nonlinear systems
The linearization error is:

R. Antonello Introduction to Simulink 18

High Order Harmonics

𝜃 0 = 60° 
𝜃̇ 0 = 0

<latexit sha1_base64="R/fvoxKqBf3AELR9UOLXhTwl9MI="></latexit>

e(t) = ✓0 (cos!t� cos!lt) + H.O.H.

= �2✓0 sin
�
!�!l

2 t
�
sin

�
!+!l

2 t
�
+H.O.H.



Simulation of a sampled-data system
Example: consider the following simplified model of a 
DC motor:

with the armature voltage 𝑢! [V] as input, and the 
shaft speed 𝑦 [rad/s]	as output.

Want to simulate the response of a speed PI control 
loop, assuming to directly measure the shaft speed 
(e.g. by using a tachometer).

R. Antonello Introduction to Simulink 19

P (s) =
Y (s)

Ua(s)
=

k

T s+ 1
, k = 8.3, T = 0.028

<latexit sha1_base64="Cf8c3V7sS7ca6IVjlQQvriftVNA="></latexit>



Simulation of a sampled-data system
Start with the continuous-time PI controller:

whose input is the speed error 𝑒 [rpm], and output is 
the voltage command 𝑢 V  provided to the motor 
voltage driver.

The motor driver is modelled as a static gain:

R. Antonello Introduction to Simulink 20

Ua(s)

U(s)
= kdrv = 0.6

<latexit sha1_base64="Utu0KiNOngtr3eKKG5d9mtsu4Q0=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgVISRSHwuFghuXFUxbaEKYTCbt0MmDmUmhhH6EG3/FjQtF3Lpw5984abPQ1gMzHM65l3vv8VNGhTTNb21peWV1bb2yUd3c2t7Z1ff22yLJOCY2TljCuz4ShNGY2JJKRropJyjyGen4w9vC74wIFzSJH+Q4JW6E+jENKUZSSZ5+6gQhRzi3PVQXJ5PcLn54A4eeEyE54FEe8FEhmMaFp9dMw5wCLhKrJDVQouXpX06Q4CwiscQMCdGzzFS6OeKSYkYmVScTJEV4iPqkp2iMIiLcfHrUBB4rJYBhwtWLJZyqvztyFAkxjnxVWWwq5r1C/M/rZTK8cnMap5kkMZ4NCjMGZQKLhGBAOcGSjRVBmFO1K8QDpEKSKseqCsGaP3mRtM8Mq2Gc3zdqzesyjgo4BEegDixwCZrgDrSADTB4BM/gFbxpT9qL9q59zEqXtLLnAPyB9vkDXyCdGg==</latexit>

<latexit sha1_base64="FNgyftUzNi/edTjgct7XJGfkOYk="></latexit>

C(s) =
U(s)

E(s)
= KP +

KI

s
,

KP = 8.4⇥ 10�3

KI = 1.05



Simulation of a sampled-data system
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Simulation of a sampled-data system
Simulation results for a step speed reference of 
300	rpm, applied at 𝑡 = 0	𝑠 :
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Simulation of a sampled-data system
Alternative: use CST (the control system is a 
continuous-time LTI model !).

R. Antonello Introduction to Simulink 23

≠
kdrv rads2rpm

e[rpm] u[V] ua[V] y[ rad
s ] yÕ[rpm]r[rpm]

C(s) P (s)



Simulation of a sampled-data system
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≠
kdrv rads2rpm

e[rpm] u[V] ua[V] y[ rad
s ] yÕ[rpm]r[rpm]

C(s) P (s)
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Simulation of a sampled-data system
Consider now the discrete-time PI controller:

obtained by discretizing the continuous-time 
controller with the Forward Euler method. 

R. Antonello Introduction to Simulink 25

<latexit sha1_base64="NXCG38FgMJg0u6+3Ck1yBGeUjh0="></latexit>

C(z) =
U(z)

E(z)
= KP +

KI Ts

z � 1
,

KP = 8.4⇥ 10�3

KI = 1.05

Ts = 0.01 s



Simulation of a sampled-data system
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Sampled-data system

The Zero-Order Hold block 
works here as a 

discrete-to-continuous interpolator.

The Zero-Order Hold block 
works here as an ideal sampler.

discrete-time ←

→ continuous-time
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Use stairs for drawing
a stair-step plot.


