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PREFACE

I designed this book for students and profession-
als who want to understand and apply basic me-
teorological concepts, but who don’t need to derive
equations.

To make this book accessible to more people, I
converted the equations into algebra. With algebraic
approximations to the atmosphere, you can see the
physical meaning of each term and you can plug in
numbers to get usable answers.

No previous knowledge of meteorology is needed
— I start from the basics. Your background should
include algebra, trig, and classical physics. This
book could serve the fields of Atmospheric Science,
Meteorology, Environmental Science, Engineering,
Air Quality, Climatology, and Geography.

Readers like you asked to see solved examples, to
enhance your understanding and speed your ability
to apply the concepts to your own situations. To fill
this need, I added “Sample Application” boxes for
almost every equation in the book.

This book is designed to be both a textbook and
a reference. As a textbook, the end of each chapter
includes extensive homework exercises in categories
inspired by Bloom’s taxonomy of learning actions:
“Broaden Knowledge & Comprehension”; “Apply”;
“Evaluate & Analyze”; and “Synthesize”.

Although a hand calculator can be used for some
of the homework exercises, other exercises are best
solved on a computer spreadsheet such as Excel or
using a mathematical program such as MATLAB, R,
Mathematica, or Maple. Iused Excel for my Sample
Applications and most of my graphs.

As a reference, I included in this book many ta-
bles, figures and graphs, and have a detailed index.
Also, appendices include values of key constants
and conversion factors.

The body of the text runs mostly in the inside
columns of each page. The outside columns on
each page contain the supporting figures, graphs,
tables, and sample applications. Other special boxes
in these outside columns include supplementary
“Info” and “A Scientific Perspective”. At the request
of some readers, I added “Higher Math” boxes that
use calculus, differential equations and other ad-
vanced techniques, but you may safely ignore these
boxes if you wish.

For instructors, I inserted a bullet next to the
most important equations, to help focus the learn-
ing. The book contains too much material to cover

in one term, so instructors should select the subset
of chapters to cover.

I intentionally limited the number of large color
photographs and maps in this book, partly to allow
it to be inexpensively printed/copied, and partly be-
cause most readers can access color images via the
internet.
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Classical Newtonian physics can be used to de-
scribe atmospheric behavior. Namely, air motions
obey Newton’s laws of dynamics. Heat satisfies the
laws of thermodynamics. Air mass and moisture
are conserved. When applied to a fluid such as air,
these physical processes describe fluid mechanics.
Meteorology is the study of the fluid mechanics,
physics, and chemistry of Earth’s atmosphere.

The atmosphere is a complex fluid system — a
system that generates the chaotic motions we call
weather. This complexity is caused by myriad in-
teractions between many physical processes acting
at different locations. For example, temperature
differences create pressure differences that drive
winds. Winds move water vapor about. Water va-
por condenses and releases heat, altering the tem-
perature differences. Such feedbacks are nonlinear,
and contribute to the complexity.

But the result of this chaos and complexity is a
fascinating array of weather phenomena — phe-
nomena that are as inspiring in their beauty and
power as they are a challenge to describe. Thunder-
storms, cyclones, snow flakes, jet streams, rainbows.
Such phenomena touch our lives by affecting how
we dress, how we travel, what we can grow, where
we live, and sometimes how we feel.

In spite of the complexity, much is known about
atmospheric behavior. This book presents some of
what we know about the atmosphere, for use by sci-
entists and engineers.
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INTRODUCTION

In this book are five major components of me-
teorology: (1) thermodynamics, (2) physical meteo-
rology, (3) observation and analysis, (4) dynamics,
and (5) weather systems (cyclones, fronts, thunder-
storms). Also covered are air-pollution dispersion,
numerical weather prediction, and natural climate
processes.

Starting into the thermodynamics topic now,
the state of the air in the atmosphere is defined by
its pressure, density, and temperature. Changes of
state associated with weather and climate are small
perturbations compared to the average (standard)

1
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(" A SCIENTIFIC PERSPECTIVE » )
Descartes and the Scientific Method

From René Descartes we get more than the name
“Cartesian”. In 1637 he published a book Discours de
la Méthode, in which he defined the principles of the
modern scientific method:

e Accept something as true only if you know it to
be true.
¢ Break difficult problems into small parts, and
solve each part in order to solve the whole problem.
e Start from the simple, and work towards the com-
plex. Seek relationships between the variables.
* Do not allow personal biases or judgements to
interfere, and be thorough.
This method formed the basis of the scientific renais-
sance, and marked an important break away from

blind belief in philosophers such as Aristotle. )

-
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Figure 1.1
Local Cartesian coordinates and velocity components.
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Mathematical

Figure 1.2
Comparison of meteorological and math angle conventions.

4 INFO ¢ Weather-related Disasters )

During 1970 to 2012 there were 8,835 disasters,
1.94 million deaths, and economic losses equivalent
to US$ 2.4 trillion due to droughts, temperature ex-
tremes, tropical cyclones, floods, and their related
health epidemics. Of these totals, storms caused 79%
of the disasters, 55% of lives lost, and 86% of economic
losses. Individual events included: 300,000 killed in
1970 cyclone Bhola in Bangladesh; 300,000 killed in
1983 drought in Ethiopia; 150,000 killed in drought
in Sudan; and 138,866 killed in 1991 cyclone Gorky
in Bangladesh. Most of the deaths were in less-de-
veloped countries, while most of the economic losses
were in the most-developed countries (e.g. US$ 147
billion and $50 billion from hurricanes Katrina and
Sandy in the USA). Source: WMO, 2014: “The Atlas of
Mortality and Economic Losses from Weather, Climate and

Water Extremes, 1970-2012".
. J

atmosphere. These changes are caused by well-de-
fined processes.

Equations and concepts in meteorology are simi-
lar to those in physics or engineering, although the
jargon and conventions might look different when
applied within an Earth framework. For a review of
basic science, see Appendix A.

g S W W T e S

METEOROLOGICAL CONVENTIONS

Although the Earth is approximately spherical,
you need not always use spherical coordinates. For
the weather at a point or in a small region such as a
town, state, or province, you can use local right-hand
Cartesian (rectangular) coordinates, as sketched
in Fig. 1.1. Usually, this coordinate system is aligned
with x pointing east, y pointing north, and z point-
ing up. Other orientations are sometimes used.

Velocity components U, V, and W correspond to
motion in the x, y, and z directions. For example,
a positive value of U is a velocity component from
west to east, while negative is from east to west.
Similarly, V is positive northward, and W is positive
upward (Fig. 1.1).

In polar coordinates, horizontal velocities can be
expressed as a direction (o), and speed or magni-
tude (M). Historically, horizontal wind directions
are based on the compass, with 0° to the north (the
positive y direction), and with degrees increasing
in a clockwise direction through 360°. Negative
angles are not usually used. Unfortunately, this dif-
fers from the usual mathematical convention of 0°
in the x direction, increasing counter-clockwise
through 360° (Fig. 1.2).

Historically winds are named by the direction
from which they come, while in mathematics an-
gles give the direction toward which things move.
Thus, a west wind is a wind from the west; namely,
from 270°. It corresponds to a positive value of U,
with air moving in the positive x direction.

Because of these differences, the usual trigono-
metric equations cannot be used to convert between
(U, V) and (o, M). Use the following equations in-
stead, where o, is the compass direction from which
winds come.

Conversion to Speed and Direction:

M=(u?+v? )1/ 2 o(L1)

]

360 (V)
-arctan| — [+ o,
C u

o =90°— ¢(1.2a)
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where o, = 180°if U > 0, but is zero otherwise. C
is the angular rotation in a full circle (C = 360° = 21
radians).

[NOTE: Bullets e identify key equations that are
fundamental, or are needed for understanding later chap-
ters.]

Some computer languages and spreadsheets al-
low a two-argument arc tangent function (atan2):

_360°

o -atan2(V,U) + 180° (1.2b)

[CAUTION: in the C and C++ programming languages,
you might need to switch the order of U & V]

Some calculators, spreadsheets or computer
functions use angles in degrees, while others use
radians. If you don't know which units are used,
compute the arccos(-1) as a test. If the answer is 180,
then your units are degrees; otherwise, an answer of
3.14159 indicates radians. Use whichever value of C
is appropriate for your units.

Conversion to U and V:

U =-M-sin(a) *(1.3)
V =—-M-cos(a) °(14)

In three dimensions, cylindrical coordinates
(M, 0, W) are sometimes used for velocity instead of
Cartesian (U, V, W), where horizontal velocity com-
ponents are specified by direction and speed, and
the vertical component remains W (see Fig. 1.3).

Most meteorological graphs are like graphs in
other sciences, with dependent variables on the
ordinate (vertical axis) plotted against an inde-
pendent variable on the abscissa (horizontal axis).
However, in meteorology the axes are often switched
when height (z) is the independent variable. This
axis switching makes locations higher in the graph
correspond to locations higher in the atmosphere
(Fig. 1.4).

g e W e W T g W

EARTH FRAMEWORKS REVIEWED

The Earth is slightly flattened into an oblate
spheroid of revolution (Fig. 1.5). The distance
from the center of the Earth to the north (N) and
south (S) poles is roughly 6356.755 km, slightly less
than the 6378.140 km distance from the center to

Sample Application
Find wind speed and direction, given eastward
component 3 m 571, and northward 4 m s

Find the Answer
(Problem-solving methods are given in Appendix A.)
Given: U=3msL eastward wind component.
V=4msl. northward wind component.
Find: M=?msL wind speed
o =? degrees. wind direction

Sketch: \V; M

Use eq. (1.1):

M =[U2+V2]1/2
=[Bms?+@msT)?]05 U
=9+ 16)0-5 J(m 5—1)2]0.5 o
=25%ms?! = 5msL

Use eq. (1.2a):

o =90°- (360°%C)-arctan(V/U) + 180°

90° - (360/360)-arctan[(4 m s™1)/(3 m s71)]+180°
90° — tan~1(1.333) + 180°

= 90°- 53.13° + 180° = 216.87°.

Check: Units OK. Sketch OK. Values physical.
Exposition: Thus, the wind is from the south-south-

west (SSW) at 5m sL.

W“

Figure 1.3
Notation used in cylindrical coordinates for velocity.

L ]

O

40 .

z (km)
P (kPa)

205— ° _510

See, 100

Figure 1.4

Hypothetical temperature T profile in the atmosphere, plotted
such that locations higher in the graph correspond to locations
higher in the atmosphere. The independent variable can be
height z (left axis) or pressure P (right axis).
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north pole
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south pole
Figure 1.5
Earth cartography.
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Figure 1.6

Elevation angle Y , zenith angle { , and azimuth angle o .
CAUTION: Recall from Fig. 1.2 that azimuth is the compass
direction toward the object, while wind direction is the compass
direction from which the wind blows.

Sample Application

A thunderstorm top is at azimuth 225° and eleva-
tion angle 60° from your position. How would you
describe its location in words? Also, what is the zenith
angle?

Find the Answer:

Given: o = 225°
Y = 60°.

Find: Location in words, and find ¢ .
(continued next page).

the equator. This 21 km difference in Earth radius
causes a north-south cross section (i.e., a slice) of the
Earth to be slightly elliptical. But for all practical
purposes you can approximate the Earth a sphere
(except for understanding Coriolis force in the Forc-
es & Winds chapter).

Cartography
Recall that north-south lines are called merid-
ians, and are numbered in degrees longitude. The
prime meridian (0° longitude) is defined by inter-
national convention to pass through Greenwich,
Great Britain. We often divide the 360° of longitude
around the Earth into halves relative to Greenwich:
* Western Hemisphere: 0-180°W,
¢ Eastern Hemisphere: 0 - 180°E.

Looking toward the Earth from above the north
pole, the Earth rotates counterclockwise about its
axis. This means that all objects on the surface of the
Earth (except at the poles) move toward the east.

East-west lines are called parallels, and are
numbered in degrees latitude. By convention, the
equator is defined as 0° latitude; the north pole is
at 90°N; and the south pole is at 90°S. Between the
north and south poles are 180° of latitude, although
we usually divide the globe into the:

* Northern Hemisphere: 0 - 90°N,
e Southern hemisphere: 0 - 90°S.

On the surface of the Earth, each degree of lati-
tude equals 111 km, or 60 nautical miles.

Azimuth, Zenith, & Elevation Angles

As a meteorological observer on the ground
(black circle in Fig. 1.6), you can describe the local
angle to an object (white circle) by two angles: the
azimuth angle (0), and either the zenith angle (¢)
or elevation angle (y). The object can be physical
(e.g., sun, cloud) or an image (e.g., rainbow, sun dog).
By “local angle”, we mean angles measured relative
to the Cartesian local horizontal plane (e.g., a lake
surface, or flat level land surface such as a polder),
or relative to the local vertical direction at your loca-
tion. Local vertical (up) is defined as opposite to
the direction that objects fall.

Zenith means “directly overhead”. Zenith angle
is the angle measured at your position, between a
conceptual line drawn to the zenith (up) and a line
drawn to the object (dark arrow in Fig. 1.6). The el-
evation angle is how far above the horizon you see
the object. Elevation angle and zenith angle are re-
lated by: y =90° -, or if your calculator uses radi-
ans, itis y=n/2—{. Abbreviate both of these forms
by y = C/4 -, where C = 360° = 2r radians.
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For the azimuth angle, first project the object
vertically onto the ground (A4, in Fig. 1.6). Draw a
conceptual arrow (dashed) from you to A; this is the
projection of the dark arrow on to the local horizon-
tal plane. Azimuth angle is the compass angle along
the local horizontal plane at your location, measured
clockwise from the direction to north (N) to the di-
rection to A.

Time Zones

In the old days each town defined their own lo-
cal time. Local noon was when the sun was highest
in the sky. In the 1800s when trains and telegraphs
allowed fast travel and communication between
towns, the railroad companies created standard
time zones to allow them to publish and maintain
precise schedules. Time zones were eventually ad-
opted worldwide by international convention.

The Earth makes one complete revolution (rela-
tive to the sun) in one day. One revolution contains
360° of longitude, and one day takes 24 hours, thus
every hour of elapsed time spans 360°/24 = 15° of
longitude. For this reason, each time zone was cre-
ated to span 15° of longitude, and almost every zone
is 1 hour different from its neighboring time zones.
Everywhere within a time zone, all clocks are set to
the same time. Sometimes the time-zone boundar-
ies are modified to follow political or geographic
boundaries, to enhance commerce.

Coordinated Universal Time (UTC) is the
time zone at the prime meridian. It is also known
as Greenwich Mean Time (GMT) and Zulu
time ( Z ). The prime meridian is in the middle of
the UTC time zone; namely, the zone spreads 7.5° on
each side of the prime meridian. UTC is the official
time used in meteorology, to help coordinate simul-
taneous weather observations around the world.

Internationally, time zones are given letter desig-
nations A - Z, with Z at Greenwich, as already dis-
cussed. East of the UTC zone, the local time zones
(A, B, C, ..) are ahead; namely, local time of day is
later than at Greenwich. West of the UTC zone, the
local time zones (N, O, P, ...) are behind; namely, local
time of day is earlier than at Greenwich.

Each zone might have more than one local name,
depending on the countries it spans. Most of west-
ern Europe is in the Alpha (A) zone, where A =UTC
+ 1 hr. This zone is also known as Central Europe
Time (CET) or Middle European Time (MET). In N.
America are 8 time zones P* - W (see Table 1-1).

Near 180° longitude (in the middle of the Pacific
Ocean) is the international date line. When you
fly from east to west across the date line, you lose a
day (it becomes tomorrow). From west to east, you
gain a day (it becomes yesterday).

A‘ A SRR ISR R R

(continuation)

Sketch: (see above)

Because south has azimuth 180°, and west has azimuth
270° we find that 225° is exactly halfway between
south and west. Hence, the object is southwest (SW)
of the observer. Also, 60° elevation is fairly high in the

sky. So the thunderstorm top is high in the sky to the
southwest of the observer.

Rearrange equation [ ¥ = 90° — { ] to solve for zenith
angle: {=90°-y =90°-60°=30°.

Check: Units OK. Locations reasonable. Sketch good.
Exposition: This is a bad location for a storm chaser
(the observer), because thunderstorms in North Amer-
ica often move from the SW toward the northeast (NE).
Hence, the observer should quickly seek shelter under-
ground, or move to a different location out of the storm
path.

Table 1-1. Time zones in North America.
ST = standard time in the local time zone.
DT = daylight time in the local time zone.
UTC = coordinated universal time.
For conversion, use:
ST=UTC-o , DT=UTC-j
Zone Name o (h) B (h)
p* Newfoundland | 3.5 (NST) 2.5 (NDT)
Q Atlantic 4 (AST) 3 (ADT)
R Eastern 5 (EST) 4 (EDT)
S Central, and 6 (CST) 5 (CDT)
Mexico 6 (MEX) 5
T Mountain 7 (MST) 6 (MDT)
U Pacific 8 (PST) 7 (PDT)
\% Alaska 9 (AKST) 8 (AKDT)
\%Y Hawaii- 10 (HST) 9 (HDT)
Aleutian
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Sample Application

A weather map is valid at 12 UTC on 5 June. What
is the valid local time in Reno, Nevada USA?
Hint: Reno is at roughly 120°W longitude.

Find the Answer:
Given: UTC =12, Longitude = 120°W.
Find: Local valid time.

First, determine if standard or daylight time:
Reno is in the N. Hem., and 5 June is after the start
date (March) of DT, so it is daylight time.

Hint: each 15° longitude = 1 time zone.

Next, use longitude to determine the time zone.
120° / (15° / zone) = 8 zones.

But 8 zones difference corresponds to the
Pacific Time Zone. (using the ST column
of Table 1-1, for which o also indicates the
difference in time zones from UTC)

Use Table 1-1 for Pacific Daylight Time: f =7 h
PDT=UTC-7h=12-7=5am PDT.

Check: Units OK. 5 am is earlier than noon.
Exposition: In the USA, Canada, and Mexico, 12 UTC
maps always correspond to morning of the same day,
and 00 UTC maps correspond to late afternoon or eve-
ning of the previous day.

Caution: The trick of dividing the longitude by 15°
doesn’t work for some towns, where the time zone has
been modified to follow geo-political boundaries.

4 INFO ¢ Escape Velocity A

Fast-moving air molecules that don’t hit other
molecules can escape to space by trading their kinetic
energy (speed) for potential energy (height). High in
the atmosphere where the air is thin, there are few
molecules to hit. The lowest escape altitude for Earth
is about 550 km above ground, which marks the base
of the exosphere (region of escaping gases). This
equals 6920 km when measured from the Earth’s cen-
ter, and is called the critical radius, 7,.

The escape velocity, v,, is given by

1/2
2'G'mplane’c
U = —r
c

where G = 6.67x10711 m3.s2kg! is the gravitational
constant, and m,;,..; is the mass of the planet. The
mass of the Earth is 5.975 x 10%4 kg. Thus, the escape
velocity from Earth is roughly v,=10,732m s\,
Using this velocity in eq. (1.5) gives the temperature
needed for average-speed molecules to escape: 9,222
K for H,, and 18,445 K for the heavier He. Tempera-
tures in the exosphere (upper thermosphere) are not
hot enough for average-speed H, and He to escape,
but some are faster than average and do escape.
Heavier molecules such as O, have unreachably
high escape temperatures (147,562 K), and have stayed

\m the Earth’s atmosphere, to the benefit of life. )

Many countries utilize Daylight Saving Time
(DT) during their local summer. The purpose is
to shift one of the early morning hours of daylight
(when people are usually asleep) to the evening
(when people are awake and can better utilize the
extra daylight). At the start of DT (often in March
in North America), you set your clocks one hour
ahead. When DT ends in Fall (November), you set
your clocks one hour back. The mnemonic “Spring
ahead, Fall back” is a useful way to remember.

Times can be written as two or four digits. If two,
then these digits are hours (e.g.,, 10 = 10 am, and 14 =
2 pm). If four, then the first two are hours, and the
last two are minutes (e.g., 1000 is 10:00 am, and 1435
is 2:35 pm). In both cases, the hours use a 24-h clock
going from 0000 (midnight) to 2359 (11:59 pm).

g S W W T g S

THERMODYNAMIC STATE

The thermodynamic state of air is measured by
its pressure (P), density (p), and temperature (7).

Temperature

When a group of molecules (microscopic) move
predominantly in the same direction, the motion
is called wind (macroscopic). When they move in
random directions, the motion is associated with
temperature. Higher temperatures T are associated
with greater average molecular speeds v :

T= a-mw-v2 (1.5)

where a4 = 4.0x107> Km= -s2 mole-g”! is a con-
stant. Molecular weights m,, for the most common
gases in the atmosphere are listed in Table 1-2.

[CAUTION: symbol “a” represents different con-
stants for different equations, in this textbook. |

Sample Application
What is the average random velocity of nitrogen
molecules at 20°C ?

Find the Answer:
Given: T =273.15 + 20 = 293.15 K.
Find: v = ? m s (zavg mol. velocity) /
Sketch:
Get m,, from Table 1-2. Solve eq. (1.5) for v:
v = [T/am,J\/?
= [(293.15 K)/(4.0x10~> Km~2:s2mole/g) «(
28.01g/m01e)]1/2 = 511.5ms!.

Check: Units OK. Sketch OK. Physics OK.
Exposition: Faster than a speeding bullet.
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Absolute units such as Kelvin (K) must be used
for temperature in all thermodynamic and radiative
laws. Kelvin is the recommended temperature unit.
For everyday use, and for temperature differences,
you can use degrees Celsius (°C).

[CAUTION: degrees Celsius (°C) and degrees Fahr-
enheit (°F) must always be prefixed with the degree symbol
(°) to avoid confusion with the electrical units of coulombs
(C) and farads (F), but Kelvins (K) never take the degree
symbol.]

At absolute zero (T = 0 K =-273.15°C) the mol-
ecules are essentially not moving. Temperature con-
version formulae are:

Top =[(9/5)Toc] +32 o(1.6a)
Toc = (5/9)[Top —32] o(1.6b)
Ty = Toc +273.15 *(1.7a)
Toc =Ty —273.15 o(1.7b)

For temperature differences, you can use AT(°C)
= AT(K), because the size of one degree Celsius is the
same as the size of one unit of Kelvin. Hence, only
in terms involving temperature differences can you
arbitrarily switch between °C and K without need-
ing to add or subtract 273.15.

Standard (average) sea-level temperature is

T = 15.0°C = 288K = 59°F.
Actual temperatures can vary considerably over the
course of a day or year. Temperature variation with
height is not as simple as the curves for pressure and
density, and will be discussed in the Standard At-
mosphere section a bit later.

Pressure

Pressure P is the force F acting perpendicular

(normal) to a surface, per unit surface area A:

P=F/A *(1.8)
Static pressure (ie., pressure in calm winds) is
caused by randomly moving molecules that bounce
off each other and off surfaces they hit. In a vacuum
the pressure is zero.

In the International System of Units (SI), a
Newton (N) is the unit for force, and m? is the unit
for area. Thus, pressure has units of Newtons per
square meter, or N'm~2. One Pascal (Pa) is defined
to equal a pressure of 1 N'm=2. The recommended
unit for atmospheric pressure is the kiloPascal
(kPa). The average (standard) pressure at sea level
is P = 101.325 kPa. Pressure decreases nearly expo-
nentially with height in the atmosphere, below 105
km.

Table 1-2. Characteristics of gases in the air near the
ground. Molecular weights are in g mole~l. The vol-
ume fraction indicates the relative contribution to air in
the Earth’s lower atmosphere. EPA is the USA Environ-
mental Protection Agency.

Symbol | Name Mol. | Volume
Wt. Fraction%

Constant Gases (NASA 2015)

N, Nitrogen 28.01 78.08

0, Oxygen 32.00 20.95

Ar Argon 39.95 0.934

Ne Neon 20.18 0.001 818

He Helium 4.00 0.000 524

Kr Krypton 83.80 | 0.000 114

H, Hydrogen 2.02 | 0.000 055

Xe Xenon 131.29 | 0.000 009

Variable Gases

H,O Water vapor 18.02 Oto4

CO, Carbon dioxide 44.01 0.040

CH, Methane 16.04 0.00017

N,O Nitrous oxide 44.01 0.00003

EPA National Ambient Air Quality Standards
(NAAQS. 1990 Clean Air Act Amendments. Rules through 2011)

CcO Carbon monoxide 28.01

(8 h average) 0.0009

(1 h average) 0.0035
SO, Sulfur dioxide 64.06

(3 h average) 0.00000005

(1 h average) 0.0000075
O, Ozone (8 h average) | 48.00 0.0000075
NO, Nitrogen dioxide 46.01

(annual average) 0.0000053

(1 h average) 0.0000100
Mean Condition for Air

| air | 2896 | 1000

Table 1-3. Standard (average) sea-level pressure.

Value Units

101.325 kPa kiloPascals (recommended)
1013.25 hPa hectoPascals

101,325. Pa Pascals

101,325. N'm2
101,325 kg, m~1-s2
1.033227 kgpcm2

Newtons per square meter
kg-mass per meter per s2
kg-force per square cm

1013.25 mb millibars

1.01325 bar bars

14.69595 psi pounds-force /square inch
2116.22 psf pounds-force / square foot
1.033227 atm atmosphere

760 Torr Torr

Measured as height of fluid in a barometer:

2992126 in Hg
760 mm Hg
33.89854 ft H,O
10.33227 m H,0

inches of mercury
millimeters of mercury
feet of water

meters of water




8 CHAPTER 1 ¢ ATMOSPHERIC BASICS

a)
* %
b)
Components parallel to the surface
Figure 1.7

(a) Pressure is isotropic. (b) Dark vectors correspond to those
marked with * in (a). Components parallel to the surface cancel,
while those normal to the surface contribute to pressure.

Sample Application

The picture tube of an old TV and the CRT display
of an old computer are types of vacuum tube. If there
is a perfect vacuum inside the tube, what is the net
force pushing against the front surface of a big screen
24 inch (61 cm) display that is at sea level?

Find the Answer

Given: Picture tube sizes are quantified by the diago-
nal length d of the front display surface. Assume the
picture tube is square. The length of the side s of the
tube is found from: d2 =2s2. The frontal surface
area is

A =52 =05-d2 = 0.5 (61 cm)?2 = 1860.5 cm2

= (1860.5 cm?)-(1 m/100 cm)? = 0.186 m?.

At sea level, atmospheric pressure pushing against
the outside of the tube is 101.325 kPa, while from the
inside of the tube there is no force pushing back be-
cause of the vacuum. Thus, the pressure difference
across the tube face is
AP = 101.325kPa =101.325x103 N m~2.

Find: AF=7N,
the net force across the tube. P
Sketch: s

S

AF = F, sid0— F but F =P - A. from eq. (1.8)
= (Poutside = Pipside ):
= AP-A

(101.325x103 N m~2)-( 0.186 m?)

= 1.885x10¢ N = 18.85 kN

inside ’

Check: Units OK. Physically reasonable.

Exposition: This is quite a large force, and explains
why picture tubes are made of such thick heavy glass.
For comparison, a person who weighs 68 kg (150
pounds) is pulled by gravity with a force of about 667
N (= 0.667 kN). Thus, the picture tube must be able to

support the equivalent of 28 people standing on it!

While kiloPascals will be used in this book, stan-
dard sea-level pressure in other units are given in
Table 1-3 for reference. Ratios of units can be formed
to allow unit conversion (see Appendix A). Although
meteorologists are allowed to use hectoPascals
(as a concession to those meteorologists trained in
the previous century, who had grown accustomed
to millibars), the prefix “hecto” is non-standard. If
you encounter weather maps using millibars or hec-
toPascals, you can easily convert to kiloPascals by
moving the decimal point one place to the left.

In fluids such as the atmosphere, pressure force
is isotropic; namely, at any point it pushes with the
same force in all directions (see Fig. 1.7a). Similarly,
any point on a solid surface experiences pressure
forces in all directions from the neighboring fluid
elements. At such solid surfaces, all forces cancel ex-
cept the forces normal (perpendicular) to the surface
(Fig. 1.7b).

Atmospheric pressure that you measure at any
altitude is caused by the weight of all the air mol-
ecules above you. As you travel higher in the at-
mosphere there are fewer molecules still above you;
hence, pressure decreases with height. Pressure can
also compress the air causing higher density (i.e.,
more molecules in a given space). Compression is
greatest where the pressure is greatest, at the bottom
of the atmosphere. As a result of more molecules
being squeezed into a small space near the bottom
than near the top, ambient pressure decreases faster
near the ground than at higher altitudes.

Pressure change is approximately exponential
with height, z. For example, if the temperature (T)
were uniform with height (which it is not), then:

P=p,e @z (19a)

where a =0.0342 K m~1, and where average sea-level
pressure on Earth is P, = 101.325 kPa. For more re-
alistic temperatures in the atmosphere, the pressure
curve deviates slightly from exponential. This will
be discussed in the section on atmospheric struc-
ture. [CAUTION again: symbol “a” represents different
constants for different equations, in this textbook. |
Equation (1.9a) can be rewritten as:

pop ot (1.9b)

0

where H, = 729 km is called the scale height for
pressure. Mathematically, H,, is the e-folding dis-
tance for the pressure curve.
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Figure 1.8
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Height z vs. pressure P in the atmosphere, plotted on linear (left) and semi-log (right) graphs. See Appendix A for a review of relation-

ships and graphs.

Fig. 1.8 shows the relationship between P and z
on linear and semi-log graphs, for T = 280 K. [Graph
types are reviewed in Appendix A.] In the lowest
3 km of the atmosphere, pressure decreases nearly
linearly with height at about (10 kPa)/(1 km).

Because of the monotonic decrease of pressure
with height, pressure can be used as a surrogate mea-
sure of altitude. (Monotonic means that it changes
only in one direction, even though the rate of change
might vary.)) Fig. 1.4 shows such an example, where
a reversed logarithmic scale (greater pressure at the
bottom of the axis) is commonly used for P. Aircraft
also use pressure to estimate their altitude.

In the atmosphere, the pressure at any height z is
related to the mass of air above that height. Under
the influence of gravity, air mass m has weight F =
m:|g| , where |g| =9.8 ms2is gravitational acceler-

Sample Application
Compare the pressures at 10 km above sea level for
average temperatures of 250 and 300 K.

Find the Answer
Given: z=10km=10*m

(@) T=250K, (b) T=300K
Find: (@ P=?kPa, (b) P=?kPa

(@ Useeq. (1.9a):
P=(101.325kPa)-exp[(~0.0342K m~1)-(10*m)/250K]
P =25.8kPa

(b) P=(101.325kPa)-exp[(~0.0342K m™1)-(104m)/300K]
P =32.4kPa

Check: Units OK. Physically reasonable.
Exposition: Pressure decreases slower with height in
warmer air because the molecules are further apart.

4 N

INFO ¢ e-folding Distance

Some curves never end. In the figure below, curve
(@) ends at x = x,. Curve (b) ends at x = x;. But curve
(), the exponentially decreasing curve, asymptotical-
ly approaches y = 0, never quite reaching it. The area
under each of the curves is finite, and in this example
are equal to each other.

y
i S
o} -s.._.'(? I
(C);:\&h\
0 1 = '
0 X

a Xp X

Although the exponential curve never ends, there
is another way of quantifying how quickly it decreas-
es with x. That measure is called the e-folding dis-
tance (or e-folding time if the independent variable is ¢
instead of x). This is the distance x at which the curve
decreases to 1/e of the starting value of the dependent
variable, where e = 2.71828 is the base of natural loga-
rithms. Thus, 1/e = 0.368 .

R

yO 1‘&

1/e = (c)

0.368 —%\d\\
oL d . —— !
0 x

In the example above, both curves (c) and (d) are
exponentials, but they drop off at different rates,
where x. and x; are their respective e-folding distanc-
es. Generically, these curves are of the form:

x/ xefold

y/yo=e =exp(=x / Xeo1q)

Another useful characteristic is that the area A un-
\der the exponential curve is A = y,%,514- )
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Sample Application
Over each square meter of Earth’s surface, how
much air mass is between 80 and 30 kPa?

Find the Answer:
Given: Py0m = 80 kPa, Py =30 kPa, A=1m?2
Find: Am=7?kg

Use eq. (1.11): Am = [(1 m2)/(9.8 ms2)]-(80 — 30 kPa)-
[(1000 kgm1s72)/(1 kPa)] = 5102 kg

Check: Units OK. Physics OK. Magnitude OK.

Exposition: About 3 times the mass of a car.

Table 1-4. Standard atmospheric density at sea lev-
el, for a standard temperature 15°C.

Value Units

1.2250 kgm=3. kilograms per cubic meter

(recommended)
pounds-mass per cubic foot
grams per liter

grams per cubic centimeter

0.076474 Ib, ft-3
1.2250 g liter
0.001225 g cm=3

Sample Application
At sea level, what is the mass of air within a room
ofsizebmx8mx25m?

Find the Answer
Given: L=8m roomlength, W=5m width
H=25m height of room
p = 1.225 kg'm™3 at sea level H
Find: m =?kg airmass

The volume of the room is w
Vol = W-L-H = (5m)-(8m)-(2.5m) = 100 m3,
Rearrange eq. (1.12) and solve for the mass:

m =p-Vol. = (1.225 kgm=3)-(100 m3) = 122.5kg.

Check: Units OK. Sketch OK. Physics OK.
Exposition: This is 1.5 to 2 times a person’s mass.

Sample Application
What is the air density at a height of 2 km in an
atmosphere of uniform temperature of 15°C?

Find the Answer
Given: z =2000 m, p,=1.225kg m=3, T =15°C =288.15 K
Find: p=?kgm

Use eq. (1.13):
p=(1.225 kg m3)- exp[(~0.04 K m™1)-(2000 m)/288 K]
p=0.928 kgm3

Check: Units OK. Physics reasonable.

Exposition: This means that aircraft wings generate
24% less lift, and engines generate 24% less thrust be-
cause of the reduced air density.

ation at the Earth’s surface. This weight is a force
that squeezes air molecules closer together, increas-
ing both the density and the pressure. Knowing that
P = F/A, the previous two expressions are combined
to give

Pz = |g|'mubovez /A (1'10)

where A is horizontal cross-section area. Similarly,
between two different pressure levels is mass

A1 = (A1) Phasion ~ Prop) (L11)

Density
Density p is defined as mass m per unit volume
Vol.

p=m/Vol (112)

Density increases as the number and molecular
weight of molecules in a volume increase. Average
air density at sea level is given in Table 1-4. The rec-
ommended unit for density is kgm3 .

Because gases such as air are compressible, air
density can vary over a wide range. Density de-
creases roughly exponentially with height in an at-
mosphere of uniform temperature.

p=pye @Dz (1.13a)
or
p=p,e = (1.13b)

where a=0.040 Km™, and where average sea-level
density is p, = 1.2250 kgm™3, at a temperature of
15°C = 288 K. The shape of the curve described by
eq. (1.13) is similar to that for pressure, (see Fig. 1.9).
The scale height for density is H, = 8.55 km.
Although the air is quite thin at high altitudes,
it still can affect many observable phenomena: twi-
light (scattering of sunlight by air molecules) up to

p (kg m3)

Figure 1.9
Density p vs. height z in the atmosphere.
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63 km, meteors (incandescence by friction against
air molecules) from 110 to 200 km, and aurora (exci-
tation of air by solar wind) from 360 to 500 km.

The specific volume (o) is defined as the inverse
of density (o. = 1/p). It has units of volume/mass.

g e W e W T S g W

ATMOSPHERIC STRUCTURE

Atmospheric structure refers to the state of the
air at different heights. The true vertical structure
of the atmosphere varies with time and location due
to changing weather conditions and solar activity.

Standard Atmosphere

The “1976 U.S. Standard Atmosphere” (Table 1-
5) is an idealized, dry, steady-state approximation of
atmospheric state as a function of height. It has been
adopted as an engineering reference. It approxi-
mates the average atmospheric conditions, although
it was not computed as a true average.

A geopotential height, H, is defined to com-
pensate for the decrease of gravitational acceleration
magnitude |g| above the Earth’s surface:

H=R,z /(R,+2) o(1.14a)

z=R,-H /(R, —H) *(1.14b)
where the average radius of the Earthis R, =6356.766
km. An air parcel (a group of air molecules mov-
ing together) raised to geometric height z would
have the same potential energy as if lifted only to
height H under constant gravitational acceleration.
By using H instead of z, you can use |g| = 9.8 m s2
as a constant in your equations, even though in real-
ity it decreases slightly with altitude.

The difference (z — H) between geometric and
geopotential height increases from 0 to 16 m as
height increases from 0 to 10 km above sea level.

Sometimes ¢ and H are combined into a new
variable called the geopotential, ®:

® =|g}H (115)
Geopotential is defined as the work done against
gravity to lift 1 kg of mass from sea level up to height
H. 1t has units of m? s2.

HIGHER MATH ¢ Geopotential Height

What is “HIGHER MATH”?

These boxes contain supplementary material that
use calculus, differential equations, linear algebra, or
other mathematical tools beyond algebra. They are
not essential for understanding the rest of the book,
and may be skipped. Science and engineering stu-
dents with calculus backgrounds might be curious
about how calculus is used in atmospheric physics.

Geopotential Height
For gravitational acceleration magnitude, let |g,|
=9.8 m s2be average value at sea level, and |g| be the
value at height z. If R is Earth radius, thenr = R, + z
is distance above the center of the Earth.
Newton’s Gravitation Law gives the force |F| be-
tween the Earth and an air parcel:
|F| =G- MEaetn * Maiy parcel /12
where G = 6.67x10711 m3.s2kg1 is the gravitational
constant. Divide both sides by m and recall
that by definition |g| = |F|/m

air parcel’

air parcel* Thus

181 =G - gy / 17
This eq. also applies at sea level (z = 0):
180l =G - Meqr/ Ry
Combining these two egs. give
181 = 18] IR, / Ry +2) P

Geopotential height H is defined as the work per
unit mass to lift an object against the pull of gravity,
divided by the gravitational acceleration value for sea
level:

1 V4
H=|* [ Igl-dz

0|z=0
Plugging in the definition of |g| from the previous
paragraph gives:

H=R?2 [ (R,+Z)7dz
Z=0

This integrates to

After plugging in the limits of integration, and put-
ting the two terms over a common denominator, the
answer is:

H=R,z /(R,+2) (1.14a)
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Sample Application

Find the geopotential height and the geopotential

at 12 km above sea level.

Find the Answer

Given: z=12km, R, = 6356.766 km

Find: H=?km, ®=?m2s>2

Use eq. (1.14a): H = (6356.766km)-(12km) /
(6356.766km + 12km ) = 11.98 km
Use eq. (1.15): @ = (9.8 m 572):(11,980 m) =1.17x10°> m?

52
Check: Units OK.

Exposition: H <z asexpected, because you don't need
to lift the parcel as high for constant gravity as you
would for decreasing gravity, to do the same work.

Sample Application

Find std. atm. temperature & pressure at H=2.5 km.

Find the Answer
Given: H=2.5km.

Find: T=?K, P=7?kPa

Use eq. (116): T =288.15 —(6.5K/km)-(2.5km) = 271.9 K
Use eq. (1.17): P =(101.325kPa)-(288.15K /271.9K)~5-255877

= (101.325kPa)- 0.737 = 74.7 kPa.

Check: T =-1.1°C. Agrees with Fig. 1.10 & Table 1-5.

Table 1-5. Standard atmosphere.

H(km) | T(C) | P(kPa) p (kg m3)
-1 21.5 113.920 1.3470
0 15.0 101.325 1.2250
1 8.5 89.874 11116
2 2.0 79.495 1.0065
3 -4.5 70.108 0.9091
4 -11.0 61.640 0.8191
5 -17.5 54.019 0.7361
6 -24.0 47181 0.6597
7 -30.5 41.060 0.5895
8 -37.0 35.599 0.5252
9 -43.5 30.742 0.4664
10 -50.0 26.436 0.4127

11 -56.5 22.632 0.3639
13 -56.5 16.510 0.2655
15 -56.5 12.044 0.1937
17 -56.5 8.787 0.1423
20 -56.5 5475 0.0880
25 -51.5 2.511 0.0395
30 -46.5 1172 0.0180
32 -44.5 0.868 0.0132
35 -36.1 0.559 0.0082
40 221 0.278 0.0039
45 -8.1 0.143 0.0019
47 2.5 0.111 0.0014
50 2.5 0.076 0.0010
51 2.5 0.067 0.00086
60 -27.7 0.02031 0.000288
70 -55.7 0.00463 0.000074
71 -58.5 0.00396 0.000064
80 -76.5 0.00089 0.000015
84.9 -86.3 0.00037 0.000007
89.7 -86.3 0.00015 0.000003
100.4 -73.6 0.00002 0.0000005
105 -55.5 0.00001 0.0000002
110 9.2 0.00001 0.0000001

100 // Thermosphere
Mesopause
80
Mesosphere
__ 60 -
g
X
T Stratopause
40 -
Stratosphere
20 -
Tropopause
\‘\\V?“ Troposphere
o IIIIIIIIIIIIIIIIII 'I
-100 -80 -60 -40 -20 0 20
. T(°C)
Figure 1.10

Standard temperature T profile vs. geopotential height H.

Table 1-5 gives the standard temperature, pres-
sure, and density as a function of geopotential height
H above sea level. Temperature variations are linear
between key altitudes indicated in boldface. Stan-
dard-atmosphere temperature is plotted in Fig. 1.10.

Below a geopotential altitude of 51 km, egs. (1.16)
and (1.17) can be used to compute standard tempera-
ture and pressure. In these equations, be sure to use
absolute temperature as defined by T(K) = T(°C) +

273.15 . (1.16)
T=28815K - (6.5 K km™))-H for H < 11 km
T =216.65 K 11 < H <20 km

T =216.65 K +(1 K km™)-(H-20km) 20 < H <32km
T =228.65 K +(2.8 K km™)-(H-32km) 32 < H < 47 km

T =270.65K 47 <H <51 km
For the pressure equations, the absolute tempera-
ture T that appears must be the standard atmosphere
temperature from the previous set of equations. In
fact, those previous equations can be substituted
into the equations below to make them a function of

H rather than T. (1.17)
P = (101.325kPa)-(288.15K /T ~5-255877 H<11 km
P = (22.632kPa)-exp[-0.1577-(H-11 km)]

11 <H<20km
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P = (54749kPa)-(216.65K/T) 3416319 20 < H <32 km

P = (0.868kPa)-(228.65K /T) 12.2011 32 <H <47 km
P = (0.1109kPa)-exp[-0.1262-(H-47 km)]
47 < H <51 km

These equations are a bit better than eq. (1.9a) be-
cause they do not make the unrealistic assumption
of uniform temperature with height.

Knowing temperature and pressure, you can cal-
culate density using the ideal gas law eq. (1.18).

Layers of the Atmosphere

The following layers are defined based on the
nominal standard-atmosphere temperature struc-
ture (Fig. 1.10).

Thermosphere 849 < H km
Mesosphere 47 < H < 849 km
Stratosphere 11 <H <47 km
Troposphere 0<H<1lkm

Almost all clouds and weather occur in the tropo-
sphere.

The top limits of the bottom three spheres are
named:

Mesopause H =849 km
Stratopause H =47 km
Tropopause H=11km

On average, the tropopause is lower (order of 8 km)
near the Earth’s poles, and higher (order of 18 km)
near the equator. In mid-latitudes, the tropopause
height averages about 11 km, but is slightly lower in
winter, and higher in summer.

The three relative maxima of temperature are a
result of three altitudes where significant amounts
of solar radiation are absorbed and converted into
heat. Ultraviolet light is absorbed by ozone near the
stratopause, visible light is absorbed at the ground,
and most other radiation is absorbed in the thermo-
sphere.

Atmospheric Boundary Layer

The bottom 0.3 to 3 km of the troposphere is
called the atmospheric boundary layer (ABL). It
is often turbulent, and varies in thickness in space
and time (Fig. 1.11). It “feels” the effects of the Earth’s
surface, which slows the wind due to surface drag,
warms the air during daytime and cools it at night,
and changes in moisture and pollutant concentra-
tion. We spend most of our lives in the ABL. Details
are discussed in a later chapter.

Sample Application
Is eq. (1.9a) a good fit to standard atmos. pressure?

Find the Answer

Assumption: Use T =270 Kin eq. (1.9a) because it min-
imizes pressure errors in the bottom 10 km.

Method: Compare on a graph where the solid line is
eq. (1.9a) and the data points are from Table 1-5.

50
40
30
20 1 *
10

0

H (km)

0 20 40 60 80 100

P (kPa)
Exposition: Over the lower 10 km, the simple eq.
(1.9a) is in error by no more than 1.5 kPa. If more accu-

racy is needed, then use the hypsometric equation (see
eq. 1.26, later in this chapter).

stratosphere

T

z (km)

[ boundary
urpulence quer . \ .
T

0 t t t t
—-60 -40 -20

T(°C)

Figure 1.11

Boundary layer (shaded) within the bottom of the troposphere.
Standard atmosphere is dotted. Typical temperature profiles
during day (black line) and night (grey line) Boundary-layer
top (dashed line) is at height z;.
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Sample Application
What is the average (standard) surface temperature
for dry air, given standard pressure and density?

Find the Answer:
Given: P =101.325kPa, p= 1.225 kg-m‘3
Find: T =?K

Solving eq. (1.18) for T gives: T=P / (pR)
B 101.325 kPa
(1.225 kg-m™)-(0.287 kPa-K1-m3-kg™)

= 2882K = 15°C

Check: Units OK. Physically reasonable.
Exposition: The answer agrees with the standard
surface temperature of 15°C discussed earlier, a cool
but pleasant temperature.

Sample Application
What is the absolute humidity of air of temperature
20°C and water vapor pressure of 2 kPa?

Find the Answer:
Given:e=2kPa, T = 20°C=293K
Find: Py = ? kgwater vapor m3

Solving eq. (1.19) for p, gives: p,=e / (R, T)
p, =(2kPa) / (04615 kPa-Klm3kg1 - 293K )
=0.0148 kg, e vapor T

Check: Units OK. Physically reasonable.
Exposition: Small compared to the total air density.

Sample Application

In an unsaturated tropical environment with tem-
perature of 35°C and water-vapor mixing ratio of 30
8water vapor’ K8dry air What is the virtual temperature?
Find the Answer:
Given: T =35°C, r = 30 gy aper vapor/kgdry air
Find: T, =?°C

First, convert T and r to proper units
T =273.15 + 35 =308.15 K.

1 =(30 yvater/ kg ir)(0.001 kg/g) = 0.03 gy ater/8 air

Next use eq. (1.21):
T, = (308.15K)-[ 1+ (0.61-0.03) |
313.6 K =40.6°C.

Check: Units OK. Physically reasonable.
Exposition: Thus, high humidity reduces the density
of the air so much that it acts like dry air that is 5°C
warmer, for this case.

g S W W T e S

EQUATION OF STATE- IDEAL GAS LAW

Because pressure is caused by the movement of
molecules, you might expect the pressure P to be
greater where there are more molecules (i.e., greater
density p), and where they are moving faster (i.e.,
greater temperature T). The relationship between
pressure, density, and temperature is called the
Equation of State.

Different fluids have different equations of state,
depending on their molecular properties. The gas-
es in the atmosphere have a simple equation of state
known as the Ideal Gas Law.

For dry air (namely, air with the usual mix of
gases, except no water vapor), the ideal gas law is:

P=pRgT o(L18)

where R;= 0.287053 kPaK1lm3kg!
= 287053 JKlkgl.

R, is called the gas constant for dry air. Absolute
temperatures (K) must be used in the ideal gas law.
The total air pressure P is the sum of the partial
pressures of nitrogen, oxygen, water vapor, and the
other gases.

A similar equation of state can be written for just
the water vapor in air:

e=py R, T (1.19)

where e is the partial pressure due to water vapor
(called the vapor pressure), p, is the density of wa-
ter vapor (called the absolute humidity), and the
gas constant for pure water vapor is

R, = 04615 kPaK1m3kg!
=461.5JKlkg.

%

For moist air (normal gases with some water va-
por),

P=pRT (1.20)

where density p is now the total density of the air.
A difficulty with this last equation is that the “gas
constant” is NOT constant. It changes as the humid-
ity changes because water vapor has different mo-
lecular properties than dry air.

To simplify things, a virtual temperature T,
can be defined to include the effects of water vapor:

T, =T[1+(ar)] o(1.21)
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where r is the water-vapor mixing ratio [r =
(mass of water vapor)/(mass of dry air), with units
Swater vapor /8dry air S€€ the Water Vapor chapter], a
= 0.61 84ry air/Swater vapor aNd all temperatures are
in absolute units (K). In a nutshell, moist air of tem-
perature T behaves as dry air with temperature T, .
T, is greater than T because water vapor is less dense
than dry air, and thus moist air acts like warmer dry
air.

If there is also liquid water or ice in the air, then
this virtual temperature must be modified to in-
clude the liquid-water loading (i.e., the weight of
the drops falling at their terminal velocity) and ice
loading:

T, =T[1+(ar)-n -1 *(1.22)
where 77 is the liquid-water mixing ratio (g;quid wa-
ter / gdry air)/ i is the ice mixing ratio (gice / gdry air)'
and a =061 (84ry air / & water vapor ) Because liquid
water and ice are heavy, air with liquid-water and/
or ice loading acts like colder dry air.

With these definitions, a more useful form of the
ideal gas law can be written for air of any humid-
ity:

P=pR,;T, *(1.23)
where R is still the gas constant for dry air. In this
form of the ideal gas law, the effects of variable hu-
midity are hidden in the virtual temperature factor,
which allows the dry “gas constant” to be used (nice,
because it really is constant).

g e W e W T g W

HYDROSTATIC EQUILIBRIUM

As discussed before, pressure decreases with
height. Any thin horizontal slice from a column of
air would thus have greater pressure pushing up
against the bottom than pushing down from the top
(Fig. 1.12). This is called a vertical pressure gradi-
ent, where the term gradient means change with
distance. The net upward force acting on this slice
of air, caused by the pressure gradient, is F = APA,
where A is the horizontal cross section area of the
column, and AP = Py, = Pryy

Also acting on this slice of air is gravity, which
provides a downward force (weight) given by

F=mg o(1.24)

where ¢ = - 9.8 m:s2 is the gravitational accelera-
tion. (See Appendix B for variation of ¢ with lati-
tude and altitude) Negative g implies a negative

Sample Application

In a tropical environment with temperature of
35°C, water-vapor mixing ratio of 30 g, ter VapOr/ kgdry
air - A0d 10 8ji0uid water/ Kg4ry air of raindrops falling
at their terminal velocity through the air, what is the
virtual temperature?

Find the Answer:

Given: T =35°C, r=30 Swater Vapor/kgdry air
n= 10 gliquid water/ kgdry air

Find: T, =?°C

First, convert T, r and r;, to proper units

T=273.15+ 35 =308.15 K.

r=@30 gvapor/kg aip"(0.001 kg/g) = 0.03 gvapor/g air

L =(10 gliquid/kg air)'(0'001 kg/g) =0.01 gliquid/g air

Next use eq. (1.22):
T, = (308.15K)-[ 1+ (0.61 - 0.03) - 0.01 ]

= 310.7 K =37.6°C.

Check: Units OK. Physically reasonable.
Exposition: Compared to the previous Sample Ap-
plication, the additional weight due to falling rain
made the air act like it was about 3°C cooler.

P(top) = small

Gravity
P(bottom) = large

Figure 1.12.
Hydrostatic balance of forces on a thin slice of air.

Sample Application
What is the weight (force) of a person of mass 75 kg
at the surface of the Earth?

Find the Answer
Given: m=75kg
Find: F=?N

Sketch:
Use eq. (1.24)
F = mg = (75kg)(-9.8 ms?)
= -735kgms?2 = =735N

Check: Units OK. Sketch OK. Physics OK.
Exposition: The negative sign means the person is
pulled toward the Earth, not repelled away from it.
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Sample Application
Near sea level, a height increase of 100 m corre-
sponds to what pressure decrease?

Find the Answer
Given:  p=1.225kgm™ at sea level
Az = 100 m
Find:  AP=? kPa Ptop
Sketch: g Az=100m
Use eq. (1.25a): Pbottom
AP = pgAz

(1.225 kgm3)-(-9.8 m-s72)-(100 m)
-1200.5 kgm1.s72
—1.20 kPa

Check: Units OK. Sketch OK. Physics OK.
Exposition: This answer should not be extrapolated
to greater heights.

4 A SCIENTIFIC PERSPECTIVE ¢ Check
for Errors

As a scientist or engineer you should always be
very careful when you do your calculations and de-
signs. Be precise. Check and double check your
calculations and your units. Don't take shortcuts,
or make unjustifiable simplifications. Mistakes you
make as a scientist or engineer can kill people and
cause great financial loss.

Be careful whenever you encounter any equa-
tion that gives the change in one variable as a func-
tion of change of another. For example, in equa-
tions (1.25) P is changing with z. The “change of”
operator (A) MUST be taken in the same direction
for both variables. In this example AP/Az means
[ P@at zp) — Plat zy) | / [ zp —z; ] . We often abbreviate
thisas[P,—P;]/[z3-2 ]

If you change the denominator to be [ z; -z, ],
then you must also change the numerator to be in the
same direction [ P; — P, ] . It doesn’t matter which
direction you use, so long as both the numerator and
denominator (or both A variables as in eq. 1.25a) are in
the same direction.

To help avoid errors in direction, you should al-
ways think of the subscripts by their relative posi-
tions in space or time. For example, subscripts 2 and
1 often mean top and bottom, or right and left, or later
and earlier, etc. If you are not careful, then when you
solve numerical problems using equations, your an-
swer will have the wrong sign, which is sometimes
difficult to catch.

-

~N

J

(downward) force. (Remember that the unit of force
is 1N =1kgms?2,see Appendix A). The mass
m of air in the slice equals the air density times the
slice volume; namely, m = p - (A-Az), where Az is the
slice thickness.

For situations where pressure gradient force ap-
proximately balances gravity force, the air is said to
be in a state of hydrostatic equilibrium. The cor-
responding hydrostatic equation is:

AP =p-g-Az (1.25a)

or AP
o -pl3l *(1.25b)

The term hydrostatic is used because it de-
scribes a stationary (static) balance in a fluid (hydro)
between pressure pushing up and gravity pulling
down. The negative sign indicates that pressure
decreases as height increases. This equilibrium is
valid for most weather situations, except for vigor-
ous storms with large vertical velocities.

HIGHER MATH ¢ Physical Interpretation of
Equations

Equations such as (1.25b) are finite-difference ap-
proximations to the original equations that are in dif-
ferential form: dp

i plg] (1.25¢)
The calculus form (eq. 1.25¢) is useful for derivations,
and is the best description of the physics. The alge-
braic approximation eq. (1.25b) is often used in real
life, where one can measure pressure at two different
heights [i.e.,, AP/Az = (P, — Py)/ (z; — z1)].

The left side of eq. (1.25¢) describes the infinitesi-
mal change of pressure P that is associated with an
infinitesimal local change of height z. It is the vertical
gradient of pressure. On a graph of P vs. z, it would be
the slope of the line. The derivative symbol “d” has no
units or dimensions, so the dimensions of the left side
are kPamL.

Eq. (1.25b) has a similar physical interpretation.
Namely, the left side is the change in pressure associ-
ated with a finite change in height. Again, it repre-
sents the slope of a line, but in this case, it is a straight
line segment of finite length, as an approximation to a
smooth curve.

Both egs. (1.25b & c¢) state that rate of pressure de-
crease (because of the negative sign) with height is
greater if the density p is greater, or if the magnitude
of the gravitational acceleration |g| is greater. Name-
ly, if factors p or |g| increase, then the whole right
hand side (RHS) increases because p and |g| are in
the numerator. Also, if the RHS increases, then the left
hand side (LHS) must increase as well, to preserve the
equality of LHS = RHS.
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HYPSOMETRIC EQUATION

When the ideal gas law and the hydrostatic equa-
tion are combined, the result is an equation called
the hypsometric equation. This allows you to
calculate how pressure varies with height in an at-
mosphere of arbitrary temperature profile:

Zp—zZ1 =4 TZJ h’l(&j '(126&)
P
or
P = Pl-exp( 1% ] *(1.26b)
.Tv

where T, is the average virtual temperature be-
tween heights z; and z,. The constanta= R, /|g| =
29.3 m K7L The height difference of a layer bounded
below and above by two pressure levels Py (at z;) and
P, (at z,) is called the thickness of that layer.

To use this equation across large height differ-
ences, it is best to break the total distance into a
number of thinner intervals, Az. In each thin layer,
if the virtual temperature varies little, then you can
approximate by T,. By this method you can sum all
of the thicknesses of the thin layers to get the total
thickness of the whole layer.

For the special case of a dry atmosphere of uni-
form temperature with height, eq. (1.26b) simplifies
to eq. (1.9a). Thus, eq. (1.26b) also describes an expo-
nential decrease of pressure with height.

g e W e W T g W

PROCESS TERMINOLOGY

Processes associated with constant temperature
are isothermal. For example, egs. (1.9a) and (1.13a)
apply for an isothermal atmosphere. Those occur-
ring with constant pressure are isobaric. A line
on a weather map connecting points of equal tem-
perature is called an isotherm, while one connect-
ing points of equal pressure is an isobar. Table 1-6
summarizes many of the process terms.

Sample Application
Name the process for constant density.

Find the Answer:

From Table 1-6: It is an isopycnal process.

Exposition: Isopycnics are used in oceanography,

Sample Application (§)

What is the thickness of the 100 to 90 kPa layer,

given [P(kPa), T(K)] = [90, 275] and [100, 285].

Find the Answer
Given: observations at top and bottom of the layer

Find: Az=2z,-2

Assume: T varies linearly with z. Dry air: T=T,,

Solve eq. (1.26) on a computer spreadsheet (§) for
many thin layers 0.5 kPa thick. Results for the first few

thin layers, starting from the bottom, are:

P(kPa) | T,(K) | T, (K) | Az(m)
100 285 284.75 41.82
99.5 284.5 284.25 41.96
99.0 284 etc. etc.

Sum of all Az =864.11 m

Check: Units OK. Physics reasonable.

Exposition: In an aircraft you must climb 864.11 m
to experience a pressure decrease from 100 to 90 kPa,
for this particular temperature sounding. If you com-
pute the whole thickness at once from Az = (29.3m
K1)-(280K)In(100/90) = 864.38 m, this answer is less
accurate than by summing over smaller thicknesses.

Table 1-6.Process names. (tendency = change with time)

where both temperature and salinity affect density.

Name Constant or equal
adiabat entropy (no heat exchange)
contour height

isallobar pressure tendency
isallohypse height tendency
isallotherm temperature tendency
isanabat vertical wind speed
isanomal weather anomaly
isentrope entropy or potential temp.
isobar pressure

isobath water depth
isobathytherm depth of constant temperature
isoceraunic thunderstorm activity or freq.
isochrone time

isodop (Doppler) radial wind speed
isodrosotherm dew-point temperature
isoecho radar reflectivity intensity
isogon wind direction

isogram (generic, for any quantity)
isohel sunshine

isohume humidity

isohyet precipitation accumulation
isohypse height (similar to contour)
isoline (generic, for any quantity)
isoneph cloudiness

isopleth (generic, for any quantity)
isopycnic density

isoshear wind shear

isostere specific volume (1/p)
isotach speed

isotherm temperature
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HIGHER MATH ¢ Hypsometric Eq.

To derive eq. (1.26) from the ideal gas law and the
hydrostatic equation, one must use calculus. It can-
not be done using algebra alone. However, once the
equation is derived, the answer is in algebraic form.

The derivation is shown here only to illustrate the
need for calculus. Derivations will NOT be given for
most of the other equations in this book. Students
can take advanced meteorology courses, or read ad-
vanced textbooks, to find such derivations.

Derivation of the hypsometric equation:
Given: the hydrostatic eq:

dpP
dz -plg| (1.25¢)

and the ideal gas law:

P=p%Ry T, (1.23)

First, rearrange eq. (1.23) to solve for density:
p=P/ (%R T,)
Then substitute this into (1.25¢):

dp_  Pig
dZ B EKd‘Tv

One trick for integrating equations is to separate
variables. Move all the pressure factors to one side,
and all height factors to the other. Therefore, multi-
ply both sides of the above equation by dz, and divide
both sides by P.

dp__ sl 4,
P R,T,

Compared to the other variables, ¢ and R; are rela-
tively constant, so we will assume that they are con-
stant and separate them from the other variables.
However, usually temperature varies with height:
T(z). Thus:

dp_ s dz
P Ry T,(2)

Next, integrate the whole eq. from some lower
altitude z; where the pressure is P;, to some higher
altitude z, where the pressure is P:

RdP _ g (= dz
P v

(continues in next column)

HIGHER MATH ¢ Hypsometric Eq.

(Continuation)

where |g|/R;is pulled out of the integral on the RHS
because it is constant.

The left side of that equation integrates to become
a natural logarithm (consult tables of integrals).

The right side of that equation is more difficult,
because we don’t know the functional form of the
vertical temperature profile. On any given day, the
profile has a complex shape that is not conveniently
described by an equation that can be integrated.

Instead, we will invoke the mean-value theorem
of calculus to bring T, out of the integral. The overbar
denotes an average (over height, in this context).

That leaves only dz on the right side. After inte-
grating, we get:

n__lslf1) =
In(P)[, = %, {ijle

Plugging in the upper and lower limits gives:

In(Py) - hn(Po——!,fl (T j(zz z1)

But the difference between two logarithms can be
written as the In of the ratio of their arguments:

i) s e

Recalling that In(x) = -In(1/x), then:

ln(Pz) 9|§L|i[ )(22—21)

Rearranging and approximating 1/T, =1/ ’ITU
(which is NOT an identity), then one finally gets the
hypsometric eq:

(22 — Zl) gid T, h’l ( Pl j (126)
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PRESSURE INSTRUMENTS

Atmospheric-pressure  sensors are called
barometers. Almost all barometers measure the
pressure difference between atmospheric pressure
on one side of the sensor, and a reference pressure
on the other side. This pressure difference causes
a net force that pushes against a spring or a weight.
For most barometers, the reference pressure is a
vacuum (zero pressure).

Aneroid barometers use a corrugated metal-
lic can (the aneroid element) with a vacuum in-
side the can. A spring forces the can sides outward
against the inward-pushing atmospheric-pressure
force. The relative inflation of the can is measured
with levers and gears that amplify the minuscule
deflection of the can, and display the result as a
moving needle on a barometer or a moving pen on
a barograph (a recording barometer). The scale on
an aneroid barometer can be calibrated to read in
any pressure units (see Table 1-3).

Mercury (Hg) barometers (developed by
Evangelista Torricelli in the 1600s) are made from
a U-shaped tube of glass that is closed on one end.
The closed end has a vacuum, and the other end is
open to atmospheric pressure. Between the vacuum
and the air is a column of mercury inside the tube,
the weight of which balances atmospheric pressure.

Atmospheric pressure is proportional to the
height difference Az between the top of the mercury
column on the vacuum side, and the height on the
side of the U-tube open to the atmosphere. Typical
Az scales are millimeters of mercury (mm Hg),
centimeters of mercury (cm Hg), or inches of
mercury (in Hg). To amplify the height signal,
contra-barometers (developed by Christiaan Huy-
gens in the 1600s) use mercury on one side of the
U-tube and another fluid (e.g., alcohol) on the other.

Because mercury is a poison, modern Torricelli
(U-tube) barometers use a heavy silicon-based fluid
instead. Also, instead of using a vacuum as a ref-
erence pressure, they use a fixed amount of gas in
the closed end of the tube. All Torricelli barometers
require temperature corrections, because of thermal
expansion of the fluid.

Electronic barometers have a small can with
a vacuum or fixed amount of gas inside. Deflec-
tion of the can can be measured by strain gauges,
or by changes in capacitance between the top and
bottom metal ends of an otherwise non-conductive
can. Digital barometers are electronic barometers
that include analog-to-digital circuitry to send pres-
sure data to digital computers. More info about all
weather instruments is in WMO-No. 8 Guide to Me-
teorological Instruments and Methods of Observation.
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REVIEW

Pressure, temperature, and density describe the
thermodynamic state of the air. These state variables
arerelated to each other by the ideal gas law. Change
one, and one or both of the others must change too.
Ambient pressure decreases roughly exponentially
with height, as given by the hypsometric equation.
The vertical pressure gradient is balanced by the
pull of gravity, according to the hydrostatic eq.

Density variation is also exponential with height.
Temperature, however, exhibits three relative max-
ima over the depth of the atmosphere, caused by
absorption of radiation from the sun. Thermody-
namic processes can be classified. The standard
atmosphere is an idealized model of atmospheric
vertical structure, and is used to define atmospheric
layers such as the troposphere and stratosphere. At-
mospheric pressure is measured with mercury, an-
eroid, or electronic barometers.
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4 A SCIENTIFIC PERSPECTIVE ¢ Be Me- )
ticulous

Format Guidelines for Your Homework

Good scientists and engineers are not only cre-
ative, they are methodical, meticulous, and accurate.
To encourage you to develop these good habits, many
instructors require your homework to be written in a
clear, concise, organized, and consistent format. Such
a format is described below, and is illustrated in all
the Sample Applications in this book. The format be-
low closely follows steps you typically take in problem
solving (Appendix A).

Format:

1. Give the exercise number, & restate the problem.

2. Start the solution section by listing the “Given”
known variables (WITH THEIR UNITS).

3. List the unknown variables to find, with units.

4. Draw a sketch if it clarifies the scenario.

5. List the equation(s) you will use.

6. Show all your intermediate steps and calcula-
tions (to maximize your partial credit), and be
sure to ALWAYS INCLUDE UNITS with the
numbers when you plug them into eqs.

7. Put a box around your final answer, or under-
line it, so the grader can find it on your page
amongst all the coffee and pizza stains.

8. Always check the value & units of your answer.

9. Briefly discuss the significance of the answer.

Example:
Problem : What is air density at height 2 km in an
isothermal atmosphere of temperature 15°C?

Find the Answer
Given: z =2000 m
p, = 1225 kg m3
T=15°C =288.15K
Find: p=?kgm™

Useeq. (1.13a): p=
(1.225 kg m=3)- exp[(-0.040K m~1)-(2000m)/288K]

p =0.928 kg m3

Check: Units OK. Physics reasonable.
Exposition: (p,—p)/p,~ 0.24. This means that aircraft
wings generate 24% less lift, aircraft engines generate
24% less power, and propellers 24% less thrust be-
cause of the reduced air density. This compounding
effect causes aircraft performance to decrease rapidly
with increasing altitude, until the ceiling is reached
where the plane can’t climb any higher.

Fig. 1.13 shows the Find the Answer of this prob-
lem on a computer spreadsheet.

. J

Tips

At the end of each chapter are four types of

homework exercises:

* Broaden Knowledge & Comprehension

* Apply

* Evaluate & Analyze

e Synthesize
Each of these types are explained here in Chapter
1, at the start of their respective subsections. I also
recommend how you might approach these differ-
ent types of problems.

One of the first tips is in the “A SCIENTIFIC PER-
SPECTIVE” box. Here I recommend that you write
your exercise solutions in a format very similar to
the “Sample Applications” that I have through-
out this book. Such meticulousness will help you
earn higher grades in most science and engineering
courses, and will often give you partial credit (in-
stead of zero credit) for exercises you solved incor-
rectly.

Finally, most of the exercises have multiple parts
to them. Your instructor need assign only one of the
parts for you to gain the skills associated with that
exercise. Many of the numerical problems are sim-
ilar to Sample Applications presented earlier in the
chapter. Thus, you can try to do the Sample Appli-
cation first, and if you get the same answer as I did,
then you can be more confident in getting the right
answer when you re-solve the exercise part assigned
by your instructor. Such re-solutions are trivial if
you use a computer spreadsheet (Fig. 1.13) or other
similar program to solve the numerical exercises.

< A B [ D E

1

2 |N21) |What is air density at height
3 2 km in an atmosphere of

4 uniform T of 15°C?

5

6 Given: z = 2000 m

7 rho o= 1.225 kg/m3
8 T = 15 °cC

9 Find: rho = ? kg/m3
10

11 First convert T to Kelwin.

12 T = 288.15 K

13 Then use egq (1.13a), where

14 a = 0.040 K/m
15 [ rho = 0.928 kg/m3 |
16

17 check: Units OK. Physics CK.
18 Discussion: This means that
19 aircraft wings generate

20 0.928/ 1.225 = 76% of the lift
21 they would at sea level.

22

23 Note to students: the eg used in
24 \cell D15 was: =D7*EXP(-D14*D6/D12)

Figure 1.13
Example of a spreadsheet used to solve a numerical problem.
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HOMEWORK EXERCISES

Broaden Knowledge & Comprehension

These questions allow you to solve problems us-
ing current data, such as satellite images, weather
maps, and weather observations that you can down-
load through the internet. With current data, exer-
cises can be much more exciting, timely, and rele-
vant. Such questions are more vague than the others,
because we can’t guarantee that you will find a par-
ticular weather phenomenon on any given day.

Many of these questions are worded to encour-
age you to acquire the weather information for loca-
tions near where you live. However, the instructor
might suggest a different location if a better example
of a weather event is happening elsewhere. Even if
the instructor does not suggest alternative locations,
you should feel free to search the country, the con-
tinent, or the globe for examples of weather that are
best suited for the exercise.

Web URL (universal resource locator) addresses
are very transient. Web sites come and go. Even a
persisting site might change its web address. For this
reason, the web-enhanced questions do not usually
give the URL web site for any particular exercise. In-
stead, you are expected to become proficient with in-
ternet search engines. Nonetheless, there still might
be occasions where the data does not exist anywhere
on the web. The instructor should be aware of such
eventualities, and be tolerant of students who can-
not complete the web exercise.

In many cases, you will want to print the weather
map or satellite image to turn in with your home-
work. Instructors should be tolerant of students
who have access to only black and white printers.
If you have black and white printouts, use a colored
pencil or pen to highlight the particular feature or
isopleths of interest, if it is otherwise difficult to dis-
cern among all the other black lines on the printout.

You should always list the URL web address and
the date you used it from which you acquired the
data or images. This is just like citing books or jour-
nals from the library. At the end of each web exer-
cise, include a “References” section listing the web
addresses used, and any of your own annotations.

(" A SCIENTIFIC PERSPECTIVE * Give Credit )

Part of the ethic of being a good scientist or engineer is
to give proper credit to the sources of ideas and data,
and to avoid plagiarism. Do this by citing the author
and the title of their book, journal paper, or electronic
content. Include the international standard book num-
ber (isbn), digital object identifier (doi), or other identi-

\fying info. )

Bl. Download a map of sea-level pressure, drawn
as isobars, for your area. Become familiar with the
units and symbols used on weather maps.

B2. Download from the web a map of near-surface
air temperature, drawn is isotherms, for your area.
Also, download a surface skin temperature map val-
id at the same time, and compare the temperatures.

B3. Download from the web a map of wind speeds
at a height near the 200 or 300 mb (= 20 or 30 kPa) jet
stream level . This wind map should have isotachs
drawn onit. If you can find a map that also has wind
direction or streamlines in addition to the isotachs,
that is even better.

B4. Download from the web a map of humidities
(e.g., relative humidities, or any other type of hu-
midity), preferably drawn is isohumes. These are
often found at low altitudes, such as for pressures of
850 or 700 mb (85 or 70 kPa).

B5. Search the web for info on the standard atmo-
sphere. This could be in the form of tables, equa-
tions, or descriptive text. Compare this with the
standard atmosphere in this textbook, to determine
if the standard atmosphere has been revised.

B6. Search the web for the air-pollution regulation
authority in your country (such as the EPA in the
USA), and find the regulated concentrations of the
most common air pollutants (CO, SO,, O;, NO,, vol-
atile organic compounds VOCs, and particulates).
Compare with the results in Table 1-2, to see if the
regulations have been updated in the USA, or if they
are different for your country.

B7. Search the web for surface weather station obser-
vations for your area. This could either be a surface
weather map with plotted station symbols, or a text
table. Use the reported temperature and pressure to
calculate the density.

B8. Search the web for updated information on the
acceleration due to gravity, and how it varies with
location on Earth.

B9. Search the web for weather maps showing thick-
ness between two pressure surfaces. One of the
most common is the 1000 - 500 mb thickness chart
(i.e., the 100 - 50 kPa thickness chart). Comment on
how thickness varies with temperature (the most
obvious example is the general thickness decrease
further away from the equator).
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B10. Access from the web an upper-air sounding (e.g.,
Stuve, Skew-T, Tephigram, etc.) that plots temperature
vs. height or pressure for a location near you. We will
learn details about these charts later, but for now look
at only temperature vs. height. If the sounding goes
high enough (up to 100 mb or 10 kPa or so) , can you
identify the troposphere, tropopause, and stratosphere.

B11. Often weather maps have isopleths of tempera-
ture (isotherm), pressure (isobar), height (contour), hu-
midity (isohume), potential temperature (adiabat or
isentrope), or wind speed (isotach). Search the web for
weather maps showing other isopleths. (Hint, look for
isopleth maps of precipitation, visibility, snow depth,
cloudiness, etc.)

Apply

These are essentially “plug & chug” exercises.
They are designed to ensure that you are comfort-
able with the equations, units, and physics by get-
ting hands-on experience using them. None of the
problems require calculus.

While most of the numerical problems can be
solved using a hand calculator, many students find
it easier to compose all of their homework answers
on a computer spreadsheet. It is easier to correct
mistakes using a spreadsheet, and plotting graphs
of the answer is trivial.

Some exercises are flagged with the symbol (§),
which means you should use a Spreadsheet or other
more advanced tool such as Matlab, Mathematica,
or Maple. These exercises have tedious repeated
calculations to graph a curve or trend. To do them
by hand calculator would be painful. If you don't
know how to use a spreadsheet (or other more ad-
vanced program), now is a good time to learn.

Most modern spreadsheets also allow you to add
objects called text boxes, note boxes or word boxes,
to allow you to include word-wrapped paragraphs
of text, which are handy for the “Problem” and the
“Exposition” parts of the answer.

A spreadsheet example is given in Fig. 1.13. Nor-
mally, to make your printout look neater, you might
use the page setup or print option to turn off print-
ing of the row numbers, column letters, and grid
lines. Also, the borders around the text boxes can be
eliminated, and color could be used if you have ac-
cess to a color printer. Format all graphs to be clear
and attractive, with axes labeled and with units, and
with tic marks having pleasing increments.

Al. Find the wind direction (degrees) and speed (m
s71), given the (U, V) components:
a. (-5,0) knots b. (8 -2) ms
c.(-1,15mih? d. (6,6) ms!
e. (8,0) knots f. (5,20) ms!
g. (-2,-10) mi h! h. (3,-3) ms!

A2. Find the U and V wind components (m s71),
given wind direction and speed:

a. westat 10knots  b. northat5ms!

c. 225° at 8 mi h! d. 300° at 15 knots

e. east at 7 knots f. south at 10 ms~!

g 110°at8mih™!  h.20°at 15 knots

A3. Convert the following UTC times to local times
in your own time zone:

a.0000 b.0330 c. 0610 d.0920

e. 1245 £1515 g 1800 h.2150

A4. (i). Suppose that a typical airline window is cir-
cular with radius 15 cm, and a typical cargo door is
square of side 2 m. If the interior of the aircraft is
pressured at 80 kPa, and the ambient outside pres-
sure is given below in kPa, then what are the mag-
nitudes of forces pushing outward on the window
and door?

(ii). Your weight in pounds is the force you ex-
ert on things you stand on. How many people of
your same weight standing on a window or door are
needed to equal the forces calculated in part a. As-
sume the window and door are horizontal, and are
near the Earth’s surface.

a. 30 b.25 c.20 d. 15

e. 10 £5 g.0 h. 40

Ab5. Find the pressure in kPa at the following heights
above sea level, assuming an average T = 250K:

a. -100 m (below sea level) b. 1 km

c. 11 km d. 25km e. 30,000 ft

f. 5km g. 2km h. 15,000 ft

A6. Use the definition of pressure as a force per unit
area, and consider a column of air that is above a
horizontal area of 1 square meter. What is the mass
of air in that column:

a. above the Earth’s surface.

b. above a height where the pressure is 50 kPa?

c. between pressure levels of 70 and 50 kPa?

d. above a height where the pressure is 85 kPa?

e. between pressure levels 100 and 20 kPa?

f. above height where the pressure is 30 kPa?

g. between pressure levels 100 and 50 kPa?

h. above a height where the pressure is 10 kPa?
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A7. Find the virtual temperature (°C) for air of:

a. b. C. d. e. f 8.
TCC) 20 10 30 40 50 O -10
r(g/kg) 10 5 0 40 60 2 1

A8. Given the planetary data in Table 1-7.

(i). What are the escape velocities from a planet
for each of their main atmospheric components?
(For simplicity, use the planet radius instead of the
“critical” radius at the base of the exosphere.).

(ii). What are the most likely velocities of those
molecules at the surface, given the average surface
temperatures given in that table? Comparing these
answers to part (i), which of the constituents (if any)
are most likely to escape? a. Mercury b. Venus

c. Mars d. Jupiter e. Saturn
f.Uranus  g. Neptune h. Pluto
Table 1-7. Planetary data.
Planet | Radius | T, Mass Main
(km) | (°C) | relative | gasesin
(@vg) | to Earth | atmos.
Mercury 2440 180 0.055 H,, He
Venus | 6052 | 480 | 0.814 CO,, N,
Earth 6378 8 1.0 N,, O,
Mars 3393 | —60 | 0107 CO,, N,
Jupiter 71400 -150 3177 H,, He
Saturn 60330 -185 95.2 H,, He
Uranus 25560 214 14.5 H,, He
Neptune 24764 225 171 H,, He
Pluto* 1153 | -236 | 00022 |CH, N, CO

* Demoted to a “dwarf planet” in 2006.

A9. Convert the following temperatures:

a. 15°C =7K b. 50°F = ?°C
c. 70°F =7K d. 15°C =?°F
e. 303K =7?°C f. 250K = ?°F
g.2000°C = ?K h. —40°F = ?°C

A10. a. What is the density (kgm™3) of air, given

P=80kPaand T=0°C?

b. What is the temperature (°C) of air, given
P=90kPaand p=10kgm3 ?

c. What is the pressure (kPa) of air, given
T=90°F and p =12 kgm=3?

d. Give 2 combinations of pressure and density
that have a temperature of 30°C.

e. Give 2 combinations of pressure and density
that have a temperature of 0°C.

f. Give 2 combinations of pressure and density
that have a temperature of -20°C.

g. How could you determine air density if you
did not have a density meter?

h. What is the density (kg'm~3) of air, given

P=50kPa and T=-30°C?

i. What is the temperature (°C) of air, given
P=50kPaand p=05kgm3 ?

j- What is the pressure (kPa) of air, given
T=-25°C and p=12 kgm™3?

All. At a location in the atmosphere where the air
density is 1 kg m™3, find the change of pressure (kPa)

you would feel if your altitude increases by ___ km.
a2 b5 c¢7 d9 ell £13 g6
h.-01 i-02 j.-03 k. -04 L-05

A12. Atalocation in the atmosphere where the aver-
age virtual temperature is 5°C, find the height dif-
ference (i.e., the thickness in km) between the fol-
lowing two pressure levels (kPa):

a.100,90  b.90,80 ¢. 80,70  d.70,60
e. 60, 50 £.50,40 g.40,30 h.30,20
i. 20,10 j- 100,80 k.100,70 1. 100, 60
m. 100,50 n. 50,30

A13. Name the isopleths that would be drawn on a
weather map to indicate regions of equal

a. pressure b. temperature

c. cloudiness  d. precipitation accumulation
e. humidity  f. wind speed

g. dew point  h. pressure tendency

A14. What is the geometric height and geopotential,
given the geopotential height?

a.l0m b.100m c.1km d.11km
What is the geopotential height and geopotential,
given the geometric height?

e.500m f2km g 5km h.20km

A15. What is the standard atmospheric tempera-
ture, pressure, and density at each of the following

geopotential heights?
a.15km b.12km c50m  d.8km
e200m f5km g 40km h. 25km

A16. What are the geometric heights (assuming a
standard atmosphere) at the top and bottom of the:
a. troposphere b. stratosphere
c. mesosphere d. thermosphere

A17. Is the inverse of an average of numbers equal to
the average of the inverses of those number? (Hint,
work out the values for just two numbers: 2 and 4.)
This question helps explain where the hypsometric
equation given in this chapter is only approximate.

A18(§). Using the standard atmosphere equations,
re-create the numbers in Table 1-5 for 0 < H < 51 km.
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Evaluate & Analyze

These questions require more thought, and are
extensions of material in the chapter. They might
require you to combine two or more equations or
concepts from different parts of the chapter, or from
other chapters. You might need to critically evaluate
an approach. Some questions require a numerical
answer — others are “short-answer” essays.

They often require you to make assumptions, be-
cause insufficient data is given to solve the problem.
Whenever you make assumptions, justify them first.
A sample solution to such an exercise is shown be-
low.

Sample Application — Evaluate & Analyze (E)
What are the limitations of eq. (1.9a), if any? How
can those limitations be eliminated?

Find the Answer

Eq. (1.9a) for P vs. z relies on an average tempera-
ture over the whole depth of the atmosphere. Thus, eq.
(1.9a) is accurate only when the actual temperature is
constant with height.

As we learned later in the chapter, a typical or
“standard” atmosphere temperature is NOT constant
with height. In the troposphere, for example, tempera-
ture decreases with height. On any given day, the real
temperature profile is likely to be even more compli-
cated. Thus, eq. (1.9a) is inaccurate.

A better answer could be found from the
hypsometric equation (1.26b):

Py =Pj-exp (— Zi;zl] with a=29.3 m K
v

By iterating up from the ground over small increments
Az =z, -z, one can use any arbitrary temperature pro-
file. Namely, starting from the ground, set z; = 0 and
P =101.325 kPa. Set z, = 0.1 km, and use the average
virtual temperature value in the hypsometric equation
for that 0.1 km thick layer from z = 0 to 0.1 km. Solve
for P,. Then repeat the process for the layer between z
=0.1 and 0.2 km, using the new T, for that layer.

Because eq. (1.9a) came from eq. (1.26), we find oth-
er limitations.

1) Eq. (1.9a) is for dry air, because it uses temperature
rather than virtual temperature.

2) The constant “a” in eq. (1.9a) equals = (1/29.3) Km™L
Hence, on a different planet with different gravity and
different gas constant, “a” would be different. Thus,
eq. (1.9a) is limited to Earth.

Nonetheless, eq. (1.9a) is a reasonable first-order
approximation to the variation of pressure with alti-
tude, as can be seen by using standard-atmosphere P
values from Table 1-5, and plotting them vs. z. The re-
sult (which was shown in the Sample Application after
Table 1-5) is indeed close to an exponential decrease
with altitude.

El. What are the limitations of the “standard atmo-
sphere”?

E2. For any physical variable that decreases expo-
nentially with distance or time, the e-folding scale
is defined as the distance or time where the physical
variable is reduced to 1/e of its starting value. For
the atmosphere the e-folding height for pressure de-
crease is known as the scale height. Given eq. (1.9a),
what is the algebraic and numerical value for atmo-
spheric scale height (km)?

E3(§). Invent some arbitrary data, such as 5 data
points of wind speed M vs. pressure P. Although
P is the independent variable, use a spreadsheet to
plot it on the vertical axis (i.e., switch axes on your
graph so that pressure can be used as a surrogate
measure of height), change that axis to a logarithmic
scale, and then reverse the scale so that the largest
value is at the bottom, corresponding to the greatest
pressure at the bottom of the atmosphere.

Now add to this existing graph a second curve of
different data of M vs. P. Learn how to make both
curves appear properly on this graph because you
will use this skill repeatedly to solve problems in fu-
ture chapters.

E4. Does hydrostatic equilibrium (eq. 1.25) always
apply to the atmosphere? If not, when and why not?

E5. a. Plug egs. (1.1) and (1.2a) into (1.3), and use trig
to show that U =U. b. Similar, but for V=1V.

E6.What percentage of the atmosphere is above a
height (km)of:a.2 b.5 ¢ 11 d.32
el f18 g.47 h.8

E7. What is the mass of air inside an airplane with a
cabin size of 5x 5 x 30 m, if the cabin is pressurized
to a cabin altitude of sea level? What mass of outside
air is displaced by that cabin, if the aircraft is flying
at an altitude of 3 km? The difference in those two
masses is the load of air that must be carried by the
aircraft. How many people cannot be carried be-
cause of this excess air that is carried in the cabin?

E8.Given air of initial temperature 20°C and density
of 1.0 kg m3.
a. What is its initial pressure?
b. If the temperature increases to 30°C in an
isobaric process, what is the new density?
c. If the temperature increases to 30°C in an
isobaric process, what is the new pressure?
d. For an isothermal process, if the pressure
changes to 20 kPa, what is the new density?
e. For an isothermal process, if the pressure
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changes to 20 kPa, what is the new T?

f. In a large, sealed, glass bottle that is full of air,

if you increase the temperature, what if
anything would be conserved (P, T, or p)?

g. In a sealed, inflated latex balloon, if you lower
it in the atmosphere, what thermodynamic
quantities if any, would be conserved?

h. In a mylar (non stretching) balloon, suppose
that it is inflated to equal the surrounding
atmospheric pressure. If you added more
air to it, how would the state change?

E9(§). Starting from sea-level pressure at z = 0, use
the hypsometric equation to find and plot P vs. z in
the troposphere, using the appropriate standard-at-
mosphere temperature. Step in small increments to
higher altitudes (lower pressures) within the tropo-
sphere, within each increment. How is your answer
affected by the size of the increment? Also solve it
using a constant temperature equal to the average
surface value. Plot both results on a semi-log graph,
and discuss meaning of the difference.

E10. Use the ideal gas law and eq. (1.9) to derive the
equation for the change of density with altitude, as-
suming constant temperature.

E11. What is the standard atmospheric tempera-
ture, pressure, and density at each of the following
geopotential heights (km)?
a.75 b. 65 c.55
f. 25 g. 15 h.5

d. 45
i.-0.5

e. 35

E12. The ideal gas law and hypsometric equation
are for compressible gases. For liquids (which are
incompressible, to first order), density is not a func-
tion of pressure. Compare the vertical profile of
pressure in a liquid of constant temperature with
the profile of a gas of constant temperature.

E13. At standard sea-level pressure and temperature,
how does the average molecular speed compare to
the speed of sound? Also, does the speed of sound
change with altitude? Why?

El4. For astandard atmosphere below H =11 km:
a. Derive an equation for pressure as a function
of H.
b. Derive an equation for density as a function
of H.

E15. Use the hypsometric equation to derive an

equation for the scale height for pressure, H,.

Synthesize

These are “what if” questions. They are often
hypothetical — on the verge of being science fiction.
By thinking about “what if” questions you can gain
insight about the physics of the atmosphere, because
often you cannot apply existing paradigms.

“What if” questions are often asked by scientists,
engineers, and policy makers. For example, “What
if the amount of carbon dioxide in the atmosphere
doubled, then how would world climate change?”

For many of these questions, there is not a single
right answer. Different students could devise dif-
ferent answers that could be equally insightful, and
if they are supported with reasonable arguments,
should be worth full credit. Often one answer will
have other implications about the physics, and will
trigger a train of related ideas and arguments.

A Sample Application of a synthesis question is
presented in the next page. This solution might not
be the only correct solution, if it is correct at all.

S1. What if the meteorological angle convention is
identical to that shown in Fig. 1.2, except for wind
directions which are given by where they blow
towards rather than where they blow from. Cre-
ate a new set of conversion equations (1.1 - 1.4) for
this convention, and test them with directions and
speeds from all compass quadrants.

52. Find a translation of Aristotle’s Meteorologica in
your library. Discuss one of his erroneous state-
ments, and how the error might have been avoided
if he had following the Scientific Method as later
proposed by Descartes.

53. As discussed in a Sample Application, the glass
on the front face of CRT and old TV picture tubes is
thick in order to withstand the pressure difference
across it. Why is the glass not so thick on the other
parts of the picture tube, such as the narrow neck
near the back of the TV?

54. Egs. (1.9a) and (1.13a) show how pressure and
density decrease nearly exponentially with height.
a. How high is the top of the atmosphere?
b. Search the library or the web for the effective
altitude for the top of the atmosphere as experienced
by space vehicles re-entering the atmosphere.

S5. What is “ideal” about the ideal gas law? Are
there equations of state that are not ideal?

56. What if temperature as defined by eq. (1.5) was
not dependent on the molecular weight of the gas.
Speculate on how the composition of the Earth’s
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Sample Application — Synthesize

What if liquid water (raindrops) in the atmosphere
caused the virtual temperature to increase [rather than
decrease as currently shown by the negative sign in
front of 1 in eq. (1.22)]. What would be different about
the weather?

Find the Answer

More and larger raindrops would cause warmer
virtual temperature. This warmer air would act more
buoyant (because warm air rises). This would cause
updrafts in rain clouds that might be fast enough to
prevent heavy rain from reaching the ground.

But where would all this rain go? Would it accumu-
late at the top of thunderstorms, at the top of the tropo-
sphere? If droplets kept accumulating, they might act
sufficiently warm to rise into the stratosphere. Perhaps
layers of liquid water would form in the stratosphere,
and would block out the sunlight from reaching the
surface.

If less rain reached the ground, then there would
be more droughts. Eventually all the oceans would
evaporate, and life on Earth as we know it would die.

But perhaps there would be life forms (insects,
birds, fish, people) in this ocean layer aloft. The rea-
son: if liquid water increases virtual temperature, then
perhaps other heavy objects (such as automobiles and
people) would do the same.

In fact, this begs the question as to why liquid water
would be associated with warmer virtual temperature
in the first place. We know that liquid water is heavier
than air, and that heavy things should sink. One way
that heavy things like rain drops would not sink is if
gravity worked backwards.

If gravity worked backwards, then all things would
be repelled from Earth into space. This textbook would
be pushed into space, as would your instructor. So you
would have never been assigned this exercise in the
first place.

Life is full of paradoxes. Just be careful to not get
a sign wrong in any of your equations — who knows
what might happen as a result.

atmosphere might have evolved differently since it
was first formed.

S7. When you use a hand pump to inflate a bicycle
or car tire, the pump usually gets hot near the out-
flow hose. Why? Since pressure in the ideal gas
law is proportional to the inverse of absolute virtual
temperature (P=p-R,/T,), why should the tire-pump
temperature warmer than ambient?

S8. In the definition of virtual temperature, why do
water vapor and liquid water have opposite signs?

S9. How should equation (1.22) for virtual tempera-
ture be modified to also include the effects of air-
planes and birds flying in the sky?

S10. Meteorologists often convert actual station
pressures to the equivalent “sea-level pressure” by
taking into account the altitude of the weather sta-
tion. The hypsometric equation can be applied to
this job, assuming that the average virtual tempera-
ture is known. What virtual temperature should be
used below ground to do this? What are the limita-
tions of the result?

S11. Starting with our Earth and atmosphere as at
present, what if gravity were to become zero. What
would happen to the atmosphere? Why?

S12. Suppose that gravitational attraction between
two objects becomes greater, not smaller, as the dis-
tance between the two objects becomes greater.
a. Would the relationship between geometric
altitude and geopotential altitude change?
If so, what is the new relationship?
b. How would the vertical pressure gradient in
the atmosphere be different, if at all?
c. Would the orbit of the Earth around the sun
be affected? How?
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Solar energy powers the atmosphere. This ener-
gy warms the air and drives the air motion you feel
as winds. The seasonal distribution of this energy
depends on the orbital characteristics of the Earth
around the sun.

The Earth’s rotation about its axis causes a daily
cycle of sunrise, increasing solar radiation until so-
lar noon, then decreasing solar radiation, and finally
sunset. Some of this solar radiation is absorbed at
the Earth’s surface, and provides the energy for pho-
tosynthesis and life.

Downward infrared (IR) radiation from the at-
mosphere to the Earth is usually slightly less than
upward IR radiation from the Earth, causing net
cooling at the Earth’s surface both day and night.
The combination of daytime solar heating and con-
tinuous IR cooling yields a diurnal (daily) cycle of
net radiation.

g e W e W T g W

ORBITAL FACTORS

Planetary Orbits

Johannes Kepler, the 17th century astronomer,
discovered that planets in the solar system have el-
liptical orbits around the sun. For most planets in
the solar system, the eccentricity (deviation from
circular) is relatively small, meaning the orbits are
nearly circular. For circular orbits, he also found
that the time period Y of each orbit is related to the
distance R of the planet from the sun by:

Y =q;-R%? @.1)

Parameter a; ~ 0.1996 d-(Gm)~%/2, where d is Earth
days, and Gm is gigameters = 10® km.

Figs. 2.1a & b show the orbital periods vs. dis-
tances for the planets in our solar system. These
figures show the duration of a year for each planet,
which affect the seasons experienced on the planet.

Orbit of the Earth

The Earth and the moon rotate with a sidereal
(relative to the stars) period of 27.32 days around
their common center of gravity, called the Earth-
moon barycenter. (Relative to the moving Earth,

27
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Planetary orbital periods versus distance from sun. Eris (136199) and Pluto (134340) are dwarf planets. Eris, larger than Pluto, has
a very elliptical orbit. (a) Linear graph. (b) Log-log graph. (See Appendix A for comparison of various graph formats.)

Sample Application
Verify that eq. (2.1) gives the correct orbital period
of one Earth year.

Find the Answer:
Given: R = 149.6 Gm avg. distance sun to Earth.
Find: Y =7 days, the orbital period for Earth

Use eq. (2.1):
Y =(0.1996 d-(Gm)=3/2) - [(149.6 Gm)!-9]
= 365.2 days.

Check: Units OK. Sketch OK. Almost 1 yr.
Exposition: In 365.0 days, the Earth does not quite
finish a complete orbit. After four years this shortfall
accumulates to nearly a day, which we correct using a
leap year with an extra day (see Chapter 1).

perihelion

aphelion

Figure 2.2

Geometry of the Earth’s orbit, as viewed from above Earth’s
North Pole. (Not to scale.) Dark wavy line traces the Earth-
center path, while the thin smooth ellipse traces the barycenter
path.

the time between new moons is 29.5 days.) Because
the mass of the moon (7.35x10%2 kg) is only 1.23% of
the mass of the Earth (Earth mass is 5.9726x10%* kg),
the barycenter is much closer to the center of the
Earth than to the center of the moon. This barycen-
ter is 4671 km from the center of the Earth, which is
below the Earth’s surface (Earth radius is 6371 km).

To a first approximation, the Earth-moon bary-
center orbits around the sun in an elliptical orbit
(Fig. 2.2, thin-line ellipse) with sidereal period of P
= 365.256363 days. Length of the semi-major axis
(half of the longest axis) of the ellipse is a = 149.598
Gm. This is almost equal to an astronomical unit
(au), where 1 au = 149,597,870.691 km.

Semi-minor axis (half the shortest axis) length
is b = 149.090 Gm. The center of the sun is at one of
the foci of the ellipse, and half the distance between
the two foci is ¢ = 2.5 Gm, where a2 =12 + ¢2. The or-
bit is close to circular, with an eccentricity of only
about e ~ ¢/a = 0.0167 (a circle has zero eccentricity).

The closest distance (perihelion) along the ma-
jor axis between the Earth and sun is a — ¢ = 146.96
Gm and occurs at about 4, = 4 January. The farthest
distance (aphelion) is a + ¢ = 151.96 Gm and oc-
curs at about 5 July. The dates for the perihelion
and aphelion jump a day or two from year to year
because the orbital period is not exactly 365 days.
Figs. 2.3 show these dates at the prime meridian
(Greenwich), but the dates will be slightly different
in your own time zone. Also, the dates of the peri-
helion and aphelion gradually become later by 1 day
every 58 years, due to precession (shifting of the
location of the major and minor axes) of the Earth’s
orbit around the sun (see the Climate chapter).
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Because the Earth is rotating around the Earth-
moon barycenter while this barycenter is revolv-
ing around the sun, the location of the center of the
Earth traces a slightly wiggly path as it orbits the
sun. This path is exaggerated in Fig. 2.2 (thick line).

Define a relative Julian Day, d, as the day of the
year. For example, 15 January corresponds to d =
15. For 5 February, d = 36 (which includes 31 days in
January plus 5 days in February).

The angle at the sun between the perihelion and
the location of the Earth (actually to the Earth-moon
barycenter) is called the true anomaly v (see Fig.
2.2). This angle increases during the year as the day
d increases from the perihelion day (about d, = 4;
namely, about 4 January). According to Kepler’s
second law, the angle increases more slowly when
the Earth is further from the sun, such that a line
connecting the Earth and the sun will sweep out
equal areas in equal time intervals.

An angle called the mean anomaly M is a sim-
ple, but good approximation to v. It is defined by:

.d—dp
p

2.2)

where P = 365.256363 days is the (sidereal) orbital
period and C is the angle of a full circle (C = 2 ra-
dians = 360°. Use whichever is appropriate for your
calculator, spreadsheet, or computer program.)

Because the Earth’s orbit is nearly circular, v = M.
A better approximation to the true anomaly for the
elliptical Earth orbit is

v=M +[2e—(e> / 4)]sin(M) +[(5/ 4)e>]sin(2M)
37 .
+(13 / 12)-¢”]-sin(3M) (2.3a)
or

v=M +0.0333988-sin(M) +0.0003486-sin(2- M)
+0.0000050- sin(3- M) (2.3b)

for both v and M in radians, and e = 0.0167.

81 | |
i (b) Aphelion
— 7—
o AAI’\/A\II\/\ A
RIS, e ruavaT i
ST
Cl23015 ‘2‘02.0‘ ‘2‘02.5‘ ‘2.03.0‘ ‘2‘03.5‘ ‘2‘04.0‘ ‘204.5‘ ‘2(‘)50
Year
Figure 2.3

Dates (UTC) of the (a) perihelion and (b) aphelion, & their
trends (thick line). From the US Naval Observatory. http://
aa.usno.navy.mil/data/docs/EarthSeasons.php

Sample Application(§)
Use a spreadsheet to find the true anomaly and
sun-Earth distance for several days during the year.

Find the Answer
Given: dp =4]Jan. P =365.25 days.
Find: v=7?° and R=?Gm.

Sketch: (same as Fig 2.2)
For example, for 15 Feb, d =46
Use eq. (2.2):

M = (2-3.14159)-(46-4)/ 365.256363 = 0.722 radians
Use eq. (2.3b):

v =0.722 +0.0333988-sin(0.722) + 0.0003486-sin(1.444)
+ 0.000005-sin(2.166) = 0.745 radians

Use eq. (2.4):

R = (149.457Gm)-(1 - 0.01672)/[1+0.0167-cos(0.745)]

= (149.457Gm) - 0.99972 / 1.012527 = 147.60 Gm

Repeating this calculation on a spreadsheet for several
days, and comparing M vs. v and R(M) vs. R(v) , gives:

Date d M v R(M) RV

(rad) (rad) (Gm) (Gm)
4 Jan 4 0 0 146.96 146.96

18 Jan 18 0.241 0.249 147.03 147.04

1 Feb 32 0.482 0.497 147.24 147.25

15 Feb 46 0.722 0.745 147.57 147.60
1 Mar 60 0.963 0.991 148.00 148.06
15 Mar 74 1.204 1.236 148.53 148.60
29 Mar 88 1.445 1.487 149.10 149.18
12 Apr 102 1.686 1.719 149.70 149.78
26 Apr 116 1.927 1.958 150.29 150.36
21 Jun 172 2.890 2.898 151.87 151.88
23 Sep 266 4.507 4.474 149.93 150.01
22 Dec 356 6.055 6.047 147.02 147.03

Check: Units OK. Physics OK.
Exposition: Because M and v are nearly equal, you
can use M instead of v in eq. (2.4), with good accuracy.
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North Pole

center of sun to

i& center of earth
S

South Pole

Figure 2.4
Relationship of declination angle 8 to tilt of the Earth’s axis, for
a day near northern-hemisphere summer.

Table 2-1 . Dates and times (UTC) for northern hemi-
sphere equinoxes and solstices. Format: dd hhmm
gives day (dd), hour (hh) and minutes (mm). From the
US Naval Observatory. http://aa.usno.navy.mil/data/docs/
EarthSeasons.php

Year | Spring | Summer Fall Winter
Equinox | Solstice | Equinox | Solstice
(March) | (June) (Sept.) (Dec.)

2015 20 2245 21 1638 23 0820 22 0448

2016 20 0430 20 2234 22 1421 21 1044
2017 20 1028 21 0424 22 2002 21 1628
2018 20 1615 21 1007 23 0154 21 2222
2019 20 2158 21 1554 23 0750 22 0419
2020 20 0349 20 2143 22 1330 21 1002
2021 = 20 0937 21 0332 22 1921 21 1559
2022 20 1533 21 0914 23 0104 21 2148
2023 20 2124 21 1458 23 0650 22 0327
2024 20 0306 20 2051 22 1244 21 0921
2025 20 0901 21 0242 22 1819 21 1503

vernal equinox

summer solstice (=20-21 March)

(=20-21 June)

winter solstice

autumnal equinox (=21-22 December)

(=22-23 September)

Figure 2.5
Dates (UTC) of northern-hemisphere seasons relative to Earth’s
orbit.

The distance R between the sun and Earth (actu-
ally to the Earth-moon barycenter) as a function of
time is

2
Reg._17€¢ 2.4)
1+e-cos(v)

where e = 0.0167 is eccentricity, and a = 149.457 Gm
is the semi-major axis length. If the simple approxi-
mation of v = M is used, then angle errors are less
than 2° and distance errors are less than 0.06%.

Seasonal Effects

The tilt of the Earth’s axis relative to a line per-
pendicular to the ecliptic (i.e, the orbital plane of
the Earth around the sun) is presently @, = 23.44° =
0.409 radians. The direction of tilt of the Earth’s axis
is not fixed relative to the stars, but wobbles or pre-
cesses like a top with a period of about 25,781 years.
Although this is important over millennia (see the
Climate chapter), for shorter time intervals (up to a
century) the precession is negligible, and you can as-
sume a fixed tilt.

The solar declination angle §, is defined as
the angle between the ecliptic and the plane of the
Earth’s equator (Fig. 2.4). Assuming a fixed orienta-
tion (tilt) of the Earth’s axis as the Earth orbits the
sun, the solar declination angle varies smoothly as
the year progresses. The north pole points partially
toward the sun in summer, and gradually changes
to point partially away during winter (Fig. 2.5).

Although the Earth is slightly closer to the sun
in winter (near the perihelion) and receives slightly
more solar radiation then, the Northern Hemisphere
receives substantially less sunlight in winter be-
cause of the tilt of the Earth’s axis. Thus, summers
are warmer than winters, due to Earth-axis tilt.

The solar declination angle is greatest (+23.44°) on
about 20 to 21 June (summer solstice in the North-
ern Hemisphere, when daytime is longest) and is
most negative ( -23.44°) on about 21 to 22 December
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(winter solstice, when nighttime is longest). The
vernal equinox (or spring equinox, near 20 to 21
March) and autumnal equinox (or fall equinox,
near 22 to 23 September) are the dates when daylight
hours equal nighttime hours (“eqi nox” literally
translates to “equal night”), and the solar declina-
tion angle is zero.

Astronomers define a tropical year (= 365.242190
days) as the time from vernal equinox to the next
vernal equinox. Because the tropical year is not an
integral number of days, the Gregorian calen-
dar (the calendar adopted by much of the western
world) must be corrected periodically to prevent the
seasons (dates of summer solstice, etc.) from shifting
into different months.

To make this correction, a leap day (29 Feb) is
added every 4th year (i.e, leap years, are years di-
visible by 4), except that years divisible by 100 don't
have a leap day. However, years divisible by 400 do
have a leap day (for example, year 2000). Because of
all these factors, the dates of the solstices, equinoxes,
perihelion, and aphelion jump around a few days on
the Gregorian calendar (Table 2-1 and Figs. 2.3), but
remain in their assigned months.

The solar declination angle for any day of the
year is given by

C-(d-d
dg =@, -cos C-d,) *(2.5)

y

where d is Julian day, and 4, is the Julian day of the
summer solstice, and d;, = 365 (or = 366 on a leap
year) is the number of days per year. For years when
the summer solstice is on 21 June, d, = 172. This
equation is only approximate, because it assumes
the Earth’s orbit is circular rather than elliptical. As
before, C = 2n radians = 360° (use radians or degrees
depending on what your calculator, spreadsheet, or
computer program expects).

By definition, Earth-tilt angle (@, = 23.44°) equals
the latitude of the Tropic of Cancer in the North-
ern Hemisphere (Fig. 2.4). Latitudes are defined to
be positive in the Northern Hemisphere. The Trop-
ic of Capricorn in the Southern Hemisphere is the
same angle, but with a negative sign. The Arctic
Circle is at latitude 90° - ®, = 66.56° and the Ant-
arctic Circle is at latitude -66.56° (i.e, 66.56°S).
During the Northern-Hemisphere summer solstice:
the solar declination angle equals @, ; the sun at
noon is directly overhead (90° elevation angle) at the
Tropic of Cancer; and the sun never sets that day at
the Arctic Circle.

Sample Application

Find the solar declination angle on 5 March.

Find the Answer
Assume: Not a leap year.
Given: d = 31 Jan + 28 Feb + 5 Mar = 64.
Find: §;=7?°
Sketch:
North Pole

South Pole

Use eq. (2.5):
d; =23.44° - cos[360°(64-172)/365]

=23.44° - cos[-106.521°] = -6.67°

Check: Units OK. Sketch OK. Physics OK.
Exposition: On the vernal equinox (21 March),
the angle should be zero. Before that date, it is winter
and the declination angle should be negative. Namely,
the ecliptic is below the plane of the equator. In spring
and summer, the angle is positive. Because 5 March
is near the end of winter, we expect the answer to be a
small negative angle.




32 CHAPTER 2 ¢ SOLAR & INFRARED RADIATION

Sample Application
Find the local elevation angle of the sun at 3 PM
local time on 5 March in Vancouver, Canada.

Find the Answer
Assume: Not a leap year. Not daylight savings time.
Also, Vancouver is in the Pacific time zone,
where t;7c =t + 8 h during standard time.
Given: t =3PM = 15 h. Thus, t;;7c =23 h.
¢ =49.25°N, A, =-123.1° (West) for Vancouver.
&5 = -6.665° from previous Sample Application.
Find: ¥=7°

Useeq. (2.6): sin(¥) =

sin(49.25°)-sin(—6.665°) —
€05(49.25°)-cos(—6.665°)-cos[360*(23h /24h) — 123.1°]

0.7576 - (-0.1161) — 0.6528 - 0.9932 - c0s(221.9°)

—0.08793 + 0.4826 = 0.3946

¥ = arcsin(0.3946) = 23.24°

Check: Units OK. Physics OK.
Exposition: The sun is above the local horizon, as
expected for mid afternoon.

Beware of other situations such as night that give
negative elevation angle.

Sample Application(§)

Use a spreadsheet to plot elevation angle vs. time at
Vancouver, for 21 Dec, 23 Mar, and 22 Jun. Plot these
three curves on the same graph.

Find the Answer

Given: Same as previous Sample Application, except
d =355, 82, 173.

Find: W =7?° Assume not a leap year.

A portion of the tabulated results are shown below, as
well as the full graph.

Y ()

t(h) 21 Dec 23 Mar 22 Jun
3 0.0 0.0 0.0
4 0.0 0.0 0.0
5 0.0 0.0 6.6
6 0.0 0.0 15.6
7 0.0 7.8 251
8 0.0 173 349
9 57 259 445
10 115 33.2 53.4
1 15.5 384 60.5
12 172 40.8 64.1
13 16.5 39.8 62.6

(continues in next column)

Daily Effects

As the Earth rotates about its axis, the local
elevation angle W of the sun above the local hori-
zon rises and falls. This angle depends on the lati-
tude ¢ and longitude A, of the location:

sin(¥) = sin(¢)-sin(8,) — *(2.6)

cos(¢)-cos(84)- cos {Ctﬂ + A, }
t

Time of day t;;7c is in UTC, C = 2n radians = 360°
as before, and the length of the day is t;. For t;;7cin
hours, then t; = 24 h. Latitudes are positive north of
the equator, and longitudes are positive east of the
prime meridian. The sin(¥) relationship is used lat-
er in this chapter to calculate the daily cycle of solar
energy reaching any point on Earth.

[CAUTION: Don't forget to convert angles to radians if
required by your spreadsheet or programming language.]

Sample Application (continuation)

o
=]
|
[

N
o
|
[

Solar Elevation Angle (°)
N
o
|
[

0 3 6 9 12 15 18 21
Local Standard Time (h)

Check: Units OK. Physics OK. Graph OK.
Exposition: Summers are pleasant with long days.
The peak elevation does not happen precisely at local
noon, because Vancouver is not centered within its
time zone.
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The local azimuth angle o of the sun relative to
north is

sin(8;) — sin(¢)- cos()
cos(9)-sin(C)

cos(a) =

2.7)

where { = C/4 -V is the zenith angle. After noon,
the azimuth angle might need to be corrected to be
o = C — ¢, so that the sun sets in the west instead
of the east. Fig. 2.6 shows an example of the eleva-
tion and azimuth angles for Vancouver (latitude =
49.25°N, longitude = 123.1°W) during the solstices
and equinoxes.

Sunrise, Sunset & Twilight

Geometric sunrise and sunset occur when the
center of the sun has zero elevation angle. Appar-
ent sunrise/set are defined as when the top of the
sun crosses the horizon, as viewed by an observer on
the surface. The sun has a finite radius correspond-
ing to an angle of 0.267° when viewed from Earth.
Also, refraction (bending) of light through the at-
mosphere allows the top of the sun to be seen even
when it is really 0.567° below the horizon. Thus, ap-
parent sunrise/set occurs when the center of the sun
has an elevation angle of —0.833°.

When the apparent top of the sun is slightly be-
low the horizon, the surface of the Earth is not re-
ceiving direct sunlight. However, the surface can
still receive indirect light scattered from air mole-
cules higher in the atmosphere that are illuminated
by the sun. The interval during which scattered
light is present at the surface is called twilight.
Because twilight gradually fades as the sun moves
lower below the horizon, there is no precise defini-
tion of the start of sunrise twilight or the end of sun-
set twilight.

Arbitrary definitions have been adopted by dif-
ferent organizations to define twilight. Civil twi-
light occurs while the sun center is no lower than
—-6°% and is based on the ability of humans to see
objects on the ground. Military twilight occurs
while the sun is no lower than -12°. Astronomi-
cal twilight ends when the skylight becomes suf-
ficiently dark to view certain stars, at solar elevation
angle —18°.

Table 2-2 summarizes the solar elevation angle
Y definitions used for sunrise, sunset and twilight.
All of these angles are at or below the horizon.

707 12 = local standard time__

Elevation Angle (°)

45 90 135 180 225 270 315
Azimuth Angle (°)

Figure 2.6

Position (solid lines) of the sun for Vancouver, Canada for vari-
ous seasons. September 21 and March 23 nearly coincide. Iso-
chrones are dashed. All times are Pacific standard time.

Sample Application(§)

Use a spreadsheet to find the Pacific standard time
(PST) for all the events of Table 2-2, for Vancouver,
Canada, during 22 Dec, 23 Mar, and 22 Jun.

Find the Answer

Given: Julian dates 355, 82, & 173.

Find: t=7?h (local standard time)
Assume: Pacific time zone: tyc=1t+8h.

Use eq. (2.8a) and Table 2-2:

22Dec  23Mar 22Jun
Morning: PST (h)
geometric sunrise 8.22 6.20 419
apparent sunrise 8.11 6.11 4.09
civil twilight starts 749 5.58 3.36

military twilight starts =~ 6.80 4.96 2.32
astron. twilight starts 6.16 4.31 n/a

Evening:
geometric sunset 16.19 1821  20.22
apparent sunset 16.30 1830 @ 20.33
civil twilight ends 16.93 18.83  21.05
military twilight ends 17.61 1945  22.09
astron. twilight ends 1826 = 20.10 n/a

Check: Units OK. Physics OK.

Exposition: During the summer solstice (22 June),

the sun never gets below -18°. Hence, it is astronomi-

cal twilight all night in Vancouver in mid summer.
During June, Vancouver is on daylight time, so the

actual local time would be one hour later.
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Table 2-2. Elevation angles for diurnal events.

Event ¥ (°) Y (radians)
Sunrise & Sunset:
Geometric 0 0
Apparent -0.833 -0.01454
Twilight:
Civil -6 —-0.10472
Military -12 —-0.20944
Astronomical -18 -0.31416
4 INFO ¢ Astronomical Values for Time A

The constants a =2-¢/0g, b= [tan2(£/2)]/(oE ,and
¢ =2:® in the Equation of Time are based on the fol-
lowing astronomical values: ®p =2n/24h = 0.0043633
radians/minute is Earth’s rotation rate about its axis,
e = 0.01671 is the eccentricity of Earth’s orbit around
the sun, € =0.40909 radians = 23.439° is the obliquity
(tilt of Earth’s axis), @ =4.9358 radians = 282.8° is the
angle (in the direction of Earth’s orbit around the sun)
between a line from the sun to the vernal (Spring)
equinox and a line drawn from the sun to the moving

\perihelion (see Fig. 2.5, and Fig. 21.10 in Chapter 21). D

Sample Application (§)

Plot time correction vs. day of the year.

Find the Answer:
Given: d =0 to 365
Find: At, = ? minutes

Use a spreadsheet. For example, for d = 45 (which is 14
Feb), first use eq. (2.2) find the mean anomaly:
M = 27m-(45-4)/365.25 = 0.705 rad = 40.4°
Then use the Equation of Time (2.8b) in
At, = —(7.659 min)-sin(0.705 rad)
+ (9.836 min)-sin(2- 0.705 rad + 3.588 rad)
At,=-496 -946 = -14.4 minutes

J/F M A M J/J/A s/OIN D

20 16,5
1
Aty 0
(minutes)
0
-10

—14.4 minutes

-20

0 100 200 300

day of year

Check: Units OK. Magnitude OK.
Exposition: Because of the negative sign in eq. (2.8¢),
you need to ADD 14.4 minutes to the results of eq.

(2.8a) to get the correct sunrise and sunset times.

Approximate (sundial) time-of-day correspond-
ing to these events can be found by rearranging eq.

(2.6): (2.8a)
sin ¢-sin 8, —sin‘l’}}

cos - cosd,

t
ture = Ed-{—ke J_rarccos{

where the appropriate elevation angle is used from
Table 2-2. Where the + sign appears, use + for sun-
rise and — for sunset. If any of the answers are nega-
tive, add 24 h to the result.

To correct the time for the tilted, elliptical orbit of
the earth, use the approximate Equation of Time:

At, = —a-sin(M)+b-sin(2M +c) (2.8b)

where a = 7.659 minutes, b = 9.863 minutes, ¢ = 3.588
radians = 205.58° and where the mean anomaly M
from eq. (2.2) varies with day of the year. This time
correction is plotted in the Sample Application. The
corrected (mechanical-clock) time ¢, ;r¢ is:

teurc = turc — A, (2.8¢)

which corrects sundial time to mechanical-clock
time. Don't forget to convert the answer from UTC
to your local time zone.
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FLUX

A flux density, E called a flux in this book, is
the transfer of a quantity per unit area per unit time.
The area is taken perpendicular (normal) to the di-
rection of flux movement. Examples with metric (SI)
units are mass flux (kg: m2s7!) and heat flux, (Jm~
2571y, Using the definition of a watt (1 W = 1]s7),
the heat flux can also be given in units of (Wm=2). A
flux is a measure of the amount of inflow or outflow
such as through the side of a fixed volume, and thus
is frequently used in Eulerian frameworks (Fig. 2.7).

Because flow is associated with a direction, so is
flux associated with a direction. You must account
for fluxes F,, Fy, and F, in the x, y, and z directions,
respectively. A flux in the positive x-direction (east-
ward) is written with a positive value of FE,, while
a flux towards the opposite direction (westward) is
negative.

The total amount of heat or mass flowing through
a plane of area A during time interval At is given
by:

Amount =F-A- At 29

For heat, Amount = AQy by definition.
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Fluxes are sometimes written in kinematic
form, F, by dividing by the air density, p;, :

F
F=
Pair (2.10)
Kinematic mass flux equals the wind speed, M. Ki-
nematic fluxes can also be in the 3 Cartesian direc-
tions: F,, F,, and F,.

[CAUTION: Do not confuse the usage of the symbol
M. Here it means “wind speed”. Earlier it meant “mean
anomaly”. Throughout this book, many symbols will be
re-used to represent different things, due to the limited
number of symbols. Even if a symbol is not defined, you
can usually determine its meaning from context.]

Heat fluxes Fyy can be put into kinematic form by
dividing by both air density p,;, and the specific heat
for air C, which yields a quantity having the same
units as temperature times wind speed (Km-s1).

FH]F—H

= 211
Pair * Cp ( )

for heat only

“" oy

For dry air (subscript “;”) at sea level:
Pair - Cpa = 1231 (Wm™2) / (Km-s™)
= 12.31 mb-K!
= 1.231 kPaK.

The reason for sometimes expressing fluxes in
kinematic form is that the result is given in terms
of easily measured quantities. For example, while
most people do not have “Watt” meters to measure
the normal “dynamic” heat flux, they do have ther-
mometers and anemometers. The resulting temper-
ature times wind speed has units of a kinematic heat
flux (Km-s). Similarly, for mass flux it is easier to
measure wind speed than kilograms of air per area
per time.

Heat fluxes can be caused by a variety of pro-
cesses. Radiative fluxes are radiant energy (elec-
tromagnetic waves or photons) per unit area per
unit time. This flux can travel through a vacuum.
Advective flux is caused by wind blowing through
an area, and carrying with it warmer or colder
temperatures. For example a warm wind blowing
toward the east causes a positive heat-flux compo-
nent Fp, in the x-direction. A cold wind blowing
toward the west also gives positive Fy,. Turbulent
fluxes are caused by eddy motions in the air, while
conductive fluxes are caused by molecules bounc-
ing into each other.

Figure 2.7
Flux F through an area A into one side of a volume.

Sample Application

The mass flux of air is 1 kgm=2s~! through a door
opening thatis 1 m wide by 2.5 m tall. What amount of
mass of air passes through the door each minute, and
what is the value of kinematic mass flux?

Find the Answer

Given: area A = (1 m) - (2.5 m) = 2.5 m?2
F=1kgm=2s

Find: (@) Amount =? kg, and (b) F =? ms™

Sketch: (see Fig. 2.7)

(@) Use eq. (2.9):
Amount = (1 kgm2s71)-(2.5 m2).
(1 min)-(60 s min!) =150 kg.

(b) Assume: p =1.225kgm=3 at sea-level
Use eq. (2.10):
F = (1kgm=2s71) /(1225 kgm3)
= 0.82m-s L

Check: Units OK. Sketch OK. Physics OK.
Exposition: The kinematic flux is equivalent to a very
light wind speed of less than 1 m s~! blowing through
the doorway, yet it transports quite a large amount of
mass each minute.

Sample Application
If the heat flux from the sun that reaches the Earth’s
surface is 600 W m=2, find the flux in kinematic units.

Find the Answer:
Given: JFyy = 600 W m~2
Find: Fy=?Kms!
Assume: sea level.

Use eq. (2.11)
Frr= (600 Wm™) / [1231 (Wm™2) / (Kms™) ]
=0.487 Km s1

Check: Units OK. Physics OK.

Exposition: This amount of radiative heat flux is
equivalent to an advective flux of a 1 m s wind blow-
ing air with temperature excess of about 0.5°C.
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Sample Application

Red light has a wavelength of 0.7 ym. Find its
frequency, circular frequency, and wavenumber in a
vacuum.

Find the Answer
Given: ¢, = 299,792,458 m sl A=07pm
Find: v=?Hz, o=?s1, 6=? m?!.

Use eq. (2.12), solving for v:
v =c,/A=(3x108 m 1) / (0.7x10-6 m cycle™)
= 4.28x10'* Hz.

o =21V =2(3.14159)-(4.28x10'4 Hz)
=2.69x1015 571,

6 =1/A =1/ (0.7x107% m cycle )
= 1.43x10°m™L.

Check: Units OK. Physics reasonable.

Exposition: Wavelength, wavenumber, frequency,
and circular frequency are all equivalent ways to ex-
press the “color” of radiation.

Sample Application

Find the blackbody monochromatic radiant exi-
tance of green light of wavelength 0.53 um from an
object of temperature 3000 K.

Find the Answer
Given: A =0.53 um, T =3000K
Find: Ey*=? Wm=2 um.

Use eq. (2.13):

E, * 9l
F =
A° [explcy / (A-T))—1]
£ (3.74x10° Wm2um*) / (0.53am)°
A

Cexp [ (1.44x10*Kpm) / (0.53m-3000K) | - 1
= M6 W-m—2 pm_l

Check: Units OK. Physics reasonable.

Exposition: Because 3000 K is cooler than the sun,
about 50 times less green light is emitted. The answer
is the watts emitted from each square meter of surface
per um wavelength increment.
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RADIATION PRINCIPLES

Propagation

Radiation can be modeled as electromagnetic
waves or as photons. Radiation propagates through
a vacuum at a constant speed: c, = 299,792,458 m-sL.
For practical purposes, you can approximate this
speed oflightas ¢,~3x108m-s71. Light travelsslight-
ly slower through air, at roughly ¢ = 299,710,000 m-s~1
at standard sea-level pressure and temperature, but
the speed varies slightly with thermodynamic state
of the air (see the Optics chapter).

Using the wave model of radiation, the wave-
length L (m-cycle™) is related to the frequency, v
(Hz = cycles:s™) by:

Av=c, (2.12)

Wavelength units are sometimes abbreviated as (m).
Because the wavelengths of light are so short, they
are often expressed in units of micrometers (um).
Wavenumber is the number of waves per meter:
o (cyclesm™) = 1/A. An alternative wavenumber
definition is radians per meter (= 2r/A). Their units
are sometimes abbreviated as (m™!). Circular fre-
quency or angular frequency is ® (radians s7!) =
2mv. Its units are sometimes abbreviated as (s71).

Emission

Objects warmer than absolute zero can emit ra-
diation. An object that emits the maximum possible
radiation for its temperature is called a blackbody.
Planck’s law gives the amount of blackbody mono-
chromatic (single wavelength or color) radiant flux
leaving an area, called emittance or radiant exi-
tance, E)*

E, * = il
M T8 [explen / (T 1]

«(2.13)

where T is absolute temperature, and the asterisk in-
dicates blackbody. The two constants are:

c; = 374x 108 Wm=2 - yum#, and

¢y = 144 x 10* pmK.

Eq. (2.13) and constant ¢; already include all di-
rections of exiting radiation from the area. E;* has
units of Wm2 um ; namely, flux per unit wave-
length. For radiation approaching an area rather
than leaving it, the radiant flux is called irradi-
ance.

Actual objects can emit less than the theoreti-
cal blackbody value: E; = e)-E}* , where 0 < e) <11is
emissivity, a measure of emission efficiency.
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Planck radiant exitance, E)*, from a blackbody approximately
the same temperature as the sun.

The Planck curve (eq. 2.13) for emission from a
blackbody the same temperature as the sun (T =
5780 K) is plotted in Fig. 2.8. Peak emissions from
the sun are in the visible range of wavelengths (0.38
— 0.74 um, see Table 2-3). Radiation from the sun is
called solar radiation or short-wave radiation.

The Planck curve for emission from a blackbody
that is approximately the same temperature as the
whole Earth-atmosphere system (T = 255 K) is plot-
ted in Fig. 2.9. Peak emissions from this idealized
average Earth system are in the infrared range 8 to
18 um. This radiation is called terrestrial radia-
tion, long-wave radiation, or infrared (IR) radia-
tion.

The wavelength of the peak emission is given by
Wien's law:

a
by =— (214
max T
where a = 2897 um-K.
The total amount of emission (= area under
Planck curve = total emittance) is given by the Ste-
fan-Boltzmann law:

4
Ef=ogp-T *(2.15)

where ogp = 5.67x10°8 Wm2K* is the Stefan-
Boltzmann constant, and E* has units of W-m=2.
More details about radiation emission are in the Sat-
ellites & Radar chapter in the sections on weather
satellites.

L S B B B
B Earth ]
= - T=255K
£ 10+ .
;. — -
(}I - -
E I -
; — —
5T -
< — -
LLI — —
0 0 A A A
0 10 20 30 40
Wavelength (um)
Figure 2.9

Planck radiant exitance, E,*, from a blackbody approximately
the same temperature as the Earth.

Table 2-3. Ranges of wavelengths A of visible colors.
Approximate center wavelength is in boldface. For
more info, see Chapter 22 on Atmospheric Optics.

Color A (mum)

Red 0.625 - 0.650 - 0.740
Orange 0.590 - 0.600 - 0.625
Yellow 0.565 - 0.577 - 0.590
Green 0.500 - 0.510 - 0.565
Cyan 0.485 - 0.490 - 0.500

Blue 0.460 - 0.475 - 0.485
Indigo 0.425 - 0.445 - 0.460
Violet 0.380 - 0.400 - 0.425

Sample Application

What is the total radiant exitance (radiative flux)
emitted from a blackbody Earth at T =255K, and what

is the wavelength of peak emission?
Use eq. (2.15):

E*= (5.67x108 W-m=2.K%)-(255 K)* = 240 W-m™2.
Use eq. (2.14):
Amax = (2897 pm-K) / (255 K) = 11.36 pm

Find the Answer

Given: T =255 K

Find: E*=?Wm=2, k=2 1m
Sketch:

Check: Units OK. A agrees with peak in Fig. 2.9.
Exposition: You could create the same flux by plac-
ing a perfectly-efficient 240 W light bulb in front of a
parabolic mirror that reflects the light and IR radiation
into a beam that is 1.13 m in diameter.

For comparison, the surface area of the Earth is
about 5.1x10# m2, which when multiplied by the flux
gives the total emission of 1.22x10Y7 W. Thus, the Earth
acts like a large-wattage IR light bulb.
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HIGHER MATH e Incremental Changes

What happens to the total radiative exitance given
by eq. (2.15) if temperature increases by 1°C? Such a
question is important for climate change.

Find the Answer using calculus:

Calculus allows a simple, elegant way to find the
solution. By taking the derivative of both the left and
right sides of eq. (2.15), one finds that:

dE" =4.645-T2dT
assuming that 6gp is constant. It can be written as
AE" =4.6¢5-T3 AT

for small AT.

Thus, a fixed increase in temperature of AT = 1°C
causes a much larger radiative exitance increase at
high temperatures than at cold, because of the T fac-
tor on the right side of the equation.

Find the Answer using algebra:

This particular problem could also have been
solved using algebra, but with a more tedious and less
elegant solution. First let

E2 :GSB.TZ4 and El :GSB'T14
Next, take the difference between these two eqs:

AE=E,-Ey=o T3 - T} ]
Recall from algebra that (a2 - b2) = (a - b)-(a + b)

AE =0 (Ty” - )Ty + T2

AE =05p-(Ty =T1 )Ty +T1)'(T22 +T12)

Since (TZ - TI) / T1 << 1, then (TZ - T] ) = AT,
but T, + Ty = 2T, and T,2 + T;2 ~ 2T2. This gives:

AE = Ggg-AT-2T-2T?

or
AE = o[ 4T°AT |

which is identical to the answer from calculus.
We were lucky this time, but it is not always pos-
sible to use algebra where calculus is needed.

(" A SCIENTIFIC PERSPECTIVE « Scientific )
Laws — The Myth

There are no scientific laws. Some theories or
models have succeeded for every case tested so far,
yet they may fail for other situations. Newton’s “Laws
of Motion” were accepted as laws for centuries, until
they were found to fail in quantum mechanical, rela-
tivistic, and galaxy-size situations. It is better to use
the word “relationship” instead of “law”. In this text-
book, the word “law” is used for sake of tradition.

Einstein said “No amount of experimentation can
ever prove me right; a single experiment can prove me
wrong.”

Because a single experiment can prove a relation-
ship wrong, it behooves us as scientists to test theories
and equations not only for reasonable values of vari-
ables, but also in the limit of extreme values, such as
when the variables approach zero or infinity. These
are often the most stringent tests of a relationship.

Example

Query: The following is an approximation to
Planck’s law.

Ef =25 expl-0/ (A-T)] (@
Why is it not a perfect substitute?

Find the Answer: If you compare the numeri-
cal answers from egs. (2.13) and (a), you find that they
agree very closely over the range of temperatures of
the sun and the Earth, and over a wide range of wave-
lengths. But...

a) What happens as temperature approaches
absolute zero? For eq. (2.13), T is in the denominator
of the argument of an exponential, which itself is in
the denominator of eq. (2.13). If T =0, then 1/T = e .
Exp(x) = o, and 1/ = 0. Thus, Ey* = 0, as it should.
Namely, no radiation is emitted at absolute zero (ac-
cording to classical theory).

For eq. (a), if T =0, then 1/T = o, and exp(—e) = 0.
So it also agrees in the limit of absolute zero. Thus,
both equations give the expected answer.

b) What happens as temperature approaches
infinity? For eq. (213),if T =, then 1/T =0, and
exp(0) =1. Then1-1 =0 in the denominator, and 1/0
= o . Thus, Ej* = o, as it should. Namely, infinite
radiation is emitted at infinite temperature.

For eq. (), if T = o, then 1/T =0, and exp(-0) = 1.
Thus, E;* = ¢; - A5, which is not infinity. Hence, this
approaches the wrong answer in the o T limit.

Conclusion: Egq. (a) is not a perfect relationship,
because it fails for this one case. But otherwise it is
a good approximation over a wide range of normal

temperatures.

. J
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Distribution

Radiation emitted from a spherical source de-
creases with the square of the distance from the cen-
ter of the sphere:

* * Rl 2

where R is the radius from the center of the sphere,
and the subscripts denote two different distances
from the center. This is called the inverse square
law.

The reasoning behind eq. (2.16) is that as ra-
diation from a small sphere spreads out radially, it
passes through ever-larger conceptual spheres. If
no energy is lost during propagation, then the to-
tal energy passing across the surface of each sphere
must be conserved. Because the surface areas of the
spheres increase with the square of the radius, this
implies that the energy flux density must decrease
at the same rate; i.e, inversely to the square of the
radius.

From eq. (2.16) we expect that the radiative flux
reaching the Earth’s orbit is greatly reduced from
that at the surface of the sun. The solar emissions
of Fig. 2.8 must be reduced by a factor of 2.167x107>,
based on the square of the ratio of solar radius to
Earth-orbital radius from eq. (2.16). This result is
compared to the emission from Earth in Fig. 2.10.

The area under the solar-radiation curve in Fig.
2.10 is the total (all wavelengths) solar irradiance
(TSI), S,, reaching the Earth’s orbit. We call it an ir-
radiance here, instead of an emittance, because rela-
tive to the Earth it is an incoming radiant flux. This
quantity was formerly called the solar constant
but we now know that it varies slightly. The aver-
age value of solar irradiance measured at the Earth’s
orbit by satellites is about

*(2.16)

S, =1366 (£7) Wm= . (2.17)
In kinematic units (based on sea-level density), the
solar irradiance is roughly S, = 1.11 Km s7L

About +4 Wm=2 of the +7 W-m~2 error bars are
due to radiometer calibration errors between the
various satellites. Also, during the 11-year sunspot
cycle the solar irradiance normally varies by about
1.4 W-m~2, with peak values during sunspot maxima.
One example of a longer term variation in solar ac-
tivity is the Maunder Minimum in the late 1600s,
during which the solar irradiance was perhaps 2.7
to 3.7 Wm™ less than values during modern solar
minima. Such irradiance changes could cause sub-
tle changes (0.3 to 0.4°C) in global climate. See the
Climate chapter for more info on solar variability.

10000

E
= Solar radiation reaching
1000 = Earth’s orbit
T =
E —
c}.;' 100 E Earth's
S - radiation
z 10
¥ E
- 1
0.1 4o v dg
0.1 1 10 100
Wavelength (um)
Figure 2.10

Blackbody radiance E* reaching top of Earth’s atmosphere from
the sun and radiance of terrestrial radiation leaving the top of
the atmosphere, plotted on a log-log graph.

Sample Application

Estimate the value of the solar irradiance reaching
the orbit of the Earth, given a sun surface temperature
(5780 K), sun radius (6.96x105 km), and orbital radius
(1.495x108 km) of the Earth from the sun.

Find the Answer
Given: T, = 5780 K
Ry, = 6.96x10° km = solar radius
R = 1.495x108 km = Earth orbit radius
Find: S,=? Wm=
Sketch:
(O Earth

First, use eq. (2.15):
E* = (5.67x10-8 W-m=2K~4).(5780 K)*
= 6.328x107 W-m2,
Next, use eq. (2.16), with R; = Ry;,;, & Ry = Rpg,
S, = E5*=(6.328x10” W-m~2).
(6.96x10° km/1.495x108 km)? = 1372 W-m—2.

Check: Units OK, Sketch OK. Physics OK.
Exposition: Answer is nearly equal to that measured
by satellites, as given in eq. (2.17). The error is due to a
poor estimate of effective sun-surface temperature.
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Sample Application(§)

Using the results from an earlier Sample Applica-
tion that calculated the true anomaly and sun-Earth
distance for several days during the year, find the solar
radiative forcing for those days.

Find the Answer
Given: R values from previously Sample Application
Find: S=? Wm™

Sketch: (same as Fig 2.2)
Use eq. (2.18).

Date d R(v) S
(Gm) | (W/m?

4 Jan 4 146.96 1418
18 Jan 18 147.04 1416
1 Feb 32 147.25 1412
15 Feb 46 147.60 1405
1 Mar 60 148.06 1397
15 Mar 74 148.60 1386
29 Mar 88 149.18 1376
12 Apr 102 149.78 1365
26 Apr 116 150.36 1354
21 Jun 172 151.88 1327
23 Sep 266 150.01 1361
22 Dec 356 147.03 1416

Check: Units OK. Physics OK.
Exposition: During N. Hemisphere winter, solar ra-
diative forcing is up to 50 W-m~2 larger than average.

Sample Application

During the equinox at noon at latitude ¢ =60°, the
solar elevation angle is ¥ = 90° — 60° = 30°. If the at-
mosphere is perfectly transparent, then how much ra-
diative flux is absorbed into a perfectly black asphalt
parking lot?

Find the Answer

Given: ¥ =30° = elevation angle
E=S,=1366 Wm=2. solar irradiance

Find: F,,;=? Wm=2

Sketch:

Use eq. (2.19):
E.,q = (1366 Wm2)sin(30°) = 683 W-m2.

Check: Units OK. Sketch OK. Physics OK.
Exposition: Because the solar radiation is striking
the parking lot at an angle, the radiative flux into the
parking lot is half of the solar irradiance.

According to the inverse-square law, variations
of distance between Earth and sun cause changes of
the solar radiative forcing, S, that reaches the top
of the atmosphere:

S \2
S= 50-( % ) (2.18)

where S, = 1366 Wm is the average total solar ir-
radiance measured at an average distance R =149.6
Gm between the sun and Earth, and R is the actual
distance between Earth and the sun as given by eq.
(2.4). Remember that the solar irradiance and the
solar radiative forcing are the fluxes across a surface
that is perpendicular to the solar beam, measured
above the Earth’s atmosphere.

Let irradiance E be any radiative flux crossing
a unit area that is perpendicular to the path of the
radiation. If this radiation strikes a surface that is
not perpendicular to the radiation, then the radia-
tion per unit surface area is reduced according to the
sine law. The resulting flux, E,,; at this surface is:

F,; = E-sin(*¥) @19

where V¥ is the elevation angle (the angle of the
sun above the surface). In kinematic form, this is

E
F,5= -sin(¥
rad 0 Cp sin('Y) «(2.20)

where p-C,, is given under eq. (2.11).

Average Daily Insolation

The acronym “insolation” means “incoming
solar radiation” at the top of the atmosphere. The
average daily insolation E takes into account both
the solar elevation angle (which varies with season
and time of day) and the duration of daylight. For
example, there is more total insolation at the poles
in summer than at the equator, because the low sun
angle near the poles is more than compensated by
the long periods of daylight.

2 @.21)
Ez—o-(ﬁ) -[ho -sin(0)-sin(3,) +

cos(q))-cos(SS)-sm(ho)J
where S, =1366 W m2 is the solar irradiance, a =

149.457 Gm is Earth’s semi-major axis length, R is
the actual distance for any day of the year, from eq.
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(24). Ineq. (2.21), h,’ is the sunset and sunrise hour
angle in radians.

The hour angle &, at sunrise and sunset can be
found using the following steps:

= —tan(¢)-tan(d;) (2.22a)
B = min[1, (max(-1, or)] (2.22b)
h, = arccos(B) (2.220)

Eq. (2.22b) truncates the argument of the arccos to
be between -1 and 1, in order to account for high
latitudes where there are certain days when the sun
never sets, and other days when it never rises.
[CAUTION. When finding the arccos, your answer
might be in degrees or radians, depending on your calcu-
lator, spreadsheet, or computer program. Determine the
units by experimenting first with the arccos(0), which will
either give 90° or n/2 radians. If necessary, convert the
hour angle to units of radians, the result of which is h,’]
Fig. 2.11 shows the average incoming solar radia-
tion vs. latitude and day of the year, found using
eq. (2.21). For any one hemisphere, E has greater
difference between equator and pole during winter
than during summer. This causes stronger winds
and more active extratropical cyclones in the winter
hemisphere than in the summer hemisphere.

Absorption, Reflection & Transmission

The emissivity, ¢, is the fraction of blackbody
radiation that is actually emitted (see Table 2-4) at
any wavelength A. The absorptivity, a;, is the frac-
tion of radiation striking a surface of an object that
is absorbed (i.e, stays in the object as a different
form of energy). Kirchhoff’s law states that the
absorptivity equals the emissivity of a substance
at each wavelength, A. Thus,

a = ey (2.23)

Some substances such as dark glass are semi-
transparent (i.e, some radiation passes through).
A fraction of the incoming (incident) radiation might
also be reflected (bounced back), and another por-
tion might be absorbed. Thus, you can define the
efficiencies of reflection, absorption, and transmis-
sion as:

Ey reflected

"= = reflectivity
Ey incident

(2.24)

E ..
ay, = —habsorbed - _ apsorptivity

(2.25)
El incident
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Figure 2.11
Average daily insolation E (W m~2) over the globe.

Sample Application
Find the average daily insolation over Vancouver
during the summer solstice.

Find the Answer:
Given: d = d, = 173 at the solstice,

¢ =49.25°N, A, =123.1°W for Vancouver.
Find: E =?Wm?

Use eq. (2.5): §; = @, = 23.45°
Use eq. (2.2): M =167.55° and assume v ~ M.
Use eq. (2.4): R =151.892 Gm.
Use eq. (2.22):
h, = arccos[-tan(49.25°)-tan(23.45°)] =
h, = h,2n/360° = 2.098 radians
Use eq. (2.21):

(1368W-m?) ( 149Gm 2

n ( 151. 892ij '
[2.098-sin(49.25°)-sin(23.45°) +
€0s(49.25°)-c0s(23.45°)-sin(120.23°)]

120.23°

E=

— (1327 W m~2)[2.098(0.3016)+0.5174]
=486 W m—2
Check: Units OK. Physics OK. Agrees with Fig. 2.11.

Exposition: At the equator on this same day, the av-
erage daily insolation is less than 400 W m—2.
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Table 2-4. Typical infrared emissivities.

Surface e Surface e
alfalfa 0.95 iron, galvan. 0.13-0.28
aluminum 0.01-0.05 § leaf 0.8 um 0.05-0.53
asphalt 095 leaf 1 um 0.05-0.6
bricks, red 0.92 leaf 2.4 pm 0.7-0.97
cloud, cirrus 0.3 leaf 10 pm 0.97-0.98
cloud, alto 09 lumber, oak 09
cloud, low 1.0 paper 0.89-0.95
concrete 0.71-09 plaster, white 091
desert 0.84-091 sand, wet 0.98
forest, conif. 0.97 sandstone 0.98
forest, decid. 0.95 shrubs 0.9
glass 0.87-0.94 silver 0.02
grass 0.9-0.95 snow, fresh 0.99
grass lawn 0.97 snow, old 0.82
gravel 092 soils 0.9-0.98
human skin 0.95 soil, peat 0.97-0.98
ice 0.96 urban 0.85-0.95
Sample Application

If 500 W m2 of visible light strikes a translucent
object that allows 100 W m~2 to shine through and 150
W m~2 to bounce off, find the transmissivity, reflectiv-
ity, absorptivity, and emissivity.

Find the Answer
Given: E incoming = 500 W m~2,

E) transmitted = 100 W m=2 , E; reflected = 150 W m~2
Find: a;L:?,e;L:?,r;Lz?,and f;\’Z?
Use eq. (2.26): t; = (100 Wm™2) / (500 W m2) = 0.2
Use eq. (2.24): 1, = (150 Wm™2) / (500 W m~2) = 0.3
Useeq. (2.27): a)=1-02-0.3 = 0.5
Use eq. (2.23): ¢, =ay =0.5

(O3]

Check: Units dimensionless. Physics reasonable.
Exposition: By definition, translucent means part-
ly transparent, and partly absorbing.

ty = En transmitted  _ transmissivity  (2.26)
Ey incident

Values of ey, ay, 1, and t;_are between 0 and 1.

The sum of the last three fractions must total 1,
as 100% of the radiation at any wavelength must be
accounted for:

l=ay +n +1, (2.27)
or

(2.28)
Ey incoming = E absorbed +Ex, reflected +E) transmitted

For opaque (t; = 0) substances such as the Earth’s
surface, you find: a) =1 — ry.

The reflectivity, absorptivity, and transmissivity
usually vary with wavelength. For example, clean
snow reflects about 90% of incoming solar radiation,
but reflects almost 0% of IR radiation. Thus, snow
is “white” in visible light, and “black” in IR. Such
behavior is crucial to surface temperature forecasts.

Instead of considering a single wavelength, it is
also possible to examine the net effect over a range
of wavelengths. The ratio of total reflected to total
incoming solar radiation (i.e., averaged over all solar
wavelengths) is called the albedo, A :

A = Lrefiected *229)
Eincoming

The average global albedo for solar radiation reflect-
ed from Earth is A = 30% (see the Climate chapter).
The actual global albedo at any instant varies with
ice cover, snow cover, cloud cover, soil moisture, to-
pography, and vegetation (Table 2-5). The Moon’s
albedo is only 7%.

The surface of the Earth (land and sea) is a very
strong absorber and emitter of radiation.

Table 2-5. Typical albedos (%) for sunlight. Table 2-5 (continuation). Typical albedos (%).
Surface A (%) Q@ Surface A (%) Surface A (%) J Surface A (%)
alfalfa 23-32 forest, decid. 10-25 rice paddy 12 soil, red 17
buildings 9 granite 12-18 road, asphalt 5-15 soil, sandy 20-25
clay, wet 16 grass, green 26 road, dirt 18-35 sorghum 20
clay, dry 23 gypsum 55 rye winter 18-23 steppe 20
cloud, thick 70-95 | ice, gray 60 sand dune 20-45 stones 20-30
cloud, thin 20-65 lava 10 savanna 15 sugar cane 15
concrete 15-37 lime 45 snow, fresh 75-95 tobacco 19
corn 18 loam, wet 16 snow, old 35-70 tundra 15-20
cotton 20-22 loam, dry 23 soil, dark wet 6-8 urban, mean 15
field, fallow 5-12 meadow, green 10-20 soil, light dry 16-18 water, deep 5-20
forest, conif. 5-15 potatoes 19 soil, peat 5-15 wheat 10-23
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Within the air, however, the process is a bit more
complicated. One approach is to treat the whole at-
mospheric thickness as a single object. Namely, you
can compare the radiation at the top versus bottom of
the atmosphere to examine the total emissivity, ab-
sorptivity, and reflectivity of the whole atmosphere.
Over some wavelengths called windows there is
little absorption, allowing the radiation to “shine”
through. In other wavelength ranges there is partial
or total absorption. Thus, the atmosphere acts as a
filter. Atmospheric windows and transmissivity are
discussed in detail in the Satellites & Radar and Cli-
mate chapters.

Beer’s Law

Sometimes you must examine radiative extinc-
tion (reduction of radiative flux) across a short path
length As within the atmosphere (Fig. 2.12). Letn be
the number density of radiatively important par-
ticles in the air (particles m=3), and b be the extinc-
tion cross section of each particle (m? particle?),
where this latter quantity gives the area of the shad-
ow cast by each particle.

Extinction can be caused by absorption and scat-
tering of radiation. If the change in radiation is due
only to absorption, then the absorptivity across this
layer is

Eincident = Etransmitted

a=
Eincident (2.30)

Beer’s law gives the relationship between inci-
dent radiative flux, E;,;;jjon, and transmitted radia-
tive flux, Etmnsmitted/ as
-n-b-As
Etvansmitted = Eincident *€ (2.31a)
Beer’s law can be written using an extinction coef-
ficient, k:

kp-as  (2.31b)

Etvansmitted = Eincident -€
where p is the density of air, and k has units of
m2g,;,~1. The total extinction across the whole path
can be quantified by a dimensionless optical thick-
ness (or optical depth in the vertical), T, allowing
Beer’s law to be rewritten as:

Etvansmitted = Eincident et (2319

To simplify these equations, sometimes a volume

extinction coefficient v is defined by

vy=nb=kp (2.32)

Visual range (V, one definition of visibility) is

the distance where the intensity of transmitted light

has decreased to 2% of the incident light. It estimates
the max distance As (km) you can see through air.

Eincident

ps l ® i g Y A
® As = path length

° Y

[ ]

Yy Y Vv
Etransmitted ¢ ﬁi::g:;lag '
Figure 2.12

Reduction of radiation across an air path due to absorption and
scattering by particles such as air-pollution aerosols or cloud
droplets, illustrating Beer’s law.

Sample Application

Suppose that soot from a burning automobile tire
has number density n = 107 m=3, and an extinction
cross section of b = 1079 m2. (a) Find the radiative flux
that was not attenuated (i.e., reduction from the solar
constant) across the 20 m diameter smoke plume. As-
sume the incident flux equals the solar constant. (b)
Find the optical depth. (c) If this soot fills the air, what
is the visual range?

Find the Answer

Given:n=10"m=3, b=107m?2, As=20m
Eipcident = S = 1366 Wm™=2 solar constant

Find: E,,, =2 Wm=2, 1 =? (dimensionless), V =? km

Sketch: sunlight

(- ¢
-
Use eq. (2.32): y= (10 m~3)-(10~? m?2) = 0.01 m~!

(@) Use eq. (2.31a)
Epan = 1366 W-m=2 - exp[ —(0.01 m™1)-(20 m)]
= 1366 Wm=2 - exp[-0.2] = 1118 W-m—2

(b) Rearrange eq. (2.31c):
1= ln(Ein/Etmnsmitted) = In(1366/1118) = 0.20
(c) Rearrange eq. (2.31a): As = [In(Ejycigent/ Etrans)l/Y -
V = As =[In(1/0.02)]/0.01 m~! =0.391 km

Check: Units OK. Sketch OK. Physics OK.
Exposition: Not much attenuation through this small
smoke plume; namely, 1366 — 1118 = 248 W-m— was ab-
sorbed by the smoke. However, if this smoke fills the
air, then visibility is very poor.
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Figure 2.13

Typical diurnal variation of radiative fluxes at the surface.

Fluxes are positive upward.

sunlight

Figure 2.14
Fate of sunlight en route to the Earth’s surface.

Sample Application

Downwelling sunlight shines through an atmo-
sphere with 0.8 net sky transmissivity, and hits a
ground surface of albedo 0.5, at a time when sin(¥) =
0.3. The surface emits 400 W m~2 IR upward into the
atmosphere, and absorbs 350 W m~2 IR coming down
from the atmosphere. Find the net radiative flux.

Find the Answer

Given: Tr=0.8, S, =1366 Wm=2, A =0.5.
IT=400Wm=2, Il =350 Wm>2

Find: F*=? Wm™>2

Use eq. (2.34):

KL =—(1366 W m2)-(0.8)- (0.3) = -381 W m2
Use eq. (2.36): KT=~(0.5)-(-381 W m2)= 164 W m~2
Use eq. (2.33): F* =(-381)+(164)+(-350)+(400) W m~2

F*=-167 W m~2

Check: Units OK. Magnitude and sign OK.
Exposition: Negative sign means net inflow to the
surface, such as would cause daytime warming.
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SURFACE RADIATION BUDGET

Define F* as the net radiative flux (positive
upward) perpendicular to the Earth’s surface. This
net flux has contributions (Fig. 2.13) from down-
welling solar radiation Kl , reflected upwelling
solar KT, downwelling longwave (IR) radiation
emitted from the atmosphere Il , and upwelling
longwave emitted from the Earth IT:

F*= K|l +KT +10 +1I7T *(2.33)
where K| and Il are negative because they are
downward.

Solar

Recall that the solar irradiance (i.e., the solar con-
stant) is S, ~ 1366 + 7 Wm=2 (equivalent to 1.11 Km
s7! in kinematic form after dividing by p-Cp, ) at the
top of the atmosphere. Some of this radiation is at-
tenuated between the top of the atmosphere and the
surface (Fig. 2.14). Also, the sine law (eq. 2.19) must
be used to find the component of downwelling solar
flux K| that is perpendicular to the surface. The re-
sult for daytime is

Kl = -§,-T, -sin(P) (2.34)

where T, is a net sky transmissivity. A negative
sign is incorporated into eq. (2.34) because K is a
downward flux. Eq. (2.6) can be used to find sin(*¥).
At night, the downwelling solar flux is zero.

Net transmissivity depends on path length
through the atmosphere, atmospheric absorption
characteristics, and cloudiness. One approximation
for the net transmissivity of solar radiation is

T, = (0.6+0.2sin ¥W)(1-0.40)(1-0.76,,)(1 - 0.40;)
(2.35)

where cloud-cover fractions for high, middle, and
low clouds are oy, 6, and o;, respectively. These
cloud fractions vary between 0 and 1, and the
transmissivity also varies between 0 and 1.

Of the sunlight reaching the surface, a portion
might be reflected:

KT =-A-Kl (2.36)

where the surface albedo is A.
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Longwave (IR)

Upward emission of IR radiation from the Earth’s
surface can be found from the Stefan-Boltzmann re-
lationship:

[T=eg-0g5-T* 2.37)
where e is the surface emissivity in the IR por-
tion of the spectrum (¢;g = 0.9 to 0.99 for most sur-
faces), and ogp is the Stefan-Boltzmann constant (=
5.67x10~8 W-m=2K-4).

However, downward IR radiation from the at-
mosphere is much more difficult to calculate. As an

alternative, sometimes a net longwave flux is de-
fined by

=1l + 17 2.38)
One approximation for this flux is
[* = b-(1-0.16y - 030y -060;) &3

where parameter b =98.5 Wm=2, or b=0.08 Km-s!
in kinematic units.

Net Radiation

Combining egs. (2.33), (2.34), (2.35), (2.36) and
(2.39) gives the net radiation (F*, defined positive
upward):

F*=-(1-A)-S-T,-sin(¥) +1* daytime ¢(2.40a)

=TI nighttime ¢(2.40b)

g e W e W T g W

ACTINOMETERS

Sensors designed to measure electromagnetic
radiative flux are generically called actinometers
or radiometers. In meteorology, actinometers are
usually oriented to measure downwelling or up-
welling radiation. Sensors that measure the differ-
ence between down- and up-welling radiation are
called net actinometers.

Special categories of actinometers are designed
to measure different wavelength bands:

e pyranometer — broadband solar (short-wave) ir-
radiance, viewing a hemisphere of solid angle,
with the radiation striking a flat, horizontal plate
(Fig. 2.15).

¢ net pyranometer — difference between top and
bottom hemispheres for short-wave radiation.

Sample Application

Find the net radiation at the surface in Vancouver,
Canada, at noon (standard time) on 22 Jun. Low clouds
are present with 30% coverage.

Find the Answer

Assume: Grass lawns with albedo A =0.2.
No other clouds.

Given: o; =0.3

Find: F*=? Wm

Use y = 64.1° from an earlier Sample Application.
Use eq. (2.35) to find the transmissivity:
T, =[0.6+0.2:siny]-(1-0.4-0y)

=[0.6 + 0.2:sin(64.1°)]-[1-(0.4-0.3)]

=[0.80]-(0.88) = 0.686

Use eq. (2.39) to find net IR contribution:
IF =b(1-0.6-0p)
= (98.5 Wm2 )-[1-(0.6:0.3)] = 80.77 W-m2

Use eq. (2.40a):
B = -(1-A)-S - T,-sin(y) + I*
=—(1-0.2) - (1366 W-m~2) - 0.686 - sin(64.1°)
+ 80.77 Wm2
=(-674.36 + 80.77) Wm=2 =-593.59 W-m—2

Check: Units OK. Physics OK.

Exposition: The surface flux is only about 43% of that
at the top of the atmosphere, for this case. The negative
sign indicates a net inflow of radiation to the surface,
such as can cause warming during daytime.
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Figure 2.15

The wavelength bands observed by pyranometers (shortwave
radiation) and pyrgeometers (longwave radiation) depends on
the transparency of the windows used in those instruments.
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(" A SCIl. PERSPECTIVE * Seek Solutions )

Most differential equations describing meteo-
rological phenomena cannot be solved analytically.
They cannot be integrated; they do not appear in a
table of integrals; and they are not covered by the
handful of mathematical tricks that you learned in
math class.

But there is nothing magical about an analytical
solution. Any reasonable solution is better than
no solution. Be creative.

While thinking of creative solutions, also think
of ways to check your answer. [s it the right order
of magnitude, right sign, right units, does it approach
a known answer in some limit, must it satisfy some
other physical constraint or law or budget?

Example
Find the irradiance that can pass through an atmo-
spheric “window” between wavelengths A; and A,.

Find the Answer:

Approach: Integrate Planck’s law between the
specified wavelengths. This is the area under a por-
tion of the Planck curve.

Check: The area under the whole spectral curve
should yield the Stefan-Boltzmann (SB) law. Namely,
the answer should be smaller than the SB answer, but
should increase and converge to the SB answer as the
lower and upper A limits approach 0 and e, respec-
tively.

Methods:

* Pay someone else to get the answer (Don’t do this in
school!), but be sure to check it yourself.

¢ Look up the answer in a Table of Integrals.

¢ Integrate it using the tricks you learned in math
class.

e Integrate it using a symbolic equation solver on a
computer, such as Mathematica or Maple.

¢ Find an approximate solution to the full equation.
For example, integrate it numerically on a computer.
(Trapezoid method, Gaussian integration, finite dif-
ference iteration, etc.)

e Find an exact solution for an approximation to the
eq., such as a model or idealization of the physics.
Most egs. in this textbook have used this approach.

* Draw the Planck curve on graph paper. Count the
squares under the curve between the wavelength
bands, and compare to the value of each square, or to
the area under the whole curve. (We will use this ap-
proach extensively in the Thunderstorm chapter.)

® Draw the curve, and measure area with a planim-
eter.

e Draw the Planck curve on cardboard or thick pa-
per. Cut out the whole area under the curve. Weigh it.
Then cut the portion between wavelengths, & weigh
again.

e ..and there are probably many more methods.

. J

 pyrheliometer — solar (short wave) direct-beam
radiation normal to a flat surface (and shielded
from diffuse radiation).

o diffusometer — a pyranometer that measures
only diffuse solar radiation scattered from air,
particles, and clouds in the sky, by using a device
that shades the sensor from direct sunlight.

* pyrgeometer — infrared (long-wave) radiation
from a hemisphere that strikes a flat, horizontal
surface (Fig. 2.15).

* net pyrgeometer — difference between top and
bottom hemispheres for infrared (long-wave) ra-
diation.

¢ radiometer — measure all wavelengths of radia-
tion (short, long, and other bands).

¢ net radiometer — difference between top and bot-
tom hemispheres of radiation at all wavelengths.

e spectrometers — measures radiation as a func-
tion of wavelength, to determine the spectrum of
radiation.

Inside many radiation sensors is a bolometer,
which works as follows. Radiation strikes an object
such as a metal plate, the surface of which has a coat-
ing that absorbs radiation mostly in the wavelength
band to be measured. By measuring the tempera-
ture of the radiatively heated plate relative to a non-
irradiated reference, the radiation intensity can be
inferred for that wavelength band. The metal plate
is usually enclosed in a glass or plastic hemispheric
chamber to reduce error caused by heat conduction
with the surrounding air.

Inside other radiation sensors are photometers.
Some photometers use the photoelectric effect,
where certain materials release electrons when
struck by electromagnetic radiation. One type of
photometer uses photovoltaic cells (also called
solar cells), where the amount of electrical energy
generated can be related to the incident radiation.
Another photometric method uses photoresistor,
which is a high-resistance semiconductor that be-
comes more conductive when irradiated by light.

Other photometers use charge-coupled devic-
es (CCDs) similar to the image sensors in digital
cameras. These are semiconductor integrated cir-
cuits with an array of tiny capacitors that can gain
their initial charge by the photoelectric effect, and
can then transfer their charge to neighboring capaci-
tors to eventually be “read” by the surrounding cir-
cuits.

Simple spectrometers use different filters in front
of bolometers or photometers to measure narrow
wavelength bands. Higher spectral-resolution spec-
trometers use interferometry (similar to the Mi-
chelson inteferometer described in physics books),
where the fringes of an interference pattern can be
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measured and related to the spectral intensities.
These are also sometimes called Fourier-trans-
form spectrometers, because of the mathematics
used to extract the spectral information from the
spacing of the fringes.

You can learn more about radiation, including
the radiative transfer equation, in the weather-satel-
lite section of the Satellites & Radar chapter. Satel-
lites use radiometers and spectrometers to remotely
observe the Earth-atmosphere system. Other satel-
lite-borne radiometers are used to measure the glob-
al radiation budget (see the Climate chapter).
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REVIEW

The variations of temperature and humidity that
you feel near the ground are driven by the diurnal
cycle of solar heating during the day and infrared
cooling at night. Both diurnal and seasonal heating
cycles can be determined from the geometry of the
Earth'’s rotation and orbit around the sun. The same
orbital mechanics describes weather-satellite orbits,
as is discussed in the Satellites & Radar chapter.

Short-wave radiation is emitted from the sun and
propagates through space. It illuminates a hemi-
sphere of Earth. The portion of this radiation that is
absorbed is the heat input to the Earth-atmosphere
system that drives Earth’s weather.

IR radiation from the atmosphere is absorbed at
the ground, and IR radiation is also emitted from the
ground. The IR and short-wave radiative fluxes do
not balance, leaving a net radiation term acting on
the surface at any one location. But when averaged
over the whole globe, the earth-atmosphere system
is approximately in radiative equilibrium.

Instruments to measure radiation are called ac-
tinometers or radiometers. Radiometers and spec-
trometers can be used in remote sensors such as
weather satellites.
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HOMEWORK EXERCISES

Broaden Knowledge & Comprehension
(Don't forget to cite each web address you use.)

Bl. Access a full-disk visible satellite photo image of
Earth from the web. What visible clues can you use
to determine the current solar declination angle?
How does your answer compare with that expected
for your latitude and time of year.

B2. Access “web cam” camera images from a city,
town, ski area, mountain pass, or highway near you.
Use visible shadows on sunny days, along with your
knowledge of solar azimuth angles, to determine the
direction that the camera is looking.

B3. Access from the web the exact time from mili-
tary (US Navy) or civilian (National Institute of Stan-
dards and Technology) atomic clocks. Synchronize
your clocks at home or school, utilizing the proper
time zone for your location. What is the time dif-
ference between local solar noon (the time when the
sun is directly overhead) and the official noon ac-
cording to your time zone. Use this time difference
to determine the number of degrees of longitude that
you are away from the center of your time zone.

B4. Access orbital information about one planet
(other than Earth) that most interests you (or a plan-
et assigned by the instructor). How elliptical is the
orbit of the planet? Also, enjoy imagery of the planet
if available.

B5. Access runway visual range reports from sur-
face weather observations (METARSs) from the web.
Compare two different locations (or times) having
different visibilities, and calculate the appropriate
volume extinction coefficients and optical thickness.
Also search the web to learn how runway visual
range (RVR) is measured.

B6. Access both visible and infrared satellite pho-
tos from the web, and discuss why they look differ-
ent. If you can access water-vapor satellite photos,
include them in your comparison.

B7. Search the web for information about the sun.
Examine satellite-based observations of the sun
made at different wavelengths. Discuss the struc-
ture of the sun. Do any of the web pages give the
current value of the solar irradiance (i.e., the solar
constant)? If so, how has it varied recently?

B8. Access from the web daytime visible photos of
the whole disk of the Earth, taken from geostation-
ary weather satellites. Discuss how variations in the
apparent brightness at different locations (different
latitudes; land vs. ocean, etc.) might be related to re-
flectivity and other factors.

B9. Some weather stations and research stations re-
port hourly observations on the web. Some of these
stations include radiative fluxes near the surface.
Use this information to create surface net radiation
graphs.
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B10. Access information from the web about how
color relates to wavelength. Also, how does the
range of colors that can be perceived by eye compare
to the range of colors that can be created on a com-
puter screen?

B11. Search the web for information about albedos
and IR emissivities for substances or surfaces that
are not already listed in the tables in this chapter.

B12. Find on the web satellite images of either forest-
fire smoke plumes or volcanic ash plumes. Compare
the intensity of reflected radiation from the Earth’s
surface as it shines through these plumes with ear-
lier satellite photos when the plumes were not there.
Use these data to estimate the extinction coefficient.

B13. Access photos and diagrams from the web that
describe how different actinometers are constructed
and how they work. Also, list any limitations of
these instruments that are described in the web.

Apply
(Students, don't forget to put a box around each an-
swer.)

Al. Given distances R between the sun and planets
compute the orbital periods (Y) of:

a. Mercury (R =58 Gm)

b. Venus (R =108 Gm)

c. Mars (R =228 Gm)

d. Jupiter (R =778 Gm)

e. Saturn (R =1,427 Gm)

f. Uranus (R = 2,869 Gm)

g. Neptune (R =4,498 Gm)

h. Pluto (R =5,900 Gm)

i. Eris: given Y = 557 Earth years, estimate the
distance R from the sun assuming a circular orbit.
(Note: Eris’ orbit is highly eccentric and steeply tilt-
ed at 44° relative to the plane of the rest of the solar
system, so our assumption of a circular orbit was
made here only to simplify the exercise.)

A2. This year, what is the date and time of the:
a. perihelion b. vernal equinox
c. summer solstice  d. aphelion
e. autumnal equinox f. winter solstice

A3. What is the relative Julian day for:
a.10Jan b.25Jan c.10Feb d. 25 Feb
e.10Mar f.25Mar g 10 Apr h.25 Apr

i. 10 May j.25May k.10Jun L 25]Jun
m.10Jul n.25Jul  0.10 Aug p.25 Aug
q-10Sep 1r.25Sep 5.100ct t.250ct

u. 10 Nov v.25Nov w. 10 Dec x. 25 Dec
y. today’s date z. date assigned by instructor

A4. For the date assigned from exercise A3, find:
(i) mean anomaly
(ii) true anomaly
(iii) distance between the sun and the Earth
(iv) solar declination angle
(v) average daily insolation

A5(8). Plot the local solar elevation angle vs. local

time for 22 December, 23 March, and 22 June for the

following city:
Seattle, WA, USA
Corvallis, OR, USA
Boulder, CO, USA
Norman, OK, USA
Madison, WI, USA
Toronto, Canada
Montreal, Canada
Boston, MA, USA
New York City, NY, USA
University Park, PA, USA
Princeton, NJ, USA
Washington, DC, USA

. Raleigh, NC, USA
Tallahassee, FL, USA
Reading, England
Toulouse, France
Miinchen, Germany
Bergen, Norway
Uppsala, Sweden
DeBilt, The Netherlands
Paris, France
Tokyo, Japan

. Beijing, China

Warsaw, Poland

Madrid, Spain

Melbourne, Australia

aa. Your location today.

bb. A location assigned by your instructor
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A6(§). Plot the local solar azimuth angle vs. local
time for 22 December, 23 March, and 22 June, for the
location from exercise Ab5.

A7(8). Plot the local solar elevation angle vs. azimuth
angle (similar to Fig. 2.6) for the location from exer-
cise A5. Be sure to add tic marks along the resulting
curve and label them with the local standard times.

A8(§). Plot local solar elevation angle vs. azimuth
angle (such as in Fig. 2.6) for the following location:
a. Arctic Circle b.75°N c¢. 85°N d. North Pole
e. Antarctic Circle f.70°S g. 80°S h. South Pole
for each of the following dates:
(i)22 Dec  (ii) 23 Mar  (iii) 22 Jun
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A9(§). Plot the duration of evening civil twilight (dif-
ference between end of twilight and sunset times)
vs. latitude between the south and north poles, for
the following date:
a.22Dec  b.5Feb c.21 Mar
e.21 Jun f.5 Aug g.23 Sep

d. 5 May
h. 5 Nov

A10. On 15 March for the city listed from exercise
ADb, at what local standard time is:
a. geometric sunrise
b. apparent sunrise
c. start of civil twilight
d. start of military twilight
e. start of astronomical twilight
f. geometric sunset
g. apparent sunset
h. end of civil twilight
i. end of military twilight
j- end of astronomical twilight

A1l. Calculate the Eq. of Time correction for:
a.l1Jan b.15Jan c.1Feb d.15Feb e.1Mar
f.15Mar g. 1 Apr h.15Apr i.1 May j. 15 May

A12. Find the mass flux (kgm=2s71) at sea-level, giv-
en a kinematic mass flux (m s7) of:

a.2 b.5 c¢7 d10 el4 £f18 g 21

h.25 130 j.33 k.47 159 m.62 n. 75

A13. Find the kinematic heat fluxes at sea level, giv-
en these regular fluxes (W-m):

a.1000 b.900 c. 800 d.700 e.600
£. 500 g.400  h.300 i.200 j- 100
k.43 1. =50 m. 250 n.-325 o0.-533

Al4. Find the frequency, circular frequency, and

wavenumber for light of color:
a.red b.orange c. yellow
e.cyan f. blue f. indigo

d. green
g. violet

A15(8§). Plot Planck curves for the following black-
body temperatures (K):

a.6000 b.5000 «¢.4000 d.3000 e.2500
£.2000 g.1500 h.1000 1i.750 j- 500
k.300 1.273 m.260 n.250 h.240

Al6. For the temperature of exercise A15, find:

(i) wavelength of peak emissions

(ii) total emittance (i.e., total amount of emis-
sions)

A17. Estimate the value of solar irradiance reaching
the orbit of the planet from exercise Al.

A18(§). a. Plot the value of solar irradiance reaching
Earth’s orbit as a function of relative Julian day.

b. Using the average solar irradiance, plot the ra-
diative flux (reaching the Earth’s surface through a
perfectly clear atmosphere) vs. latitude. Assume lo-
cal noon.

A19(§). For the city of exercise Al, plot the average
daily insolation vs. Julian day.

A20. What is the value of IR absorptivity of:
a.aluminum b. asphalt c. cirrus cloud

d. conifer forest  e. grass lawn f.ice

g.oak  h.silver i. old snow

j. urban average k. concrete average

l. desert average m.shrubs n. soils average

A21. Suppose polluted air reflects 30% of the incom-
ing solar radiation. How much (W m~2) is absorbed,
emitted, reflected, and transmitted? Assume an in-
cident radiative flux equal to the solar irradiance,
given a transmissivity of:

a.0 b.005 ¢01 d.015 e. 0.2 f.0.25
g.03 h.035 1i.04 j.045 k.05 1. 0.55
m.0.6 n.0.65 0.0.7

A22. What is the value of albedo for the following
land use?

a. buildings b. dry clay c.corn d. green grass

e.ice f. potatoes g.rice paddy h.savanna
i.redsoil j.sorghum k. sugar cane
1. tobacco

A23. What product of number density times absorp-
tion cross section is needed in order for 50% of the
incident radiation to be absorbed by airborne volca-
nic ash over the following path length (km)?
a.02 b.04 c.06 d.08 e 10 £ 15 g2
h.2513 35 k4 145 m5 n7

A24. What fraction of incident radiation is transmit-

ted through a volcanic ash cloud of optical depth:
a.02 b.05 c. 07 d.10 e 15 f2 g.3
h4 5 k6 17 m10 n15 0.20

A25. What is the visual range (km) for polluted air
that has volume extinction coefficient (m™) of:

a.0.00001  b.0.00002 c.0.00005 d.0.0001
e. 0.0002 £. 0.0005 g.0.001 h. 0.002
i. 0.005 j- 0.01 k. 0.02 1. 0.05

A26. (i) What is the value of solar downward direct
radiative flux reaching the surface at the city from
exercise A5 at noon on 4 July, given 20% coverage of
cumulus (low) clouds.

(ii) If the albedo is 0.5 in your town, what is the
reflected solar flux at that same time?
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(iiij) What is the approximate value of net
longwave radiation at that time?

(iv) What is the net radiation at that time, given
all the info from parts (i) - (iii)?

A27. For a surface temperature of 20°C, find the
emitted upwelling IR radiation (W m=2) over the
surface-type from exercise A20.

Evaluate & Analyze
El. At what time of year does the true anomaly

equal:
a.45° b. 90° ¢ 135° d.180° e.225°
£.270° g.315° h.360°

E2(§) a. Calculate and plot the position (true anom-
aly and distance) of the Earth around the sun for the
first day of each month.

b. Verify Kepler’s second law.

c. Compare the elliptical orbit to a circular orbit.

E3. What is the optimum angle for solar collectors
at your town?

E4. Design a device to measure the angular diam-
eter of the sun when viewed from Earth. (Hint, one
approach is to allow the sun to shine through a pin
hole on to a flat surface. Then measure the width
of the projected image of the sun on this surface di-
vided by the distance between the surface and the
pin hole. What could cause errors in this device?)

E5. For your city, plot the azimuth angle for appar-
ent sunrise vs. relative Julian day. This is the direc-
tion you need to point your camera if your want to
photograph the sunrise.

E6. a. Compare the length of daylight in Fairbanks,
AK, vs Miami, FL, USA.

b. Why do vegetables grow so large in Alaska?

c. Why are few fruits grown in Alaska?

E7. How would Fig. 2.6 be different if daylight (sum-
mer) time were used in place of standard time dur-
ing the appropriate months?

E8(§). Plot a diagram of geometric sunrise times
and of sunset times vs. day of the year, for your loca-
tion.

E9(§). Using apparent sunrise and sunset, calculate
and plot the hours of daylight vs. Julian day for your
city.

E10. a. On a clear day at your location, observe and
record actual sunrise and sunset times, and the du-
ration of twilight.

b. Use that information to determine the day of
the year.

c. Based on your personal determination of the
length of twilight, and based on your latitude and
season, is your personal twilight most like civil, mil-
itary, or astronomical twilight?

E11. Given a flux of the following units, convert it to
a kinematic flux, and discuss the meaning and/or
advantages of this form of flux.

a. Moisture flux: gyapeym 257!

b. Momentum flux: (kg,;,» m-s™)-m=2s-1

¢. Pollutant flux: gyoiiytane™ s~}

E12. a. What solar temperature is needed for the
peak intensity of radiation to occur at 0.2 microm-
eters?

b. Remembering that humans can see light only
between 0.38 and 0.74 microns, would the sun look
brighter or dimmer at this new temperature?

E13. A perfectly black asphalt road absorbs 100% of
the incident solar radiation. Suppose that its result-
ing temperature is 50°C. How much visible light
does it emit?

E14. If the Earth were to cool 5°C from its present
radiative equilibrium temperature, by what percent-
age would the total emitted IR change?

E15(§). Evaluate the quality of the approximation to
Planck’s Law [see eq. (a) in the “ A Scientific Perspec-
tive e Scientific Laws — the Myth” box] against the
exact Planck equation (2.13) by plotting both curves
for a variety of typical sun and Earth temperatures.

E16. Find the solar irradiance that can pass through
an atmospheric “window” between A; = 0.3 pm and
Ay = 0.8 pm. (See the “ A Scientific Perspective
Seek Solutions” box in this chapter for ways to do
this without using calculus.)

E17. How much variation in Earth orbital distance
from the sun is needed to alter the solar irradiance
by 10%?

E18. Solar radiation is a diffuse source of energy,
meaning that it is spread over the whole Earth rath-
er than being concentrated in a small region. It has
been proposed to get around the problem of the
inverse square law of radiation by deploying very
large mirrors closer to the sun to focus the light as
collimated rays toward the Earth. Assuming that
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all the structural and space-launch issues could be
solved, would this be a viable method of increasing
energy on Earth?

E19. The “sine law” for radiation striking a surface
at an angle is sometimes written as a “cosine law”,
but using the zenith angle instead of the elevation
angle. Use trig to show that the two equations are
physically identical.

E20. Explain the meaning of each term in eq. (2.21).

E21. a. Examine the figure showing average daily
insolation. In the summer hemisphere during the
few months nearest the summer solstice, explain
why the incoming solar radiation over the pole is
nearly equal to that over the equator.

b. Why are not the surface temperatures near the
pole nearly equal to the temperatures near the equa-
tor during the same months?

E22. Using Table 2-5 for the typical albedos, specu-
late on the following;:

a. How would the average albedo will change if
a pasture is developed into a residential neighbor-
hood.

b. How would the changes in affect the net radia-
tion budget?

E23. Use Beer’s law to determine the relationship
between visual range (km) and volume extinction
coefficient (m™). (Note that extinction coefficient
can be related to concentration of pollutants and
relative humidity.)

E24(8). For your city, calculate and plot the noontime
downwelling solar radiation every day of the year,
assuming no clouds, and considering the change in
solar irradiance due to changing distance between
the Earth and sun.

E25. Consider cloud-free skies at your town. If 50%
coverage of low clouds moves over your town, how
does net radiation change at noon? How does it
change at midnight?

E26. To determine the values of terms in the surface
net-radiation budget, what actinometers would you
use, and how would you deploy them (i.e., which di-
rections does each one need to look to get the data
you need)?

Synthesize
(Don't forget to state and justify all assumptions.)

S1. What if the eccentricity of the Earth’s orbit
around the sun changed to 0.2 ? How would the
seasons and climate be different than now?

S2. What if the tilt of the Earth’s axis relative to the
ecliptic changed to 45° ? How would the seasons
and climate be different than now?

S3. What if the tilt of the Earth’s axis relative to the
ecliptic changed to 90° ? How would the seasons
and climate be different than now?

S4. What if the tilt of the Earth’s axis relative to the
ecliptic changed to 0° ? How would the seasons and
climate be different than now?

S5. What if the rotation of the Earth about its axis
matched its orbital period around the sun, so that
one side of the Earth always faced the sun and the
other side was always away. How would weather
and climate be different, if at all?

56. What if the Earth diameter decreased to half of
its present value? How would sunrise and sunset
time, and solar elevation angles change?

S7. Derive eq. (2.6) from basic principles of geometry
and trigonometry. This is quite complicated. It can
be done using plane geometry, but is easier if you
use spherical geometry. Show your work.

58. What if the perihelion of Earth’s orbit happened
at the summer solstice, rather than near the winter
solstice. How would noontime, clear-sky values of
insolation change at the solstices compared to now?

59. What if radiative heating was caused by the
magnitude of the radiative flux, rather than by the
radiative flux divergence. How would the weather
or the atmospheric state be different, if at all?

510. Linearize Planck’s Law in the vicinity of one
temperature. Namely, derive an equation that gives
a straight line that is tangent to any point on the
Planck curve. (Hint: If you have calculus skills, try
using a Taylor’s series expansion.) Determine over
what range of temperatures your equation gives rea-
sonable answers. Such linearization is sometimes
used retrieving temperature soundings from satel-
lite observations.

S11. Suppose that Kirchhoff’s law were to change
such that a4y =1 -e¢,. What are the implications?
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S12. What if Wien’s law were to be repealed, be-
cause it was found instead that the wavelength of
peak emissions increases as temperature increases.
a. Write an equation that would describe this. You
may name this equation after yourself.

b. What types of radiation from what sources would
affect the radiation budget of Earth?

S13. What if the solar “constant” were even less con-
stant than it is now. Suppose the solar constant ran-
domly varies within a range of +50% of its present
value, with each new value lasting for a few years
before changing again. How would weather and cli-
mate be different, if at all?

S14. What if the distance between sun and Earth
was half what it is now. How would weather and
climate be different, if at all?

S15. What if the distance between sun and Earth
was double what it is now. How would weather and
climate be different, if at all?

S16. Suppose the Earth was shaped like a cube, with
the axis of rotation perpendicular to the ecliptic, and
with the axis passing through the middle of the top
and bottom faces of the cube. How would weather
and climate be different, if at all?

S17. Suppose the Earth was shaped like a narrow
cylinder, with the axis of rotation perpendicular to
the ecliptic, and with the axis passing through the
middle of the top and bottom faces of the cylinder.
How would weather & climate be different, if at all?

S18. Derive eq. (2.21) from the other equations in
this chapter. Show your work. Discuss the physical
interpretation of the hour angle, and what the effect
of truncating it is.

S19. Suppose that the Earth’s surface was perfectly
reflective everywhere to short-wave radiation, but
that the atmosphere absorbed 50% of the sunlight
passing through it without reflecting any. What
percentage of the insolation would be reflected to
space? Also, how would the weather and climate be
different, if at all?

S20. Suppose that the atmosphere totally absorbed
all short wave radiation that was incident on it, but
also emitted an exactly equal amount of short wave
radiation as it absorbed. How would weather and
climate be different, if at all?

S21. Consider Beer’s law. If there are n particles per
cubic meter of air, and if a vertical path length in
air is As, then multiplying the two gives the number
of particles over each square meter of ground. If
the absorption cross section b is the area of shadow
cast by each particle, then multiplying this times the
previous product would give the shadowed area di-
vided by the total area of ground. This ratio is just
the absorptivity a. Namely, by this reasoning, one
would expect that a = n:b-As.

However, Beer’s law is an exponential function.
Why? What was wrong with the reasoning in the
previous paragraph?

S22. What if the atmosphere were completely trans-
parent to IR radiation. How would the surface net
radiation budget be different?

S23. Existing radiometers are based on a bolometer,
photovoltaic cell, or charge-coupled device. Design
a new type of actinometer that is based on a differ-
ent principle. Hint, think about what is affected in
any way by radiation or sunlight, and then use that
effect to measure the radiation.
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Recall from physics that kinetic energy relates
to the motion of objects, while potential energy re-
lates to the attraction between objects. These ener-
gies can apply on the macroscale — to large-scale
objects consisting of many molecules. They can also
apply on the microscale — to individual molecules,
atoms, and subatomic particles. Energy on the mi-
croscale is known as internal energy, and a por-
tion of internal energy is what we call heat.

Energy can change forms between kinetic, po-
tential, and other energy types. It can also change
scale. The conversion between microscale and mac-
roscale energies was studied extensively during the
industrial revolution to design better engines. This
study is called thermodynamics.

The field of thermodynamics also applies to the
atmosphere. The microscale energy of heat can
cause the macroscale motions we call winds. Mi-
croscale attractions enable water-vapor molecules to
condense into macroscale cloud drops and rain.

In this chapter, we will investigate the interplay
between internal energy and macroscale effects in
the atmosphere. First, focus on internal energy.
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INTERNAL ENERGY

Definitions

In thermodynamics, internal energy consists
of the sum of microscopic (molecular scale) kinetic
and potential energy.

Microscopic kinetic energies include random
movement (translation) of molecules, molecular vi-
bration and rotation, electron motion and spin, and
nuclear spin. The sum of these kinetic energies is
called sensible energy, which we humans can
sense (i.e., feel) and measure as temperature.

Microscopic potential energy is associated with
forces that bind masses together. It takes energy to
pull two masses apart and break their bonds. This
is analogous to increasing the microscopic potential
energy of the system. When the two masses snap
back together, their microscopic potential energy is
released back into other energy forms. Three forms
of binding energy are:

53
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e latent — bonds between molecules

e chemical — bonds between atoms

* nuclear — sub-atomic bonds

We will ignore chemical reactions and nuclear ex-
plosions here.

Latent energy is associated with phase change
(solid, liquid, gas). In solids, the molecules are
bound closely together in a somewhat rigid lattice.
In liquids, molecules can more easily move relative
to each other, but are still held close together. In gas-
es, the molecules are further apart and have much
weaker bonds.

For example, starting with cold ice (in lower left
corner of Fig. 3.1), adding energy causes the temper-
ature to increase (a sensible effect), but only up to the
melting point (0°C at standard sea-level pressure).
Further addition of energy forces bonds of the solid
lattice to stretch, enabling more fluid movement of
the molecules. This is melting, a latent effect that
occurs with no temperature change. After all the ice
has melted, if you add more energy then the liquid
warms (a sensible effect), but only up to the boiling
point (100°C). Subsequent addition of energy forces
further stretching of the molecular bonds to allow
freer movement of the molecules; namely, evapora-
tion (a latent effect) with no temperature change.
After all the liquid has vaporized, any more energy
added increases the water-vapor temperature (a sen-
sible effect).

Fig. 3.1 can also be traversed in the opposite di-
rection by removing internal energy. Starting with
hot water vapor, the sequence is cooling of the va-
por, condensation, cooling of the liquid, freezing,
and finally cooling of the ice.

300
i Cpgas =
i 1.901 kJ/(kg-°C)
2007 L=
i iﬁ/‘l‘( L, = 2,501 kJ/kg
L 9 <« evaporation —»
100 T 2
T i E Ciiquid =
(°C) 4.218 kJ/(kg-°C)
O —_+
—100+ [ 5 106 ki/(kg°C) H,O
-200 -+
0 1,000 2,000 3,000 4,000
Energy (kJ/kg)
Figure 3.1

Sensible and latent energy for water.

Possession and Transfer of Energy

We cannot ignore the connection between the
microscale and the macroscale. A macroscale ob-
ject such as a cannon ball consists of billions of
microscale molecules and atoms, each possessing
internal energy. Summing over the mass of all the
molecules in the cannon ball gives us the total inter-
nal energy (sensible + latent energy) that the cannon
ball possesses.

Thermal energy transferred to or from the mac-
roscale object can increase or decrease the internal
energy it possesses. This is analogous to your bank
account, where money transferred (deposited or
withdrawn) causes an increase or decrease to the to-
tal funds you possess.

Transfer of Heat

Define the transfer of thermal energy as Ag. It
has energy units (] kg™)). In this text, we will refer
to Ag as heat transferred, although in engineering
texts it is just called heat.

Latent Energy Possessed

Define the latent heat Qf as the latent energy (J)
possessed by the total mass m of all the molecules in
an object.

But usually we are more interested in the change
of possessed latent heat AQg associated with some
process that changes the phase of Am kilograms of
material, such as phase change of water:

AQg =L-Amyyper 3.1)

For example, if we transfer Ag amount of thermal en-
ergy into water that is already at 100°C at sea-level
pressure, then we can anticipate that the amount
of water evaporated will be given by: Amyp, =
Ag-Mpaer/ Ly [A sample application is on page 86.]

Different materials have different strengths of
bonds, so they have different constants of propor-
tionality L (called the latent heat factor) between
AQg and Am. For water (H,0), those latent heat fac-
tors are given in Table 3-1.

Sensible Energy Possessed

The sensible energy (J) possessed by the total
mass m of all the molecules in an object (such as air
molecules contained in a finite volume) is m,;- C, -
T , where T is absolute temperature of the air. The
constant of proportionality C, is called the specific
heat at constant volume. Its value depends on the
material. For dry air, Cpy 4 = 717 ] kg™t KL,

Again, we are interested more in the change of
sensible energy possessed. We might suspect that
it should be proportional to the change in tempera-
ture AT, but there is a complication that is best ap-
proached using the First Law of Thermodynamics.
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FIRST LAW OF THERMODYNAMICS

Definition

Let Ag (J kg™!) be the amount of thermal energy
you add to a stationary mass m of air. Some of this
energy warms the air (i.e, the internal energy in-
creases). But as air warms, its volume expands by
amount AV and pushes against the surrounding at-
mosphere (which to good approximation is pushing
back with constant pressure P). Thus, a portion of
the thermal energy input does not go into warming
the air, but goes into macroscopic movement.

To illustrate, consider a column of air having
base of area A and height d. Resting on top of this
column is more air, the weight of which causes pres-
sure P at the top of the column. Suppose the volume
(V = A.d) expansion is all in the vertical, so that AV
= A-Ad. For the column top to rise, it must counter-
act the downward pressure force from the air above;
namely, the top of the column must push up with
pressure P as it moves distance Ad.

Recall that work W is force times distance (W =
F-Ad). Also, pressure is force per unit area (P = F/A)
Thus, the work done on the atmosphere by the ex-
panding column is W = F-Ad = P-A-Ad = P-AV.

The First Law of Thermodynamics says that
energy is conserved, thus the thermal energy input
must equal the sum of warming (a microscopic ef-
fect) and work done per unit mass (a macroscopic
effect):

Ag = C,AT + P-(AV/m) (3.2a)

Apply to the Atmosphere

But P(AV/m) = APV/m) — VAP/m (using the
product rule of calculus). Also, PV/m = P/p = RT
from the ideal gas law, where p = m/V is air density
and R is the gas constant. Thus, A(P-V/m) = ART) =
R-AT because R is constant. Using this in eq. (3.2a)
gives:

Aq = C,AT + RAT — AP/p (3.2b)

By definition for anideal gas: C; + %1 =C,, where
C, is the specific heat of air at constant pres-
sure. The INFO box on the next page gives:

Cp = Cp humid air = “pd (1+1.84r) 3.3)

where C,; is the dry-air specific heat at constant
pressure, and the water-vapor mixing ratio r has
units (Swater vapor /8dry air) See the Water Vapor
chapter for more details on humidity.

Table 3-1. Latent heat factors L for water (H,O), for
the phase-change processes indicated.

Process L Process
Name & _ Name &
(J kg™
Direction Direction
vapor
evaporation T ‘ L, = 2.5x10° ‘ | condensation
liquid

ine T 5 N freezing
melting Lf = 3.34x10 (fusion)
solid
vapor
sublimation T ‘ Ly = 2.83x10° ‘ | deposition
solid

T requires transfer of ther- | | requires transfer of ther-
mal energy Ag TO water | mal energy Ag FROM wa-
from the surrounding air. | ter to the surrounding air.

Sample Application
Suppose 3 kg of water as vapor condenses to liquid.
What is the value of latent heat transferred to the air?

Find the Answer
Given: L, = 2.5x10° kg™, myqp0, = 3 kg
Find: AQg =7?]

Apply eq. (3.1):
AQp= (2.5x10°Jkg™) - 3kg) = 7500 k]

Check: Physics & units are reasonable.

Exposition: Three liters is a small quantity of water
(equivalent to 3 mm depth in a bathtub). Yet it repre-
sents a large quantity of latent heat.

Sample Application
Find the specific heat at constant pressure for hu-
mid air holding 10 g of water vapor per kg of dry air.

Find the Answer
Given: 7= (10 gyapor) / (1000 g4ry air ) = 0.01 g/g
Find: C,=7 Jkg LK

Apply eq. (3.3):
C, = (1004 kg LK) - [ 1+ (1.84:0.01 g/g)) ]

= 1022.5 J-kg LK1

Check: Units OK. Magnitude reasonable.
Exposition: Even a modest amount of water vapor
can cause a significant increase in specific heat. See
Chapter 4 for typical ranges of r in the atmosphere.
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4 INFO e« Specific Heat Cp for Air A

The specific heat at constant pressure C, for air is
the average of the specific heats for its constituents,
weighted by their relative abundance:

mrCy = mgCpy + my-Cpy (3L1)

where mp =m; + m, is the total mass of air (as a sum
of mass of dry air my and water vapor n1,), and Cp4
and Cp, are the specific heats for dry air and water
vapor, respectively.

Define a mixing ratio r of water vapor as
r=m, / my. Typically, ris of order 0.01 g/g. Then eq.
(3L.1) becomes:

Cp=(1=1Cpg {1 + 7 Cp/Cpl (L2

Given: Cpy = 1004 J')kg LK1 at 0°C for dry air, and Cpo
=1850]J- kg‘1 K-! for water vapor, eq. (31.2) becomes

C

= Cpg 1 +1.844] (3L3)

Even for dry air, the specific heat varies slightly
with temperature, as shown in the figure below:

1008 - Dry Air
[ Handbopk of ;
— i | Chem & Physjcs
° 1007 1 72nd Edition s '
=< A / ’/
< 1006 ANy
> r S9 ,/%00 5
— 1005 - [72) AP ! /X Q;q/
r K
B E S
O r Stull /’
1004 ——ohren ;
F &Albrecht '
1003 —+ B
r " / IIIQ
1002 | L1 L1 L1 I It L1

-80 60 40 20 0 20 40 60
T (°C)
Fig. 3L.1. Empirical estimates of Cpg.

In this book, we will use C,y = 1004 Jkg 1K1, and
will approximate it as being constant. )

-

Sample Application
What heat transfer is needed to cause 3 kg of dry
air to cool by 10°C?

Find the Answer
Given: C,;=1004. Jkg K, mg,, =3kg, AT=-10°C
Find: AQp=7?]

Apply eq. (3.4b):
AQy = mair'cpd'AT
= (3 kg)-(1004. JkgLK)-(-10°C) =-30.12 k]
Check: Physics & units are reasonable.
Exposition: On a hot day, this is the energy your air

conditioner must extract from the air in your car.

Appendix B lists some specific heats; e.g.:
Cpd air = 1004 Jkg LK for dry air at const. pressure,
Cvd air =717 T kg1 K71 for dry air at const. volume,
Clig = 42176 Jkg MK for liquid water at 0°C,
Cice = 2106 Jkg LK1  for ice at 0°C,
Cpy = 1850 Jkg K1 for pure water vapor at 0°C.

You can combine the first two terms on the
right of eq. (3.2b) to give a form of the First Law
of Thermodynamics that is easier to use for the
atmosphere:

A = CyAT - AP (329

heat transferred  enthalpy change

Enthalpy vs. Sensible Heat

From our derivation of eq. (3.2c) we saw that the
first term on the right includes both the microscopic
effect of a temperature change (internal energy or
heat possessed) and the macroscopic effect of that
same temperature change. Hence, we cannot call
that term “heat possessed” — instead we need a
new name.

To this end, define enthalpy as 7 = C,T with
units ] kg7l. The corresponding enthalpy Change
is:

Ah = C,- AT (3.4a)

which is the first term on the right side of eq. (3.4). It
is a characteristic possessed by the air.

By tradition, meteorologists often use the word
sensible heat in place of the word enthalpy. This
can be confusing because of the overloading of the
word “heat”. Here is a table that might help you
keep these definitions straight:

Table 3-2. Heat terminology.

Quant. | Character- Terminology
(I/kg) istic Meteorology | Engineering
Ag transferred | heat transferred heat
CpAT | possessed sensible heat enthalpy

With this in mind, the heat transferred per unit
air mass can be annotated as follows:
*(3.2d)

Ag = CyAT - AP/p

heat transferred  sensible heat

This form is useful in meteorology. When rising air
parcels experience a decrease in surrounding atmo-
spheric pressure, the last term is non-zero.

The change of sensible-heat (AQj) possessed
by air mass m,;, changing its temperature by AT is
thus:

AQH =My CP -AT (34b)
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4 INFO ¢ Cp vs. Cv R

C, — Specific Heat at Constant Volume
Consider a sealed box of fixed volume V filled
with air, as sketched in Fig. 31.2a below. The number
of air molecules (idealized by the little spheres) can’t
change, so the air density p is constant. Suppose that
initially, the air temperature T, is cool, as represented
by the short arrows denoting the movement of each
molecule in box 31.2a. When each molecule bounces
off a wall of the container, it imparts a small force. The
sum of forces from all molecules that bounce off a wall
of area A results in &)
an air pressure P,
If you add Ag
thermal energy to |
air in the box, the
temperature rises
to T, (represented
by longer arrows
in Fig. 31.2b).
Also, when
each molecule bounces off a wall, it imparts a greater
force because it is moving faster. Thus, the pressure P,
will be larger. This is expected from the ideal gas law
under constant density, for which

Fig. 31.2. Molecules in a fixed volume.

P,/T,= P,/T, = constant = p-R (31.4)

Different materials warm by different amounts
when you add heat. If you know how much thermal
energy Ag you added per kilogram of material, and
you measure the resulting increase in temperature T,
- T,, then you can empirically determine the specific
heat at constant volume:

Co=0q/(T,-T,) (BL5)
which is about C, =717 J’kg LK for dry air.

C, — Specific Heat at Constant Pressure

For a different scenario, consider a box (Fig. 31.3c)
with a frictionless moveable piston at the top. The
weight of the stationary piston is balanced by the pres-
sure of the gas trapped below it. If you add Ag thermal
energy to the air, the molecules will move faster (Fig.
3L.3d), and exert greater pressure against the piston
and against the other walls of the chamber. But the
weight of the piston hasn’t changed, so the increased
pressure of the gas causes the piston to rise.

But when any molecule bounces off the piston and
helps move it, the molecule loses some of its micro-
scopic kinetic energy. (An analogy is when a billiard
ball bounces off an empty cardboard box sitting in the
middle of the billiard table. The box moves a bit when
hit by the ball, and the ball returns more slowly.) The
result is that the gas temperature T; in Fig. 31.3e is not
as warm as in Figs. 31.2b or 31.3d, but is warmer than
the initial temperature; namely, T, < T; < T>.

(continues in next column)

((continuation of INFO on Cp vs. Co)

. J

~

The molecules spread out within the larger vol-
ume in Fig. 3L.3e. Thus, air density p decreases, caus-
ing fewer molecules near the piston to push against
it. The combined effects of decreasing density and
temperature cause the air pressure to decrease as
the piston rises. Eventually the piston stops rising at
the point where the air pressure balances the piston
weight, as shown in Fig. 31.3e.

(©) (d)

Fig. 31.3. Molecules in a constant-pressure chamber.

Hence, this is an isobaric process (determined by
the weight of the piston in this contrived example).
The ideal gas law for constant pressure says:

Po-T, = p;-T; = constant = P /R (3L.6)

If you know how much thermal energy Ag you
added per kilogram of material, and you measure the
resulting increase in temperature T; — T, then you
can empirically determine the specific heat at con-
stant pressure:

C, = Ag/(T;~T)) (3L7)
which is about C, = 1004 J-kg ™K for dry air.

Cpvs. G

Thus, in a constant pressure situation, the ad-
dition of Ag thermal energy results in less warming
[(T;-T,) < (T,-T, ] than at constant volume. The
reason is that, for constant pressure, some of the ran-
dom microscopic kinetic energy of the molecules is
converted into the macroscale work of expanding the
air and moving the piston up against the pull of gravi-
ty. Such conservation of energy is partly described by
the First Law of Thermodynamics.

In the atmosphere, the pressure at any altitude
is determined by the weight of all the air molecules
above that altitude (namely, the “piston” is all the air
molecules above). If you add a small amount of ther-
mal energy to air molecules at that one altitude, then
you haven't significantly affected the number of mole-
cules above, hence the pressure is constant. Thus, for
most atmospheric situations it is appropriate to use
G, , not G, , when forecasting temperature changes
associated with the transfer of thermal energy into or
from an air parcel.

J
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FRAMEWORKS

The First Law of Thermodynamics is a powerful
tool that we can apply to different frameworks.

Lagrangian vs. Eulerian

One framework, called Eulerian, is fixed relative
to a position on the Earth’s surface. Thus, if there is
a wind, then the air blows through this framework,
so we need to be concerned about what heat is car-
ried in by the wind. Weather forecasts for specific
points on a map utilize this framework.

Another framework is called Lagrangian. It
moves with the air — its position is constantly
changing. This is handy for investigating what hap-
pens to air as it rises or sinks.

Eulerian and Lagrangian frameworks can be
used for a variety of budget equations:
® Heat Budget (First Law of Thermo)

* Momentum Budget (Newton’s Second Law)
* Moisture Budget (conservation of water),
We will use these frameworks in other chapters too.

Air Parcels

Sometimes a large cluster of air molecules will
move together through the atmosphere, as if they
were enclosed by a hypothetical balloon about the di-
ameter of two city blocks. We can use a Lagrangian
framework that moves with this cluster or “blob”, in
order to study changes of its temperature, momen-
tum, and moisture.

When these air blobs move through the atmo-
sphere, myriad eddies (swirls of turbulent motion)
tend to mix some of the outside air with the air just
inside the blob (such as the mixing you see in smoke
rising from a campfire). Thus, warmer or colder air
could be added to (entrained in through the sides
of) the blob, and some air from inside could be lost
(detrained) to the surrounding atmosphere. Also,
in the real atmosphere, atmospheric radiation can
heat or cool the air blob. These processes complicate
the thermodynamic study of real air blobs.

But to gain some insight into the thermodynamics
of air, we can imagine a simplified situation where
radiative effects are relatively small, and where the
turbulent entrainment/detrainment happens only
in the outer portions of the air blob, leaving an inner
core somewhat protected. This is indeed observed
in the real atmosphere. So consider the protected
inner core (about the diameter of a city block) as an
air parcel.

Whenever you see discussions regarding air par-
cels, you should immediately associated them with
Lagrangian frameworks. This is the case for the
next section.

g S W W T e S
HEAT BUDGET OF AN UNSATURATED
AIR PARCEL

In this chapter, we consider a special case: un-
saturated air parcels, for which no liquid or solid
water is involved. The word “dry” is used to im-
ply that phase changes of water are not considered.
Nonetheless, the air CAN contain water vapor. In
the next chapter we include the effects of saturation
and possible phase changes in a “moist” analysis.

Lagrangian Form of the First Law of

Thermo

The pressure of an air parcel usually equals that
of its surrounding environment, which decreases
exponentially with height. Thus, the last term of
eq. (3.2d) will be non-zero for a rising or sinking
air parcel as its pressure changes to match the pres-
sure of its environment. But the pressure change
with height was given by the hydrostatic equation
in Chapter 1: AP/p =— |g| - Az. We can use this to
rewrite the First Law of Thermo in the Lagrangian
framework of a moving air parcel:

ATz_(M}.Mﬁ *35)
CP CP
Sample Application

A 5 kg air parcel of initial temperature 5°C rises 1
km and thermally loses 15 kJ of energy due to IR radia-
tion. What is the final temperature of the parcel?

Find the Answer
Given: AQ =-15,000], m,; =5kg, Az=1000m,
Find: T=?K

Convert from energy to energy/mass:
Ag = AQ/my;, = (15000 J)/(5 kg) =-3000 ] kgL .
With lack of humidity info, assume dry air.
Cp =1004. Jkg K (= units m? s2 K7)
Apply eq. (3.5):
AT = —[(9.8 m s72)/ (1004 m? s2 K~1)]-(1000m) +
[(-3000] kg™) / (1004. J'kg LK)
= (-976 -3.00) K = -12.76 °C

Check: Physics & units are reasonable.

Exposition: Because we are working with a tempera-
ture difference, recall that 1 K of temperature differ-
ence = 1°C of temperature difference. Hence, we could
replace the Kelvin units with °C. The net result is that
the rising air parcel cools due to both IR radiative cool-
ing and work done on the atmosphere as the parcel
rises.
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Various processes can cause heat transfer (Ag).
The sun could heat the air, or IR radiation could cool
the air. Water vapor could condense and release
its latent heat back into sensible heat. Exothermic
chemical reactions or radioactive decay could occur
among air pollutants carried within the parcel. In-
ternal turbulence could dissipate into heat. Molecu-
lar conduction in the air is very weak, but turbulence
could mix warmer or cooler air into the air parcel.
Other processes such as convection and advection
(Fig. 3.2) do not change the parcel’s temperature, but
can move the air parcel along with the heat that it
possesses.

Eq. (3.5) represents a heat budget. Namely, par-
cel temperature (which indicates heat possessed)
is conserved unless it moves to a different height
(Where the pressure is different) or if heat is trans-
ferred to or from it. Thus, eq. (3.5) and the other First
Law of Thermo egs. (3.2) are also known as heat
conservation equations.

Lapse-rate Definition
Define the lapse rate, I, as the amount of tem-
perature decrease with altitude:

ro_bL-T __AT (3.6)
Zy —2Zq Az

Note that the lapse rate is the negative of the verti-
cal temperature gradient AT/Az.

We separately consider the lapse rates inside
the air parcel, and in the surrounding environment
outside. Inside the air parcel, all the processes il-
lustrated in Fig. 3.2 could apply, causing the parcel’s
temperature to change with changing altitude. The
resulting AT/Az (times —1) defines a process lapse
rate (Fig. 3.3).

Outside the air parcel, assume the environmen-
tal air is relatively stationary. This is the ambient
environment through which the air parcel moves.
But this environment could have different tempera-
tures at different altitudes, allowing us to define an
environmental lapse rate (Fig. 3.3). By sampling
the ambient air at different heights using weather
instruments such as radiosondes (weather balloons)
and then plotting T vs. z as a graph, the result is an
environmental sounding or vertical tempera-
ture profile of the environment. The environ-
mental sounding changes as the weather evolves,
but this is usually slow relative to parcel processes.
Thus, the environment is often approximated as be-
ing unchanging (i.e., static).

The temperature difference (Fig. 3.3) between the
parcel and its environment is crucial for determin-
ing parcel buoyancy and storm development. This
is our motivation for examining both lapse rates.

Transfer to/from
outside:

Processes Conduction

Inside:
e latent heating
e radioactive decay
e chemical reactio
e turbulence di

Radiation

Turbulence

Convection

-
Advection

Figure 3.2
Internal and external processes affecting air-parcel temperature.

Environ-

ment
w
X ' T -
Figure 3.3

Left: Sketch of a physical situation, showing an air parcel mov-
ing through an environment. In the environment, darker colors
indicate warmer air. Right: Temperature profiles for the envi-
ronment and the air parcel. The environmental air is not mov-
ing. In it, air at height zq has temperature T ,,,,, and air at z,
has Ty - The air parcel has an initially warm temperature,
but its temperature changes as it rises: becoming Ty ,, at height
zy, and later becoming T ,, at height z;. In the environment
of this example, temperature increases as height increases, im-
plying a negative environmental lapse rate. However, the air
parcel’s temperature decreases with height, implying a positive
parcel lapse rate.




60 CHAPTER 3 ¢ THERMODYNAMICS

Sample Application
Find the lapse rate in the troposphere for a stan-
dard atmosphere.

Find the Answer
Given: Std. Atmos. Table 1-5 in Chapter 1, , where
T=-56.5°C atz =11 km, and T = +15°C at z = 0 km.
Find: I'=? °Ckm™!
Apply eq. (3.6): T'=—-(-56.5-15°C) / (11-0 km)
=+6.5°Ckm™!

Check: Positive I, because T decreases with z.
Exposition: This is the environmental lapse rate of
the troposphere. It indicates a static background state.

HIGHER MATH » Adiabatic Lapse Rate in
Pressure Coordinates

Start with the First Law of Thermodynamics (eq.
3.2d), but written more precisely using virtual tem-
perature T, to account for arbitrary concentrations of
water vapor in the air. Set Ag = 0 because adiabatic
means no heat transfer:

dP=p-C,-dT;,
Use the ideal gas law p=P/(R;-T,) to eliminate p:
_P-C,.dT,
9zal Ty
Group temperature & pressure terms on opposite
sides of the eq.: dp c, dr,
P Ry T,
Integrate from starting (P;, T,) to ending (P, T;):
jar_ G fan,
A P Ry o T,

assuming C,/R; is somewhat constant. The integral
is:

PZ _ TvZ
(P}l =(Cp / E’Taz)in(Tv)lTv1

Insert limits of integration. Also: In(a) —In(b) = In(a/b).

Thus:
P2 _ . TZJZ
ln[P1 ] =(C, / Ry) ln(Tv1 J

Multiply both sides by R, /C), :

B L2
wsoul)o[2)

v

Use the relationship: a-In(b) = In(b%):

Ry/C
{3t
P Ty
The anti-log of the equation ( elHS = eRHS ) yields:
%R,/C
(PZJ P T (3.10)
B T

Dry Adiabatic Lapse Rate

The word adiabatic means zero heat transfer (Ag
=0). For the protected inner core of air parcels, this
means no thermal energy entering or leaving the air
parcel from outside (Fig. 3.2). Nonetheless, internal
processes are allowed.

For the special case of humid air with no liquid
water or ice carried with the parcel (and no water
phase changes; hence, a “dry” process), eq. (3.5)
gives:

AT (sl 1 .
- [Cp]_ 9.8 Kkm 3.7)

Recalling that the lapse rate is the negative of the
vertical temperature gradient, we can define a “dry”
adiabatic lapse rate T; as:

I, = 98Kkm™ = 98°C km-! (3.8)

(Degrees K and °C are interchangeable in this equa-
tion for this process lapse rate, because they repre-
sent a temperature change with height.)

The HIGHER MATH box at left shows how this
dry adiabatic lapse rate can be expressed as a func-
tion of pressure P:

ST _%u (ar) 9
or T C, \P
R,;/C
T _(B ) *(3.10)
T\~

where %;/C, = 0.28571 (dimensionless) for dry air,
and where temperatures are in Kelvin.

Sample Application

An air parcel with initial (z, P, T) = (100m, 100 kPa,
20°C) rises adiabatically to (z, P) = (1950 m, 80 kPa).
Find its new T, & compare egs. (3.7) & (3.10).

Find the Answer

Given: P; =100 kPa, P, =80 kPa, T; = 20°C = 293K
z7=100m, z, =1950 m

Find: T,=?°C

First, apply eq. (3.7), which is a function of z:
T, = Tq + (A2)-(-T) = 20°C — (1950-100m)-(0.0098°C/m)
=20°C-181°C = 1.9°C.

Compare with eq. (3.10), which is a function of P:
T, = (293K) - [(80kPa)/(100kPa)|0-28571
T,=293K-09382 = 2749 K = 1.9°C

Check: Both equations give the same answer, so ei-
ther equation would have been sufficient by itself.
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Potential-temperature Definition

When an air parcel rises/sinks “dry” adiabati-
cally into regions of lower/higher pressure, its tem-
perature changes due to work done by/on the parcel,
even though no thermal energy has been removed/
added. Define a new temperature variable called
the potential temperature 6 that is proportion-
al to the sensible heat contained in the parcel, but
which is unaffected by work done by/on the parcel.

Namely, potential temperature is constant for
an adiabatic process (i.e., Ag = 0) such as air-parcel
ascent. Thus, we can use it as a conserved vari-

able. 6 can increase/decrease when sensible heat
is added/removed. Such diabatic (non-adiabatic)
heat transfer processes include turbulent mixing,
condensation, and radiative heating (i.e., Ag # 0).
Knowing the air temperature T at altitude z, you
can calculate the value of potential temperature 6
from:
0(z)=T(z)+T;-z °(3.11)

The units (K or °C) of 8(z) are the same as the units of
T(z). There is no standard for z, so some people use
height above mean sea level (MSL), while others use
height above local ground level (AGL).

If, instead, you know air temperature T at pres-
sure-level P, then you can find the value of 6 from:

R,;/C
eq(i) o “(312)
P

where %;/C, = 0.28571 (dimensionless) and where
temperatures must be in Kelvin. A reference pres-
sure of P, = 100 kPa is often used, although some
people use the local surface pressure instead. In this
book we will assume that the surface pressure equals
the reference pressure of P, = 100 kPa and will use z
=0 at that surface, unless stated otherwise.

Both egs. (3.11) and (3.12) show that 06 =T atz=0
or at P = P,. Thus 6 is the actual temperature that an
air parcel potentially has if lowered to the reference
level adiabatically.

A virtual potential temperature 6, for humid
air having water-vapor mixing ratio r but containing
no solid or liquid water is defined as:

0, =0-[1+(a-7)] (3.13)
where 4 =061 gai1/water vapor - 1f the air contains

ice crystals, cloud drops, or rain drops, then virtual
potential temperature is given by:

0, =0:-[1+(a-r)—r, —11] *(3.14)

where 7 is the liquid-water mixing ratio and r; = ice
mixing ratio. Mixing ratio is described in the Wa-

Sample Application
Find 0 for air of T = 15°C at z = 750 m?

Find the Answer
Given: T=15°C, z=750m,
Find: 6=?°C

Apply eq. (3.11), and assume no ice or rain drops.
0 = 15°C + (9.8 °C km™)- (0.75 km) = 22.35 °C

Check: Physics & units are reasonable.
Exposition: Notice that potential temperatures are
warmer than actual air temperatures for z > 0.

Sample Application
Find 0 for air at P = 70 kPa with T = 10°C?

Find the Answer
Given: P=70kPa, T=10°C =283 K, P, =100 kPa
Find: 6=?°C

Apply eq. (3.12): 6 = (283 K) - [(100 kPa)/(70 kPa)]0-28571
0=313.6 K = 40.4 °C

Check: Physics OK. 6 is always greater than the ac-
tual T, for P smaller than the reference pressure.

Sample Application

What is the virtual potential temperature of air
having potential temperature 15°C, mixing ratio 0.008
Swater vapor/8air + and liquid water mixing ratio of:
a)0 ; b)0.006 gliq.water/gair ?

Find the Answer

Given: 6 =15°C =288 K, r = 0.008 gyater vapor/8air -
a)r,=0;  b)r,=0.006 gjiqwater/Sair -

Find: 6, =?°C

Abbreviate “water vapor” with “wv” here.

a) Apply eq (3.13): 6, = (288K)-
[1+ (0'61 gair/ng) : ( 0.008 ng/gair) 1.
Thus, 6, =2894K. Or subtract 273 to
get Celsius: 6, =16.4 °C.

a) Apply eq (3.14): 6, = (288K)-
[1+(0.61 gair/ng ) - (0.008 ng/gair ) -
0.006 g}iq./8air | = 2877 K.
Subtract 273 to get Celsius: 6, =14.7°C.

Check: Physics and units are reasonable.
Exposition: When no liquid water is present, virtual
pot. temperatures are always warmer than potential
temperatures, because water vapor is lighter than air.
However, liquid water is heavier than air, and
has the opposite effect. This is called liquid-water
loading, and makes the air act as if it were colder.
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Sample Application

Given air at P = 70 kPa with T = -1°C, which is ei-
ther (a) unsaturated, or (b) has ;=5 gyater Vapor/ kgair
and rp =2 8liq water/ kgair- Find 6.

Find the Answer
Given: (@) P=70kPa, T=-1°C = 272K,
(b) 75 =5 Zwater Vapor/kgair = 0.005 gyv/8air

=2 8lig water/ Kair- = 0.002 gliq/gair
Find: 6, = ?°C

(@) Apply eq. (3.12) to find the potential temperature
0= (272K) - [(100 kPa)/(70 kPa)]0-28571 = 301 K
=28°C.

(b) Apply eq. (3.15):
0, = BO1K) - [1+ (0.61 gair/Byv) (0.005 8yyv/Bair)
-(0.002) ] = 301K -(1.001) = 301.3 K
6, = 301.3 K-273 K = 28.3°C

Check: Physics & units are reasonable.

Exposition: For this example, there was little effect
of the vapor and liquid water. However, for situations
with greater water vapor or liquid water, the virtual
potential temperature can differ by a few degrees,
which can be important for estimating thunderstorm
intensity.

ter Vapor chapter; it is the ratio of grams of water
per gram of air. The 6 and 0,, values in the previous
three equations must be in units of Kelvin.

An advantage of 6, is that it can be used to cal-
culate the buoyancy of air parcels that contain water
— useful for anticipating storm characteristics. 9,
is constant only when there is no phase changes and
no heat transfer; namely, no latent or sensible heat is
absorbed or released.

For air that is rising within clouds, with water
vapor condensing, it is usually the case that the air
is saturated (= 100% relative humidity; see the Water
Vapor chapter for details). As a result, the water-
vapor mixing ratio r can be replaced with 7, , the
saturation mixing ratio.

0,=0-[1+(a-r)—1n] ¢(3.15)

where =061 gai/8water vapor » as before.

However, there are other situations where the
air is NOT saturated, but contains liquid water. An
example is the non-cloudy air under a cloud base,
through which rain is falling at its terminal veloc-
ity. For this case, eq (3.14) should be used with an
unsaturated value of water-vapor mixing ratio. This
situation occurs often, and can be responsible for
damaging downbursts of air (see the Thunderstorm
chapters).

Why use potential temperature? Because it
makes it easier to compare the temperatures of air
parcels at two different heights — important for de-
termining if air will buoyantly rise to create thun-
derstorms. For example, suppose air parcel A has
temperature T4 = 20°C at z = 0, while air parcel B
has Tp =15°C at z = 1 km. Parcel A is warmer than
parcel B.

Does that mean that parcel A is buoyant (warmer
and wants to rise) relative to parcel B? The answer
is no, because when parcel B is moved dry adiabati-
cally to the altitude of parcel A, then parcel B is 5°C
warmer than parcel A due to adiabatic warming. In
fact, you can move parcels A and B to any common
altitude, and after considering their adiabatic warm-
ing or cooling, parcel B will always be 5°C warmer
than parcel A.

The easiest way to summarize this effect is with
potential temperature. Using eq. (3.11), we find that
04 =20°C and 6 = 25°C approximately. 64 and 6p
keep their values (because 0 is a conserved variable)
no matter to what common altitude you move them,
thus 0g is always 5 °C warmer than 6, in this il-
lustration.

Another application for potential temperature is
to label lines on a thermodynamic diagram, such as
described next.
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Intro to Thermo Diagrams

Convection is a vertical circulation associated
with “warm air rising” and “cold air sinking”. Me-
teorologists forecast the deep convection of thun-
derstorms and their hazards, or the shallow con-
vection of thermals that disperse air pollutants.

The phrase “warm air rising” relates to the tem-
perature difference AT between an air parcel and its
surrounding environment. Air-parcel-temperature
variation with altitude can be anticipated using heat-
and water-conservation relationships. However, the
surrounding environmental temperature profile can
have a somewhat arbitrary shape that can be mea-
sured by a sounding balloon, but which is not easily
described by analytical equations. So it can be dif-
ficult to mathematically describe AT vs. altitude.

Instead, graphical solutions can be used to esti-
mate buoyancy and convection. We call these graphs
“thermodynamic diagrams”. In this book, I will
abbreviate the name as “thermo diagram”.

The diagram is set up so that higher in the dia-
gram corresponds to higher in the atmosphere. In
the real atmosphere, pressure decreases approxi-
mately logarithmically with increasing altitude, so
we often use pressure P along the y-axis as a surro-
gate for altitude. Along the x-axis is air temperature
T. The thin green lines in Fig. 3.4 show the (B, T)
basis for a thermo diagram as a semi-log graph.

We can use eq. (3.10) to solve for the “dry” adia-
batic temperature change experienced by rising air
parcels. These are plotted as the thick orange di-
agonal lines in Fig. 3.4 for a variety of starting tem-
peratures at P = 100 kPa. These “dry adiabat” lines
(also known as isentropes), are labeled with 6 be-
cause potential temperature is conserved for adia-
batic processes.

10 T —
Thermo €
P Diagram E
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20 L | isobar
| |
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50 ‘ | —
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60 | l <
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100 : —
-60 —40 -20 0 20 40
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INFO ¢ Create Your Own Thermo Diagram

One of the advantages of thermo diagrams is that
you do NOT need to calculate adiabatic temperature
changes, because they are already calculated and
plotted for you for a variety of different starting tem-
peratures. If the starting temperature you need is not
already plotted, you can mentally interpolate between
the drawn lines as you raise or lower air parcels.

However, it is a useful exercise to see how such a
thermo diagram can be created with a tool as simple
as a computer spreadsheet.

The green (or dark-grey) items in the spreadsheet
below were typed directly as numbers or words. You
can follow along on your own spreadsheet. (You don't
need to use the same colors — black is OK.)

The orange (or light-grey) numbers were calcu-
lated by entering a formula (eq. 3.10) into the bottom
leftmost orange cell, and then “filling up” and “filling
right” that equation into the other orange cells. But
before you fill up and right, be sure to use the dollar
sign “$” as shown below. It holds the column ID con-
stant if it appears in front of the ID letter, or holds the
row constant if in front of the ID number. Here is the
equation for the bottom left orange cell (B12):

= ( (B$13+273) * ($A12/$A$13)10.28571 ) - 273

A [ B [ © [ D
1 Create Your Own Thermo Diagram
2
3 P(kPa) T(degC) T(degC) T(degC)
4 10
5 20
6 30
7 40
8 50
9 60
10 70
11 80
12 90
13 100 -40 0 40

Different spreadsheet versions have different ways
to create graphs. Select the cells that I outlined with
the dark blue rectangle. Click on the Graph button,
select the “XY scatter”, and then select the option that
draws straight line segments without data points.

Under the Chart, Source Data menu, select Series.
Then manually switch the columns for the X and Y
data for each series — this does an axis switch. On
the graph, click on the vertical axis to get the Format
Axis dialog box, and select the Scale tab. Check the
Logarithmic scale box, and the Values in Reverse Or-
der box. A bit more tidying up will yield a graph with
3 curves similar to Fig. 3.4. Try adding more curves.

Figure 3.4 (at left)

Simplified thermo diagram, showing isotherms (vertical
green lines of constant temperature) and isobars (horizontal
green lines of constant pressure). Isobars are plotted logarithmi-
cally, but with the scale reversed so that the highest pressure is
at the bottom of the graph, corresponding to the bottom of the at-
mosphere. Dry adiabats are thick orange lines, showing the tem-
perature variation of air parcels rising or sinking adiabatically.
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Sample Application
Given air at P = 70 kPa with T = -1°C. Find 6 using
the thermo diagram of Fig. 3.4.

Find the Answer
Given: P=70kPa, T=-1°C
Find: 6 = ?°C

First, use the thermo diagram to find where the 70 kPa
isobar and the —1°C isotherm intersect. (Since the —-1°C
isotherm wasn’t drawn on this diagram, we must men-
tally interpolate between the lines that are drawn.)
The adiabat that passes through this intersection point
indicates the potential temperature (again, we must in-
terpolate between the adiabats that are drawn). By ex-
tending this adiabat down to the reference pressure of
100 kPa, we can read off the temperature 28°C, which
corresponds to a potential temperature of 6 = 28°C.

P
(kPa)
0\\9
6’00
@ "
N
]
T (°C) 6=28°C

Check: Physics and units are reasonable.
Exposition: This exercise is the same as part (a) of the
previous exercise, for which we calculated 6 =301 K =
28°C. Yes, the answers agree.

The advantage of using an existing printed thermo
diagram is that we can draw a few lines and quickly
find the answer without doing any calculations. So it
can make our lives easier, once we learn how to use it.

y out

z
y ¢V X
Figure 3.5
If heat flux F, ;,, exceeds Fy 5y, then: (1) heat is deposited in the

cube of air, making it hotter, and (2) AF/Ay is negative for this
case. Similar fluxes can occur across the other faces.

S AX T

If you know the initial (P, T) of the air parcel, then
plot it as a point on the thermo diagram. Move par-
allel to the orange lines to the final pressure altitude.
At that final point, read down vertically to find the
parcel’s final temperature.

g S W W T e S

HEAT BUDGET AT A FIXED LOCATION

Eulerian Form of the First Law of Thermo

Picture a cube of air at a fixed location relative to
the ground (i.e, an Eulerian framework). By being
fixed, the cube experiences only small, slow changes
in pressure. As a result, the pressure-change term
in the First Law of Thermo (eq. 3.2d) can usually be
neglected. What remains is an equation that says
thermal energy transferred (Ag) per unit mass causes
temperature change: AT =Ag/C),.

Dividing this equation by time interval Af gives a
forecast equation for temperature: AT/At = (1/ Cp)-Aq/
At. A heat flux F (] m2 s71, or W m™2) into the vol-
ume could increase the temperature, but a heat flux
out the other side could decrease the temperature.
Thus, with both inflow and outflow of heat, net ther-
mal energy will be transferred into the cube of air
if the heat flux decreases with distance s across the
cube: Ag/At = —(1/p)-AF/As. The inverse density fac-
tor appears because Aq is energy per unit mass.

Heat flux convergence such as this causes
warming, while heat flux divergence causes cool-
ing. This flux gradient (change with flux across a
distance) could happen in any of the three Cartesian
directions. Thus, the temperature forecast equation
becomes:

(3.16)

AT 1 APx+AFy+AII-"Z+ASo
A pCp A Ay Az | CpeAt

where, for example, AF, /Ay is the change in north-
ward-moving flux E, across a north-south distance
Ay (Fig. 3.5). Additional heat sources can occur in-
side the cube at rate AS,/At (] kg™ s71) such as when
water vapor already inside the cube condenses into
liquid and releases latent heat. The equation above
is the Eulerian heat-budget equation, also some-
times called a heat conservation or heat balance
equation.

Recall from Chapter 2 that we can define a kine-
matic flux by F =/ (p-Cp) in units of Km s71 (equiva-
lent to °C m s71). Thus, eq. (3.16) becomes:

AF
AT——{AF" +—y+£}+ 45 «(3.17)

a0 Ay )
At A Ay Az CpeAt
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We can also reframe this heat budget in terms of
potential temperature, because with no movement
of the cube of air itself, then AT = A6.

AF
A_e_{&Jr_h&}rA_So *(3.18)

At Av Ay Az | Gyt

You may have wondered why, in the previous
figure, a AF, /Ay was negative, even though heat was
deposited into the cube. The reason is that for gra-
dients, the difference-direction of the denominator
must be the same direction as the numerator; e.g.:

ﬂ _ F y northside — F y southside (3.19)

Ay Ynorthside — Ysouthside

Similar care must be taken for gradients in the x and
z directions.

Not only do we need to consider fluxes in each
direction in egs. (3.16 to 3.18), but for any one direc-
tion there might be more than one physical process
causing fluxes. The other processes that we will dis-
cuss next are conduction (cond), advection (adv),
radiation (rad), and turbulence (turb):

AR AR AR AR AR (309
Ax Ax adv Ax cond Ax turb Ax rad

AF, AF, AF, AF, AF,

vy _ vy o v LYy y| (3.21)
Ay Ay adv A]/ cond A]/ turb Y rad

AF _ AF| +AFZ| +AFZ| +AFZ| (3.22)
Az Az |adv Az |cond Az |turb Az |md

In addition to describing these fluxes, we will
estimate typical contributions of latent heating as a
body source (AS,), allowing us to simplify the full
heat budget equation in an Eulerian framework.

Advection of Heat

The AMS Glossary of Meteorology (2000) defines
advection as transport of an atmospheric property
by the mass motion of the air (i.e, by the wind).
Temperature advection transports heat. Faster
winds blowing hotter air causes greater advective
heat flux:

Fyggo =U-T (3.23)
Fyagy =V T (3.24)
F, udp =W-T (3.25)

Sample Application

In the figure below, suppose that the incoming heat
flux from the south is 5 W m™2, and the outgoing on
the north face of the cube is 7 W m™2. (a) Convert these
fluxes to kinematic units. (b) What is the value of the
kinematic flux gradient? (c) Calculate the warming
rate of air in the cube, assuming the cube has zero hu-
midity and is at a fixed altitude where air density is 1
kg m=3. The cube of air is 10 m on each side.

Find the Answer
Given: B, j,=5Wm=2 ,F, ;=7 Wm=2, Ay=10m
p=10kgm=3,

Find: a) Fypiope= ?Kms™?, Fipp =?2Kms
b)AF,/Ay=? o AT/At =?Ks!

From Appendix B: C,, = 1004 Jkg K™

Also, don't forget that TW=1]s71.

Diagram:

y out

V4
Y\T/, X N o~
N AX

a) Apply eq. 211): F=F/ (p-C)

Fyin= (6Jstm™2) / [ (1 kg m~3) - (1004 J-kg 1K) )]
= 4.98x103 Km-s.

Fyour=(7 W-m2) / [ (1 kg m3) - (1004 Jkg LK) )]
= 6.97x1073 K:m-s!.

b) Recall from Chapter 1 that the direction of y is such
that y increases toward the north. If we pick the south
side as the origin of our coordinate system, then v,
side = 0 and ¥,,o,1-side = 10 m. Thus, the kinematic flux
gradient (eq. 3.19) is

AF, [(6.97 x1073) - (4.98 10—3)] K-m-sT)
o [10-0] (m)

Putting this into eq. (3.21) and then that eq. into eq.
(3.17) yields:

AT/At = =1.99x10~4 K-s71.

Check: Physics & units are reasonable.

Exposition: The cube does not get warmer, it gets
colder at a rate of about 0.72°C/hour. The reason is
that more heat is leaving than entering, which gave a
positive value for the flux gradient.

What happens if either of the two fluxes are nega-
tive? That means that heat is flowing from north to
south. So the sign is critical in helping us determine
the movement and convergence of heat.
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Sample Application

The cube of air from Fig. 3.5 has T = 12°C along
its south side, but smoothly increases in temperature
to 15°C on the north side. This 100 km square cube
is advecting toward the north at 25 km/hour. What
warming rate at a fixed thermometer can be attributed
to temperature advection?

Find the Answer
Given: V=25kmh, AT=15-12°C = 3°C,
Ay =100 km

Find: AT/At =? °C h! due to advection

Apply eq. (3.27) in eq. (3.21), and apply that in eq. (3.17);
namely, AT/At =-V - (AT/Ay)
=—(25kmh7).[3°C /100 km] = =0.75°ChL

Check: Physics and units are reasonable
Exposition: Note that the horizontal temperature
gradient is positive (T increases as y increases) and
V is positive (south wind), yet this causes negative
temperature change (cooling). We call this cold-air
advection, because colder air is blowing in.

Sample Application

Given Fig. 3.6b, except assume that higher in the
figure corresponds to higher in the atmosphere (i.e., re-
place y with z). Suppose that the 5°C air is at a relative
altitude that is 500 m higher than that of the 10°C air.
If the updraft is 500 m/(10 hours), what is the tempera-
ture at the thermometer after 10 hours?

Find the Answer

Given: Az =500 m, Tj,iti0=5°C, W =500 m/(10 h),
AT/Az = (5-10°C)/(500 m) = —0.01°C/m

Find: T =? °C after At =10 h.

Looking at Fig. 3.6c, one might guess that the final
air temperature should be 10°C. But Fig. 3.6¢ does not
apply to vertical advection, because there is the added
process of adiabatic expansion of the rising air.

The air that is initially 10°C in Fig. 3.6b will adia-
batically cool 9.8°C/km of rise. Here, it rises only 0.5
km in the 10 h, so it cools 9.8°C/2 = 4.9°C. Its final
temperature is 10°C — 4.9°C = 5.1°C.

Check: Physics & units reasonable.

Exposition: The equations give the same result. Us-

ing eq. (3.28,3.21 & 3.17): AT/At =—W - (AT/Az +T)).
Since we need to apply this over At = 10 h, multiply

both sides by At: AT =-W At - (AT/Az + T).

AT =—(500m/10h) - (10h) - (~0.01°C/m + 0.0098°C/m)
=-500m - (~0.0002°C/m) = + 0.1°C.

This 0.1°C warming added to the initial temperature of

5°C gives the final temperature = 5.1°C.

(@) (b)

Figure 3.6
Top view of a grass field (green) with a fixed thermometer (T;
yellow). Air with temperature gradient is advected north.

Updrafts also cause heat transport, where buoyant
updrafts are called convection while non-buoyant
updrafts are called advection.

To illustrate temperature advection, consider a
rectangular air parcel that is colder in the north and
warmer in the south (Fig. 3.6). Namely, the tempera-
ture gradient AT/Ay = negative in this example. A
south wind (V = positive) blows the air north toward
a thermometer mounted on a stationary weather
station. First the cold air reaches the thermometer
(Fig. 3.6b). Later, the warm air blows over the ther-
mometer (Fig. 3.6c). So the thermometer experi-
ences warming with time (AT/At = positive) due to
advection. Thus, it is not the advective flux F, 4,
but the gradient of advective flux (AF, ,4,/Ay) that
causes a temperature change.

Although Fig. 3.6 illustrates only horizontal
advection in one direction, we need to consider
advective effects in all directions, including vertical.
For a mean wind with nearly uniform speed:

AFy ado _ u'(Teast _Twest) =U-£

Ax Xeast — Xwest Ax (3.26)

AFy adv _ V'(Tnorth B Tsouth) V,ﬂ

A.‘/ Ynorth — Ysouth A]/ (3'27)
AF

z adv :W,I:E.g.rd} (3.28)

Az Az
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Rising air cools at the dry adiabatic lapse rate of
I;=98°Ckm . Since temperature of a rising air
parcel is not conserved, this lapse-rate term must be
added to the temperature gradient in the vertical
advection equation. This same factor (with no sign
changes) works for descending air too.

We can combine egs. (3.26 - 3.28) with eq. (3.11) to
express advection in terms of potential temperature
6:

AF

Sxado _yp. 29 *(329)
Ax Ax

AF, g4 A
oy = *(3.30)
Ay Ay

AF; ado :W'A_G *(3.31)
Az Az

Molecular Conduction & Surface Fluxes
Molecular heat conduction is caused by micro-
scopic-scale vibrations and movement of air mole-
cules transferring some of their microscopic kinetic
energy to adjacent molecules. Conduction is what
gets heat from the solid soil surface or liquid ocean
surface into the air. It also conducts surface heat fur-
ther underground. Winds are not needed for con-
duction.
Vertical heat flux due to molecular conduction
is:
AT (3.32)

F, cond :_k'E

where kis the molecular conductivity, which depends
on the material doing the conducting. The molecu-
lar conductivity of air is k = 2.53x102 W-m K at
sea-level under standard conditions.

The molecular conductivity for air is small, and
vertical temperature gradients are also small in most
of the atmosphere, so a good approximation is:

AFx cond AFy cond AFZ cond (3.33)
Ax Ay Az

0

But near the ground, large vertical temperature
gradients frequently occur in the bottom several
mm of the atmosphere (Fig. 3.7). If you have ever
walked barefoot on a black asphalt parking lot or
road on a hot summer day, you know that the sur-
face temperatures can be burning hot to the touch
(hotter than 50°C) even though the air temperatures
at the height of your ankles can be 30°C or cooler.
This large temperature gradient compensates for
the small molecular conductivity of air, to create im-
portant vertical heat fluxes at the surface.

Sample Application

The potential temperature of the air increases 5°C
per 100 km distance east. If an east wind of 20 m s1
is blowing, find the advective flux gradient, and the
temperature change associated with this advection.

Find the Answer
Given: A6/Ax = 5°C/100 km =5x1075°C m™!

U =-20m s (an east wind comes from the east)
Find: AF/Ay=?°Cs7l, and AT/At=7°Cs

Apply eq. (3.29): AF/Ax = (-20 m s71)-(5x10~° °C m™)
= =0.001 °Cs!

Apply eq. (3.17) neglecting all other terms:
AT/At = — AF/Ax = — (-0.001°C s71) = +0.001 °C s~!

Check: Physics reasonable. Sign appropriate, because
we expect warming as the warm air is blown toward
us from the east in this example.

Exposition: AT/At = 3.6°C h7l, a rapid warming rate.

Sample Application

Suppose the temperature decreases from 50°C at
the Earth’s surface to 30°C at 5 mm above ground, as
in Fig. 3.7. What is the vertical molecular heat flux?

Find the Answer

Given: AT =-20°C, Az= 0.005m
k= 2.53x102 W-m—1K-1

Find: P, .ug =? Wm™2

Apply eq. (3.32) :
E, cond = —(2.53x102 W-m~1K-1) - [-20°K/(0.005 m)]
=101.2 Wm=2

Check: Physics and units are reasonable.
Exposition: Although this is a fairly large heat flux
into the bottom of the atmosphere, other processes de-
scribed next (turbulence) can spread this heat over a
layer of air roughly 1 km deep.
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Figure 3.7

Relationship between temperature gradients and heat fluxes. (a
& b) logarithmic vertical axis; (c & d) linear axes.

Sample Application

The wind is blowing at 10 m s at height 10 m
AGL. The 2 m air temperature is 15°C but the surface
skin temperature is 30°C. What is the effective surface
kinematic heat flux? Assume a surface of medium
roughness having Cp; =0.01 .

Find the Answer

Given: Cy=0.01, M=10m sT1atz=10m
Ty = 30°C , T,;, =15°Catz=2m

Find: Fy= ?Kms!

Apply eq. (3.35):
Fpy = (1x1072)-(10 m s71)-(30-15°C) = 1.5 °C:m-s~!

Check: Physics and units are reasonable.
Exposition: Recall that the relationship between dy-
namic and kinematic heat fluxis Fy=p - C, - Fy. Thus,
the dynamic heat flux is By ~ (1.2 kg m=3)-(1004 J kg1
K)-(1.5 Kxm-s) = 1807. W m2. This is an exception-
ally large surface heat flux — larger than the average
solar irradiance of 1366 W-m=2. But such a heat flux
could occur where cool air is advecting over a very hot
surface.

The bottom layer of the atmosphere that feels
the influence of the earth’s surface (i.e., the bottom
boundary of the atmosphere) is known as the at-
mospheric boundary layer (ABL). This 1 to 2 km
thick layer is often turbulent, meaning it has irregu-
lar gusts and whorls of motion. Meteorologists have
devised an effective turbulent heat flux that is
the sum of molecular and turbulent heat fluxes (Fig.
3.7), where turbulence is described in the next sec-
tion. At the surface this effective flux is entirely due
to molecular conduction, and above about 5 mm al-
titude the effective flux is mostly due to turbulence.

Instead of using eq. (3.32) to calculate molecular
surface heat fluxes, most meteorologists approxi-
mate the effective surface turbulent heat flux, Fy, us-
ing what are called bulk-transfer relationships.

For windy conditions where most of the turbu-
lence is caused by wind shear (change of wind speed
or direction with altitude), you can use:

Fy =Cy-M-(Ost. —6,5r) *(3.34)
or

FH = CH -M- (TS - — Tair) .(335)
where (Ty, Oy) are the temperature and potential
temperature at the top few molecules (the skin) of
the earth’s surface, (T;, , 0,;,) are the corresponding
values in the air at 2 m above ground, and the wind
speed at altitude 10 m is M. The empirical coefficient
Cp is called the bulk heat-transfer coefficient. It
is dimensionless, and varies from about 2x10-3 over
smooth lakes or salt flats to about 2x102 for a rough-
er surface such as a forest. Fy;is a kinematic flux.

For calm sunny conditions, turbulence is created

by thermals of warm air rising due to their buoy-
ancy. The resulting convective circulations cause so
much stirring of the air that the ABL becomes a well
mixed layer (ML). For this situation, you can use:

Fy =by -wg- O —Opi1) *(3.36)
or

Fy =ap-we-(Og —Opr) *(3.37)
where ay = 0.0063, is a dimensionless empirical
mixed-layer transport coefficient, and by =
5x10~# is called a convective transport coeffi-
cient. 8, is the mid-mixed-layer potential temper-
ature (at height 500 m for a ML that is 1 km thick).

The wg factor in eq. (3.36) is called the buoyancy

velocity scale (m s7):
1/2
_| Islzi *(3.38)

w
S

qCH sfc 0, ML)

for a ML of depth z; , and using gravitational accel-
eration |¢| =98 m s2. (0, sfc » Oy mp) are virtual
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potential temperatures of the surface skin and in the
mid-mixed layer, and T, is the absolute virtual tem-
perature (Kelvins) in the mid mixed layer. Typical
updraft speeds in thermals are of order 0.02wg . To
good approximation, the denominator in eq. (3.38)
can be approximated by 6, 517 (also in units of K).

Another convective velocity scale w- is called the
Deardorff velocity:

1/3
“Z; *(3.39
w*z{lgl Z'FHSfC} (3.39)

T’U

for a surface kinematic heat flux of Fyf = Fy. Often
the Deardorff velocity is of order 1 to 2 m's™, and
the relationship between the two velocity scales is
wx =~ 0.08-wp.

Later in the chapter, in the section on the Bowen
ratio, you will see other formulas you can use to es-
timate Fy. Bulk transfer relationships can be used
for other scalar fluxes at the surface including the
moisture flux. For this case, replace temperature or
potential-temperature differences with humidity
differences between the surface skin and the mixed
layer.

Atmospheric Turbulence

Superimposed on the average wind are some-
what-random faster and slower gusts. This turbu-
lence is caused by eddies in the air that are con-
stantly being created, changing, and dying. They
exist as a superposition of many different size swirls
(3 mm to 3 km). One eddy might move a cold blob of
air out of any fixed Eulerian region, but another eddy
might move air that is warmer into that same region.
Although we don't try to forecast the heat transport-
ed by each individual eddy (an overwhelming task),
we instead try to estimate the net heat flux caused
by all the eddies. Namely, we resort to a statistical
description of the effects of turbulence.

Turbulence in the air is analogous to turbulence
in your teacup when you stir it. Namely, turbulence
tends to blend all the ingredients into a uniform ho-
mogenous mixture. In the atmosphere, the mixing
homogenizes individual variables such as potential
temperature, humidity, and momentum (wind). The
mixing rate depends on the strength of the turbu-
lence, which can vary in space and time. We will fo-
cus on mixing of heat (potential temperature) here.

Fair Weather (no thunderstorms)

In a turbulent atmospheric boundary layer (ABL),
daytime turbulence caused by convective thermals
can transport heat from the sun-warmed Earth’s
surface and can distribute it more-or-less evenly
through the ABL depth. The resulting turbulent
heat fluxes decrease linearly with height as shown

Sample Application

What is the value of Fyj on a sunny day with no
winds? Assume z; =3 km, no clouds, dry air, 8,;; =290
K, and 6y = 320 K.

Find the Answer
Given: 0y =320K, 0y =290K, z; =3 km,
Find: F, o = ? Km-s1

If the air is dry, then: 6,=0 (from eq. 3.13).

Apply egs. (3.38) and (3.36):

2 1/2
[9.8m-s2|-3000m

(320K — 290K)
290K

wp

= (3041 m2s2)12=551ms1

Fpy = (65x1074-(55.1 m-s71)-(320 K — 290 K)
=0.83 Km-s!

Check: Physics & units are reasonable.

Exposition: Notice how the temperature difference
between the surface and the air enters both in the eq.
for wp and again for Fy. Thus, greater differences
drive greater surface heat flux.

Sample Application

Given an effective surface kinematic heat flux of
0.67 Km-s™, find the Deardorff velocity for a dry, 1 km
thick boundary layer of temperature 25°C

Find the Answer

Given: Fy=0.67 Km-s!, z;=1km =1000m,
T, =T (because dry) = 25°C = 298 K.

Find: ws+= ?ms!

Apply eq. (3.39):
wx= [ (9.8 m:s72)-(1000m)-(0.67 K:m-s~1)/(298K)]! 3
=2.8ms!

Check: Physics & units are reasonable.

Exposition: Over land on hot sunny days, warm
buoyant thermals often rise with a speed of the same
order of magnitude as the Deardorff velocity.
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Sample Application

Given the Sample Application at the top of the pre-
vious page, what is the value for vertical flux diver-
gence for this calm, sunny ABL?

Find the Answer
Given: Fyy = 0.83 Km's™!, z;=3000 m
Find: AF, ,,/0z=? (Ks™)
Apply eq. (3.41):
AF, turp B -1.2-Fy

Az Zi
AF; iy ~1.2-(0.83 K-m/s)
Az 3000m

= —0.000332 K:s~!

Check: Physics and units are reasonable.

Exposition: Recall from eq. (3.17) that a negative ver-
tical gradient gives a positive warming with time —
appropriate for a sunny day. The amount of warming
is about 1.2°C/h. You might experience this warming

rate over 10 hours on a hot sunny day.

Z  stratosphere F
(km)___ tropopause | A [
10 - ’/2}@ colder IS i
§ ) \ /\\ thar|1 ?ttd' | caused
- 7% alo | by warm
= Ofé‘@ > | air rising
5 o, warmer [&codair || _
B » Aghe
- than std. | sinking in
L | a thunder-
elOW storm
troposphere -
0 3 |
50 0 %0 0 I:max
Temperature (°C) Heat Flux

Figure 3.8

If a deep layer of cold air lies above a deep layer of warm air, such
as in a pre-thunderstorm environment, then the air is statically
unstable. This instability creates a thunderstorm, which not
only causes overturning of tropospheric air, but also mixes the
air. The final result can differ from storm to storm, but here we
assume that the storm dies when the atmosphere has been mixed
to the standard (std.)-atmosphere lapse rate of 6.5°C/km.

by the thick green line in Fig. 3.7d. This line has a
value at the bottom of the ABL as given by the effec-
tive surface flux (F, porom = Fr), and at the top has a
value of (F; 4o, * =0.2:Fp) on less windy days. Thus,
the flux-divergence term for turbulence (during
sunny fair weather, within domain 0 < z < z;) is:

AF; turp _ F, top ~ 1z bottom (340)

Az Zj

AF; turp _ -1.2-Fy
Az Zj
for an ABL depth z; of 0.2 to 3 km.

When no storm clouds are present, the air at z >
z; is often not turbulent during daytime:

(3.41)

AF, z turb _ (3-42)

0 above ABL top; for fair weather

During clear nights of fair weather, turbulence can
be very small over most of the lower 3 km of tropo-
sphere, except in the very lowest 100 m where wind
shears can still create occasional turbulence.

Stormy Weather

Sometimes horizontal advection can move warm
air under colder air. This makes the atmosphere
statically unstable, allowing thunderstorms to form.
These storms try to undo the instability by over-
turning the air — allowing the warm air to rise and
cold air to sink. But the result is so violently turbu-
lent that much mixing also takes place. The end re-
sult can sometimes be an atmosphere with a vertical
gradient close to that of the standard atmosphere,
as was discussed in Chapter 1. Namely, the atmo-
sphere experiences moist convective adjustment,
to adjust the initial less-stable lapse rate to one that
is more stable.

The standard atmospheric lapse rate (T, =
—AT/Az ) is 6.5 Kkm™. Suppose that the initial lapse
rate before the thunderstorm forms is I',; (= —AT/Az).
The amount of heat flux that is required to move the
warm air up and cold air down during a storm life-
time of At (1 h) is:

AF,
MzZ_T.[r S_psa]. 1 2z (3.43)
Az At LP 2 2z

where the troposphere depth is zg (=11 km). An ini-
tially unstable environment gives a positive value
for the factor enclosed by square brackets.

Because thunderstorm motions do not penetrate
below ground, and assuming no flux above the top
of the storm, then the vertical turbulent heat flux
must be zero at both the top and bottom of the tro-
posphere, as was sketched in Fig. 3.8. The parabolic
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shape of the heat-flux curve has a maximum value
of:

Fnax = ZT2 'I:Fps - Fsa:l /(8- At) (3.44)

The thunderstorm also affects the heat budget
via warming at all thunderstorm altitudes where
condensation exceeds evaporation. Cooling at the
thunderstorm top can be caused by IR radiation
from the anvil cloud up into space. These heating
and cooling effects should be added to the heat re-
distribution (heat moved from the bottom to the top
of the storm) caused by turbulence.

So far, we focused on vertical flux gradients and
the associated heating or cooling. Turbulence can
also mix air horizontally, but the net horizontal heat
transport is often negligibly small for both fair and
stormy weather, because background temperature
changes so gradually with distance in the horizon-
tal. Thus, at all locations, a reasonable approxima-
tion is:

AFy urp _ AFy turb

Ax Ay

0 (3.45)

Also, at locations with no turbulence there cannot be
turbulent heat transport.

Solar and IR Radiation

We will split this topic into short-wave (solar) and
long-wave (IR) radiation. Clear air is mostly trans-
parent to solar radiation. Thus, the amount of short-
wave radiation entering an air volume nearly equals
the amount leaving. No flux gradient means that, to
good approximation, you can neglect the direct solar
heating of the air. However, sunlight is absorbed at
the Earth’s surface, which causes surface heat fluxes
as already discussed. Sunlight is also absorbed in
clouds or smoke, which can cause warming,.

IR radiation is more complex, because air strongly
absorbs a large portion of IR radiation flowing into a
fixed volume, and re-radiates IR radiation outward
in all directions. Radiation emission is related to T#,
according to the Stefan-Boltzmann law. In horizon-
tal directions having weak temperature gradients,
radiative flux divergence is negligibly small:

AFy 104 _ AFy rad
Ax Ay

But in the vertical, recall that temperature decreas-
es with increasing altitude. Hence, more radiation
would be lost upward from warmer air in the lower
troposphere than is returned downward from the
colder air aloft, which causes net cooling.

0 (3.46)

AFZ rad

~0.1to 0.2 (K/h) (347)

Sample Application

Suppose a pre-storm environment has a lapse rate
of 9°C kmL. a) What is the maximum value of vertical
heat flux near the middle of the troposphere during a
storm lifetime? b) Calculate the vertical flux gradient
at 1 km altitude due to the storm.

Find the Answer

Given: I}, = 9 Kkm,

Find: @) F,r = ? Km s (b) AF, ;,,p/0z =2 (Ks7)

Assume: T,,=6.5 Kkm, lifetime = At =1h =3600s,
Zr = 11 km,

(@) Apply eq. (3.44):
Fax =(11,000m)-(11km)-[(9-6.5)(K km~1)] /[8:(3600s)]
=10.5Kms!
(b) Apply eq. (3.43):

AFZthzZl.[r‘ -r :| 1_i
Az AL 2

AF; pury 11krn.[(9_6.5)%](1_&)

Az 3600s 2 11km
AF, jy/Dz = 0.0031 K s71

Check: Physics and units are reasonable.
Exposition: The magnitude of the max heat flux due
to thunderstorms is much greater than the heat flux
due to thermals in fair weather. Thunderstorms move
large amounts of heat upward in the troposphere.

Based on Fig. 3.8, we would anticipate that storm
turbulence should cool the bottom half of the stormy
atmosphere. Indeed, the minus sign in eq. (3.17) com-
bined with the positive sign of answer (b) above gives
the expected cooling, not heating.
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¢ THERMODYNAMICS

vs. Novice

é A SCIENTIFIC PERSPECTIVE ¢ Expert

~N

Expert scientists and engineers often solve prob-
lems, organize knowledge, and perceive structure
differently than students and other novices.

Problem Solving | Novice Expert
o0 118 oo arecall task | a process
... begins with ... | hunt for “the | qualitative
equation” analysis
... uses classifica- | surface deep structure
tion based on ... | features
...tools include ... | “the graphs, limits,
equation” diagrams,
conservation
laws, units, ...
Organizing Novice Expert
Knowledge
Memory piecemeal effortless
recall is ... retrieval of
relevant
collected facts
Reasoning by ... |jumpingto | fast mental
hasty, scan through
unfounded | a chain of
conclusions | possibilities
Conflicting data, | not recognized,
ideas & recognized | pointing to
conclusions are... need for more
info
Related ideas memorized | integrated into
are... as separate | a coherent big
facts picture
Structure Novice Expert
Perception
Cues about the | missed recognized
structure are ... and trigger
new lines of
thought
Disparate separately | recognized
instances are... classified as having the
based on same underly-
surface ing structure
features
Tasks are before think- | after data is
performed... ing about the | organized to
organization | find structure
Theories that are used identify ideas
don’t agree with | without ripe for
data ... revision revision

(Paraphrased from Wendy Adams, Carl Wieman, Dan Schwartz, & Kathleen Harper.)

J

Internal Sources such as Latent Heat
Suppose Atficongensing kilograms of water vapor
inside the storm condenses into liquid droplets and
doesnotre-evaporate. It Wc?uld relieasg Lv‘Amcondensirfg
Joules of latent heat. If this heating is spread verti-
cally through the whole thunderstorm (a gross sim-
plification) of air mass m,;,, then the heating is:

ASo L, ] Amcondensing
Cp ‘At C My - At

(3.48)

p

Because this warming does not require a heat flux
across the storm boundaries, we define it as a “source
term” that is internal to the thunderstorm. An oppo-
site case of existing suspended cloud droplets that
evaporate would yield the same equation, but with
opposite sign as indicates net cooling.

In a real thunderstorm, some of the water va-
por that initially condensed into cloud droplets can
later evaporate. But any precipitation reaching the
ground represents condensation that did not re-
evaporate. Hence, we can use rainfall rate (RR) to
estimate the internal latent heating rate:

o7 (3.49)
Cp -At Cp Pair ZTrop
where the storm is assumed to fill a column of tro-
pospheric air of depth z7,,, liquid-water density is
Piig = 1000 kgm™3, latent-heat to specific heat ratio
is L,/C, = 2500 Kkgair-kgliq‘l, and column-averaged
air density is py;, = 0.689 kgm3 for z,,, = 11 km.
Combining some of the values in eq. (3.49) gives:

ASo

Cp - At

(3.50)

=a-RR

where a = 0.33 K (mm of rain), and RR has units
[(mm of rain) s7!]. Divide by 3600 for RR in mm h-1.

Simplified Eulerian Net Heat Budget

You can insert the flux-gradient approximations
from the previous subsections into egs. (3.17 or 3.18)
for the first law of thermo. Although the result looks
complicated, you can simplify it by assuming the fol-
lowing are negligible within a fixed air volume: (1)
vertical temperature advection by the mean wind;
(2) horizontal turbulent heat transport; (3) molecu-
lar conduction; (4) short-wave heating of the air; (5)
constant IR cooling.



.STULL ¢ PRACTICAL METEOROLOGY 73

You then get the following approximate Eulerian
net heat-budget equation:

AT =_[U.A_T+V.£} 01K
At XY,z Ax Ay h
advection radiation
_ AF, 4,(8) + L_v ] Amcondensing
Az CP Mgy At
turbulence latent heat *(3.51)

Later in this book you will see similar budget equa-
tions for other variables such as water vapor or mo-
mentum. In the turbulence term above, the (0) indi-
cates that this term is for heat flux divergence. Any
of the terms on the right-hand side can be zero if
the process it represents (advection, radiation, tur-
bulence, condensation) is not active.

The net heat budget is important because you can
use it to forecast air temperature at any altitude. Or,
if you already know how the air temperature chang-
es with time, you can use the net heat budget to see
which processes are most important in causing this
change.

The net heat budget applies to a volume of air
having a finite mass. For the special case of the
Earth’s surface (infinitesimally thin; having no
mass), you can write a simplified heat budget, as de-
scribed next.
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HEAT BUDGET AT EARTH’S SURFACE

So far, you examined the heat budget for a vol-
ume of air, where the volume was fixed (Eulerian) or
moving (Lagrangian). Net imbalances of heat flux
caused warming or cooling of air in the volume.

But what happens at the Earth’s surface, which is
infinitesimally thin and thus has zero volume? No
heat can be stored in this layer. Hence, the sum of
all incoming and outgoing heat fluxes must exactly
balance. The net flux at the surface must be zero.

Surface Heat-flux Balance
Recall that fluxes are defined to be positive for
heat moving upward, regardless of whether these
fluxes are in the soil or the atmosphere.
Relevant fluxes at the surface include:
IF* =net radiation between sfc. & atmos. (Chapter 2)
Py = effective surface turbulent heat flux
(the sensible Heat flux)
Fp = effective surface latent heat flux caused by
Evaporation or condensation (dew formation)

Sample Application
Suppose a thunderstorm rains at rate 4 mm h-L
What is the average heating rate in the troposphere?

Find the Answer
Given: RR = 4 mmh-1.
Find: AS,/(C,Af) = 2 Kh!

Apply eq. (3.50): AS,/(C,At) =0.33 (Kmm™)-
@mmh) = 1.32 K-h!

Check: Physics and units are reasonable.
Exposition: For fixed Eulerian volumes losing liquid
water as precipitation, this heating rate is significant.

Sample Application

For a fixed Eulerian volume, what temperature in-
crease occurs in 2 h if Amg,i/Mair = 1 Ewater K8air &
Fy o = 0.25 Kms™! into a 1 km thick boundary layer,
U=0V=10ms, and AT/Ay = —2°C/100 km. Hint,
approximate Ly,/C, = 2.5 K (8yater Kgair ).

Find the Answer

Given: (see above)

Find: AT =? °C over a 2 hour period

For each term in eq. (3.51), multiply by At:

Lat.Heat_Source- At = (2.5 K-kgair J(l Bwater j
Swater kgair

= +2.5°C

-1.2-(0.25K-m/s)
“12 028 MS) mr00s) = +2.16°
1000m (7200s) = +2.16°C

Turb- At = —

—2°C

Adv-At= —[(1Om/s)~(7
100000m

ﬂ.(mos) = +1.44°C

= =0.2°C

Rad-At = (—0.1%)-(2}1)

Combining all the terms gives:
AT = (Latent + Turb + Adv + Rad)
=(2.5+216+144-0.2°C = 5.9 °C over 2 hours.

Check: Physics and units are reasonable.
Exposition: For this contrived example, all the terms
(except advection in the x direction) were important.
Many of these terms can be estimated by looking at
weather maps. For example, cloudy conditions might
shade the sun during daytime and reduce the surface
heat flux. These same clouds can trap IR radiation,
causing the net radiative loss to be near zero below
cloud base. But if there are no clouds (i.e., no conden-
sation) and no falling precipitation that evaporates on
the way down, then the latent-heating term would be
Zero.

So there is no fixed answer for the Eulerian heat
budget — it varies as the weather varies.
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F=0)  (a)Day, (b) Night,
moist humid air
surface

IFE
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F=C) f, g r)y y
=) desert

Fe

=0
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Figure 3.9

Illustration of signs and magnitudes of surface fluxes for various
conditions. IF* = net radiative flux, [F; = sensible heat flux, Fp =
latent heat flux, Fg = conductive heat flux into the ground.

Moist Surface
Night Day Night
500 T 1 1 I

00 06 12 18 24
Local Time (h)

Figure 3.10

Daily variation of terms in the surface heat balance for a moist
surface with humid air. Day and night correspond to (a) & (b)
of the previous figure.

JF; = molecular heat conduction to/from deeper
below the surface (e.g.,, Ground, oceans).
The surface balance for dynamic heat-fluxes (in
units of W m2) is:
0= F*+Fy+ Fp- Fg *(3.52)
If you divide by p,;+C, to get the balance in kine-
matic form (in units of K m s7), the result is:
0=F* +PH + FE - FG *(3.53)
The first 3 terms on the right are fluxes between the
surface and the air above. The last term is between
the surface and the Earth below (hence the — sign).
Examples of these fluxes and their signs are
sketched in Fig. 3.9 for different surfaces and for day
vs. night. For an irrigated lawn or crop, the typical
diurnal cycle (daily evolution) of surface fluxes is
sketched in Fig. 3.10. Essentially, net radiation F* is
an external forcing that drives the other fluxes.
A crude, first-order approximation for dynamic
heat flux down into the soil is

Fc=X-F* (3.54)
with a corresponding kinematic heat flux of:
Fo=X-F* (3.55)

with factor X = (0.1, 0.5) for (daytime, nighttime).

There are different options for estimating the
other terms in eqgs. (3.52 or 3.53). For effective surface
sensible heat flux you can use the bulk-transfer rela-
tionships already discussed (egs. 3.34 to 3.37). For
latent heat flux at the surface, similar bulk-transfer
equations will be given in the Water-Vapor chapter.
Another option for estimating latent and sensible
heat fluxes at the surface is to utilize the Bowen-ra-
tio, described next.

The Bowen Ratio
Define a Bowen ratio, B, as surface sensible-heat
flux divided by surface latent-heat flux:

p=fn _Fu
Fr Fg

(3.56)

Typical values are: 10 for arid locations, 5 for semi-
arid locations, 0.5 over drier savanna, 0.2 over moist
farmland, and 0.1 over oceans and lakes.

In the atmospheric surface layer (the bottom 10
to 25 m of the troposphere), surface effective sensi-
ble heat flux depends on AB/Az — the potential-tem-
perature gradient. Namely, Fy; = -K-A8/Az , where
Ky is an eddy diffusivity for heat (see the Atmos.
Boundary Layer chapter), z is height above ground,
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and the negative sign says that the heat flux flows
down the local gradient (from hot toward cold air).

An analogous expression for effective surface
moisture flux is Fg = -Kg-Ar/Az , where mixing ra-
tio r is defined in the next chapter as mass of water
vapor contained in each kg of dry air. If you ap-
proximate the eddy diffusivity for moisture, K¢, as
equaling that for heat and if the vertical gradients
are measured across the same air layer Az, then you
can write the Bowen ratio as:

JA)

B=vy.-— 3.57
TS (3.57)

for a psychrometric constant defined as y= C,/L,
= 0.4 (Swater Vapor/ kgair)'K_l'

Eq. (3.57) is appealing to use in field work because
the difficult-to-measure fluxes have been replaced
by easy-to-measure mean-temperature and humid-
ity differences. Namely, if you erect a short tower in
the surface layer and deploy thermometers at two
different heights and mount hygrometers (for mea-
suring humidity) at the same two heights (Fig. 3.11),
then you can compute B. Don't forget to convert the
temperature difference to potential-temperature dif-
ference: A@ =T, ~—T;+ (0.0098 Km™)-(z; - zy) .

With a bit of algebra you can combine egs. (3.57,
3.56, 3.54, and 3.52) to yield effective surface sensible
heat flux in dynamic units (W m=2) as a function of
net radiation:

-09- F*
Fy=—f— (3.58)

+1
v-AO

or kinematic units (K m s™1):
-09-F*

A g (3.59)
Y-AB
A bit more algebra yields the latent heat flux (W
m~2) caused by movement of water vapor to or from
the surface: _09. F *

Fy =

Fr = (3.60)
LAG + 1
Ar
or in kinematic units (K m s™1):
-09-F*
+1
Ar

The next chapter shows how to convert latent heat-
flux values into waver-vapor fluxes.

If you have found sensible heat flux from egs.
(3.58 or 3.59), then the latent heat flux is easily found
from:

PE =—O.9'F*—PH (362)

or

Fr=-09-F*—Fy (3.63)

Sample Application
If the net radiation is —800 W-m=2 at the surface over
a desert, then find sensible, latent, and ground fluxes.

Find the Answer
Given: F* = -800 W-m™2

B =10 for arid regions
Find: By, Frand F; =? Wm™2

Because negative F* implies daytime, use X = 0.1 in eq.
(3.54): Fg= 01 F*=0.(-800 Wm=2) = -80 W-m~

Egs. (3.52 & 3.56) can be manipulated to give:
Fr= @E;-F)/(1+B)
Fy= BE;-F)/(1+B)
Thus,
Fr= (80 + 800 Wm™) / (1 + 10)
=65.5 W-m~2

Fy=10-(=80 + 800 W-m™2) / (1 + 10)
= 654.5 W-m™2

Check: Physics and units are reasonable. Also, we
should confirm that the result gives a balanced energy
budget. So apply eq. (3.52):

0= P+PH +FE_FG ?27?
0 = —800 + 654.5 + 65.5 + 80 W-m=2 True.

Exposition: Although typical values for the Bowen
ratio were given on the previous page, the actual value
for any given type of surface depends on so many fac-
tors that it is virtually useless when trying to use the
Bowen ratio method to predict surface fluxes. How-
ever, the field-measurement approach shown in the
figure below and in egs. (3.58 - 3.63) does not require
an a-priori Bowen ratio estimate. Hence, this field ap-
proach is quite accurate for measuring surface fluxes,
except near sunrise and sunset.

ventilated or aspirated
z A instrument shelters
at 2 heights in sfc. layer

TrZ

net
radiometer

Y

wind
10 to 30 m tall
mast or tower

Figure 3.11

Field set-up for getting surface effective sensible and latent heat
fluxes using the Bowen-ratio method. (T, r) are (thermometers,
hygrometers) that are shielded from sunlight using ventilated
instrument shelters. The net radiometer measures IF*.
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Sample Application
A Bowen-ratio field site observes the following:

index z (m) T (°C) ugvaporﬁgair)
2 15 16 7 .
1 1 20 12

with, B* =—-650 W-m=2 . Find all surface fluxes.

Find the Answer
Given: info above.
Find: surface dynamic fluxes (W-m=2) g, Fy,F;=?

First step is to find A®:

AB = T2 - T] + (00098 K m‘l)-(zz - Zl)
16 K-20 K + (0.0098 K m™1)-(15m — 1m)
= -4K+0137K = -3.86K

Apply eq. (3.58)

—0.9-(-650W-m™2)
(=58 vap /Kgair) +1
[0-4(gvap /kgair)'K_ll'(_3-86K)

Fy=

FH =M_2

Next, apply eq. (3.62):
Pp = 09F - By
=-09-(-650 Wm~2) - 138. W-m2
=447 W-m™?

Finally, apply eq. (3.54): Bg =0.1F* =-65W m2.

Check: Physics & units are reasonable. Also, all the
flux terms sum to zero, verifying the balance.
Exposition: The resulting Bowen ratio is B = 138/447
= 0.31, which suggests the site is irrigated farmland.

Sample Application
If wind speed is 30 km h~! and actual air tempera-
ture is —25°C, find the wind-chill index.

Find the Answer
Given: M =30kmhl, T, =-25°C,
Fil’ld: Twind chill = ? °C.

Apply eq. (3.64a):
Topind chitl =[0.62+(-25°C) +13.1°C| +

30km/h ]0'16

[0.51-(-25°C)— 14.6°C]-(m
= [-24°C] +[-274°C]-(1.34) ==39.1°C

Check: Physics and units are reasonable. Agrees
with a value interpolated from Table 3-1.

Exposition: To keep warm, consider making a fire
by burning pages of this book. The book is easier to
replace than your fingers, toes, ears, or nose.
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APPARENT TEMPERATURE INDICES

Warm-blooded (homeothermic) animals in-
cluding humans generate heat internally via metab-
olism of the food we eat with the oxygen we breathe.
But we also rely on heat transfer with the environ-
ment to help maintain an internal core tempera-
ture of about 37°C (= 98.6°F). (Our skin is normally
cooler — about 33.9°C = 93°F). Heat transfer occurs
both via sensible heat fluxes (temperature difference
between air and our skin or lungs) and latent heat
fluxes (evaporation of moisture from our lungs and
of perspiration from our skin).

The temperature we “feel” on our skin depends
on the air temperature and wind speed (as they both
control the bulk heat transfer between our skin and
the environment) and on humidity (is it affects how
rapidly perspiration evaporates to cool us).

Define a reference state as being a person walk-
ing at speed M, = 4.8 km h™! through calm, moder-
ately dry air. The actual air temperature is defined
to be the temperature we “feel” for this reference
state.

The apparent temperature is the temperature
of a reference state that feels the same as it does for
non-reference conditions. For example, faster winds
in winter make the temperature feel colder (wind
chill) than the actual air temperature, while higher
humidities in summer make the air feel warmer
(humidex or heat index).

Wind-Chill Temperature

The wind-chill temperature index is a mea-
sure of how cold the air feels to your exposed face.
The official formula, as revised in 2001 by the USA
and Canada, for wind chill in °C is:

0.16
Twind chill = (a'Tair + Tl)+ (b'Tair - TZ)'(_]

forM>M, (3.64a)
and
Tvind chitt = Tair forM<M, (3.64b)
where a =062, b=051, T; =131°C,and T, =
14.6°C. M is the wind speed measured at the official
anemometer height of 10 m. For M < M,, the wind
chill equals the actual air temperature. This index
applies to non-rainy air.

Fig. 3.12 and Table 3-3 show that faster winds and
colder temperatures make us “feel” colder. The data
used to create eq. (3.64) was from volunteers in Can-
ada who sat in refrigerated wind tunnels, wearing
warm coats with only their face exposed.
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At wind chills colder than -27°C, exposed skin
can freeze in 10 to 30 minutes. At wind chills colder
than —48°C: WARNING, exposed skin freezes in 2 to
5 min. At wind chills colder than —-55°C: DANGER,
exposed skin freezes in less than 2 minutes. In this
danger zone is an increased risk of frostbite (fin-
gers, toes, ears and nose numb or white), and hypo-
thermia (drop in core body temperature).

Humidex and Heat Index

On hot days you feel warmer than the actual air
temperature when the air is more humid, but you
feel cooler when the air is drier due to evaporation of
your perspiration. In extremely humid cases the air
is so uncomfortable that there is the danger of heat
stress. Two apparent temperatures that indicate
this are humidex and heat index.

The set of equations below approximates Stead-
man’s temperature-humidity index of sultriness (i.e.,
a heat index): )

RH-e .

Theat index(°C) =Tg + [T —Tg ] ’ (m] (3652

where e = 1.6 kPa is reference vapor pressure, and

TR(°C)=0.8841-T +(0.19°C) (3.65b)

p=(0.0196°C™1)-T +0.9031 (3.65¢)

1 1
KPa) = 0.611-exp| 5423 -
es(kFe) exl{ (273.15 (T+273.15)H

(3.65d)

The two input variables are T (dry bulb temperature
in °C), and RH (the relative humidity, ranging from
0 for dry air to 100 for saturated air). Also, Tk (°C),
and p are parameters, and e, is the saturation vapor
pressure, discussed in the Water Vapor chapter. Egs.
(3.65) assume that you are wearing a normal amount
of clothing for warm weather, are in the shade or
indoors, and a gentle breeze is blowing.

The dividing line between feeling warmer vs.
feeling cooler is highlighted with the bold, under-
lined heat-index temperatures in Table 3-4.

In Canada, a humidex is defined as

Thumidex (°C) =T(°C)+a-(e - b) (3.66a)
where T is air temperature, a = 5.555 (°C kPa™}), b =
1 kPa, and

(3.66b)

e(kPa)=0.611-exp| 5418 1 _ L
273.16 [T;(°C)+273.16]

Table 3-3. The wind-chill-index temperature (°C).
Wind Speed

km- msl| -40 -30 -20 -10 0 10
hl

60 16.7 | -64 50 -36 23 -9 5
50 139 | -63 49 35 22 -8 6
40 11.0 | -61 48 -34 -21 -7 6
7
8
9

Actual Air Temperature (°C)

30 83 | -58 -46 -33 20 -6
20 56 | 56 -43 31 18 -5
10 28 | 51 -39 27 -15 -3
0 0 -40 -30 20 -10 0 10

]
o

0°C —20°C

o
o
|

Wind Speed (km h™1)
o & 8 8 &
| | | |

10 0 -10 -20 -30 —40
Actual Air Temperature (°C)

Figure 3.12
For any wind speed M and actual air temperature T read the
wind-chill temperature index (°C) from the curves in this

graph.

Table 3-4. Heat-index apparent temperature (°C).

Rel. Actual Air Temperature (°C)
Hum.

(%) 20 25 30 35 40 45 50
100 21 29 41 61

90 21 29 39 57

80 21 28 37 52

70 20 27 35 48

60 20 26 34 45 62

50 19 25 32 41 55

40 19 24 30 38 49 66

30 19 24 29 36 44 56

20 18 23 28 33 40 48 59
10 18 23 27 32 37 42 48
0 18 22 27 31 36 40 44
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Sample Application

Use the equations to find the heat index and hu-
midex for an air temperature of 38°C and a relative
humidity of 75% (which corresponds to a dew-point
temperature of about 33°C).

Find the Answer
Given: T=38°C, RH=75%, T;=33°C
Find:  Thearindex =? °C , Thumidex =7 °C

For heat index, use egs. (3.65):

T =0.8841 - (38) + 0.19 = 33.8°C (3.65b)
p=0.019 - (38) + 09031 = 1.65 (3.650)
e, = 0.611-exp[5423-( {1/273.15} — {1/(38+273.15)})]
=69 kPa (3.65d)
Theat index = 338 + [38-33.8](0.75-6.9/1.6)1-65
=62.9°C (3.65a)

For humidex, use egs. (3.66):
e = 0.611-exp[5418-( {1/273.16} — {1/(33+273.16)})]
=5.18 kPa (3.66b)
Thumidex = 38 + 5.555-(5.18-1) = 61.2°C (3.66a)

Check: Units are reasonable. Values agree with ex-
trapolation of Tables 3-4 and 3-5.

Exposition: These values are in the danger zone,
meaning that people are likely to suffer heat stroke.
The humidex and heat index values are nearly equal
for this case.

Table 3-5. Humidex apparent temperature (°C)

Ty Actual Air Temperature T (°C)

cC) | 20 25 30 35 40 45 50
50 118
45 9% | 101
40 77 82 87
35 62 67 72 77
30 49 54 59 64 69
25 37 42 47 52 57 62

20 28 33 38 43 48 53 58
15 24 29 34 39 44 49 54
10 21 26 31 36 41 46 51
5 19 24 29 34 39 44 49
0 18 23 28 33 38 43 48
-5 17 22 27 32 37 42 47
-10 16 21 26 31 36 41 46

T, is dew-point temperature, a humidity variable
discussed in the Water Vapor chapter.

Humidex is also an indicator of summer discom-
fort due to heat and humidity (Table 3-3). Values
above 40°C are uncomfortable, and values above
45°C are dangerous. Heat stroke is likely for hu-
midex > 54°C. This table also shows that for dry air
(T; £ 5°C) the air feels cooler than the actual air tem-
perature.
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TEMPERATURE SENSORS

Temperature sensors are generically called ther-
mometers. Anything that changes with tempera-
ture can be used to measure temperature. Many
materials expand when warm, so the size of the ma-
terial can be calibrated into a temperature. Classical
liquid-in-glass thermometers use either mercu-
ry or a dyed alcohol or glycol fluid that can expand
from a reservoir or bulb up into a narrow tube.

House thermostats (temperature controls) often
use a bimetallic strip, where two different metals
are sandwiched together, and their different expan-
sion rates with temperature causes the metal to bend
as the temperature changes. Car thermostats use a
wax that expands against a valve to redirect engine
coolant to the radiator when hot. Some one-time use
thermometers use wax that melts onto a piece of pa-
per at a known temperature, changing is color.

Many electronic devices change with tempera-
ture, such as resistance of a wire, capacitance of a
capacitor, or behavior of various transistors (therm-
istors). These changes can be measured electroni-
cally and displayed. =~ Thermocouples (such as
made by a junction between copper and constantan
wires, where constantan is an alloy of roughly 60%
copper and 40% nickel) generate a small amount of
electricity that increases with temperature. Liquid
crystals change their orientation with temperature,
and can be designed to display temperature.

Sonic thermometers measure the speed of
sound through air between closely placed transmit-
ters and receivers of sound. Radio Acoustic Sounder
Systems (RASS) transmit a loud pulse of sound up-
ward from the ground, and then infer temperature
vs. height via the speed that the sound wave propa-
gates upward, as measured by a radio or microwave
profiler.

Warmer objects emit more radiation, particu-
larly in the infrared wavelengths. An infrared
thermometer measures the intensity of these emis-
sions to infer the temperature. Satellite remote sen-
sors also detect emissions from the air upward into
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space, from which temperature profiles can be cal-
culated (see the Satellites & Radar chapter).

Even thick layers of the atmosphere expand
when they become warmer, allowing the thickness
between two different atmospheric pressure levels
to indicate average temperature in the layer.

g e W e W T S g W

REVIEW

Three types of heat budgets were covered in this
chapter. All depend on the flow rate of energy per
unit area (J m~2 s71) into or out of a region. This en-
ergy flow is called a flux, where the units above are
usually rewritten in their equivalent form (W m=2).

1) One type is a heat balance at the surface of the
Earth. The surface has zero thickness — hence no
air volume and no mass that can store or release
heat. Thus, the input fluxes must exactly balance
the output fluxes. Sunlight and IR radiation (see the
Radiation chapter) must be balanced by the sum of
conduction to/from the ground and effective turbu-
lent fluxes of sensible and latent heat between the
surface and the air.

2) Another type is an Eulerian budget for a fixed
volume of air. If more heat enters than leaves, then
the air temperature must increase (i.e., heat is stored
in the volume). Processes that can move heat are
advection, turbulence, and radiation. At the Earth’s
surface, an effective turbulent flux is defined that in-
cludes both the turbulent and conductive contribu-
tions. Also, heat can be released within the volume
if water vapor condenses or radionuclides decay.

3) The third type is a Lagrangian budget that fol-
lows a mass of air (called an air parcel) as it rises or
sinks through the surrounding environment. Thisis
trickier because the parcel temperature can change
even without moving heat into it via fluxes, and
even without having water vapor evaporate or con-
dense within it. This adiabatic temperature change
is caused by work done on or by the parcel as it re-
sponds to the changing pressure as it moves vertical-
ly in the atmosphere. For unsaturated (non-cloudy)
air, temperature of a rising air parcel decreases at
the adiabatic lapse rate of 9.8°C km~1. This process
is critical for understanding turbulence, clouds, and
storms, as we will cover in later chapters.

The actual air temperature can be measured by
various thermometers. Humans feel the combined
effects of actual air temperature, wind, and humid-
ity as an apparent air temperature.
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HOMEWORK EXERCISES

Broaden Knowledge & Comprehension
B1(§). For an upper-air weather station near you (or
for a site specified by your instructor), get recent ob-
servation data of T vs. z or T vs. P from the internet,
and plot the result on a copy of the thermodynamic
diagram from this chapter.

B2. For an upper-air weather station near you (or
for a site specified by your instructor), get an al-
ready-plotted recent sounding from the internet.
Find the background isotherm and isobar lines, and
compare their arrangement to the diagram (Fig.
3.4) in this chapter. We will learn more about other
thermo-diagram formats in the Atmospheric Stabil-
ity chapter.

B3. Use the internet to acquire temperatures at your
town and also at a town about 100 km downwind of
you. Also get the wind speeds in both towns and
take an average. Use this average speed to calculate
the contribution of advection to the local heating in
the air between those two towns.

B4. Use the internet to acquire a weather map or
other weather report that shows the observed near-
surface air temperature just before sunrise at your
location (or at another location specified by your in-
structor). For the same location, find a map or report
of the temperature in mid afternoon. From these
two observations, calculate the rate of temperature
change over that time period. Also, qualitatively de-
scribe which terms in the Eulerian heat budget might
be largest. (Hint: if windy, then perhaps advection
is important. If clear skies, then heat transfer from
the solar-heated ground might be important. Access
other weather maps as needed to determine which
physical process is most important for the tempera-
ture change.)

B5. Use the internet to acquire a local weather map
of apparent temperature, such as wind-chill in win-
ter or heat index (or humidex) in summer. If the
map covers your location, compare how the air feels
to you vs. the apparent temperature on the map.

B6. Use the internet to acquire images of 4 different
types of temperature sensors (not 4 models of the
same type of sensor).
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Apply
Al. Find the change in sensible heat (enthalpy) (J)
possessed by 3 kg of air that warms by __°C.

al b2 c¢3 d4 e5 f6 g7

h.8 i9 10 k11 m.12

A2. Find the specific heat Cp of humid air having
water-vapor mixing ratio (8yapor/8dry air) Of:
a.0.010 b.0.012 ¢ 0.014 d.0.016 e.0.018
£.0.020 h.0.022 i.0.024 j.0.026 k. 0.028
m. 0.030

A3. Find the change in latent heat (J) for condensa-
tion of ___ kg of water vapor.

a.02 b.04 c.06 d.08 e 10 £12 g 14
h.16 i.1.8 j.20 k.22 m.24

A4. Find the temperature change (°C) of air given

the following values of heat transfer and pressure

change, assuming air density of 1.2 kg m=3.
Aq(kg?) AP (kPa)

A7. Find the final temperature (°C) of an air parcel
with the following initial temperature and height

change, for an adiabatic process.

Tinitiar °C) Az (km)
a. 15 0.5
b. 15 -1.0
C. 15 1.5
d. 15 -2.0
e. 15 2.5
f. 15 -3.0
g. 5 0.5
h. 5 -1.0
i 5 1.5
i 5 2.0
k. 5 2.5
m 5 -3.0

A8. Using the equations (not using the thermo dia-
gram), find the final temperature (°C) of dry air at a
final pressure, if it starts with the initial temperature
and pressure as given. (Assume adiabatic.)

a. 500 5
b. 1000 5
¢ 1500 5
d. 2000 5
e. 2500 5
£ 3000 5
g 500 10
h. 1000 10
i 1500 10
i, 2000 10
k. 2500 10
m. 3000 10

A5. Find the change in temperature (°C) if an air
parcel rises the following distances while experienc-
ing the heat transfer values given below.

Aq (Jkg™) Az (km)

Tinitial ) Pinitiar (KPa) — Pgypy(kPa)
a. 5 100 80
b. 5 100 50
C. 5 80 50
d. 5 80 100
e. 0 60 80
f. 0 60 50
g 0 80 40
h. 0 80 100
i -15 90 80
j- -15 90 50
k. -15 70 50
m -15 70 100

A9. Same as previous question, but use the thermo
diagram Fig. 34.

A10. Given air with temperature and altitude as
listed below, use formulas (not thermo diagrams) to
calculate the potential temperature. Show all steps
in your calculations.

a. 500 0.5
b. 1000 0.5
¢ 1500 0.5
d. 2000 0.5
e. 2500 0.5
£ 3000 0.5
g 500 1
h. 1000 1
i 1500 1
i, 2000 1
k. 2500 1
m. 3000 1

A6. Given the following temperature change AT
(°C) across a height difference of Az = 4 km, find the
lapse rate (°C km™1):

a2 b5 c10 d.20 e30 £f40 g.50

h.-2 i-5 j.-10 k.20 m.-30

z@m) T(C)
a. 400 30
b. 800 20
¢ 1,100 10
d. 1,500 5
e. 2000 0
f 6000 -50
g. 10,000 -90
h. =30 35
i 700 3
i 1,300 -5
k. 400 5
m. 2,000  -20
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All. Same as the previous exercise, but find the
virtual potential temperature for humid air. Use a
water-vapor mixing ratio of 0.01 gyapor/8dry air if the
air temperature is above freezing, and use 0.0015
8vapor/8dry air if air temperature is below freezing.
Assume the air contains no ice or liquid water.

A12. Given air with temperature and pressure as
listed below, use formulas (not thermo diagrams) to
calculate the potential temperature. Show all steps
in your calculations.

P(kPa) T (°C)

a. 90 30
b. 80 20
c 110 10
d 70 5

e. 85 0

£ 40 45
g 20 -90
h. 105 35
i 75 3
i 60 -5
k. 65 5
m. 50 -20

A13. Same as previous exercise, but use the thermo
diagram Fig. 3.4.

Al4. Instead of equations, use the Fig 3.4 to find the
actual air temperature (°C) given:

P(kPa) 0 (°C)
a. 100 30
b. 80 30
e 60 30
d. 90 10
e. 70 10
£ 50 10
g 80 -10
h. 50 -10
i 20 50

A15(8). Use a spreadsheet to calculate and plot a
thermo diagram similar to Fig. 3.4 but with: iso-
therm grid lines every 10°C, and dry adiabats for
every 10°C from -50°C to 80°C.

A16. Find the rate of temperature change (°C h™1) in
an Eulerian coordinate system with no internal heat
source, given the kinematic flux divergence values
below. Assume Ax = Ay = Az =1km.

AFy (Kms™)  AF, (Kms™)  AF, (Kms™)
a. 1 2 3
b. 1 2 -3
C. 1 -2 3
d. 1 -2 -3

e. -l 2 3
£ 2 -3
g -l -2 3
h -1 -2 -3

A17. Given the wind and temperature gradient, find

the value of the kinematic advective flux gradient
(CCh.

V (ms) AT/Ay (°C 100 km)
a. 5 -2
b. 5 2
C. 10 -5
d. 10 5
e. -5 -2
f. -5 2
g. -10 -5
h. -10 5

A18. Given the wind and temperature gradient, find

the value of the kinematic advective flux gradient
(CCh.

W (m s1) AT/Az (°C km™1)
a 5 -2
b 5 2
c. 10 -5
d. 10 -10
e. -5 -2
f. -5 2
g -10 -5
h -10 -10

A19. Find the value of the conductive flux E, .., (W
m~2) given a change of absolute temperature with
height (T, — T; = value below) across a distance (z;
—-Z1= 1 m):

a-1 b2 c¢-3 d-4e-5 f-6 g-7

h.1 i2 j3 k4 m5 né6 o7

A20. Find the effective surface turbulent heat flux
(°Cm s71) over a forest for wind speed of 10 m s71, air
temperature of 20°C, and surface temperature (°C)
of

a.21 b.22 c.23 d.24 e25 £26 g 27

h.19 118 .17 k. 16 m.15n.14 0.13

A21. Find the effective kinematic heat flux at the
surface on a calm day, for a buoyant velocity scale
of 50 m s71, a mixed-layer potential temperature of
25°C, and with a surface potential temperature (°C)
of:

a. 26 b.28 ¢c.30 d.32 e 34 f36 g 38

h.40 i.42 j. 44 k.46 m.48 n.50

A22. Find the effective kinematic heat flux at the
surface on a calm day, for a Deardorff velocity of 2
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m s, a mixed-layer potential temperature of 24°C,
and with a surface potential temperature (°C) of:
a. 26 b.28 ¢.30 d.32 e 34 f36 g.38
h.40 i.42 j.44 k. 46 m.48 n.50

A23. For dry air, find the buoyancy velocity scale,
given a mixed-layer potential temperature of 25°C,
a mixed-layer depth of 1.5 km, and with a surface
potential temperature (°C) of:

a. 27 b. 30 c.33 d. 36

e. 40 f. 43 g.46  h.50

A24. For dry air, find the Deardorff velocity w- for
an effective kinematic heat flux at the surface of 0.2
Km s71, air temperature of 30°C, and mixed-layer
depth (km) of:

a.04 b.06 c08 d.10

el2 f14 gl6 h18

A25. Find the value of vertical divergence of kine-
matic heat flux, if the flux at the top of a 200 m thick
air layer is 0.10 Km s71, and flux ( K'm s71) at the bot-
tom is:
a.02 Db.018
e.012 £.0.10

c.0.16
g.0.08

d.0.14
h. 0.06

A26. Given values of effective surface heat flux
and boundary-layer depth for daytime during fair
weather, what is the value of the turbulent-flux ver-
tical gradient?

Fry (Kmss™)  z; (km)
a. 0.25 2.0
b. 0.15 1.5
C. 0.1 1.0
d. 0.03 0.3
e. 0.08 0.3
f. 0.12 0.8
g 015 1.0
h. 0.25 1.5

A27. Given a pre-storm environment where the
temperature varies linearly from 25°C at the Earth'’s
surface to —60°C at 11 km (tropopause). What is the
value of the vertical gradient of turbulent flux (K s71)
for an altitude (km) of:
a.01 b.05 c

1 5
h.35 i4 .5

.15 e2 25 g3
.6 m7 n8 o1l
A28. Find the mid-tropospheric maximum value of
heat flux (Km s) for a stormy atmosphere, where
the troposphere is 11 km thick, and the air tem-
perature at the top of the troposphere equals the air
temperature of a standard atmosphere. But the air
temperature (°C) at the ground is:

a.16 b.17 c.18 d. 19 e.20 f21 g.22

h.23 i.24 j.25 k.26 m.27 n.28 0.29

A29. Find the latent-heating rate (°C h™!) averaged

over the troposphere for a thunderstorm when the

rainfall rate (mm h1) is:
a.05 b1 c15 d2

e.25 £f3 g35
h.4 145 ij5 k55 m6 né65o.

7

A30. Given below the net radiative flux (W m™2)
reaching the surface, find the sum of sensible and
latent heat fluxes (W m™2) at the surface. (Hint: deter-
mine if it is day or night by the sign of the radiative
flux.)

a.-600 b.-550 ¢ -500 d.-450 e.—400
£.-350 g.-300 h.-250 1i.-200 j.-150
k.-100 m.-50 n.50 0.100  p.150

A31. Same as the previous problem, but estimate the
values of the sensible and latent heat fluxes (W m2)
assuming a Bowen ratio of:

102 (250

A32. Suppose you mounted instruments on a tower
to observe temperature T and mixing ratio r at two
heights in the surface layer (bottom 25 m of atmo-
sphere) as given below. If a net radiation of -500 W
m~2 was also measured at that site, then estimate
the values of effective surface values of sensible heat

flux and latent heat flux.

index z(m) T(°C) r (gvap/ Kgair)
2 10 Ty 10
1 2 20 15
where T, (°C) is:
a.135 b.13 125 d. 12 e 115 f 11
g.105 h.10 i.95 9 k.85 m. 8

A33. Not only can a stationary person feel wind
chill when the wind blows, but a moving person in
a calm wind can also feel wind chill, because most
important is the speed of the air relative to the speed
of the body. If you move at the speed given below
through calm air of temperature given below, then
you would feel a wind chill of what apparent tem-
perature? Given: M (ms™), T (°C) .

a.5,5 b.10,5 155 d.20,5 e 255

£.30,-10 g.25,-10 h. 20,-10 i. 15,10 j. 10,-10

A34(8). Modify egs. (3.64) to use input and output
temperatures in Fahrenheit and wind speeds in
miles per hour. Calculate sufficient values to plot a
graph similar to Fig 3.12 but in these new units.

A35. Find the heat index apparent temperature (°C)
for an actual air temperature of 33°C and a relative
humidity (%) of:

a5 b.10 c.20 d.30 e. 40 £.50 g. 60

h.70 175 j.80 k.8 m.90 n.90
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A36. Find the humidex apparent air temperature
(°C) for an actual air temperature of 33°C and a dew-
point temperature (°C) of:
a.325 b.32 c.31 d.30 e29 f28 g27
h. 26 .25 .23 k.20 m.15n.10 0.5

Evaluate & Analyze

El. Assume that 1 kg of liquid water initially at 15°C
is in an insulated container. Then you add 1 kg of
ice into the container. The ice melts and the liquid
water becomes colder. Eventually a final equilibri-
um is reached. Describe what you end up with at
this final equilibrium?

E2. Explain in your own words why the units for
specific heat C, (J’kg~1-K™1) are slightly different than
the units for the latent heat factor L (Jkg™). (Hint:
read the INFO box on Internal Energy.)

E3. Explain in your own words why the magnitude
of C, should be larger than the magnitude of C,.
(Hint: read the INFO box on Cp vs. Cp).

E4. Consider the INFO box on C, vs. C;, with Fig.
3L.3c representing an initial state at equilibrium.
Suppose you add some weight to the piston in Fig (c)
causing the piston to become lower to reach a new
equilibrium, but no thermal energy is added (Ag = 0).
Describe what would happen to: (a) the molecules
on average, (b) the gas temperature in the cylinder,
(c) the air density in the cylinder, and (d) the air
pressure in the cylinder.

E5. For the First Law of Thermodynamics (eq. 3.4d)
which term(s) is are zero for a process that is:
a. adiabatic b. isothermal c. isobaric

E6. Start with eq. (3.4) and use algebra to derive equa-
tion (3.5). What did you need to assume to do this
derivation? Does the result have any limitations?

E7. For Fig. 3.2, speculate on other processes not list-
ed that might affect the air-parcel temperature.

E8. Using Fig. 3.3, explain in your own words the
difference between a process lapse rate and an envi-
ronmental lapse rate. Can both exist with different
values at the same height? Why?

E9. Eq. (3.7) tells us that temperature of an adiabati-
cally rising air parcel will decrease linearly with in-
creasing height. In your own words, explain why
you would NOT expect the same process to cause

temperature to decrease linearly with decreasing
pressure.

E10. If an air parcel rises isothermally (namely, heat
is added or subtracted to maintain constant tem-
perature), then what would happen to the potential
temperature of the air parcel as it rises?

E11. Chinook winds (also known as foehn winds)
consist of air descending down the lee slope of a
mountain and then continuing some distance across
the neighboring valley or plain. Why are Chinook
winds usually warm when they reach the valley?
(Hint: consider adiabatic descent of an air parcel.)

E12. In the definition of virtual potential tempera-
ture, why do liquid water drops and ice crystals
cause the air to act heavier (i.e., colder virtual po-
tential temperature), even though these particles are
falling through the air?

E13. First make a photocopy of Fig. 3.4, so that you
can keep the original Thermo Diagram clean.

a) On the copy, plot the vertical temperature profile
for a standard atmosphere, as defined in Chapter 1.
Suppose that this standard profile represents back-
ground environmental air.

b) On this same diagram, plat a point representing
an air parcel at (P, T) = (100 kPa, 15°C). If you adia-
batically lift this parcel to 50 kPa, what is its new
temperature?

¢) Is the parcel temperature a 50 kPa warmer or cold-
er than the environment at that same pressure?

E14(§). For a standard atmosphere (see Chapt. 1),
calculate potential temperature O at z =0, 2,4, 6, §,
10 km altitudes. Plot 8 along the bottom axis and z
along the vertical axis.

E15(§). Thermo diagrams often have many different
types of lines superimposed. For example, on the
background T vs. log-P diagram of Fig. 3.4 is plotted
just one type of line: the dry adiabats. Instead of
these adiabats, start with the same background of a
T vs. log-P diagram, but instead draw lines connect-
ing points of equal height (called contour lines). To
calculate these lines, use the hypsometric equation
from chapter 1 to solve for P vs. (z, T). Do this for
the z = 2, 4, 6, §, 10 km contours, where for any one
height, plug in different values of T to find the cor-
responding values of P that define the contour.

E16. For advection to be a positive contribution (i.e.,
causing heating) and for wind that is in a positive
coordinate direction, explain why the correspond-
ing temperature gradient must be negative.
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E17. Suppose that mild air (20°C at 10 m altitude)
rests on top of a warm ocean (26°C at the surface),
causing convection (vertical overturning of the
air). If there is no mean horizontal wind, then the
effective heat flux at the surface has what value? As-
sume a mixed layer that is 1200 m thick with average
thermodynamic state of 7 = 0.01 gyapor/8air and 6 =
15°C.

E18. Light travels faster in warm air than in cold.
Use this info, along with Fig. 3.7, to explain why in-
ferior mirages (reflections of the sky) are visible on
hot surfaces such as asphalt roads. (Hint: Consider
a wave front that is moving mostly horizontally, but
also slightly downward at a small angle relative to
the road surface, and track the forward movement
of each part of this wave front — an optics method
known as Huygens’ Principle. See details in the at-
mospheric Optics chapter.)

E19. Under what conditions would egs. (3.34 - 3.35)
be expected to fail? Why?

E20. Use egs. (3.37) and (3.39) to solve for the heat
flux as a function of the temperature difference.

E21. In Fig. 3.8, the heat flux is greatest at the height
where there is no change in the vertical temperature
profile from before to after a storm. Why should
that be the case?

E22. How fast does air temperature change if only
if the only thermodynamic process that was active
was direct IR cooling?

E23. In a thunderstorm, the amount of water con-
densation in the troposphere is often much greater
than the amount of rain reaching the ground. Why
is that, and how might it affect the heat budget aver-
aged over the whole thunderstorm depth?

E24. Eq. (3.51) has what limitations?

E25. Comment on the relative strengths of advective
vs. latent heating in an Eulerian system, given V =
5m s, AT/Ay = -5°C/1000km, and 1 g/kg of water
condenses every 5 minutes.

E26. Create a figures similar to Fig. 3.9, but for:
a) daytime over a white concrete road,
b) nighttime black asphalt road.

E27. It is sometimes said that conductive heat flux
into the ground is a response to radiative forcings
at the surface. Is that statement compatible with the

crude parameterization presented in this book for
flux into the ground? Explain.

E28. What is the initial rate of change of average
mixed-layer air temperature with horizontal dis-
tance downwind if the air is initially 5 °C colder
than the water, given that the air blows over the wa-
ter at speed 15 m s1? Consider entrainment into the
top of the mixed layer, but neglect other heating or
cooling processes.

E29. Can the parameterizations (eqs. 3.58 - 3.61) ac-
tually give a balanced heat budget? For what types
of situations are these parameterizations valid?

E30. (§). Suppose that we used the heat transfer eq.
(3.35) as a basis for deriving wind chill. The result
might be a different wind-chill relationship:

(3.67)

0.16
M+M
Topind chitt = Ts + (Toir = Ts)'{b ta (To] ]+ T,
0

where T, = 34.6°C is an effective skin temperature,
and where,a=0.5,b=0.62,T,=4.2°C,and M, =4.8
km h~L. Plot this equation as a graph similar to Fig.
3.12, and comment on the difference between the
formula above and the actual wind-chill formula.

E31. Notice in Fig. 3.12 that the curves bend the most
for slow wind speeds. Why might you expect this to
be the case?

Synthesize

S1. Describe the change to the ocean if condensation
caused cooling and evaporation caused heating of
the air. Assume dry air above the ocean.

S2. Suppose that zero latent heat was associated
with the phase changes of water. Describe the pos-
sible changes to climate and weather, if any?

S3. Describe the change to the atmosphere if rising
air parcels became warmer adiabatically while sink-
ing ones became cooler.

S4. Suppose that for each 1 km rise of an air parcel,
the parcel mixes with an equal mass of surrounding
environmental air. How would the process lapse
rate for this rising air parcel be different (if at all)
from the lapse rate of an adiabatically rising air par-
cel (having no mixing).

S5. Macro thermodynamics (the kind we've used in
this chapter) considers the statistical state of a large
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collection of molecules that frequently collide with
each other, and how they interact on average with
their surroundings. Can this same macro thermo-
dynamics be used in the exosphere, where individ-
ual air molecules are very far apart (i.e.,, have a large
mean-free path) and rarely interact? Why? Also,
explain if how heat budgets can be used in the exo-
sphere.

56. Could there be situations where environmental
and process lapse rates are equal? If so, give some
examples.

S7. Suppose that the virtual potential temperature
was not affected by the amount of solid or liquid
water in the air. How would weather and climate
change, if at all?

S8. The background of the thermo diagram of Fig.
34 is an orthogonal grid, where the isotherms are
plotted perpendicular to the isobars. Suppose you
were to devise a new thermo diagram with the dry
adiabats perpendicular to the isobars. On such a
diagram, how would the isotherms be drawn? To
answer this, draw a sketch of this new diagram,
showing the isobars, adiabats, and isotherms. (Do
this as a conceptual exercise, not by solving equa-
tions to get numbers.)

59. Describe changes to Earth’s surface heat balance
if the geological crust was 1 km thick aluminum
(an excellent conductor of heat) covering the whole
Earth.

510. Suppose you were on a train moving in a
straight line at constant speed. You make measure-
ments of the surrounding environmental air as the
train moves down the track.

a) If the environmental air was calm, do you
think your measurements are Eulerian, Lagrangian,
or neither? Explain.

b) If the environmental air was moving in any
arbitrary speed or direction, do you think your mea-
surements are Eulerian, Lagrangian or neither? Ex-
plain.

¢) Try to create a heat budget equation that works
in the framework, given your constant speed of
translation of M,,

S11. Describe how atmospheric structure, climate,
and weather would change if the troposphere were
completely transparent to all IR radiation, but was
mostly opaque to solar radiation.

S12. Describe how errors in surface sensible and la-
tent heat flux estimates would increase as the tem-
perature and humidity differences between the two
measurement levels approached zero.

513. The wind-chill concept shows how it feels cold-
er when it is winder. For situations where the wind
chill is much colder than the actual air temperature,
to what temperature will an automobile engine
cool after it is turned off? Why? (Assume the car is
parked outside and is exposed to the wind.)
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Sample Application

[This sample applies to eqs. 3.1 and 3.3, but was put here
on the last page of the chapter because there was no room for
it earlier in the chapter.]

How much dew must condense on the sides of a
can of soda for it to warm the soda from 1°C to 16°C?

Hints: Neglect the heat capacity of the metal can.
The density of liquid water is 1000 kgm=3. Assume
the density of soda equals that of pure water. Assume
the volume of a can is 354 ml (milliliters), where 11 =
103 m3.

Find the Answer

Given: puer = 1000 kgm3.
Cliq =4200 I-kg_l-K_l
Volume (Vol) in Can = 354 ml
Loong = + 2.5x106 Tkg1

AT =15K
Find: Volume of —>

Condensate ) AT vapor
Sketch:

Equate the latent heat release by condensing water
vapor (eq. 3.3) with the sensible heat gained by fluid in
the can (eq. 3.1)

AQp = AQy
Peondensate: (AVol of Condensate)Lopg =
Psoda- (VoI ofCan)-Cliq-AT

Assume the density of condensate and soda are
equal, so they cancel. The equation can then be solved
for AVolume of Condensate.

AVolume of Condensate = (Vol of Can)-Cjg-AT Ly
= (354 ml)-(4200 Jkg LK1)-(15 K) (2.5x106 J-kg )
=8.92ml

Check: Units OK. Sketch OK. Physics OK.
Exposition: Latent heats are so large that an amount
of water equivalent to only 2.5% of the can volume
needs to condense on the outside to warm the can by
15°C. Thus, to keep your can cool, insulate the outside
to prevent dew from condensing.
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Water vapor is one of the gases in air. Unlike ni-
trogen and oxygen which are constant in the bottom
100 km of the atmosphere, water-vapor concentration
can vary widely in time and space. Most people are
familiar with relative humidity as a measure of wa-
ter-vapor concentration because it affects our body’s
moisture and heat regulation. But other humidity
variables are much more useful in other contexts.

Storms get much of their energy from water vapor
— when water vapor condenses or freezes it releases
latent heat. For this reason we carefully track water
vapor as it rises in buoyant thermals or is carried by
horizontal winds. The amount of moisture available
to a storm also regulates the amount of rain or snow
precipitating out.

What allows air to hold water as vapor in one
case, but forces the vapor to condense in another?
This depends on a concept called “saturation”.

g e W e W T g W

VAPOR PRESSURE AT SATURATION

Total atmospheric pressure is the sum of the
partial pressures of all the constituents. For water
vapor, the partial pressure is called the vapor pres-
sure, e. Vapor pressure has units of kPa.

Gases in the air can mix with any relative pro-
portions. However, for water vapor, there is a criti-
cal water-vapor concentration, known as the satu-
ration humidity. Above this critical value, water
vapor condenses faster than it evaporates, thereby
reducing the water-vapor concentration back to the
critical value. At this critical value, the air is said to
be saturated, and the vapor is in equilibrium with
liquid water. Let e, represent the saturation vapor
pressure at equilibrium over pure water having a
flat surface.

It frequently happens that air holds less than the
critical value, and is said to be unsaturated. For
this case, e < ¢,

Although any portion of water vapor can be held
in air, it is rare for the vapor pressure to be more than
1% greater than the saturation value. Air having e
> ¢, is said to be supersaturated. Supersaturated
air can occur as a transient condition while excess
water vapor is condensing onto available surfaces
such as on dust particles called cloud condensation

87
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e (kPa)

-20 0 20 40
T(°C)

Figure 4.1
Pure-water saturation vapor pressure over a flat water surface.

Sample Application

Air of temperature 30°C has what value of ¢;?

Find the Answer
Given: T = 30°C =303.15 K
Find: e, = ? kPa for over liq. water. Apply eq. (4.1a).

1 1
e, =(0.61 13kPa)-exp[(5423K)~(273 K ABIEK H

= (0.6113 kPa)-exp(1.96473) = 4.36 kPa

Check: Physics reasonable, & agrees with Table 4-1.
Exposition: At saturation for this T, water-vapor par-
tial pressure is only 4.3% of total pressure P~101.3 kPa.

T(°C)
—40 —20
0.03 -

8 - % MEEEIEN
2] -
(0] | O 2 T \
| 50 s \
5% = WL 7 !
g \\)(é\"; unsaturated wrt liquid, v
2 001 el supersaturated wrtice ~ *
(0] L~

0 | saturated wrt ice | , I .

Figure 4.2

Ice & liquid saturation vapor pressures. (wrt = with respect to).

T(°C)

nuclei. However, photographs of air flow over air-
craft wings for both subsonic and supersonic flight
through humid air indicate that condensation to
form cloud droplets occurs almost instantly.

During the equilibrium state (i.e., at saturation)
there is a balance between the rate of evaporation
from the liquid and the rate of condensation from
vapor. Liquid-water temperature controls the rate
of evaporation, and humidity (water-vapor concen-
tration in air) controls the rate of condensation.

Warmer liquid temperatures cause greater evap-
oration rates, which allow the humidity in the air
to increase until a new balance is attained. The op-
posite is true for colder temperatures. For a situa-
tion where the air and liquid water temperatures
are equal, we conclude that colder air has a smaller
capacity for holding water vapor than warmer air.

This relationship between saturation vapor pres-
sure and temperature is approximated by the Clau-
sius-Clapeyron equation:

*(4.1a)

where the water-vapor gas constant is R, = 461
JK kg, T, =27315K, ¢, = 0.6113 kPa, and L is a la-
tent-heat parameter. Temperatures in this equation
must have units of Kelvin.

This equation works for saturation over both lig-
uid water and solid water (ice) surface if these surfac-
es are flat. For liquid water the latent heat of vapor-
ization L =L,=2.5x10°J kg, giving L,/R,=5423K.
For ice the latent heat of deposition L =L, = 2.83x10°
Jkgand Ly/R, = 6139 K.

The exponentially-shaped curve described by eq.
(4.1a) is plotted in Fig. 4.1, with corresponding data
values listed Table 4-1. One interpretation of this
curve is that as unsaturated humid air is cooled, a
temperature is reached at which point the air is sat-
urated. Further cooling forces some water vapor to
condense into liquid, creating clouds and rain and
releasing latent heat. Hence, the Clausius-Clapeyron
equation is important for understanding storms.

In the atmosphere it is possible for liquid water
to remain unfrozen at temperatures down to —40°C.
Such unfrozen cold water is said to be supercooled.
The difference between saturation values of water
vapor over supercooled liquid water and ice is plot-
ted in Fig. 4.2.

The Clausius-Clapeyron equation also describes
the relationship between actual (unsaturated) wa-
ter-vapor pressure ¢ and dew-point temperature (T},
to be defined later):
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L1 1
—e - — == 4.1b
e=e, exp|:9tv (To T, J] (4.1b)

where T, = 27315 K and ¢, = 0.6113 kPa as before.
Use, L/R, = L,/R, =5423 K for liquid water, and use

Li/R, = 6139 K for ice.

The latent-heat parameter L varies slightly with
temperature. Taking that into account, a different
approximation known as Tetens” formula has
been suggested for saturation vapor pressure e, as a

function of temperature (7, in Kelvins):

b(T—Tp]

es =eo-exp|: T-T,

where b=17.2694, ¢,=0.6113 kPa, T; =273.15K, and

T, =35.86 K.

4.2)

Sample Application

How do the vapor pressure values from Tetens’
formula differ from those of the Clausius-Clapeyron
equation, as a function of temperature?

Find the Answer
Use a spreadsheet to solve eqgs. (4.1a) and (4.2) .

10 L IIIIIII L

0.1+

0.01

40 20 0 20 40
T(°C)

Check: Physics and units are reasonable.
Exposition: The difference between both formulas
are very small — often smaller than other uncertain-
ties in measurements of temperature or humidity. So
you can be confident using either equation.

HIGHER MATH e Clausius-Clapeyron Eq.

Rudolf Clausius and Benoit Paul Emilie Clapeyron
were engineers trying to improve steam engines dur-
ing the 1800’s. They independently made laboratory
measurements of water vapor pressure at saturation
es, and found the following empirical relationship:

b bl Lr

dT Tlpy pPL
where p; is liquid-water density, and p, is water-va-
por density (i.e., absolute humidity). The liquid-

water density is so much greater than the water-vapor
density that the above equation can be approximated

by: de, L,

ar =T
The relationship between saturation vapor pres-

sure and the absolute humidity is given by the ideal
gas law for water vapor:

€s = pv'mv T

where the water-vapor gas constant is R, = 4.615x10~*
kPa K1 (g m=3)~L. You can solve the ideal gas law for
pp , which you can then use in the previous eq:

des _ Ly-es
dT _931).]"2

This equation admits a solution if you separate the
variables to put all terms involving T on the right, and
all those involving e, on the left:

des _ L, dT
e Ry T
Next, integrate between some known condition (g, at

T,) to any arbitrary values of saturation vapor pres-
sure (¢;) and temperature (T):

After integrating you get:

e ) R,|T T,

To get eq. (4.1a) take the exponential (i.e., antilog) of
both sides and then algebraically rearrange to give:

cmon i [t 4]

Details are given in the Atmospheric Thermodynam-
ics book by C. Bohren and B. Albrecht (1998, Oxford
Univ. Press, 402 pp).
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(" INFO « Boiling Point A

Liquids boil when the saturation vapor pressure ¢
equals the ambient pressure P of the atmosphere:

P = ¢
Variation of boiling temperature
with Altitude

We know ¢, as a function of temperature T from
the Clausius-Clapeyon equation, so plug that into the
right side of the equation above. We also know that
ambient atmospheric pressure P decreases exponen-
tially with increasing height z, as was given in Chap-
ter 1, so we can plug that into the left side. This gives

Pooxolm 2 l=e coxp| Lo L1
[ p Hp —to p Stv TO T

where P, = 101.325 kPa, Hp ~729 km, e, =0.6113 kPa,
L, /R, =5423 K, and T, =273.15 K.

Next, divide the left and right sides of the equation
by P,. On the right side, note that ¢,/P, = exp[In(e,/
Py)]. Thus:

L 1 L, 1

H P P, R, T, R, T
Create a new constant called a (dimensionless)
that is the sum of the first two terms inside the square

brackets, because those two terms are constant. Next,
take the In of the right and left sides to give:

le
HERT

Solve this equation for T, which we can re-define as
the boiling point Tjgjine:

L,/ %,

]boilin =
g
a+z/ Hp

Knowing that at sea level (z = 0) the boiling tempera-
ture is 100°C (i.e., Tpojiing = 373.15 K) you can solve for
the dimensionless constant, giving : a = 14.53.

Exposition:

If you solve this equation for various altitudes, you
find that the boiling point decreases by 34°C km.
Thus, Tyjjing = 366.35 K = 93.2°C at 2 km altitude

To soften vegetables to the desired tenderness or
to prepare meats to the desired doneness, foods must
be cooked at a certain temperature over a certain time
duration. Slightly cooler cooking temperatures must
be compensated with slightly longer cooking times.
Thus, you need to cook boiled foods for longer times
at higher altitudes, because boiling happens at a low-

Table 4-1. Values of humidity variables at saturation
(subscript s) over a liquid-water flat surface, for differ-
ent air temperatures T. The same values also relate the
dew-point temperature Ty to the actual humidity. Nota-
tion: e = vapor pressure, r = mixing ratio, g = specific
humidity, p, = absolute humidity. Note that r and g de-
pend on pressure — this table shows their values for
standard sea-level pressure

For P =101.325 kPa

n---

\er temperature. )

0.0203 0.1245 0.1245 0.1886
—35 0.0330 0.2029 0.2029 0.301
-30 0.0528 0.324 0.3241 0.4708
-25 0.0827 0.5079 0.5082 0.7231
20 0.1274 0.7822 0.7828 1.0914
-15 0.1929 1.1848 1.1862 1.6206
-10 0.2875 1.7666 1.7697 2.3697
-5 0.4222 2.5956 2.6024 3.4151
0 0.6113 3.7611 3.7753 4.8546
5 0.8735 5.3795 5.4086 6.8119
10 1.232 7.6005 7.6587 9.4417
15 1.718 10.62 10.73 12.94
20 2.369 14.67 14.89 17.53
25 3.230 20.07 20.48 23.5
30 4.360 27.21 2797 31.2
35 5.829 36.58 3797 41.03
40 7.720 48.8 51.3 53.48
45 10.13 64.66 69.13 69.1
50 13.19 85.18 93.11 88.56
55 17.04 111.7 125.7 112.6
60 21.83 1459 170.8 142.2
Sample Application

For T = 10°C and P = 70 kPa, calculate g, 75, & pys.

Find the Answer
Given: T=10°C = 28315K, P =70kPa
Find: g,=?gkg?l, r,=2gkg?, p,=2gm3

Get eg = 1.232 kPa from Table 4-1 (independent of P).

Apply eq. (4.8) to get g5
qs = 0.622:(1.232 kPa)/(70 kPa) = 0.0109 g g1 ~ 11 g kg !
Apply eq. (4.5) to get rg:
= [0.622:(1.232 kPa)] / [70 kPa - 1.232 kPa]
=0011gg! =111 gkg!

Apply eq. (4.12) to get pyg:
0s = (1232, Pa)/[(461 JK1kg™)-(283.15 K)]
=0.00944 kgm™3 = 9.44 gm3.

Check: Physics and units are reasonable.

Exposition: Table 4-1 could have been used for py; -
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MOISTURE VARIABLES

Table 4-2 (continued across several pages) shows
most of the moisture variables used in meteorology.
Other variables used in the table below include: m
= mass, ¢ = vapor pressure, P = total atmospheric

pressure, R; = 2.871x10~% kPa-Km3-g7! is the gas

constant for dry air, R,

= 4.61x10~* kPaK1lm3.g1

is the gas constant for pure water vapor, P; is the
partial pressure of dry air, p; is the density of dry
air (which is a function of pressure, altitude and
temperature as given by the ideal gas law), and sub-
script s denotes saturation.

| Table 4-2a. Moisture variables.

(contmues on next page)

Specific Humidity | Absolute Humldlty

Symbol: q Po
Units: kgwa’rer vapor kgdry air_1 kgwa’rer vapor kgtotal air_1 kgwa’(er vapor m-
Alternative Units: | gkg™', gg!, kgkg?! | gkg!, ggl, kgkg! kg m™3

_ Mypater vapor

eq. (4.3), divide numerator
and denominator by vol-
ume. But m/Volume is den-
sity. Use ideal gas laws for
water vapor and for dry air,
assuming a common T.

similar to that for eq. (4.4).

o ) Miotal air
Deflnlr.lg Equatlon: Myater vapor (@.6) Myater vapor
(& equation number) | r=——"— 4.3) pp=—7"7— (49
Mary air _ Muyater vapor Volume
Miry air + Muater vapor
_ &e €-e
Pj+e-e P-e-(1-g) Po R T (4.10)
Relationship to Vapor c-e v
Pressure: | "= 4.4 e-ge- e
P-e GO e @7) | py=5 0= epy
g=~— P-e P
P @.11)
e e
T hiree, Pos =g 412)
. €-e “4.8) v
If Saturated: | 7, = 8 e epy e
P—Es (45) c-e c-e pZ)S:s—d s €Py4
qS = 8 = 5 P - es P
P-e,-(1-¢) P (4.13)
Key Constants: | ¢ = R;/R, e = Ry/R, R, = 4.61x10~4
= 0.622 gva}ior 8dry air - = 0.622 gva];ior 8dry air = kPa'K_l'm3'g_l
= 622 g kg~ = 622 g kg~ g =622 gkg!
Typical Values: See Table 4-1. See Table 4-1. See Table 4-1.
Relevance: | ® r is conserved in unsatu- | ® g is conserved in unsatu- | ® easy to measure using ab-
rated air parcels that move | rated air parcels that move | sorption of infrared, ultravi-
without mixing with their | without mixing with their | olet, or microwave radiation
environment. environment. as a function of path length
* not affected by heating, | ® not affected by heating, | through the air.
cooling, pressure changes. | cooling, pressure changes. | e is the concentration of wa-
e used in thermo diagrams. ter vapor in air.
Notes: | Derivation of eq. (4.4): Given | Derivation of eq. (4.7) is | ® Eq. (4.10) is the ideal gas

law for water vapor.

* Eq. (4.11) uses the ideal gas
law for dry air to replace
temperature T.

e T must be in Kelvin.
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| Table 4-2b. Moisture variables.  (continuation)

Variable name: Relative Humidity Dewpoint
Symbol: RH or RH% T,
Units: (dimensionless) (K)
Alternative Units: (%) °O)
“Temperature to which a given air parcel
Defining Equation: e RH% e must be cooled at constant pressure and
. RH=— or =— (4.14a) .
(& equation number) e, 100% e constant water-vapor content in order for
° saturation to occur.”*
-1
q9 Py _ T 1 R e
4s  Pos Ts d To L € ( )
Alternative Definitions: 1
RHY .
o 4 P T @o | 1 =| - Fop[ P N qasp)
100% g5 Pys s T, L e, (r+e)
If Saturated: | RH=10 or RH%=100% (4.14d) T; =T
Key Constants: e, =0.6113 kPa, T,=27315K
R,/L, =1.844x10~4 K~ 1.
€= gtﬂl/ gtv = 0.622 Svapor &dry air_1
Typical Values: | RH =0.0to 1.0 or RH% = 0% to 100% See Table 4-1. T;<T
Relevance: | ® regulates the max possible evaporation | ® easy to measure via cooling a mirror to

into the air.

® easy to measure via: (1) capacitance
changes across a plastic dielectric; (2)
electrical resistance of an emulsion made
of carbon powder; or (3) organic-fiber con-
traction/expansion.

* most used by the general public.

the point where condensation (dew) forms
on it. The temperature at which this first
happens is the dewpoint, as detected by
measuring how well a light beam can re-
flect off the mirror.

e a very accurate method for humidity
measurement.

Notes:

e it is possible to have relative humidities
as high as about 100.5%. This is called
supersaturation (see the Precipitation
Processes chapter).

e T;also called dewpoint temperature.
¢ (T-T;) = dewpoint depression

= temperature dewpoint spread
* Glickman, T. S., 2000: Glossary of Meteorol-
ogy. American Meteorological Society.

Figure 4.3
Relationship between relative humidity and mixing ratio at P
= 101.325 kPa. Grey region is unsaturated. White region is
unphysical (except sometimes for 0.5% of supersaturation).

Use eq. (4.15b):
In{ [(80kPa)-(0.018yapor Sair I /
[(0.6113kPa)-((0.01g g1) +(0.622g g1 }]
=[(1/(273.15K)—(1.844x10~4K1)In(2.07)] ! = 283.78K.
Thus, T, =283.78 - 273.15 = or 10.6°C

Sample Application
Find Tjand RH% forr=10 g kg‘l, P= 80 kPa, T=20°C.

Find the Answer
Given: 7 =0.01 gyapor gair L, P=80kPa, T =20°C
Find: T, =

?°C, and RH% =? %

T, = [(1/(273.15K) — (1.844x10~4 K1)

At T; =10.6°C, eq.4.1b gives e = 1.286 kPa
At T =20°C, Table 4-1 gives e, = 2.369 kPa
Use eq. (4.14a): RH% = 100%-(1.286 kPa/2.369 kPa)
RH% =

54.3%

Check: Magnitude and units are reasonable.
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| Table 4-2c. Moisture variables.  (continuation)

Variable name:

Lifting Condensation Level

Wet-bulb Temperature

(LCL)
Symbol: Z1CL Ty
Units: (km) (K)
Alternative Units: (m) (°O)
Defining Equation:
zrep =a-(T-T, (T - =—L (r—
(& equation number) rer = a-(T-Ty) (416a) | C,(T-Ty)=-L,(r-1,) 4.17)
r=t,—-B-(T-Ty,) (4.18a)
C,/R where
- T-T, r €
Applications: | P, = P-[l - b-(—d ):| (4.16b) | 1, =
LeL T w —c-T,,(°C) (4.18b)
b-P-exp| —%“—=|-1
T,CC)+a
If Saturated: zie, =0, P =P T, = T, for T = dry-bulb temperature
Key Constants:  a= 0125km°CL T; =98°Ckm™ | e=622gkg?!, b=1631kPa’,
b =aT,;=1225 (dimensionless) c=1767, o= 243.5°C,
Cp/%R = 3.5 (dimensionless) B =0.40224 (g kg™)/°C.
Typical Values: 0 to 5km See Figs. 44 & 4.5. T,<T
Relevance: | ® for unsaturated air, it is the height (or | ® easy to measure, by placing a wet wick or
pressure) to which air must be lifted to be- | sleeve around a thermometer bulb, and then
come just saturated (i.e., cloudy). blowing air past the wet bulb (an aspirat-
* is cloud-base altitude for cumulus and | ed psychrometer) or moving the wet bulb
other convective clouds. through the air (a sling psychrometer).
Notes: | ® does NOT give cloud base for stratiform | ® as water evaporates from the wet wick,
clouds, because these clouds are caused by | the adjacent air temperature drops from T
advection (nearly horizontal winds). to T;, while the humidity in this air increas-
e the LCL is also known as the saturation | es from r to r,, until equilibrium heat bal-
level. For saturated air, it is the height to = ance is reached as described by eq. (4.17).
which air must be lowered to become just | ® (T —T,,) is called wet-bulb depression.
unsaturated (eqs 4.16 do NOT apply). e see Normand'’s rule on later pages.
Sample Application Sample Application

For an air parcel at P = 90 kPa with T = 25°C and T
= 8°C, what is the height and pressure of the LCL?

Find the Answer
Given: P=90kPa, T=25°C=29815K, T;=8°C.
Find: Z1CcL = ? km ’ PLCL =?kPa

Use eq. (4.16a)
zrcr = (0125 km OC‘l)-(25 -8°C)
= 2.13 km higher than the initial height

Use eq. (4.16b)
P;cr = (90 kPa)[1 — 1.225-(25-8°C)/298.15K]3-5
= 69.85 kPa

Check: Physics and units are reasonable.
Exposition: The pressure decreases about 10 kPa for
each increase of 1 km of altitude near the surface, the
pressure answer is also reasonable. Indeed, an air par-
cel moving from 90 to 70 kPa rises about 2 km.

You observe a dry-bulb (i.e., normal air) tempera-
ture of T = 25°C, and a wet-bulb temperature of 18°C.
Use the equations to calculate the mixing ratio for P =
90 kPa. Don't use look-up tables or graphs.

Find the Answer
Given: P=90kPa, T=25°C, T, =18°C
Find: r=?gkgl

Firs;, sc_)lve eq. (4.18b): 6220/ kg
¢ (1.631kPa_1)~(9OkPa)-exp(M)—1
ry= 146 kgfl. 18°C +243.5°C
Then solve eq. (4.18a):
r = (14.6g kg1) — [0.40224 (g kg1)/°C]-(25-18°C)
= 11.78 g kg L.

Check: Physics and units are reasonable.
Exposition: Knowing 7, use other egs. to find any
other humidity variable.
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More Wet-bulb Temperature Info

Sample Application . 1
Filzld thlgpmixing ratio and relative humidity for The easiest way for you to ﬁr}d humidity from
air temperature of 12°C and wet-bulb temperature of dry and wet-bulb temperature is to look-up the
10°C. Yes, you may use the graphs this time. humidity in tables called psychrometric tables,
which are often published in meteorology books.
Find the Answer Figures 4.4 and 4.5 present the look-up information
Given: T =12°C, T, =10°C as psychrometric graphs, which were computed

Find: r=?gkg?, and RH=7% from the equations in this Chapter.

To create your own psychrometric tables or
Assume P =101.3 kPa, so we can use Figs. 4.4 & 4.5. graphs, first generate a table of mixing ratios in a

The wet-bulb depression is 12 - 10 = 2°C
Use Fig. 44. r=7gkgl
Use Fig.45. RH=78%.

spreadsheet program, using eqs. (4.18) and (4.19). I
assumed a standard sea-level pressure of P = 101.325
kPa for the figures here. Then contour the resulting
numbers to give Fig. 4.4. Starting with the table of
mixing ratios, use eqs. (4.2), (4.5), and (4.14) to create
a new table of relative humidities, and contour it to

Check: Physics and units are reasonable.
Exposition: Much easier than the Sample Applica-
tions on the previous page. Notice that in Fig. 44, r

depends mostly on T, because the mixing-ratio lines give Fig. 4.5. All of these psychrometric tables and
are mostly horizontal. However, RH% depends most- graphs are based on Tetens’ formula (see eq. 4.2).
ly on T - T, , because the lines in Fig. 4.5 are mostly
vertical.
Wet-Bulb Depression (T —T,,) °C Wet-Bulb Depression (T-T,) °C
01 1. 2 3 4 5 10 20 30 01 1 2 3 4 5 10 20 30
50 S | 50 L 1 1 |11 |
75 =r (g/kg)— EENEEm———— ,
60 - — ! T
— 99% = Relative Humiidit
40 ST 40— 9=0°/ ' &
o
P ] 80%
S
30 ST 30 / A
60%
—/
20/// / 50/%
20 — 15— | 20 / s

VLA

\

|
\
\

T 110 7/ Twet / (/101°V
o —> oG 1% = Relative
(°C) Q/ (C) . / /// Humnidity

B 7
s & W7 4
// .-1 = r (g/kg) //

0
20 L | —20
Figure 4.4 Figure 4.5
Psychrometric graph, to find mixing ratio r from wet and dry- Psychrometric graph, to find relative humidity from wet and
bulb temperatures. Based on P = 101.325 kPa. Caution, the dry-bulb temperatures. Based on P = 101.325 kPa. Caution,
darker vertical lines mark scale changes along the abscissa. the darker vertical lines mark scale changes along the abscissa.
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It is easy to calculate other humidity variables
such as mixing ratio or relative humidity from
known values of T and T,,. Egs. (4.18) and Figs 4.4
and 4.5 are examples of this.

However, going the opposite way is more diffi-
cult. If you are given other humidity variables it is
hard to find the wet-bulb temperature. Namely, to
use the equations or figures mentioned above, you
would need to iterate to try to converge on the cor-
rect answer.

Instead, there are two methods to estimate T,
One is an empirical approximation (given below),
and the other is a graphical method called Nor-
mand’s Rule (given on the next page).

The empirical approximation for T;, (in °C) at sea
level is a function of air temperature T (in °C) and
relative humidity RH% (e.g., using 65.8 to represent

65.8%):
4.19)

T,, =~ T-atan[0.151977(RH% + 8.313659)"/ 2] - 4.686035

+atan(T + RH %) — atan(RH % — 1.676331)
+0.00391838-(RH%)*/? atan(0.023101-RH%)

where the arctangent (atan) function returns values
in radians. [CAUTION: If your software returns
arctan values in degrees, be sure to convert to radi-
ans before you use them in the equation above ]

Sample Application

Given an air temperature of 20°C and a relative hu-
midity of 50%, use the empirical method to estimate
the wet-bulb temperature at sea level.

Find the Answer
Given: T =20°C, RH% =50
Find: T,=?°C

Apply eq. (4.19:

T,, = 20-arctan[0.151977-(50 + 8.313659) /2
+arctan(20+ 50)
—arctan(50 — 1.676331)

+0.00391838-(50)>/?-arctan(0.023101-50)
—4.686035
T, =13.7°C

Check: Units reasonable. Agrees with Fig. 4.5.
Exposition: Although this equation had many terms,
it needed to be solved only once. Contrast this with
iterative methods, which require repeated solutions of
equations in order to converge to an answer.

Sample Application

The air temperature is T = 20°C and the mixing
ratio is 7.72 g/kg (which you might have found using
a psychrometer with a wet-bulb temperature of 14°C).
Use the equations to calculate the relative humidity for
P =100 kPa. Don’t use look-up tables or graphs.

Find the Answer
Given: T=20°C, r=772gkg™l, P=100kPa
Find: RH=?%

First, use Tetens’ formula (4.2), with the trick that AT
= T(K) - T{(K) = [T(°C)+273.15] - 273.15 = T(°C) , and
remembering that for temperature differences: 1°C =
1K.

eg = O.611(kPa)~exp|:

17.2694-(20K)
(20+273.15)K — 35.86K

eg = 2.34 kPa.

Next, use this in eq. (4.5):
. (622g/kg)-2.34kPa
° [101.325-2.34]kPa

Finally, use eq. (4.14): RH = 100%-(r/r,)
RH =100% - (7.72/14.7) = 52.5%

=14.7g/kg

Check: Physics and units are reasonable.
Exposition: What a lot of work. If we instead had
used psychrometric graph (Fig. 4.5) with T, = 14°C
and T-T, = 6°C, we would have found almost the
same relative humidity much more easily.
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Sample Application
For air of T =25°C and T;; = 18°C at P = 100 kPa, find
T, Use T, = 4.42°C km!in Normand’s Rule.

Find the Answer

Given: P=100kPa, T=25°C, T;=18°C,
I, =442 °C km™

Find: T, =7?°C

According to Normand'’s Rule:
First, use eq. (4.16):

zrcr = (0125 km °C1)-(25 - 18°C) = 0.875 km.
Next, use eq. (4.20):

Trcr =25 — (9.8 K km™)-(0.875 km) = 16.43 °C.
Finally, use eq. (4.21):

T = 16.43 + (4.42 °C km™)-(0.875 km) = 20.3°C.

Check: Physics and units are reasonable.
Exposition: The resulting wet-bulb depression is

(T -=T,)=47°C.

4 15 52 r (g/kg)
=% LCL
<
o
80
100
-20
I P AT
Figure 4.6

Demonstration of Normand's rule on a thermo diagram.
It shows how to find wet-bulb temperature T,,, given T and Ty

(" INFO + Summary of Humidity Variables )
e = vapor pressure (kPa)
r = mixing ratio (g kg™
q = specific humidity (g kg™
Py = absolute humidity (g m~3)

RH  =relative humidity (%)
zrcp = lifting condensation level (km)

T, = dewpoint (temperature) (°C)
T, = wet-bulb temperature (°C)
Notes:

e subscript s denotes saturation.

* most thermodynamic equations require tempera-
tures to be converted into Kelvin.

» most thermo eqs. require mixing ratio in g g1

J

You can obtain T, from T; via Normand’s
Rule:

e First: Find z; - using eq. (4.16).
o Next: TLCL =T- Fd *ZICL (4:20)
e Finally: T, =Ty + Ty z1cL “4.21)

where the dry lapse rate is T; = 9.8 Kkm™! and the
moist (saturated) lapse rate is Iy (magnitude varies,
as explained later in this chapter). If you hypotheti-
cally lift an air parcel to its lifting condensation lev-
el, then its new temperature is T; ;. The wet-bulb
temperature is always constrained between the dry-
bulb temperature and the dewpoint: T;<T,, <T.

Normand’s rule is easy to implement on a thermo
diagram. Although isohumes and moist adiabats
on thermo diagrams are not introduced until later
in this chapter, I demonstrate Normand’s rule here
for future reference. Follow a dry adiabat up from
the given dry-bulb temperature T, and follow an
isohume up from the given dew point T (Fig. 4.6).
At the LCL (where these two isopleths cross), follow
a moist adiabat back down to the starting pressure
to give the wet-bulb temperature T,

Converting Between Humidity Variables
Be sure to use g g1 for g and r in the following
equations:

,
q= E (4.22)
g=—Po (4.23)
Pqd + Py
(& ) ool L1 _1 4.24)
(el (1)
e=—_.p @.25)
E+r
y=Po (4.26)
Pd

Also, when humidities are not high:
r=q *(4.27a)

Ts = (s *(4.27b)
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TOTAL WATER

Liquid and Solid Water

In clouds, fog, or air containing falling precipita-
tion, one measure of the amount of liquid water in
the air is the liquid water content (LWC). It is
defined as

Miig.water (4.28)

Prwc = Vol

where i, a1, is mass of liquid water suspended
or falling through the air, and Vol is the air volume.
Typical values in cumulus clouds are 0 < pypwc<5g
m=3. It can also be expressed in units of Kgliqwater
m=3. LWC is the liquid-water analogy to the abso-
lute humidity for water vapor.
Another measure is the liquid-water mixing
ratio:
yy = g water, 4.29)
Mary air

where 11j;; yater 1s the mass of liquid water that is
imbedded as droplets within an air parcel that con-
tains 4y, 4;» mass of dry air. A similar ice mixing
ratio can be defined:

m.
rp=——— (4.30)
Mary air

Both mixing ratios have units of kgyater K€air L, OF

Swater kgair_l‘
Liquid water content is related to liquid-water

mixing ratio by

_ PLwc
Pair

" 4.31)

where p,;, is air density.

Mixing Ratio of Total Water

The total-water mixing ratio r; is defined as
the sum of masses of all phases of water (vapor, lig-
uid, solid) per dry-air mass:

fr=r+1 +71; *(4.32a)

where r is mixing ratio for water-vapor, r; is
mixing ratio for liquid-water, and r; is mixing
ratio for ice. Be sure to use common units for all
terms in this equation; namely kg ater KEair L, OF
Zwater K€air 1 Total-water absolute humidity and to-
tal-water specific humidity are similarly defined.

Sample Application
Find the liquid water mixing ratio in air at sea lev-
el, given a liquid water content of 3 g m3.

Find the Answer

Given: pywc =3 Zater M. Sea level.

Find: = ? Swater kgdry air_l'

Assume standard atmosphere, and use Table 1-5 from
Chapter 1 to get: p,;, = 1.225 kg,;, m™ at sea level.

Use eq. (4.31):
=0 Swater m_S)/(1'225 kgair m—3)
=245 Swater 1(gdry air_l' = &g kg_l

Check: Physics, units & magnitude are reasonable.
Exposition: Liquid, solid and water vapor might ex-
ist together in a cloud.
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Sample Application

At a pressure altitude of 50 kPa inside a thunder-
storm, suppose that the air temperature is -5°C, and
that each kg of air contains 4 g of water droplets and 2
g of ice crystals suspended in the air. What is the total-
water mixing ratio value?

Find the Answer

Given: P=50kPa, T=-5°C, 1 =4 gkgl, r;=2 g kg
Find: rr=?gkgL

Assume cloudy (saturated) air inside the thunder-
storm.

We need to solve eq. (4.32¢), for which we have ev-
erything we need except r,. To use eq. (4.5) to get r, we
can read ¢; = 0.4222 kPa at T = -5°C from Table 4-1.

Now apply eq. 4.5): 7, =ee,/(P-ey) =
(622 g'kg™)-(0.4222 kPa)/(50- 0.4222 kPa) = 5.30 g kgL

Finally, apply eq. (4.32¢):
rr=re+rp+r; = 53+4+2 =113 gkgl

Check: Physics and units are reasonable.
Exposition: For altitudes where —-40°C < T < 0°C, it is
often the case in thunderstorms that both liquid water
and ice crystals can be present in the air, along with
water vapor.

Sample Application

Find the precipitable water in the troposphere if
the bottom portion (below P = 50 kPa) has an average
total water mixing ratio of 10 g kg™! while the portion
of troposphere between 50 and 20 kPa has an average
total water mixing ratio of 2 g kg1.

Find the Answer

Assume: Bottom of troposphere is at 100 kPa.

Given: rp = 0.010 kg kg*l, Pg =100 kPa, Pr=50kPa,
rp=0.002 kg kgL, Pg= 50 kPa, P=20kPa

Find: dy=? m

Apply eq. (4.33) for the bottom and top segments of the
column of tropospheric air, and sum the result.

dyy = [(9.8 m:s72)(1000 kg aterm )] -
{(0.010 kg yyater kKgair)[100 — 50 kPa] +
(0.002 kg \yater Kgair 1[50 — 20 kPa] }
= [1.02x107* m2 s2 kg, ater 11 -
{(0.5 + 0.06) kPakgaterkgair 1}
= 5.71x10"5 m? s2 kPa kg,;, 1
To convert the units, use Appendix A info:
1 kPa = 1000 kg,;,-m-s2
Thus, d, = [(1000 kg,;;m-s2)/(1 kPa)] -
(5.71x10° m?2 2 kPa kg,;, 1) = 0.057 m

Check: Physics and units are reasonable.
Exposition: The puddle depth of 5.7 cm is large be-
cause the total water mixing ratios were large.

Liquid-water cloud droplets can exist unfrozen
in air of temperature less than 0°C. Thus, it is pos-
sible for ice and liquid water to co-exist in the same
air parcel at the same time, along with water vapor.

Eq. (4.32a) can be simplified if there is no precipi-
tation:

fr=r if the air is not cloudy (4.32b)

fr =t 41+ if the air is cloudy ¢(4.32c)
By “not cloudy” we mean air that is unsaturated
(i.e, r <ry. By “cloudy” we mean air that is satu-
rated (i.e., r = r;) and has either or both liquid water
drops and/or ice crystals suspended in it.

Suppose an air parcel has some total number of
water molecules in it. Consider an idealized situa-
tion where an air parcel does not mix with its en-
vironment. For this case, we anticipate that all the
water molecules in the parcel must move with the
parcel. It makes no difference if some of these mol-
ecules are in the form of vapor, or liquid droplets, or
solid ice crystals — all the water molecules must still
be accounted for.

Hence, for this idealized parcel with no precipi-
tation falling into or out of it, the amount of total
water rp must be constant. Any changes in rr must
be directly associated with precipitation falling into
or out of the air parcel.

Suppose that the air parcel is initially unsatu-
rated, for which case we can solve for the total water
using eq. (4.32b). If this air parcel rises and cools
and can hold less vapor at saturation (see eq. 4.5), it
might reach an altitude where r; < r. For this situa-
tion, eq. (4.32¢) tells us that r; + r; = rp— .. Namely,
we can anticipate that liquid water droplets and/or
ice crystals suspended in the air parcel must have
formed to maintain the constant total number of wa-
ter molecules.

Precipitable Water

Consider an air column between (top, bottom)
altitudes as given by their respective air pressures
(P, Pp). Suppose all the water molecules within that
column were to fall to the bottom of the column and
form a puddle. The depth of this puddle (namely,
the precipitable water) is

7
dy = ——~—(P3 - Pr) *(4.33)
W |g|'Pliq BT

where the magnitude of gravitation acceleration
is|¢|= 9.8 m:s2 , the liquid-water density is Plig =
1000 kgm=3, and a column-average of the total-wa-
ter mixing ratio is rp. For a column where ry varies
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with altitude, split it into column segments each hav-
ing unique rr average, and sum over all segments.

Precipitable water is sometimes used as a humid-
ity variable. The bottom of the atmosphere is warm-
er than the mid and upper troposphere, and can
hold the most water vapor. In a pre-storm cloudless
environment, contributions to the total-column pre-
cipitable water thus come mostly from the bound-
ary layer. Hence, precipitable water can serve as one
measure of boundary-layer total water that could
serve as the fuel for thunderstorms later in the day.
See the Thunderstorm chapters for a sample map of
precipitable water.

Note that the American Meteorological Society
Glossary of Meteorology considers only the water va-
por in an air column for calculation of precipitable-
water depth. However, some satellites can detect
total water over a range of altitudes, for which eq.
(4.33) would be applicable.

It is possible to have more precipitation reach the
ground during a storm than the value of precipitable
water. This occurs where moisture advection by the
winds can replenish water vapor in a region.

i e W e W T S g W

LAGRANGIAN BUDGETS

Moist air parcels have two additional proper-
ties that were unimportant for dry air. One is the
amount of water in the parcel, which is important
for determining cloud formation and precipitation
amounts. The second is the latent heat released or
absorbed when water changes phase, which is criti-
cal for determining the buoyancy of air parcels and
the energy of thunderstorms.

Water Budget

Lagrangian Water Conservation

Suppose that the amount of precipitation falling
out of the bottom of an air parcel differs from the
amount falling into the air parcel from above. This
difference gives a net source or sink 5** causing the
total water to change inside the air parcel:

ArT

1 _ g

At

4.34)

For situations where $** = 0, then total water con-
servation requires that :

(r+ 1 + 11 )initial = (F + 1 +11.) final *(4.35a)

Sample Application

Suppose an air parcel is stationary at sea level.
While there, external processes cause it to cool from
30°C to 5°C. If the air is initially unsaturated with hu-
midity of 15 g kg™!, then what is the final disposition
of water molecules in the air parcel? There is no pre-
cipitation into or out of the air parcel.

Find the Answer

Given: (Tinitial Tina) = 30,5 °C), Tinitiar = 15 g kg™
With 17 juitial = Ti initial = 0 because unsaturated.

Find: ", 72 )final = 0 % ?) 8liq KSair

Because the final parcel temperature is warmer than
freezing, we can assume nojice: 7;5,,, = 0. So this leaves
Tfinal and 7L finq) to be determined with eq. (4.35b):

(15+0) = ("finar + 71 finad) & k&

Because this problem is set at sea level, we can skip
some calculations by using the data in Table 4-1 for the
final value of mixing ratio. At final temperature 5°C,
Table 4-1 gives a saturation mixing ratio of 75 sy =
5.408 gjiq kg,i, L . Since this is less than the initial hu-
midity, we know that the air is saturated with water-

vapor content: 7fuar = 7 fiar = 5.408 gliq Keair ! -

Finally, solving eq. (4.35b) for rf g, gives:
"L final =15 8 kgl - 5408 gkg! = 9.592 g kgl

Check: Physics and units are reasonable.
Exposition: Assuming that this final liquid water is
suspended in the air as tiny droplets, the result is fog.
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CHAPTER 4 ¢ WATER VAPOR
Sample Application Lfl 1tshihv;r£arrm cloud contains no suspended ice crys-
Use Fig. 4.7 to answer (A) these questions (Q). ! ’
Find the Answer

Q: What is the saturation mixing ratio for air at P
= 30 kPa with T = 20°C?

A: Follow the T = 20°C green isotherm vertically,
and the P = 30 kPa green isobar horizontally, to
find where they intersect. The saturation mixing
ratio (blue diagonal) line that crosses through this
intersection is the one labeled: r,~ 50 g kgL

Q: What is the actual mixing ratio for air at P = 30
kPa with T; = -20°C?

A: Follow the green -20°C isotherm vertically
to where it intersects the horizontal P = 30 kPa
isobar. Interpolating between the blue diagonal

lines that are adjacent to this intersection gives an
actual mixing ratio of r ~ 3 g kgl

Q: What is the dew-point temperature for air at P
=60 kPa withr=0.2 gkg™?

A: From the intersection of the blue diagonal
isohume r = 0.2 g kg! and the green horizontal

isobar for P =60 kPa, go vertically straight down
to find T, = =40°C.

(" + 11 )initial = (r +11 )fimzl *(4.35b)
Namely, an increase in the amount of water in
one phase (ice, liquid, vapor) must be compensated
by a decrease on other phases in order to satisfy
total-water conservation if there are no sources or
sinks. For an adiabatic process (i.e., no mixing of air
or transfer of precipitation across the boundary of
an air parcel), rr must be conserved. For this reason,

isohumes of total water are included on thermo dia-
grams.

Isohumes on a Thermo Diagram

Thermo diagrams were introduced as Fig. 3.3 in
the Thermodynamics chapter. On that diagram, the
state of the air was represented by two sets of thin
solid green lines: isobars (horizontal lines) for pres-

sure and isotherms (vertical lines) for temperature.
To that background we will now add another state
line: isohumes (thin dotted blue lines) for moisture
state of the air (Fig. 4.7).

These isohumes are overloaded with informa-

rs (9/kg) or r(g/kg)
0.2‘ O.§1 2 Q 19 2‘

\ X
\ \
\ \

tion. Asa “state” line, the isohume gives the satura-

tion mixing ratio 7, at any given temperature and

\ T T '
0.1] {

\
\
\
)
\ \

Figure 4.7

Isohumes are dotted blue diagonal

lines, isobars are green horizontal
' lines, and isotherms are green verti-
D cal lines on this thermo diagram.
Al
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pressure. As a “process” line, the isohume shows
how total water mixing ratio ry is conserved for adi-
abatically rising or sinking air parcels.

To use the thermo-diagram background of Pvs. T
for isohumes, we need to describe r, as a function of
P and T [abbreviate as (P, T)]. Eq. (4.5) gives r((P, e,)
and the Clausius-Clapeyron eq. (4.1) gives e,(T). So
combining these two equations gives 74(P, T).

But to draw any one isohume (i.e., for any one
value of ry), we need to rearrange the result to give

T(P, rs):
1
T [i _ &m{iﬂ (4.36)
To Lv € (1’5 + 8)

where T, = 273.15K, e,=0.6113 kPa, R,,/L = 0.0001844
K, and £ =0.622 g g1. This eq. requires that r, be in
g g1 (not g kg™! ). T has units of Kelvin.

Thus, pick any fixed r, to plot. Then, for a range
of P from the bottom to the top of the atmosphere,
solve eq. (4.36) for the corresponding T values. Plot
these T vs. P values as the isohume line on a thermo
diagram. Use a spreadsheet to repeat this calculation
for other values of r,, to plot the other isohumes.

Egs. (4.36) with (4.15b) are similar. Thus, you can
use isohumes of T(P, r,) to also represent isohumes
of Ty(P, r). Namely, you can use isohumes to find the
saturation state 7, of the air at any P and T, and you
can also use the isohumes to describe the process
of how T; changes when an air parcel of constant r
rises or descends to an altitude of different P.

Heat Conservation for Saturated Air

Moist Adiabatic Lapse Rate

Saturated air is air that is foggy or cloudy, with
an amount of water vapor equal to the maximum
amount that air can hold given the parcel’s tempera-
ture. The air parcel contains both vapor and small
suspended liquid water droplets or ice crystals.
Consider an adiabatic process for which: (1) the par-
cel does not mix with its surroundings; (2) there is
no transfer of heat to/from the parcel from outside;
and (3) no liquid (or solid) water falls out of or into
the parcel.

An air parcel rising adiabatically has two com-
peting processes that affect its temperature. As for
the unsaturated parcel, the saturated parcel expands
into regions of lower pressure, doing work on the at-
mosphere at the expense of thermal energy stored
in the parcel. But the colder air parcel can hold less
water vapor at saturation than it carried up from the
altitude below. So more of the vapor condenses, for
which: (1) the latent heating partially offsets the ex-
pansion cooling; and (2) the amount of condensed
water droplets or ice increases.

Sample Application
Find the dew-point temperature of air having mix-
ing ratio of 10 g kg™! at an altitude where P = 40 kPa.

Find the Answer
Given: r=10 g kg™ , P =40kPa
Find: T;=7?°C

Apply eq. (4.15b):

T, = [L -0.000184K -
273.15K

N (0.01g/g)-(40kPa) -
(0.6113kPa)-(0.01+ 0.622g/5)

= [ (0.003661 K1) — (0.0001844 K~1)-In{1.035}]
= [0.003655 K1]1 = 273.6 K = 0.5°C

Check: Physics and units are reasonable.
Exposition: You could have saved a lot of time and
effort by just looking up the answer in Fig. 4.7. Name-
ly, find the point where the 10 g kg‘1 mixing-ratio di-
agonal line intersects the 40 kPa isobar, and then read
vertically straight down to find Tj;.

We would have found the same numerical answer
if we asked for the temperature corresponding to air at
40 kPa that is saturated with r, = 10 g kg™ with r; = 0.
For this situation, we would have used eq. (4.36).

The converse occurs for adiabatic descent, where
cooling from evaporating liquid-water droplets par-
tially offsets warming due to adiabatic compres-
sion.

For air rising across height increment Az, a satu-
rated parcel has less temperature decrease AT than
does a dry (unsaturated) parcel. Conversely, for air
descending across height increment Az, a saturated
parcel has less temperature increase AT than does a
dry parcel.

While we previously saw that the dry adiabatic
lapse rate was constant ( Iy = -AT/Az = 9.8 °C km!
), we are not so lucky for the saturated lapse rate,
which varies with altitude and air temperature.

A saturated air parcel that rises adiabatically has
a temperature decrease with increasing height of
—-AT/Az = T, where T saturated (or moist) adia-
batic lapse rate. This rate is given by:

(1+rs Ly ]
- :ﬂ' R;-T

S
Cp 14 va T -82
Cp-Ry T

(4.37a)
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Sample Application

What is the value of moist-adiabatic lapse rate at T
=10°Cand P =70 kPa? Do this calculation using both
(@) Cp = Cp dry and (b) the actual moist Cp. (c) Also find
AT/AP for a rising saturated air parcel.

Find the Answer
Given: P=70kPa, T=10°C=28315K,
Find: T, =?°Ckm!

(@) Apply eq. (4.37b). But this eq. needs r,, which we
first can find using eq. (4.5). In turn, that eq. needs e,
which we can get from Table 4-1: ¢, =1232kPaat T =
10°C. Plug this into eq. (4.5): 1, = (0.622 g/g)-(1.232 kPa)
/ (70kPa - 1.232 kPa) = 0.01114 g/g.

Finally, use this in eq. (4.37b):

(9'8£)_|:1+(0.01114g/g)-(8711K):|
r o km 283.15K

’ 1+(1.35><1071<2).(o.o1114g/g)
(283.15K)?

I, = (9.8 Kkm™)[1.3427] / [2.8758] = 4.58 K km™!.

(b) Apply eq. (3.3) for saturated air (for which r = r,):
Cp= Cp gy + 1.84r] = (1004 Jkg LKD),
[1+1.84-0.01114g /g] = 1024.6 J kg LK.

Thus: |g]/C, =9.565 K km™!
L,/C, = 2440.K.
L,/%R,; = 8711 K.
When these are applied in eq. (4.37a), the result is:

. 283.15K
° |, (2440K)-(8711K)-(0.011145/5)- 0.622
(283.15K)?

(9.565%).[1 " (0.01114g/ g)-(87111<)]

I, = (9.565 K km™1)[1.3427]/[2.837] = 4.53 K km™!

(©) If we assume C,, ~ C, 4, then apply eq. (4.38b):
AT [0.28571-(283.15K) + (2488 4K -(0.01114g/g))|

AP P~[1 +[1.35x 107 K2-(0.01114g/g) / (283.15I<)2]]

= [10862 / (1+1876)] / P = (37.77K) / P
At P =70 kPa the result is = AT/AP = 0.54 K kPa!

Check: Physics and units are reasonable.
Exposition: Don't forget for answers (a) and (b) that
lapse rates are the rate of temperature decrease with
altitude. Parts (a) and (b) give nearly identical an-
swers, implying that eq. (4.37b) is sufficiently accurate
for most applications.

Normally, pressure decreases as altitude increases,
thus answer (c) also gives cooling for negative AP.

Compare typical saturated adiabatic lapse-rate val-
ues of 4 to 7°C km™ to the dry adiabatic lapse rate
of 9.8°C km.

Instead of a change of temperature with height,
this saturated adiabatic lapse rate can be rewritten
as a change of temperature AT with change of pres-
sure AP:

AT _ [(%d /Cp)T+(Ly /CP)'rS] (4.38a)

AP
P11+

va-rs-s
2
Cp-Ry-T

For the equations above, don’t forget that specific
heat C,, varies with humidity (see eq. 3.2).

After plugging in the values for the thermody-
namic constants and assuming C,[J ~ constant, eq.
(4.37a) can be simplified as:

. [1+(a-rs/T)]

Is=Ty |:1+(b-rS/T2):|

*(4.37b)

where a =8711K, b=1.35x10" K2, and I; = 98K
km~L. Eq. (4.37b) differs from (4.37a) by roughly 1%,
so it is often accurate enough for most applications.
Use g g} for mixing ratio, and use Kelvin for tem-
perature. Be aware that ry is not constant, but is a
function of temperature.

Similarly, eq. (4.38a) simplifies to:

AT _ [a-T+c‘rS]
AP P 1+(br, /T?))

*(4.38b)

with a =0.28571, b =1.35x107 K2, and ¢ = 2488.4 K.

Moist Adiabats on a Thermo Diagram

In the Thermodynamics chapter we discussed
the process of “dry” adiabatic vertical motion, where
“dry” mean unsaturated humid air. We had plotted
those process lines as the dry adiabats in the thermo
diagram of Fig. 3.4.

We can now use eq. (4.38) to calculate and plot
the corresponding moist adiabats (also called sat-
urated adiabats) that apply for saturated (cloudy
or foggy) vertical motion. The saturated adiabats
are rather complicated to calculate, because the
equations above give the slope (AT/AP) for the moist
adiabat rather than the desired value of T at each
P. But don’t despair — we can still find the moist-
adiabat curves by iterating each curve upward.

Start at P = 100 kPa with some initial value for T.
First use these with eq. (4.5) to get r,. Use thesein eq.
(4.38) to get AT/AP. Then apply that over a small
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Figure 4.8 (at right)
Moist (saturated) adiabats are thick dashed orange

diagonal lines labeled by wet-bulb potential tem- \

perature 8, Isobars are green horizontal lines,
and isotherms are green vertical lines on this
thermo diagram.

increment of pressure (such as AP =
P, — P; = -0.2 kPa) to solve for the
new T, at P, using:

AT
Ty=T, + > (P~ P,
2=1 AP(2 1) (4.39)

find the new r,, and use all these
numbers to solve for a new (AT/AP),,
and use eq. (4.39) again to take the
next step. Repeat to iterate your way
up the moist adiabat. The result is
one of the curves in Fig. 4.8.

To get other curves, start over
with a different initial value of T
at P = 100 kPa, as shown in Fig. 4.8.
Each of those curves is identified by

N
N
Repeat by using the new T, at P, to \
AN
AN
AN

its initial T at the reference pressure
of 100 kPa. The next section shows
that these labels are called wet-bulb
potential temperature 0,

4 INFO ¢ Create Your Own Thermo Dia- )
gram — Part 2: Moist Adiabats

As for the dry adiabats, it is useful to see how moist
adiabats can be calculated using a computer spread-
sheet. The following example is for the moist adiabat
that starts at T = 30°C at P = 100 kPa.

A B C D E
1 P(kPa) T(Q) e,(kPa) r,(g/g) AT/AP
2 eq: 4.39) (41a) (45  (4.38b)
3 10.0 7098 0.0006 0.0000 57176
4 102 -69.86 0.0007 0.0000 56297
5 104  —68.75 0.008 0.0000 55440
6 106 —-6766 0.0009 0.0001 54603
450 994 2982 43114 00282  0.3063
451 996 29.88 43270  0.0282  0.3056
452 9938 2994 43426 0.0283  0.3050
453 1000 | 30.00 | 43582 0.0283  0.3043

In row 1, label the variables at the top of the 5 col-
umns as I have done here. In row 2, identify which
equation numbers you are using, as documentation for
you or others who use your calculations later.

(continues in next column)

4 INFO ¢ Moist Adiabats (continuation) )

In row 3 column A, enter the pressure at the top of
the atmospheric column of interest: 10.0 (kPa), shown
in red in this example. In row 4 column A type the
next pressure 10.2 (kPa), which is the starting pres-
sure plus increment AP = 0.2 kPa. Then use automatic
series generating methods in your spreadsheet to ex-
tend this series down to the point where the pressure
is 100.0 (kPa), (on row 453 in my spreadsheet).

Next, inrow 453 column B, type in the starting tem-
perature of 30 (°C) for this moist adiabat. In (row, col)
= (453, C), use the Clausius-Clapeyron eq. (4.1a) to cal-
culate the saturation vapor pressure for the pressure
in column A, and don't forget to convert temperature
to Kelvin in your spreadsheet equation. Similarly, use
eq. (4.5) to calculate the saturation mixing ratio in cell
(453, D). Use eq. (4.38b) to find the moist-adiabat slope
in cell (453, E). Again, use Kelvin in your egs.

For the next row up, but only in cell (452,B), use
eq. (4.39) to find the new temperature along the moist
adiabat. Be sure to check that the sign is correct (i.e.,
that temperature is decreasing, not increasing). Then,
use the “fill-up” spreadsheet command to fill the egs.
from cells (453, C through E) up one row. Finally, use
the fill-up command to fill the egs. from cells (452, B
through E) up to the top pressure level in row 3.

- J

Check: Agrees with Fig. 4.8 for 8,, = 30°C. )
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P 30
(kPa)
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50
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70
80

90
100
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Find the Answer
Given: P =100kPa, T =40°C initially.
Plot adiabatic process lines for 6 =40°C & 6, =40°C.
Copying the lines from Figs. 3.3 & 4.8.

Sample Application
What lines do dry & saturated air parcels follow on
a thermo diagram if they start at P= 100 kPa, T= 40°C?

\
\‘d‘@
-
N oA,
‘\0' %9} E\)o«
G,y/‘?\’{ /\\
q é o
N \ \4’ o
N y
(o \/\‘
) \0
\
l l l l l l l l l l
T T T T T T T T T T

-60 -50 -40 -30 -20 -10

T(C)

Exposition: Even starting with the same temperature,

a rising saturated air parcel becomes warmer than an
unsaturated parcel due to latent-heat release.

0

10 20 30 40

Use eq. (4.40):
0, = (18°C) + (2630 K/(gwater Sair 1)-(0.0047)
= 304 °C

Use eq. (4.41):
0, = (18°C) — (2630 K/(8yvater 8air )(0.002)
= 12.7°C

Find the Answer:
Given: P=80kPa, T=0°C=27315K,r, =2¢g kg‘l.
Find: 6,=2°C, 6 =?°C

Sample Application
Air at pressure 80 kPa and T = 0°C is saturated, &
holds 2 g kg! of liquid water. Find 6, and ;.

First, do preliminary calculations shared by both eqs:
Rearrange eq. (3.12) to give:
(6/T) = (P,/P)0-28571 = (100kPa/80kPa) 028571 = 1.066
Thus, 6 = 291K ~ 18°C
At 80 kPa and 0°C, solve eq. (4.5) for r, =4.7 g kg!
Then use eq. (3.2):
Cp = Cpa(1 +1.84-7) = (1004.67 J- kg LK)
[1+1.84-(0.0047 g g 1] = 1013.4 J kg LKL
Thus, L,/ Cp = 2467 K/(gwater Sair )
and (L,/Cp)-(®/T) =~ 2630 K/(gwater Zair D)

Check: Physics, units, & magnitude are reasonable.

Exposition: The answers are easier to find using a
thermo diagram (after you've studied the Stability
chapter). For 0, , find the 0 value for the dry adiabat
that is tangent at the diagram top to the moist adiabat.
For 0, follow a moist adiabat down to where it crosses
the 2 +4.7 = 6.7 g kg!) isohume, and from there follow
a dry adiabat to P = 100 kPa.

Wet-Bulb, Equivalent, and Liquid-Water

Potential Temperatures

Recall from the Thermodynamics chapter that
potential temperature 6 is conserved during un-
saturated adiabatic ascent or descent. However,
if an air parcel containing water vapor is lifted
above its LCL, then condensation will add latent
heat, causing 6 to increase. Similarly, if the air con-
tains liquid water such as cloud drops, when it de-
scends some of the drops can evaporate, thereby
cooling the air and reducing 6.

However, we can define new variables that are
conserved for adiabatic ascent or descent, regardless
of any evaporation or condensation that might occur.
One is the equivalent potential temperature 6,:

ee:e+(Lv'e)'r _op Lo @0
C, T Coa

Another is liquid water potential temperature,
GL:

eLze—(L”'e]-rL - gL 7 e(441)
CpT Cpa

where L, = 2.5x10° J’kg! is the latent heat of vapor-
ization, C, is the specific heat at constant pressure
for air (C, is not constant, see the Thermodynamics
chapter), T is the absolute temperature of the air, and
mixing ratios (r and r;) have units of (gyater Zair -
The last approximation in both equations is very
rough, with L,/Cyg = 2.5 K(gater/K8air) -

Both variables are conserved regardless of wheth-
er the air is saturated or unsaturated. Consider un-
saturated air, for which 0 is conserved. In eq. (4.40),
water-vapor mixing ratio r is also conserved during
ascent or descent, so the right side of eq. (4.40) is con-
stant, and 6, is conserved. Similarly, for unsaturated
air, liquid water mixing ratio r; = 0, hence 6y is also
conserved in eq. (4.41).

For saturated air, 8 will increase in a rising air
parcel due to latent heating, but » will decrease as
some of the vapor condenses into liquid. The two
terms in the right side of eq. (4.40) have equal but
opposite changes that balance, leaving 6, conserved.
Similarly, the two terms on the right side of eq. (4.41)
balance, due to the minus sign in front of the 7} term.
Thus, 0; is conserved.

By subtracting eq. (4.41) from (4.40), we can see
how 6, and 0; are related:

L,-® (4.42)
9, ~0 '
e =Lt {C -T] T

P
for a total-water mixing ratio (in g g™) of rp=r+1;.
Although 6, and 0; are both conserved, they are not
equal to each other.
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We can use 0, or 6; to identify and label moist
adiabats. Consider an air parcel starting at P = 100
kPa that is saturated but contains no liquid water (r
=1, = rp). For that situation 6 is equal to its initial
temperature T (which also equals its initial potential
temperature 6 at that pressure). A rising air parcel
from this point will conserve 6;, hence we could la-
bel the moist adiabat with this value (Fig. 4.9).

An alternative label starts from same saturated
air parcel at P = 100 kPa, but conceptually lifts it to
the top of the atmosphere (P = 0). All of the water
vapor will have condensed out at that end point,
heating the air to a new potential temperature. The
potential temperature of the dry adiabat that is tan-
gent to the top of the moist adiabat gives 6, (Fig. 4.9).
[CAUTION: On some thermo diagrams, equivalent po-
tential temperature is given in units of Kelvin.]

In other words, 6 is the potential temperature at
the bottom of the moist adiabat (more precisely, at P
= 100 kPa), while 6, is the potential temperature at
the top. Either labeling method is fine — you will
probably encounter both methods in thermo dia-
grams that you get from around the world.

Wet-bulb potential temperature (8,,) can also
be used to label moist adiabats. For 6., use Nor-
mand’s rule on a thermo diagram (Fig. 4.10). Know-
ing temperature T and dew-point Tj at initial pres-
sure P, and plot these points on a thermo diagram.
Next, from the T point, follow a dry adiabat up, and
from the T; point, follow an isohume up. Where
they cross is the lifting condensation level LCL.

From that LCL point, follow a saturated adiabat
back down to the starting altitude, which gives the
wet-bulb temperature T, If you continue to fol-
low the saturated adiabat down to a reference pres-
sure (P = 100 kPa), the resulting temperature is the
wet-bulb potential temperature 6,, (see Fig. 4.10).
Namely, 6,, equals the 0; label of the moist adiabat
that passes through the LCL point. Labeling moist
adiabats with values of wet-bulb potential tempera-
ture 0,, is analogous to the labeling of dry adiabats
with 6, which is why I use 6,, here.

To find 6,(K) for a moist adiabat if you know its
6,,(K), use:

0, =0, -exp(az-rs / 0y)o (4.43a)
where a3 = 2491 Kkg,;, kgvapor‘l, and 7, is initial sat-
uration mixing ratio (kgyapor kgai, ) at T = 6, and
P =100 kPa (as denoted by subscript “0”). You can
approximate (4.43a) by

0.(K) ~ 1, +a10,(°C) + ar[0,(COP  (443b)
where a, =282, a; =1.35, and a, = 0.065, for 6, in the
range of 0 to 30°C (see Fig. 4.11). Also the 6; label for
the moist adiabat passing through the LCL equals
this 6y,

20

P (kPa)

Figure 4.9

Comparison of 0 , 0, and 8, values for the same moist adiabat.

P (kPa)

Figure 4.10
Thermo diagram showing how to use Normand’s Rule to find
wet-bulb potential temperature 8, , and how it relates to 6,.

400 T T T T T T T T T T T

250 L0000y

20
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o
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o

Figure 4.11
Approximate relationship between 0, and 6,.
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Sample Application Sample Application
Verify the labels on the moist adiabat that passes Suppose a psychrometer at 100 kPa measures dry-
through the LCL in Fig. 4.10, given starting conditions bulb and wet-bulb temperatures of 30°C and 15°C. Use
T =33°Cand T; = 5.4°C at P = 90 kPa. a thermo diagram to find the values of Ty and r ?
Find the Answer Find the Answer
Given: T = 33°C =~ 306K, T; = 5.4°C ~ 278.4K Given: P =100kPa, T =30°C, T, =15°C.
Find: 6,,0,and 6; labels (°C) for the moist adiabat Find: r=?gkg?! 6 T;=7°C
Hint: We can use the opposite of Normand’s rule.
First, find the initial 6, using eq. (3.12)
0 = T:(P,/P)9-28571 = (306K)-(100kPa/90kPa) 0-28571 We will learn more about thermo diagrams in the
=3154K = 42 4°C next chapter. So this exercise gives us a preview.
Next, find the mixing ratio using eq. (4.1b) & (4.4): To use Normand’s rule in reverse, follow a dry
e = 0.6114kPa-exp[5423-(1/273.15 — 1/278.4)] =0.889kPa

adiabat up from the starting dry-bulb temperature,

r = (622g kg1)-(0.889kPa)/[90-0.889kPa] ~ 6.2g kgL and follow a saturated adiabat up from the starting

Next, use eq. 3.2) to find C, = Cpp-(1 +1.847)

wet-bulb temperature. Where they cross, follow the
Cp =(1004.67 kg 1K) -[1+1.84-0.0062 g g )] isohume down to the starting altitude to find the dew-
C, =1016.1 Jkg LK1 point temperature, or follow the isohume up to read
the isohume’s mixing-ratio value.
Solve the more accurate version of eq. (4.40): Fig. 3.4 shows many dry adiabats, but not the one
0, = (42.4°C) + {(2500 ] gyater 1)-(315.4K)/ we want. So I interpolated between the 20 and 40°C
[(1016.1 JkgLK™D)-B06K)]} - (6-2 giater K&air ™D dry adiabats, and copied and pasted the result (as the
= (42.4°C) +(2.536 KKg,ir Swater ) (6-2 Bwater Kgair ) solid dark-orange line for 6 = 30°C) onto copy of Fig.
=58.1°C =3311K 4.7, as shown below. A magenta circle indicates the
The approximate version of eq. (4.40) gives almost the starting temperature and pressure.
same answer, and is much easier: Fig. 4.8 shows many saturated adiabats, but not the
0, = (42.4°C) + (2.5 Kkgair Swater )62 water Kgair ) one we want. So I interpolated between the 10 and
=57.9°C 20°C saturated adiabats, and copied and pasted the re-
sult into the figure below as the dark-orange dashed
Eq. (4.43b) is a quadratic eq. that can be solved for 6, line for 6, = 15°C. Another magenta circle indicates
Doing this, and then plugging in 6, = 331.1 K gives: the starting wet-bulb temperature and pressure.
0, ~19°C. , which is the label on the moist adiabat. Those two lines cross (see purple “X” in the figure)
Using 0 =~ 0, : almost exactly on the r = 5 g kg™ isohume (see black
GL = ﬂ.

circle at top of diagram. Following that same isohume
down to P =100 kPa gives T; = 4°C (circled in black).
Check: Physics and units are reasonable.

Exposition: These values are within a couple degrees

of the labels in Fig. 4.10. Disappointing that they aren’t
closer, but the 6, results are very sensitive to the start-

Check: Physics and unit are reasonable.
Exposition: The “X” is the location of the lifting con-

densation level (LCL), which is about 68 kPa in this
ing point. diagram.
rs (g/kg) or r(g/kg)
02 051 2 '® 10 20 50
Sample Application L R Y B I IR M I
For a moist adiabat of 6, = 14°C , find its 6,. 01 Vol \" R

Find the Answer R I TN

Given: 6, =14°C = 287K Y. U N L L L S S

Find: 6, = ?K RN A IR R A

\‘ N . ' “' “\ ‘\Ués "\ \ “‘
First get r, from Fig. 4.7 at P = 100 kPa and T = 14°C: p 30 \\‘f\?\/‘"a T \5) y
=10 g kg1 = 0.010 kg kgL (kPa) N ey 1 |
Next, use eq. (4.43a): 40 i) N % 4’; k N
0, = (287K) - exp[2491(Kkgyir kgyapor ) - 5 b@ff\\ SR P L N
(0.010 kgvapor kgair_l) / (287K)] = 313K 60 — ' “‘ ‘ ' "‘ ‘\‘ b
70 L § “\ “\ “\ “\ “\

Check: Units are reasonable. Agrees with Fig. 4.11. 80 N v . '
Exposition: This 6, = 40°C. Namely, if a saturated 128 T T I A N -

i i =T =14° i T O\
air parcel started with 8, =T =14°C, and then if all the 60 50 40 30 20 —10 OT.0 20 30 40
water vapor condensed, the latent heat released would
warm the parcel to T = 40°C.

T(C) or Ty(C) Tw
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WATER BUDGET AT A FIXED LOCATION

Picture a cube of air at a fixed location relative to
the ground (i.e, an Eulerian framework). Inflow
and/or outflow of water (as vapor, liquid, or solid)
can change the total water content rp of air inside
the hypothetical cube. As we did for heat, we can
investigate each inflow and outflow process to de-
termine which are significant. The insignificant
ones include turbulent transport in the horizontal,
molecular conduction (except close to the ground),
and mean vertical advection (except in deep convec-
tive storms).

What remains is an approximate equation for the
total water budget in an Eulerian framework:

°(4.44)
Aﬁ:_ u.%+v.% + p_L @_Mzturb(rT)
At Ax Ay pa) Az Az
storage horiz. advection  precipitation  turbulence

where precipitation is falling at rate Pr, horizontal
advection is caused by wind components (U, V), the
turbulent total-water flux (in kinematic units) is F,
wrb (), and (Ax, Ay, Az, At) are the Cartesian dimen-
sions of the cube and the time interval, respectively.

Define Standard Temperature and Pressure
(STP) as T = 0°C and P = 101.325 kPa. Using air den-
sity at STP and liquid water density (py = 1000 kgy;q
m~3) from Appendix B, you would find that p;/p;
= 836.7 kgjiq kg,i, L, but this value would increase
for hypothetical cubes at higher altitudes where air
density is smaller .

In the subsections that follow, we will focus on
the individual terms in eq. (4.44).

Horizontal Advection

If more total water (vapor + suspended cloud
droplets + suspended ice crystals) is blown out of
the cube than blows in, then the total water will de-
crease during time interval Af.

Precipitation

Some solid and liquid water particles are large
enough that they are not suspended in, and do
not move with, the mean winds. Instead, they fall
through the air as precipitation. If all the liquid and
solid precipitation were collected in a rain gauge
and then melted to be all liquid, the resulting wa-
ter depth is called the liquid water equivalent.
Thus, 2 mm of liquid precipitation plus 5 cm of snow
(which might reduce to 5 mm of water when melted)
would give a total liquid water depth of 7 mm.

(" A SCIENTIFIC PERSPECTIVEs Reasoning )

“Reasoning” is the method by which we try to ex-
plain how things work. Namely, we try to infer an
explanation or a theory that is reasonable. Two types
of reasoning are inductive and deductive reasoning,.

Characteristics of inductive reasoning:
* Going from specific examples to general theories.
® The general theory may be likely, but not certain.
¢ Often requires a “leap of faith”.
e Could apply to situations not yet encountered.
¢ Can be proven wrong by new contrary evidence.
* Analogous to extrapolation.

Characteristics of deductive reasoning:

* Applying a general rule to a specific application.

e Confidence that the result is correct and will work
well in new situations if used within the bounds
of the general rule.

e Is a sound tool used in engineering.

* Analogous to interpolation.

As a contrived example, what if you observed that
as adults, your grandparent was 1.4 m tall, your par-
ent was 1.6 m tall, and you are 1.8 m tall. You could
deduce that you are 0.2 m taller than your parent. In
fact, you would consider this a “truth” based on the
logic of mathematics.

However, you could induce that your unborn child
will be 2.0 m tall as an adult. Namely, you saw a pat-
tern from past observations: each offspring was 0.2 m
taller than its parent. So extrapolating to your future
unborn child, you might expect the child to become
0.2 m taller than you.

Obviously this last prediction carries some uncer-
tainty. You could reduce the uncertainty by collect-
ing more evidence from other families, or by going
further back in your family tree. However, many fac-
tors over which you have little control could alter the
growth of your child — your prediction is uncertain.

This same procedure is done by scientists propos-
ing new theories. Namely, gain confidence that your
theory is “universal” in the sense that it works at other
places and times in the universe. Such a goal motivat-
ed Isaac Newton to design and build telescopes, so he
could test his theories of motion by looking at other
planets in the universe. The evidence convinced sci-
entists to accept Newton’s hypotheses as “laws of mo-
tion”, yet they were later proven wrong by Einstein.

Let’s try some inductive reasoning now. Eq. (4.44)
says that change of total water depends on horizontal
advection, change of turbulent fluxes in the vertical,
and other source terms. Eq. (3.51) said that change of
temperature depends on horizontal advection, change
of turbulent fluxes in the vertical, and other source
terms. By inductive reasoning, we might anticipate
that the change of momentum (i.e., wind speed) de-
pends on horizontal advection, change of turbulent
fluxes in the vertical, and other source terms. We will
check this later, in the Forces & Winds chapter. D
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Sample Application

Precipitation falls out of the bottom of a cloud at
rate 0.5 cm hL. At 200 m below cloud base, the precipi-
tation rate is 0.4 cm h™1. In this 200 m thick layer of air
below cloud base, what is the total-water change rate?
Assume p,;, = 1 kg m=3.

Find the Answer

Given:  Prpy=04cmhl=111x10"m s,
Prigp =0.5cmh™t =1.39x10m s,
Pair = 1 kg m=3, and
Az =200 m

Find: Arp/At =72 (g kg)/s.

Because no other processes are specified, let’s neglect
them for simplicity. Thus, we can apply eq. (4.44):

Arp/At = (pr./pa)-(P Ttop—P Thot)/ (Ztop_zbot) =

= (1.0X10°g ater/m°) [(1.39-1.11)x10 °m/s]
(1 kg /m>) 200m

0.0014 (5 kg Vs = 5(gkg™)/h

Check: Physics and units are reasonable.
Exposition: This is typical of virga, a weather ele-
ment where some of the precipitation evaporates be-
fore reaching the ground. In virga, the evaporating
rain makes the air more humid below cloud base.

Sample Application

Suppose the latent heat flux is 250 W-m=2. What are
the values of water-vapor flux, kinematic water-vapor
flux and evaporation rate? Assume py;, = 1 kg, m=3.

Find the Answer

Given: pg, =1kg, m=3, Fp= 250 Wm™

Find: Bger = ? Kgwaterm 2871, Evap =? mm day?,
Fuater =7 (Kwater' kgair_l)'(m_2'5_1)

Apply eq. (4.45):
E water = (250 .m—Z,S—l)/ (2.5X106 ] kg‘l)

=0.0001 kg, orm 2571

Apply eq. (4.48a):
F = (0.0001 kgwater'm_z's_l)/ (1 kgair m_3)
0.0001 (kgwater' kgair_l)'(m's_l)

water

Apply eq. (4.49): Evap=a-Fg
= [0.0346 (m2 W-1)-(mm day1)]-(250 W m2)
= 8.65 mm day!

Check: Physics and units are reasonable. Namely, the
first answer has units of water mass per area per time,
the second is like a mixing ratio times velocity, and the
third is rate of decreased of water depth in a puddle.
Exposition: If this evaporation rate continues day af-
ter day, crops could become desiccated.

If more precipitation falls out of the bottom of the
air cube than is falling into the top, then this change
of precipitation with altitude would tend to reduce
the total water in the cube. Thus, the change of pre-
cipitation rate (Pr in mm h~! or m s71) between the
top and bottom of the cube of air is important.

Not all the precipitation will reach the ground,
because some might evaporate on the way down.
The precipitation rate (Pr) at the ground is given a
special name: the rainfall rate (RR).

Moisture Flux at the Earth’s Surface

In the previous chapter we discussed ways to es-
timate sensible and latent heat fluxes at the Earth’s
surface. But latent heat flux is tied to the movement
of water molecules. Here we show how you can use
knowledge of the latent heat flux to estimate the
moisture flux at the Earth’s surface.

Recall that vertical flux is the movement of some-
thing across a horizontal unit area per unit time.
Let Fr be the latent heat flux in units of (Jm2s1
or Wm=2) and E,,,, be the vertical water-vapor
flux in units of (kgyater M 2s7Y). The relationship
between these fluxes is:

quter = FE / L, *(4.45)

or
E water = Pair (Cp/ Lv) - Fg (4.40)

or
Ewuter = Pair Y- FE @4.47)

Constants and parameters in these equations are:
Fr = kinematic latent heat flux (Km-s1);
L, =2.5x100 ] kgyater | = latent heat of vaporization;
T o= CP/ Ly =04 (gwater kgair_l)'K_l
= psychrometric constant.
If you divide these equations by air density (p,;-),
then you can get the water flux in kinematic form:

= Puater /' Pair (4.48a)

F water

For example, eq. (4.45) becomes:
Fater = Be/ (Pair - Ly) = ¥~ FE (4.48Db)

The advantage of kinematic water flux (F,,,,) is
that its units are similar to (mixing ratio) x (wind
speed). Thus, the units are (kg ater Kgair 1):(m-s7).
When water from a puddle on the Earth’s surface
evaporates, the puddle depth decreases. The rate of
this depth decrease (mm day) is the evaporation
rate, (Evap), which is related to the moisture flux:

E water/ PL = F E/ (pL'Lv) =al E (4.49)

Evap

Evap = (puir/pL)'quter = (puir/pL)"Y'FE '(4'50)



.STULL ¢ PRACTICAL METEOROLOGY 109

For these equations, py, = 1000 kgj;q m3,a= 0.0346
(m2 W-1)-(mm day 1), and a = 4.0x10710 m3-W-1.s~1.

For windy conditions, another way to estimate
the water vapor flux (in kinematic units) is with a
bulk-transfer relationship similar to eq. (3.35),
such as

Foater =Cp - M- (rsfc - raz'r) (4.51)

where the wind speed at 10 m above the surface is
M, and the water-vapor mixing ratio in the air at2 m
above the surface is r,;,.. The bulk-transfer coef-
ficient for water vapor is roughly the same as the
one for heat, Cy, which ranges between 2x1073 (for
smooth surfaces) to 2x1072 (for rough surfaces).

In calmer conditions with sunny skies, convec-
tive thermals of warm rising air can form, which
are effective at transporting moisture in the vertical.
The resulting kinematic water-vapor flux is:

Foater = by - wp '(rsfc - rML) 4.52)

for a mid-mixed layer mixing ratio of r,;; and a con-
vective heat-transport coefficient of by; = 5x10~4
(dimensionless). Eq. (3.38) in the previous chapter
gives the expression for buoyancy-velocity scale wpg.
While the two equations above seem physically
reasonable, they have a problem in that the mixing
ratio at the surface ry; (literally at the Earth’s sur-
face skin) is an abstract concept that is not measur-
able. For the special case of a river or lake surface or
rain-saturated ground, scientists often approximate
rsfe = 1s(Tsf); namely the surface mixing ratio equals
the saturation mixing ratio r, (eq. 4.5) for air at a tem-
perature Ty equal to that of the surface skin.

Moisture Transport by Turbulence

Recall from the Thermodynamics chapter that
turbulence is the quasi-random movement and mix-
ing of air parcels by swirls and eddies — analogous
to the effects of an egg beater. By mixing together
dry and moist air parcels, turbulence causes a net
moisture transport — namely, a moisture flux. If
the moisture flux out of the top of a layer of air is dif-
ferent than the moisture flux into the bottom, then
there is a moisture flux divergence AF, ,,;(r7)/Az
that changes the total water content in the layer.

For hot sunny days with light winds, rising ther-
mals create a mixed layer of depth z;, within which:

(4.53)
AF, 16 (1) _ E; turb at 2i(r) = F; turb at surface(rT)

Az Zi = Zsurface

where eq. (4.53) says that the local flux divergence
equals the average flux divergence across the whole
turbulent mixed layer (ML).

Sample Application

A cold front recently passed over your farm field
during which it rained hard, but now it is windy with
M=15msL. Airbehind the cold front is relatively dry
(2, = 5 g kg™), but the ground surface is still relative-
ly warm (14°C). Assume your farm is near sea level.
What kinematic water-vapor flux do you expect?

Find the Answer
Given: M= 15ms, r,;, =5gkg™, Ty =14°C
Find: Foater =" (kgwater kgair_l)'(m's_l)

The farm field is probably not perfectly smooth, so let’s
assume Cpy ~ 5x1073 (dimensionless). But assume the
recent rain left the soil nearly saturated with water.

To apply eq. (4.51), we need to estimate 7y ~ ry(Tgp) =
rs (14°C) = 10.0 g kg! from eqs (4.1) & (4.5). Thus, eq.
4.51) is:

Foater = (5X10_3 )-(15m 5_1)'(10-0 -5¢g kg‘l)

0.375 (gwater-Kgair)-(ms™)
0.000375 (Kgyater Kgair )-(ms™)

Check: Physics and units are reasonable.
Exposition: If you apply eq. (4.50) you find this is as-
sociated with an evaporation rate of 40 mm day1.

Sample Application

What is the value of F,;,, on a sunny day with no
winds? Assume mixed-layer depth z; = 3 km, 0, =
290 K, and 8. = 320 K. The air and ground are some-
what dry, so 7y, = 5 g kgl and 1y = 3 g kg™

Find the Answer

Given:ry=5g kg, rnu=3gkg?, z;=3km,
0sr =320 K, Oy =290K

Find: Fuger =7 (Kwater kgair_l)'(m's_l)

Sunny, calm conditions suggests a convective mixed
layer, so we can apply eq. (4.52). The temperature info
in this sample application is the same as for a sample
application in the Surface Fluxes section of Chapter 3,
where we found from eq. (3.38) that wg ~ 55.1 m s7L.
Thus, eq. (4.52) is:

(5x107%)-(55.1 m s7)-(5 - 3 g kg1
0.055 (gwater'kgair)'(m’s_l)
= 5.5x107 (kgyater K8air )-(ms™)

F water

Check: Physics and units are reasonable.
Exposition: If you apply eq. (4.50) you find this is as-
sociated with an evaporation rate of 5.83 mm day! at
sea level.
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T
Convective Mixed Layer (ML)

0 fl Flux,_q i

Figure 4.12

Idealized vertical profiles of potential temperature A® and to-
tal water mixing ratio Arp across the turbulent boundary layer
(known as a mixed layer; shaded brown in this figure). The
differences (jumps: A) of these values at the top (z;) and bottom
(s) of the mixed layer can be used to estimate turbulent vertical
fluxes in those regions.

Agtr AD

Sample Application

Winds are light and solar heating is strong, creat-
ing a convective mixed layer (ML) having depth 1.5
km and convective transport of bywg = 0.03 m s7L.
The potential temperature jump near the surface is
7°C while the corresponding jump near the top of the
ML is 4°C. The jumps of total water mixing ratio are 6
and -3 g kg, respectively. (a) Find the turbulent flux
divergence of ry. (b) If that was the only process active,
then at what rate does total water increase in the ML?

Find the Answer
Given: z;=1.5km =1500m, bpwg=0.03 ms™L.
|A8] =7°C, |A,8]| =4°C,

|Asrr| =6gkg™, Aurr=-3gkg™,
No other processes acting,.

Find: () AF, p(r7)/Az =2 (g kg™)/s,
(b) Arp/At =2 (g kg /s,

(@) Apply eq. (4.56):

AF, turb(rT)z_bH'wB 02~(A r )A_Se

Az zZ; ’ %' T A, 0

__(0.03m/s) 02| 38|.
(1500m) kg

=-9.9x10" (g kg 1)/s

+|ASTT |]

(o2

Z

7°C

4°C

(b) Apply eq. (4.44):
Arp/At == AF, 1,(rr)/Az = 9.9x1075 (g kg™)/s
=0.36 (g kg™!)/hour

Check: Physics and units are reasonable.
Exposition: Entrainment is bringing dry air down
into the mixed layer [F(r) = — ], but that drying rate
is offset by moisture flux entering the ML from the
Earth’s surface, leading to increase of rp with time.

At the top of the ML, entrainment brings in
warmer drier air from just above the ML top (at z;+)
and mixes it with air just below the ML top (at z;-),
see Fig. 4.12. That entrainment is driven by thermals
associated with the effective surface heat flux Fy
(in kinematic units of K m s) and is modulated by
the strength of the capping temperature inversion
A,0, where A; = ()i, — ()i - Thus, (4.54)

AFZ turb(rT) __ [0'2 '(AZ,- T / AZ,‘ 6) : FH] + Fwater
Az z;

Also in eq. (4.54) is F,u, the effective surface
water-vapor flux [units kinematic (kg ater KZair )
(m s71) ], which can be rewritten using the psychro-
metric constant [y = 0.4 (g ater KZair ) K] in terms
of the latent heat flux Fg (eq. 4.48), at the surface:

(4.55)
AF, 4, (17) —_ 0'2'(AZI‘7T /Azie)'FH +7-Fg
Az z;

The effective surface sensible and latent heat flux-
es in the eq. above can be parameterized using the
convective transport coefficient (by, see the Thermo-
dynamics chapter) and the buoyancy velocity scale

wpg (see eq. 3.38): (4.56)

} + |ASrT|

A®

A0

AF, turb(rT)=_bH'wB O.Z-(A 7, )
Az z Wt

where Ay() = ( )surface = Omid mixed-layer
Any one of the four egs. above can be used to

find moisture-flux divergence for 0 < z < z;. Above
the convective ML (at z > z; ) where turbulence is
weak or nonexistent:

AFZ turb(rT) ~0 (4‘57)
Az

During night, turbulence is often weak at most
heights (except very close to the surface), allowing
you to use eq. (4.57) as a reasonable approximation
atz>0.

Next, consider a different type of mixed layer
— one that is mixed mechanically by wind shear on
windy days (not by thermals on calm sunny days).
Further, suppose that there is such a strong capping
temperature inversion at the top of this layer (at
height z;) that there is negligible entrainment (thus
near zero moisture flux) into the top of this ML. For
this case, the turbulent moisture flux divergence is
driven solely by F,;.,, the flux at the Earth’s surface:
AF, 1p(tr)/Az = — Fypppe/zi. For example, in winter a
humid ML might lose moisture due to condensation
of water onto a cold snow-covered landscape. Or a
cool dry ML might gain moisture by evaporation
from a warm lake.
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Thunderstorms are deep convective storms that
turbulently mix air over the whole depth of the
troposphere. The fuel for such storms is humidity
in the prestorm mixed layer. When this ML air is
drawn into the storm via the storm updrafts, water
vapor condenses and falls out as rain. Meanwhile,
drier air from the mid-troposphere is often brought
down towards the surface to create a new, but dri-
er, post-storm atmospheric boundary layer (ABL).
Some of the falling rain can evaporate into this drier
ML, increasing the humidity there.

g e W e W T S g W

HUMIDITY INSTRUMENTS

Instruments that measure humidity are called
hygrometers. Don't confuse the word with “hy-
drometers”, which are used to measure specific
gravity of fluids such as battery acid.

Dew-point hygrometers, also known as
chilled-mirror hygrometers, reflect a beam of
light off a tiny metal mirror. When the mirror is
cooled to the dew-point temperature, dew forms
on the mirror and the light beam scatters instead of
reflecting into a detector. Electronics in the instru-
ment cool or heat the mirror to maintain the surface
precisely at the dew point temperature, which is pro-
vided as an output. These are accurate instruments
with relatively slow response. For cold temperatures
and low humidities, frost-point hygrometers are
used instead.

Hair hygrometers use organic fibers such as
long hairs, anchored at one end and attached at the
other end by amplifying levers to a dial that reads
out relative humidity. Asthe RH increases, the hairs
get longer, causing the dial to turn. These are inac-
curate, but are inexpensive and are the most com-
mon hygrometers for home use. Other hygrometers
use other materials that also change their dimen-
sions when they absorb water molecules.

Psychrometers are instruments with two lig-
uid-in-glass thermometers attached to a board or
frame. The bulb of one thermometer is surrounded
by a sleeve or wick of cloth that is saturated with
distilled water, while the other bulb remains dry.
After both thermometers are actively ventilated [by
whirling the instrument through the air on a hand-
held axel (sling psychrometer), or by using a
spring or electrically driven fan to blow air past the
thermometers (aspirated psychrometer)], the two
thermometers are read to give the wet and dry-
bulb temperatures. The wet-bulb is cooler than
the dry, because of the latent heat absorbed when
water evaporates. This thermodynamic informa-
tion can be used with psychrometric tables or charts

(Figs. 44 & 4.5) to determine the humidity. These
instruments are extremely slow response, but rela-
tively simple. Modern psychrometers replace the
liquid-in-glass thermometers with electronic ther-
mometers such as thermistors.

In old radiosondes (balloon-borne weather in-
struments), the electrical resistance across a carbon-
coated glass slide was measured. In more humid
air, this carbon-film hygrometer becomes more
resistive. Modern radiosondes often measure the
capacitance across a very thin dielectric plastic that
is coated on both sides with a porous metallic grid.
Both approaches are small and light enough to be
carried aloft, but both sensors can be easily contami-
nated by chemical vapors that change their electri-
cal properties.

Microwave refractometers draw air into a
small chamber filled with microwaves. The refrac-
tion (bending) of these microwave beams depends
on humidity (see the radar section of the Satellites
& Radar chapter), and can be measured. These are
very fast-response sensors.

Spectral absorption hygrometers,alsoknown
as optical hygrometers, transmit frequencies of
electromagnetic radiation that are strongly absorbed
by water vapor. By passing the beam of radiation
across a short path of air to a detector, the amount
of attenuation can be measured to allow calculation
of the absolute humidity. One such instrument, the
Lyman-alpha hygrometer, uses ultraviolet light
of wavelength 0.121567 pm, corresponding to an ab-
sorption/emission line of hydrogen. Another, the
krypton hygrometer, uses emissions at 0.12358
pm, generated by glow tube filled with the noble
gas krypton. Other instruments use absorption of
infrared light (infrared hygrometers). These are
all fast-response instruments. See the Satellites &
Radar chapter for absorption spectra across the at-
mosphere.

Some lidars (laser radars) have been developed
to transmit two neighboring wavelengths of elec-
tromagnetic radiation, one of which is affected by
water vapor and the other which is not. Such dif-
ferential absorption lidars (DIAL) can remotely
measure humidity along vertical or slant paths, and
can scan the atmosphere to measure the humidity in
a volume or in a plane.

Weather radars and other microwave profilers
can be used to measure profiles of humidity in the
atmosphere, because the speed and/or polarity of
microwaves through air depends on humidity.

Some sensors measure path-averaged humid-
ity. One example is the water-vapor channel on
weather satellites, which measures infrared emis-
sions from water vapor in the air. As discussed in
the Satellites & Radar chapter, such emissions come
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from a layer of air several kilometers thick in the top
third of the troposphere. These instruments have
the advantage of remotely sampling the atmosphere
at locations that are difficult to reach otherwise, such
as over the oceans. A disadvantage is that they have
difficulty seeing through clouds.

Transmissions from Global Positioning Sys-
tem (GPS) satellites are slightly delayed or refract-
ed by humidity along the path of the beam through
the atmosphere. However, data from many such
crossing beams from the constellation of GPS satel-
lites can be computationally inverted to yield verti-
cal profiles of humidity, similar to the medical X-ray
tomography methods used for brain scans.

g o W W T Ve o

REVIEW

Many different variables can be used as mea-
sures of water-vapor content in air, including: wa-
ter-vapor partial pressure (known as vapor pressure
in meteorology), mixing ratio, absolute humidity,
specific humidity, relative humidity, dew-point tem-
perature, lifting condensation level, and wet-bulb
temperature. Some of these variables can be used to
quantify total water (vapor + liquid + ice).

Formulas exist to convert between these different
variables. Some of these humidity variables can be
easily measured by instruments called hygrometers,
others are useful in conservation equations, while
others are commonly known by the general public.

The amount of water actually being held in the
air might be less than the maximum amount that
could be held at equilibrium, where this equilibrium
value is known as the saturation humidity. Cool-
er air can hold less water vapor at saturation than
warmer air — a fact that is critical in understanding
why clouds and storms form in rising, cooling air.

By following such a rising or sinking air parcel
we can write a Lagrangian moisture budget and cal-
culate adiabatic temperature changes for air that is
saturated (foggy or cloudy). A graphical description
of this process can be represented as moist adiabats
on a thermo diagram. Saturated rising air does not
cool as rapidly with altitude as dry air. Thermo dia-
grams can also include isohume lines that relate hu-
midity state to temperature and pressure.

An alternative frame of reference is Eulerian,
which is fixed relative to a location on the Earth’s
surface. To forecast humidity in such a fixed frame,
we can account for the advection of moisture by the
winds, the fluxes of moisture due to turbulence, and
effects due to precipitation. Clouds and precipita-
tion are discussed in subsequent chapters.

g e W W T g S

HOMEWORK EXERCISES

Broaden Knowledge & Comprehension
Bl. Use the internet to acquire the current humidity
at a weather station near you. What type of humid-
ity variable is it?

B2. Use the internet to acquire a current weather
map of humidity contours (isohumes) for your re-
gion. Print this map and label regions of humid and
dry air.

B3. At the time this chapter was written, a web page
was available from the National Weather Service in
El Paso, Texas, that could convert between different
weather variables (search on “El Paso weather calcu-
lator”). How do the formulas for humidity on this
web page compare to the ones in this chapter?

B4. Use your internet search engine to find addition-
al “weather calculators” that can convert between
different units, other than the calculator mentioned
in the previous problem. Which one do you like the
best? Why?

B5. Use the internet to acquire the company names
and model numbers of at least two different instru-
ments for each of 3 different methods for sensing
humidity, as was discussed on the previous page.

B6. Two apparent-temperature indices (humidex
and heat index) describing heat stress or summer
discomfort were presented in the Thermodynamics
chapter. Use the internet to acquire journal articles
or other information about any two additional indi-
ces from the following list:

® apparent temperature,

e discomfort index,

e effective temperature,

* humisery,

¢ humiture,

¢ index of thermal stress.

¢ livestock weather safety index,

e summer simmer index,

* temperature-humidity index (THI),

¢ wet-bulb globe temperature,

B7. Use the internet to acquire a weather map for
your region showing isohumes (either at the surface,
or at 85 or 70 kPa). For one Eulerian location chosen
by your instructor, use the winds and horizontal hu-
midity gradient to calculate the horizontal moisture
advection. State if this advection would cause the
air to become drier or more humid. Also, what other
factors in the Eulerian water balance equation could
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counteract the advection (by adding or removing
moisture to the Eulerian volume)?

B8. A meteogram is a graph of a weather variable
(such as humidity or temperature) along the vertical
axis as a function of time along the horizontal axis.
Use the internet to either acquire such a humidity
meteogram for a weather station near your location,
or create your own meteogram from a sequence of
humidity observations reported at different times
from a weather station.

B9. Use the internet to search on “upper air sound-
ing”, where a sounding is a plot of weather variables
vs. height or pressure. Some of these web sites allow
you to pick the upper-air sounding station of inter-
est (such as one close to you), and to pick the type of
sounding plot.

There are several different types of thermo dia-
gram frameworks for plotting soundings, and so far
we discussed only one (called an Emagram). We will
learn about the other thermo diagrams in the next
chapter -- for example, the Stuve diagram looks very
similar to an Emagram. Find a web site that allows
you to view and plot an emagram or Stuve for a loca-
tion near you.

Apply
Al. Compare the saturation vapor pressures (with
respect to liquid water) calculated with the Clausius-
Clapeyron equation and with Tetens’ formula, for T
(°C):
a.45 b.40 c.35 d.30 e25 £f20 g15
h.10 i5 j0 k-5 1L-10 m.-15 n.-20

A2. Calculate the saturation vapor pressures with
respect to both liquid water and flat ice, for T (°C) =
a.-3 b.-6 c-9 d-12 e-15 f-18
g. 21 h.-24 i-27 j-30 k.-35 1.-40

A3. Find the boiling temperature (°C) of pure water
at altitudes (km) of:

a.02 b.04 c. 06 d.08 el2 f14

g.16 h 18 i22 j24 k26 128

A4. Calculate the values of e, (kPa), 7 (g kg™, g (g
kg™, p, (g m3), RH (%), Ty (°C), LCL (km), Ty, (°C), 1,
(g kg™), g, (g kg™), and p,, (g m3), given the follow-
ing atmospheric state:

PkPa) T(CC) e(kPa)
a. 100 45 5
b. 90 35 2
C. 80 25 1
d. 70 15 0.8
e. 80 5 0.5

f. 90 5 0.2
. 80 15 1
h. 100 25 2.5

A5(§). Some of the columns in Table 4-1 depend on
ambient pressure, while others do not. Create a
new version of Table 4-1 for an ambient pressure P
(kPa) of
a.95 b.90 c.8 d.80 e75 £f70 g.65
h.60 i.55 j.50 k.45 140 m.35 n.30

A6. Given the following initial state for air outside
your home. If your ventilation/heating system
brings this air into your home and heats it to 22°C,
what is the relative humidity (%) in your home?
Assume that all the air initially in your home is re-
placed by this heated outside air, and that your heat-
ing system does not add or remove water.

T(°C), RH(%) T(°C), RH(%)
a. 15,80 g.5,90

b. 15,70 h. 5,80

c. 15,60 i.5,70

d. 10, 80 j-=5,90

e. 10,70 k.-5,80

f. 10, 60 m. -5,70

A7. Given the temperatures and relative humidities
of the previous exercise, what is the mixing ratio
value (g kg™) for this “outside” air?

A8. For air with temperature and dew-point values
given below in °C, find the LCL value (km).

T.T, T. Ty
a. 15,12 g.5,4

b. 15,10 h.5,0

c. 15,8 i.5,-5
d. 10,8 j. 20,15
e. 10,5 k. 20, 10
£ 10,2 m. 20, 5

A9. Given the following dry and wet-bulb tempera-
tures, use equations (not graphs or diagrams) to cal-
culate the dew-point temperature, mixing ratio, and
relative humidity. Assume P = 95 kPa.

T.T, T.T,
a. 15,14 g.5,4
b. 15,12 h.5,3
c. 15,10 i.5,2
d. 10,9 j. 20,18
e 10,7 k. 20, 15
£ 10,5 m. 20, 13

A10. Same as the previous exercise, but you may use
the psychrometric graphs (Figs. 4.4 or 4.5).
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All. Given the following temperatures and dew-
point temperatures, use the equations of Normand’s
Rule to calculate the wet-bulb temperature.

T.T, T.T,
a. 15,12 g.5,4
b. 15,10 h.5,0
c. 15,8 i.5-5
d. 10,8 j. 20,15
e. 10,5 k. 20, 10
£ 10,2 m. 20, 5

A18. What is the value of relative humidity (%) for
air with the following state:

T (°C), T, (°C), P (kPa) T (°C), T, (°C), P (kPa)
a. 15,10,90 g. 25,20, 100
b. 15, 10,90 h. 25, 15, 100
c. 15,5,80 i. 25,10, 90
d. 10,0, 80 j. 20, 15,90
e. 10,0, 70 k. 20, 10, 80
f. 10,-5,70 m. 20, 5, 70

A12. Same as the previous exercise, but you may use
a thermo diagram to apply Normand’s rule.

A13. For air at sea level, find the total-water mixing
ratio for a situation where:

=3°C, r.=3gkg!
br—6gkg , rn.=2gkg!
c. T=0°C, rp=4gkg!
d.T=12°C, r =3gkgl!
eer=8gkgl, r=2gkgl
fr=4gkgl, r=1gkgl!
g T=7°C, rp=4gkg!
h.T=20°C, r =5gkg’!

Al14. Given air with temperature (°C) and total wa-
ter mixing ratio (g kg!) as given below. Find the
amount of liquid water suspended in the air: 77 (g
kg1). Assume sea-level.

T Trp
a. 15,16 g. 25,30
b. 15,14 h. 25, 26
c. 15,12 i. 25,24
d. 10,12 j- 20, 20
e. 10,11 k. 20,18
f. 10,10 m. 20, 16

A15. If the mixing ratio is given below in (g kg™),
then use equations (not figures or graphs) find the
dew point (°C), assuming air at P = 80 kPa.

a.28 b.25 c.20 d.15 e10 f£5 g3

h.2 i1 j05 k03 1L02 m. 01 n0.05

A16. Same as the previous exercise, but you may use
Fig. 4.7.

A17. Given an air parcel starting at 100 kPa with
dewpoint (°C) given below, use Fig. 4.7 to find the
parcel’s final dewpoint (°C) if it rises to a height
where P = 60 kPa.
a.40 b.35 .30 d.25 e 20 £f15 g 10
h.5 10 j-5 k-10 1.-15 m.-20 n.-25

A19. Calculate the saturated adiabatic lapse rate (°C
km) at the temperatures and pressures given be-
low. Use the equations, not the thermo diagram.

T(CC),P(kPa)  T(°C),P (kPa)
a. 15,90 g. 25,100
b. 15,90 h. 25, 100
c. 15,80 i. 25,90
d. 10,80 j. 20,90
e. 10,70 k. 20, 80
f. 10,70 m. 20, 70

A20. Same as the previous exercise, but use equa-
tions to find the saturated adiabatic lapse rate as a
change of temperature with pressure (°C kPa™).

A21. For air parcels with initial state as given below,
use the thermo diagram (Fig. 4.8) to find the final
air-parcel temperature after it is lifted to an altitude
where P = 50 kPa. Assume the air parcels are satu-
rated at all times.

T(C),P(kPa)  T(°C),P (kPa)
a. 15,80 g.25,90
b. 15,70 h. 25, 90
c. 15,60 i. 25,80
d. 10,70 j. 20, 80
e. 10,60 k. 20, 70
f. 10, 60 m. 20, 60

A22. For air parcels with initial state as given in
the previous exercise, use the thermo diagram (Fig.
4.8) to find the final air-parcel temperature after it is
lowered to an altitude where P = 100 kPa. Assume
the air parcels are saturated at all times.

A23. Using Fig. 4.8 and other figures for dry adiabats
in the Thermodynamics chapter, determine the val-
ues of the liquid-water potential temperature and
equivalent potential temperature for the initial air
parcel of exercise A21.

A24. Same as the previous exercise, except use equa-
tions instead of the thermo diagram.

A25. Given an air parcel that starts at a height where
P =100 kPa with T = 25°C and r = 12 g kg (i.e,, it is
initially unsaturated). After rising to its final height,
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it has an 7 (g kg™) value listed below. Assuming
no precipitation falls out, find the final value for r (g
kg for this now-saturated air parcel.

a.05 b.1 c15 d2 e25 f3 g35

h.4 i45 j5 k55 L6 m65 n7

A26. Imagine a horizontally uniform wind given
below, which is blowing in to the west side of a fixed
cubic domain and blowing out of the east side. The
cube is 200 km on each side. The total water mix-
ing ratio for (incoming, outgoing) air is rp = (12, 8)
g kg7l. What is the rate of change of 77 inside the
volume due to this advection?

a.2 b4 c¢5 d7 e10 £12 g 15

h.18 i.20 j.21 k.23 125 m.27 n.30

A27. Imagine a fixed cube of air 200 km on each
side. Precipitation is falling at rate 4 mm h~! into the
top of this volume, and is falling out of the bottom of
the volume at the rate (mm h1) given below. What
is the rate of change of ry inside the volume due to
this precipitation gradient?

a. 6 b.55 c5 d45 e43 42 g4l

h.4 139 .38 k37 L35 m3 n25

A28. Given below the value of latent heat flux
(W-m™2) at the surface. Find the kinematic value of
latent flux (K'm s71), the vertical flux of water vapor
(kgwaterm2s7)), the vertical flux of water vapor
in kinematic form (kgyater Kgaiy D)-(m s71), and the
evaporation rate (mm d-%).

a.100 b.150 ¢.200 d.250 e.300 f.350

g.80 h.75 i70 j.60 k.50 140 m.25

A29. For windy, overcast conditions, estimate the
kinematic latent heat flux at the surface, assuming
Cpy = 5x1073.
M(ms™) 1y (gkg™) 1 (g kg™
25 10

a. 2

b. 2 20 10
C. 2 15 10
d. 5 25 10
e. 5 20 10
f. 5 15 10
g. 12 25 10
h. 12 20 10
i 12 15 10

A30. For sunny, free-convective conditions, estimate
the kinematic latent heat flux at the surface.

wpms™)  ry(gkg) ny(gke™)
a. 5 25 10
b. 5 20 10
¢ 5 15 10
d 12 25 10
e 12 20 10

£ 12 15 10
g 25 25 10
h. 25 20 10
i 25 15 10

A31. Suppose the atmospheric mixed layer (ML)
is as sketched in Fig. 4.12, having |Agr| = 8 g kg™,
|AB] =5°C, Arr (gkg™) as given below, and |A,;6|
= 3°C. The mean winds are calm for this daytime
convective boundary layer, for which bg-wg = 0.02 m
s71. What is the rate of change of total water mixing
ratio in the ML due to the turbulence?

a.-10 b.-8 ¢-5 d.-3 e-2 f-1 g0

h.+1 i2 j4 k6 17 m9 n12

Evaluate & Analyze

El. When liquid water evaporates into a portion of
the atmosphere containing dry air initially, water
vapor molecules are added into the volume as quan-
tified by the increased vapor pressure e. Does this
mean that the total pressure increases because it has
more total molecules? If not, then discuss and jus-
tify alternative outcomes.

E2(§). a. Make your own calculations on a spread-
sheet to re-plot Fig. 4.2 (both the bottom and top
graphs).

b. What factor(s) in the equations causes the va-
por pressure curves to differ for the different phases
of water?

E3. Suppose that rain drops are warmer than the
air they are falling through. Which temperature
should be used in the Clausius-Clapeyron equation
(Tyir of Tpater)? Why? (For this exercise, neglect the
curvature of the rain drops.)

E4. Notice the column labels in Table 4-1. In that
table, why are the same numbers valid for (T, r,) and
for (Ty, r)?

E5(8). a. Plot a curve of boiling temperature vs.
height over the depth of the troposphere.

b. The purpose of pressure cookers is to cook boiled
foods faster. Plot boiling temperature vs. pressure
for pressures between 1 and 2 times Ps,; jopei-

E6(8§). Plot r; vs. T and g, vs. T on the same graph.
Is it reasonable to state that they are nearly equal?
What parts of their defining equations allow for this
characteristic? For what situations are the differenc-
es between the mixing ratio and specific humidity
curves significant?
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E7(§). Ona graph of T vs. Ty, plot curves for different
values of RH.

E8. Why is it important to keep thermometers dry
(i-e., placing them in a ventilated enclosure such as
a Stevenson screen) when measuring outside air
temperature?

E9(§). For any unsaturated air-parcel, assume you
know its initial state (P, T, 7). Recall that the LCL
is the height (or pressure) where the following two
lines cross: the dry adiabat (starting from the known
P, T) and the isohume (starting from the known P,
7). Given the complexity of the equations for the dry
adiabat and isohume, it is surprising that there is
such a simple equation (4.16a or b) for the LCL.

Confirm that eq. (4.16) is reasonable by starting
with a variety of initial air-parcel states on a thermo
diagram, lifting each one to its LCL, and then com-
paring this LCL with the value calculated from the
equation for each initial parcel state. Comment on
the quality of eq. (4.16).

E10. Some of the humidity variables [vapor pressure,
mixing ratio, specific humidity, absolute humidity,
relative humidity, dew-point temperature, LCL, and
wet-bulb temperature] have maximum or minimum
limits, based on their respective definitions. For
each variable, list its limits (if any).

Ell. A swamp cooler is a common name for an air-
conditioning system that lowers the air temperature
to the wet-bulb temperature by evaporating liquid
water into the air. But this comes with the side-ef-
fect of increasing the humidity of the air. Consider
the humidex as given in the Thermodynamics chap-
ter, which states that humid air can feel as uncom-
fortable as hotter dry air. Suppose each cell in Table
3-5 represents a different initial air state. For which
subset of cells in that table would a swamp cooler
take that initial air state and change it to make the
air feel cooler.

E12. We know that T,, = T for saturated air. For
the opposite extreme of totally dry air (r = 0), find
an equation for T, as a function of (P, T). For a few
sample initial conditions, does your equation give
the same results you would find using a thermo dia-
gram?

E13(§). Create a table of T; as a function of (T, T,,).
Check that your results are consistent with Figs. 4.4
and 4.5.

E14(8). Do egs. (4.20) and (4.21) give the same results
as using Normand’s Rule graphically on a thermo
diagram (Fig. 4.6)? Confirm for a few different ini-
tial air-parcel states.

E15. Derive egs. (4.23) through (4.27) from eqs. (4.4,
4.7, and 4.10).

E16. Rain falls out of the bottom of a moving cloudy
air parcel. (a) If no rain falls into the top of that air
parcel, then what does eq. (4.35) tell you? (b) If rain
falls out of the bottom at the same rate that it falls
into the top, then how does this affect eq. (4.35).

E17(§). Create a thermo diagram using a spreadsheet
to calculate isohumes (forr=1,3,7,10,30 g kg‘l) and
dry adiabats (for 6 =-30, 10, 10, 30 °C), all plotted on
the same graph vs. P on an inverted log scale similar
to Figs. 3.3 and 4.7.

E18. Start with Tetens’ formula to derive equation
(4.36). Do the same, but starting with the Clausius-
Clapeyron equation. Compare the results.

E19. It is valuable to test equations at extreme val-
ues, to help understand limitations. For example,
for the saturated adiabatic lapse rate (eq. 4.37b), what
is the form of that equation for T = 0 K, and for T ap-
proaching infinity?

E20(§). Create your own thermo diagram similar to
Fig. 4.8 using a spreadsheet program, except calcu-
late and plot the following saturated adiabats (0, =
-30, -10, 10, 30°C).

E21(§). Create a full thermo diagram spanning the

domain (=60 < T < 40°C) and (100 < P < 10 kPa). This

spreadsheet graph should be linear in T and loga-
rithmic in P (with axes reversed so that the highest
pressure is at the bottom of the diagram). Plot

e isobars (drawn as thin green solid lines) for
P(kPa) = 100, 90, 80, 70, 60, 50, 40, 30, 20

e isotherms (drawn as thin green solid lines) for
T(°C) = 40, 20, 0, 20, —40 °C.

e dry (6, solid thick orange lines) and moist
adiabats (0, dashed thick orange lines) for the
same starting temperatures as for T.

e isohumes (thin dotted orange lines) for
r(gkg™) =50,20,10,5,2,1,0.5,0.2

E22. T and 6 are both in Kelvins in egs. (4.40 and
4.41). Does this mean that these two temperatures
cancel each other? If not, then what is the signifi-
cance of 6/T in those equations?
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E23. Consider an air parcel rising adiabatically (i.e.,
no mixing and no heat transfer with its surround-
ings). Initially, the parcel is unsaturated and rises
dry adiabatically. But after it reaches its LCL, it con-
tinues its rise moist adiabatically. Is 6,, or 8; con-
served (i.e., constant) below the LCL? Is it constant
above the LCL? Are those two constants the same?
Why or why not. Hint, consider the following: In
order to conserve total water (rp = r + 1), ¥ must de-
crease if 17 increases.

E24. For each of the saturated adiabats in Fig. 4.8,
calculate the corresponding value of 6, (the equiva-
lent potential temperature). Why is it always true
that 0,>6;?

E25. a. By inspection of the horizontal advection
terms in eq. (4.44), write the corresponding term for
vertical advection. b. Which term of that equation
could account for evaporation from a lake surface, if
the Eulerian cube of air was touching the lake?

E26. Based on the full (un-simplified) Eulerian heat
budget equation from the Thermodynamics chapter,
create by inspection a full water-balance equation
similar to eq. (4.44) but without the simplifications.

E27. Why does the condensation-caused latent heat-
ing term in the Eulerian heat balance equation (see
the Thermodynamics chapter) have a different form
(or purpose) than the precipitation term in the water
balance eq. (4.44)?

E28(§). Plot curves kinematic latent flux vs. evapora-
tion rate for different altitudes.

E29. The flux of heat and water due to entrain-
ment at the top of the mixed layer can be written as
Fy i = weA,0 and Fpppp i = WA, r7, Tespectively.
Also, for free convection (sunny, calm) conditions
in the mixed layer, a good approximation is Fp ,; =
0.02-Fy. If the entrainment velocity is w,, then show
how the info above can be used to create eq. (4.54).

E30. Derive eq. (4.56) from (4.55).
E31. Which humidity sensors would be best suited

for measuring the rapid fluctuations of humidity in
the turbulent boundary layer? Why?

Synthesize

S1. Describe how the formation and evolution of
clouds would differ if colder air could hold more wa-
ter at saturation than warmer air. During a typical
daytime summer day, when and at what altitudes
would you expect clouds to form?

52. Describe how isohumes on a thermo diagram
would look if saturation mixing ratio depended only
on temperature.

53. Consider the spectral-absorption hygrometers
described earlier (e.g., optical hygrometers, Lyman-
alpha hygrometer, krypton hygrometer, infrared
hygrometers). What principle(s) or law(s) from the
Solar and IR Radiation chapter describe the funda-
mental way that these instruments are able to mea-
sure humidity?

54. Describe the shape (slope and/or curvature) of
moist adiabats in a thermo diagram if water-vapor
condensation released more latent heat than the
cooling associated with adiabatic expansion of the
air parcel. Describe any associated changes in cli-
mate and weather.

55. What if the evaporation rate of water from the
surface was constant, and did not depend on surface
humidity, air humidity, wind speed, or solar heating
(i.e, convection). Describe any associated changes
in climate and weather.

S6. a. Describe the depth of liquid water in rain
gauges at the ground if all the water vapor in the
troposphere magically condensed and precipitation
out. Assume a standard atmosphere temperature
profile, but with a relative humidity of 100% initially
(before rainout), and with no liquid or solid water
initially suspended in the atmosphere.

b. Oceans currently cover 70.8% of the Earth’s
surface. If all the water from part (a) flowed into the
oceans, describe the magnitude of ocean-depth in-
crease.

c. Do a similar exercise to (a) and (b), but for a
saturated standard-atmosphere stratosphere (ignor-
ing the troposphere).

S7. The form of Clausius-Clapeyron equation pre-
sented near the beginning of this chapter included
both T, and T as arguments of the exponential func-
tion.

a. Use algebra to separate T, and T into separate
exponential functions. Once you have done that,
your equation should look like: e, = Cexp[—~(L/
R,)-(1/T)], where C contains the other exponential.
Write the expression for C.
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b. The Boltzmann constant is kz = 1.3806x1023
JKLmolecule™! . This can be used to rewrite the wa-
ter-vapor gas constant as R, = kg/m,, where m,, rep-
resents the mass of an individual water-molecule.
Substitute this expression for R, into e, = C-exp[-(L/
R,)-(1/T)], leaving C as is in this eq.

c. If you didn’t make any mistakes in this alterna-
tive form for the Clausius-Clapeyron equation, and
after you group all terms in the numerator and all
terms in the denominator of the argument then your
equation should contain a new form for the ratio in
the argument of the exponential function. One can
interpret the numerator of the argument as the po-
tential energy gained when you pull apart the bond
that holds a water molecule to neighboring mol-
ecules in a liquid, so as to allow that one molecule
to move freely as water vapor. The denominator can
be interpreted as the kinetic energy of a molecule as
indicated by its temperature.

With that in mind, the denominator is energy
available, and numerator is energy needed, for one
molecule of water to evaporate. Describe why this
ratio is appropriate for understanding saturation va-
por pressure as an equilibrium.

S8. Devise an equation to estimate surface water flux
that works for a sunny windy day, which reduces to
egs. (4.51 & 4.52) in the limits of zero convection and
zero mean wind, respectively.
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A sounding is the vertical profile of tempera-
ture and other variables in the atmosphere over one
geographic location. Stability refers to the ability
of the atmosphere to be turbulent, which you can
determine from soundings of temperature, humid-
ity, and wind. Turbulence and stability vary with
time and place because of the corresponding varia-
tion of the soundings.

We notice the effects of stability by the wind
gustiness, dispersion of smoke, refraction of light
and sound, strength of thermal updrafts, size of
clouds, and intensity of thunderstorms.

Thermodynamic diagrams have been devised
to help us plot soundings and determine stability.
As you gain experience with these diagrams, you
will find that they become easier to use, and faster
than solving the thermodynamic equations. In this
chapter, we first discuss the different types of ther-
modynamic diagrams, and then use them to deter-
mine stability and turbulence.

i e W N W T g W

BUILDING A THERMO-DIAGRAM

Components

In the Water Vapor chapter you learned how to
compute isohumes and moist adiabats, and in
the Thermodynamics chapter you learned to plot
dry adiabats. You plotted these isopleths on a
background graph having temperature along the
horizontal axis and log of pressure along the vertical
axis. Figs. 5.1a-d show these diagram components.

When these isopleths are combined on a sin-
gle graph, the result is called a thermodynamic
diagram or thermo diagram (Fig. 5.1¢). At first
glance, Fig. 5.1e looks like a confusing nest of lines;
however, you can use the pattern-recognition capa-
bility of your mind to focus on the components as
shown in Fig. 5.1a-d. Your efforts to master thermo
diagrams now will save you time in the future.

Several types of thermo diagrams are used in
meteorology. They all can show the same informa-
tion, and are used the same way. The thermo dia-
gram we learned so far is called an Emagram. We
learned this one first because it was easy to create
using a computer spreadsheet.

119
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Dry Adiabats

Components of an Emagram thermo diagram.

(a) Isobars (green thin horizontal lines with logarithmic spac-
ing) and isotherms (green thin vertical lines) are used on all
these charts as a common background.

(b) Isohumes (from the Water Vapor chapter) are dotted light-
blue lines.

(c) The dark-orange solid lines are dry adiabats.

(d) The dark-orange dashed lines are moist adiabats.

(e) Thermo diagram formed by combining parts (a) through (d).

The variables are: pressure (P), temperature (T), mixing ratio

(r), saturated mixing ratio (ry), potential temperature (), and
wet-bulb potential temperature (8,).
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Five or more sets of lines are plotted on every
thermo diagram, including the Emagram (Fig. 5.1e).
Three sets give the state of the air (isotherms,
isobars, isohumes). Two sets (dry adiabats and
moist adiabats) describe processes that change
the state. Height contours are omitted from intro-
ductory thermo diagrams, but are included in full
thermo diagrams at the end of this chapter.

Pseudoadiabatic Assumption

In the Water Vapor chapter, we assumed an adia-
batic process (no heat transfer or mixing to or from
the air parcel) when computing the moist adiabats.
However, for any of the thermo diagrams, the moist
adiabats can be computed assuming either:

e adiabatic processes (i.e, reversible, where all
liquid water is carried with the air parcels), or
 pseudoadiabatic processes (i.e, irreversible,

where all condensed water is assumed to

fall out immediately).

Air parcels in the real atmosphere behave between
these two extremes, because small droplets and ice
crystals are carried with the air parcel while larger
ones precipitate out.

When liquid or solid water falls out, it removes
from the system some of the sensible heat associ-
ated with the temperature of the droplets, and also
changes the heat capacity of the remaining air be-
cause of the change in relative amounts of the differ-
ent constituents. The net result is that an air parcel
lifted pseudoadiabatically from 100 kPa to 20 kPa
will be about 3°C colder than one lifted adiabati-
cally. This small difference between adiabatic and
pseudoadiabatic can usually be neglected compared
to other errors in measuring soundings.

Complete Thermo Diagrams

Color thermo diagrams printed on large-format
paper were traditionally used by weather services
for hand plotting of soundings, but have become ob-
solete and expensive compared to modern plots by
computer. The simplified, small-format diagrams
presented so far in this chapter are the opposite ex-
treme — useful for education, but not for plotting real
soundings. Also, some weather stations have sur-
face pressure greater than 100 kPa, which is off the
scale for the simple diagrams presented so far.

As a useful compromise, full-page thermo dia-
grams in several formats are included at the end of
this chapter. They are optimized for you to print on
a color printer.

[Hint: Keep the original thermo diagrams in this book
clean and unmarked, to serve as master copies.]

4 N

INFO » Why so many thermo diagrams?

Meteorological thermo diagrams were originally
created as optimized versions of the P vs. o diagrams
of classical physics (thermodynamics), where o is the
specific volume (e, o = volume per unit mass
= 1/p, where p is air density). A desirable attribute
of the P vs. o diagram is that when a cyclic process
is traced on this diagram, the area enclosed by the
resulting curve is proportional to the specific work
done by or to the atmosphere. The disadvantage of P
vs. o diagram is that the angle between any isotherm
and adiabat is relatively small, making it difficult to
interpret atmospheric soundings.

Three meteorological thermo diagrams have been
devised that satisfy the “area = work” attribute, and
are optimized for meteorology to have greater angles
between the isotherms and adiabats:

* Emagram,
e Skew-T Log-P Diagram
e Tephigram.

Meteorologists rarely need to utilize the “area = work”
attribute, so they also can use any of three additional
diagrams:

e Stiive Diagram,
® Pseudoadiabatic (Stiive) Diagram,
¢ Theta-Height (6-z) Diagram.

Why are there so many diagrams that show the
same things? Historically, different diagrams were
devised somewhat independently in different coun-
tries. Nations would adopt one as the “official” di-
agram for their national weather service, and teach
only that one to their meteorologists. For example,
the tephigram is used in British Commonwealth
countries (UK, Canada, Australia, New Zealand). To
this day, many meteorologists feel most comfortable
with the diagram they learned first.

For many readers, this myriad of diagrams might
make an already-difficult subject seem even more
daunting. Luckily, all the diagrams show the same
thermodynamic state (T, P, r) and process lines (6,
0,), but in different orientations. So once you have
learned how to read one diagram, it is fairly easy to
read the others.

The skill to read diverse thermo diagrams will
serve you well when acquiring weather data via the
internet, because they can come in any format. The
internet is the main reason I cataloged the different
thermo diagrams in this book.

Of all these diagrams, the Skew-T and Tephigram
have the greatest angle between isotherms and
adiabats, and are therefore preferred when studying
soundings and stability. These two diagrams look
similar, but the Skew-T is growing in popularity be-
cause it is easier to create on a computer. D
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TYPES OF THERMO DIAGRAMS

Emagram

“Emagram” is a contraction for “Energy-per-unit-
mass diagram.” This semi-log diagram (Fig. 5.3a)
has temperature (T) along the abscissa, and pressure
(P) decreasing logarithmically upward along the or-
dinate. The isotherms and isobars are straight lines
that are perpendicular to each other, and form the
orthogonal basis for this diagram.

Dry adiabats (0) are nearly-straight, diagonal
lines slanted up towards the left, and curve slightly
concave upward. Moist adiabats (8,,) curve concave
downward, but become parallel to the dry adiabats
at cold temperatures and high altitudes. Isohumes
(r) are nearly-straight, nearly-vertical lines (with a
slight tilt upward to the left).

Height contours (on the large Emagram at the
end of this chapter) are approximate, and are pro-
vided as a rough guide to users. These contours are
nearly horizontal (tilting downward slightly to the
right) and nearly straight (slightly concave upward).
They are often not drawn in thermo diagrams, and
indeed are not shown in Figs. 5.1 and 5.3.

Stiive & Pseudoadiabatic Diagrams

The Stiive diagram (Fig. 5.3b) has T along the ab-
scissa, and pressure decreasing upward along the
ordinate according to (P/P,)%/Cpd , where Ra/Cpa =
0.28571 (dimensionless) and P, = 100 kPa. Stiive dia-
grams look virtually identical to Emagrams, except
that the dry adiabats are perfectly straight. These
dry adiabats converge to a pointat P=0kPaand T =
0 K, which is usually well off of the upper left corner
of the graph.

Any thermo diagram can be computed using the
pseudoadiabatic assumption for the moist adiabats.
However, the particular diagram that is known as a
“Pseudoadiabatic Diagram” is often a Stiive plot.

Skew-T Log-P Diagram

Fig. 5.3c is a Skew-T. Although T is labeled lin-
early along the abscissa, the isotherms are parallel,
straight, diagonal lines tilting upward to the right.
The Skew-T gets its name because the isotherms are
not vertical, but skewed. Pressure decreases loga-
rithmically upward along the ordinate, and the iso-
bars are parallel, horizontal, straight lines.

Dry adiabats are diagonal lines slanted up to-
wards the left, with a pronounced curve concave up-
ward. Moist adiabats are more sharply curved con-
cave left near the bottom of the diagram, changing
to less curved, concave to the right, as they merge

into the dry adiabats at higher altitudes and colder
temperatures. Isohumes are almost straight lines,
tilting upward to the right.

This diagram is designed so that the isotherms
and dry adiabats are nearly (but not perfectly) per-
pendicular to each other.

Tephigram

The name Tephigram is a contraction of Tee-Phi
Diagram. The logarithm of potential temperature 0
physically represents the entropy (¢ = Greek letter
Phi) change, and is plotted along the ordinate of Fig.
5.2. Temperature T is along the abscissa. Thus, it
is a temperature-entropy diagram, or T-¢ diagram.
Isobars are curved green lines in Fig. 5.2.

The range of meteorological interest is shown
with the bold rectangle in this figure. When this re-
gion is enlarged and tilted horizontally, the result is
the tephigram as plotted in Fig. 5.3d.

1000

100

Theta, 6 (°C)

10

‘ -200 °C) 0 200
Fig. 5.2
Rectangle shows portion of thermo diagram used for tephigram.

The tephigram looks similar to the Skew-T, with
isotherms as straight diagonal lines tilting upward
to the right. Dry adiabats are perfectly straight di-
agonal lines tilting upward left, and are exactly per-
pendicular to the isotherms. Moist adiabats have
strong curvature concave left, and become parallel
to the dry adiabats at cold temperatures and high
altitudes. Isobars are gently curved (concave down)
nearly-horizontal lines. Isohumes are nearly straight
diagonal lines tilting upward right.

Theta-Height (6-z) Diagrams

The orthogonal basis for this diagram are heights
(2) plotted along the ordinate and potential tempera-
ture (0) along the abscissa (Fig. 5.3e). Moist adiabats
curve to the right of the dry adiabats, but become
parallel to the dry adiabats at high altitudes and cold
temperatures. Heights are accurate in this diagram,
but the isobars are only approximate. Isohumes tilt
steeply upward to the right. This diagram is used
extensively in boundary-layer meteorology.
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Figure 5.3

Catalog of thermodynamic diagrams. In all diagrams, thick
dark-orange lines represent processes, and thin lines (green
or blue) represent state. Thick solid dark-orange lines are dry
adiabats, and thick dashed dark-orange are moist adiabats. Solid
thin green horizontal or nearly-horizontal lines are pressure,
and solid thin green vertical or diagonal straight lines are tem-
perature. Isohumes are thin dotted blue lines. In addition, the
0-z diagram has height contours (z) as thin horizontal dashed
grey lines.
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& The Skew-T diagram is trivial to create, once you
60 have already created an Emagram. The easiest way
is to start with a graphic image of an Emagram, and
80 skew it into a parallelogram (Fig. 5.5) using a graph-
ics or drawing program.
100 & P1og
-60 -40 -20 0 20 40
T(°C)
(b) rg or r(gkg)=0102051 2 5 10 )
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Fig. 5.4

(a)-(d) Components of a Skew-T diagram, drawn to the same scale so they can be superimposed as a learning aid. The state of the air:
(a) isobars and isotherms; (b) isohumes as thin dotted lines. Processes: (c) dry adiabats; (d) moist adiabats. (e) Full Skew-T Log-P,
shaded lighter to make it easier to write on. The “Skew-T Log-P” diagram is often called a “Skew-T"” for short.
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20 (.)1 02 ,'1 2 / »5/,?’0 ,20_»50_r5(g/kg) Sample Application
NN S ety Create a Skew-T diagram with one isotherm (T = 20°C),
) L Ry one dry adiabat (6 = 20°C), one moist adiabat (8,, =
e g X / V% 20°C), and one isohume (r = 5 g/kg). Use as input the
= . QA / temperatures from the Emagram (as calculated in ear-
\ \X \)/ \‘(\)\/ lier chapters). Use K = 35°C, and P, = 100 kPa.
/ , A X 7 Y Find the Answer
XX\ \< {/\\/ )/&/ Given: The table of Emagram numbers below.
’ NN Use eq. (5.1) in a spreadsheet to find X and Y.
A B C D E
1 Create Skew-T from Emagram Numbers
2
Fig. 5.5 3 Iso- Dry Moist | Iso-
A Skew-T is nothing more than a skewed Emagram. 4 therm  Adiabat = Adiabat hume
5 T=20°C 0=20°C  6,=20C r=5g/kg
6 Emagram (Given):
7 P (kPa) T (°C) T (°C) T(C) T(C)
It is equally simple to draw a Skew-T with a g 188 28 112_2 ?g g;
spreadsheet program, especially if you start with 10 80 20 1.9 11.4 07
the numbers you already calculated to create an 11 70 20 -8.4 6 -1.2
Emagram. Let X (°C) be the abscissa of a Cartesian 12 60 20 -19.8 -0.3 -3.2
graph, and Y (dimensionless) be the ordinate. Let K 12’ 4518 gg 3272 823 gg
be the skewness factor, which is arbitrary. A value 15 30 20 653 37 12
of K = 35°C gives a nice skewness (such that the iso- 16 20 20 -88 -60 A7
therms and adiabats are nearly perpendicular), but 17
you can pick any skewness you want. 18 | Skew-T.
The coordinates for any point on the graph are: 19 Let K= | 36°C Let Po= 100kPa
20 P Y X X X X
P 21 100 0.00 20 20 20 3.7
Y= ]n(—") (5.1a) 22 90 011 237 15.0 197 6.0
p 23 80 0.22 27.8 9.7 19.2 8.5
24 70 0.36 32.5 41 18.5 11.3
X=T+KY (.1b) 25 60 0.51 37.9 -1.9 17.6 14.7
To draw isotherms, set T to the isotherm value, and 23 28 832 2;'_? 122 1152)5’ ;gg
find a set of X values corresponding to different 28 30 120 621 -23.2 5.1 30.1
heights Y. Plot this one line as an isotherm. For the 29 20 161 763 -31.7 -3.7 39.3

other isotherms, repeat for other values of T. [Hint:
it is convenient to set the spreadsheet program to
draw a logarithmic vertical axis with the max and
min reversed. If you do this, then use P, not Y, as 10
your vertical coordinate. But you still must use Y in
the equation above to find X]

For the isohumes, dry adiabats, and moist
adiabats, use the temperatures you found for the
Emagram as the input temperatures in the equation
above. For example, the 6 = 20°C adiabat has the fol-
lowing temperatures as a function of pressure (re-
call Thermo Diagrams-Part 1, in the Thermodynam-
ics chapter), from which the corresponding values of
X can be found. 100

Using the spreadsheet to plot the result gives:

P (kPa)

P(kPa)= 100, 80, 60, 40 , 20

TeC) = 20, 19, 198, —475, 88 Check: Sketch reasonable. Matches Fig. 5.4e.

X = 20, 97,19, -154, 317 Exposition: Experiment with different values of K
starting with K = 0°C, and see how the graph changes
from an Emagram to a Skew-T.




126 CHAPTER 5 ¢ ATMOSPHERIC STABILITY

Sample Application
For each thermo diagram numbered below, iden-
tify its name.

1) rg or r(g/kg)
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S X
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& 50— /NS N
N 7
60— «
- N
80— AN
— T
100
40 20 0 20 40
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CAUTION: Thermo diagrams printed or published by other
agencies do NOT follow any standard format of line style or
color. That is the reason these thermo diagrams are shown
only with black lines in this sample application — so you
don’t use the colors as a crutch.]

(continued next page)

g e W W T g S
GUIDE FOR QUICK IDENTIFICATION OF
THERMO DIAGRAMS

If you receive a thermo diagram via the internet
without any labels identifying the diagram type,
use the following procedure to figure it out:

1) if there are some lines from lower left to upper
right, then either Skew-T, Tephigram, or 6-Z .
a) if the isobars are exactly horizontal
and straight, then Skew-T,
b) else if the strongly curved lines (moist
adiabats) asymptotically approach vertical
near the top of the diagram, then 6-Z,
¢) else Tephigram,
2) else either Emagram or Stiive .
a) if dry adiabats are slightly curved,
then Emagram,
b) else Stiive (including Pseudoadiabatic version
of Sttive).

When you encounter an unfamiliar thermo
diagram, you can take steps to help segregate and
identify the various lines. First, identify the isobars,
which are horizontal and straight, or nearly so, on
virtually all diagrams. Isobars are usually spaced
roughly logarithmically with height, and are labeled
as either 100, 90, 80, 70 kPa etc., or as 1000, 900, 800,
700 mb or hPa etc. These serve as a surrogate mea-
sure of height.

Next, identify the dry and moist adiabats. These
are the lines that converge and become parallel at
cold temperatures and high altitudes. In all the dia-
grams, the moist adiabats are the most curved. The
adiabats are spaced and labeled roughly linearly,
such as 0, 10, 20, 30 °C etc, or often in Kelvin as 273,
283, 293, 303 K, etc. While the dry adiabats are al-
ways labeled as potential temperature 6, the moist
adiabats can be labeled as either equivalent poten-
tial temperature 0, , liquid-water potential tempera-
ture 6y , or wet-bulb potential temperature 6,, .

An alternative for identifying adiabats is to look at
any labeled temperature at the bottom of the graph.
Usually at 100 kPa (1000 mb or hPa), you will find
that T, 6, ,and © lines all radiate from the same

Hint: At first glance, a thermo diagram looks like a
complicated nest of lines. A way to discriminate one
set of lines (e.g., adiabats) from other sets of lines (e.g.,
isotherms) is to hold the printed diagram so that you
can view it from near the edge of the page. For example,
if you view an Emagram from the lower right corner,
the dry adiabats will stand out as slightly curved lines.
Look from different edges to highlight other isopleths.
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points. For all diagrams, the T line is rightmost, 8 is
leftmost, and 6, is in the middle.

Finally, identify the isotherms and isohumes.
These lines cross each other at a small angle, and
extend from the bottom to the top of the graph. The
isohumes always tilt to the left of the isotherms with
increasing height. The isotherms increment linearly
(e.g., 0,10,20, 30, °C etc.), while the isohumes usually
increment logarithmically (e.g., 1,2,5,10,20 g kg‘l,
etc.). Isotherms are either vertical, or tilt upward to
the right.

g e W e W T S g W

THERMO-DIAGRAM APPLICATIONS

Fig. 5.6 shows a simplified, Skew-T diagram. We
use this as the common background for the demon-
strations that follow.

re or r(gkg)=0102051 2 5 10
20 [}
SKEW-T LOG-P §
<
S
2
30
isobar 20
< %,
a 20 %, 3
v % N
60 -~ 2
RS
2 ¥ 30
80 S
100
—60 —40 —20 0 20 40
T(°C)
Figure 5.6

Simplified Skew-T diagram. Isopleths are labeled. Colors are
lightened to serve as a background for future discussions.
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Sample Application (continuation)

rs or r(g/kg)

02051 2 5 10 20 50

20

\

\

77

\ \

AN v \\ Y

\ v \

\

\ \ \
D \\ \ \

\
v

b
\
\
) Y v
\ \
T

NN

.
NN )
\

\
| \
N A v X
NN \\\\\
AN
\

/_

ANESIN

V7

/
77

\ L \
NN
LN

N

v

78

\ R
L Y
T

rs or r(g/kg)
0102051 2 5
1 ’ K .

50 ,y,\,\lé\, N
60 X \y \\/( \I :

WA WA\NEVA (WY N

% RY AW

S/ \\1’ )(\\ A\/\ i

100 L ’\/Il 1’\’/1 11’\‘// L
-60 -40 -20 0 20 40

T(°C)

Find the Answer: Use the quick guide.
1) Stiive, because satisfies item 2b in the guide.

2) 0-Z diagram, because satisfies item 1b.
3) Tephigram, because satisfies item 1c.
4) Emagram, because satisfies item 2a.
Skew-T, because satisfies item 1a.

5)

[Hint:

Check: Reasonable, agrees with Fig. 5.3.
Exposition: For practice, pick any one of the dia-
grams above, and without looking back in Fig. 5.3, try
to identify which lines are which.

In this book, all thermo diagrams use the
same format for the same types of lines: isotherms and
isobars are thin solid green, isohumes are thin dotted
blue, dry adiabats are thick solid dark-orange, moist
adiabats are thick dashed dark-orange, and heights are
thin dashed grey (if plotted at all).]
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(a) Unsaturated

re or r(gkg)= 0102051 2 5 10
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(b) Saturated
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Figure 5.7

In general, three points are needed to indicate one air parcel on
a thermo diagram. The red-dot (red-filled circle) indicates air
temperature. The blue circle (with no fill) indicates dew-point
temperature (as a measure of the amount of water vapor in the
air). The X indicates total water content. (a) Example of an un-
saturated air parcel plotted on a skew-T diagram. (b) A different
air parcel — this one is saturated. (See the Sample Application
for details.)

Thermodynamic State

You need three points on a thermodynamic dia-
gram to indicate air-parcel state (pressure, tempera-
ture, humidity). For this one air parcel at one height,
all three points are always plotted on the same iso-
bar (P).

One pointrepresents T, the actual air temperature
(red dot; red filled circle in Fig. 5.7). Its coordinates
in the thermo diagram are given by (P, T, r,). Note
that 7, is redundant, because it can be determined
from P and T. But we include it for convenience, be-
cause we use the r; value for many calculations.

Another point represents T, the dew-point tem-
perature (blue circle outline; no fill). Its coordinates
are (P, Ty, r). Again, r is redundant.

The third point gives ry, the total water mixing
ratio in the air parcel (designated by “X” on the
thermo diagram). Its coordinates are (P, ry).

Often, two of these three points coincide. One
example is for unsaturated air (Fig. 5.7a) with no rain
falling through it. For this case, the temperature and
dew-point circles are plotted as described above.
However, the X is plotted inside the dew-point circle
because the total water in the air parcel equals the
water-vapor mixing ratio (1 = ), which is fully spec-
ified by the dew point. Namely, the isohume that
passes through the dew-point circle indicates the ac-
tual amount of water vapor in the air, and there are
no other phases of water in that air parcel.

The isohume that passes through the actual air
temperature gives the saturation mixing ratio (r,
the maximum equilibrium amount of moisture that
could be held as vapor). A separate symbol is NOT
plotted on the thermo diagram for r, for two rea-
sons. One, it does not indicate the actual state of the
air parcel. Two, it is fully specified as the isohume
that passes through the temperature point.

For saturated (cloudy or foggy) air parcels (Fig.
5.7b), the two temperature points coincide (T = T,
and r = 7). In this figure, the red-filled circle still
represents air temperature, and the blue circle out-
line still represents the dew-point temperature (for
water vapor). However, the total water X is usu-
ally to the right of the temperature circles, because
clouds contain liquid water and/or ice in addition to
water vapor. This is explained later.

[Tip: On these figures, we use large size circles and
X’s to make them easier to see. However, when you plot
them on your own thermo diagram, use smaller circles
and X's that you write very precisely on the diagram. Uti-
lize colored pens or pencils if you have them.]
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Processes

Unsaturated (Dry) Lifting

Suppose that an air parcel that is initially unsat-
urated rises without mixing with the surrounding
environment, and with no radiative or other heat
transfer to or from it. The rising air parcel cools at
the dry adiabatic lapse rate, while carrying all the air
and water molecules with it. For this case, mixing
ratio (r) and potential temperature (6) are constant.

Starting from the initial state as plotted by the
“old” points on the thermo diagram (Fig. 5.8), deter-
mine which dry adiabat is under the center of the
red filled circle (temperature), then move the red
circle up along this adiabat. Similarly for moisture,
determine which isohume is under the center of the
blue hollow circle and “X”, and follow it up (keeping
r constant). Always end the movement of all three
points at the same new pressure.

If the points don't lie directly on a drawn isopleth
(which is usually the case), then imagine a new
isopleth that goes through your point, and which is
parallel to (and maintains its relative distance from)
the neighboring drawn isopleths. You can do this
by eye, or you may use a straight-edge to draw on
the diagram a new isopleth that goes through your
point of interest. Then, move the air parcel along this
imaginary isopleth. Namely, move the temperature
point in a direction parallel to the dry adiabats, and
move the humidity point parallel to the isohumes.

Descending unsaturated (non-cloudy) air parcels
behave similarly, except moving downward along
their appropriate isopleths.

re or r(ghkg)= 0102051 2 5 10

20
30
20
< 40
<
E_/ 50 (Pa Tdv r)new (Pv Tx rs)new
60 30
80
100 |
-60 Physica| —20 0 20 40
Situation T (°C)
Figure 5.8

Example of the three points (red filled circle for T, open blue
circle for Ty, and “X” for rp) on a skew-T diagram representing
the initial (old) state of the air, and how that state changes as the
air parcel moves up to a new (lower) pressure level. Note that
rs has changed because the air parcel cooled, but r is unchanged
because the air parcel is unsaturated.

Sample Application

(@) What are the values of pressure, temperature,
total water mixing ratio, dew point, saturation mixing
ratio, actual mixing ratio, and relative humidity of the
“old” air parcel in Fig. 5.8a before it starts to rise?

(b) Same question, but at its new altitude.

Find the Answer

Given: Use info in Fig. 5.8 to answer this.

Find: P=?kPa, T=?°C, rp=? gkgl, T;=?°C,
ro=2gkgl, r=2gkgl, RH=?%

(@) Get pressure from the isobar (horizontal green
line) that passes through the center of both points. The
pressure is displayed along the left side of the thermo
diagram. P =90 kPa.

Get temperature from the isotherm (green diago-
nal line) that passes through the center of the red dot.
Follow that isotherm diagonally down to the bottom of
the graph to read its value. T =30°C.

Get total water mixing ratio from the isohume (dot-
ted blue line) that passes through the “X”. Read the
isohume value at the top of the graph. rr=2gkg™

Get the dew-point temperature from the isotherm
(diagonal green line) that passes through the center of
the open blue circle. Follow this line diagonally down
to the bottom of the thermo diagram to read its label:
T, = -10°C.

Get the saturation mixing ratio from the isohume
(dotted blue line) that passes through the center of the
red circle. It is labeled as: 7, =30 g kgL

Get the actual mixing ratio from the isohume (dot-
ted blue line) that passes through the center of the open
blue circle, and read the label at the top of the graph.
r=2gkgl

Relative humidity is not displayed on thermo dia-
grams. But you can find it from RH% = (100%)-(r/r,) =
(100%)-(2/30) = 6.7% .

(b) Try this on your own, using the same procedure as
described above but for the parcel at the new altitude
in Fig. 5.8, and then compare with my answers.
P=60kPa, T=-3°C, rp=2gkg™, T;=-15°C, r,=5
gkgl, r=2gkg, RH% = 40%.

Check: Physics and units are reasonable.
Exposition: Although the air was extremely dry ini-
tially, as the air parcel was lifted its relative humid-
ity increased. How did this happen, even though the
amount of water in the air (r = 2 g kg~!) did not change?
The reason was that after the air parcel was lifted to
its new altitude, it was much colder, and cold air has a
smaller capacity to hold water vapor (r; decreased).

If you were to continue lifting the parcel, eventu-
ally it would cool to the point where r; = 7, meaning
that the air is saturated. The altitude where this hap-
pens indicates cloud base for convective clouds (clouds
created by local updrafts of air).

You can get more accurate answers using larger
thermo diagrams at the end of this chapter.
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Starting with an initial (old) unsaturated air parcel, if you lift it
until the temperature and dew-point are equal (namely, where
the dry adiabat intersects the isohume), that height is the LCL
(lifting condensation level). At this point, the air parcel is just
saturated, hence, this marks cloud base for convective clouds be-
cause any further lifting causes water vapor to condense onto
dust particles — creating liquid cloud droplets. If the air par-
cel continues to rise up to a new pressure while carrying all
its cloud droplets with it, then the three points on the skew-T
diagram move as shown in the skew-T diagram. The amount
of liquid water (ry) tied up in cloud droplets at the ending point
equals the total-water mixing ratio (ry) minus the portion that
is still held as vapor (r).

Sample Application
Use Fig. 59 to estimate P, T, Ty, , 1, 1y, 11 Of 1/, for
the parcel: (a) at the LCL, and (b) at P = 30 kPa.

Find the Answer
Given: The dots, circles, and “X’s” in Fig. 5.9.
Find: P=?kPa, T=7?°C, T;=7°C,
r=2gkgl, ry=2gkg, r=2gkg’l, L =2gkg!

(a) At cloud base (i.e., at the LCL), Fig. 5.9 indicates:
P=50kPa, T=-17°C, T;=-17°C,
r=2gkgl, r,=2gkg?, rr=2gkg,
rp=1p—r, = 0gkgl!

(b) At cloud top (assuming no precipitation):
P=30kPa, T=-48°C, T,;=-48°C,
r=015gkg?, r,=015gkg™, rr=2gkg?,
Fiee=Tp—7s = 20-015 = 1.85 g kg!

Check: Physics and units are reasonable.
Exposition: At temperatures below about —38°C, all
hydrometeors are in the form of ice. This is good for
aircraft, because ice crystals blow over the wings rath-
er than sticking to them. However, some jet engines
have problems when the ice crystals melt and re-freeze
on the turbine blades, causing engine problems.

Saturated (Moist) Lifting & Liquid Water

Notice in Fig. 5.8 that the temperature and dew-
point curves for the air parcel get closer to each
other as the parcel rises. Eventually the dry adiabat
and isohume lines cross. The pressure or altitude
where they cross (see Fig. 5.9) is defined as the LCL
(lifting condensation level), which marks cloud
base height for convective clouds (clouds with up-
drafts from the local region under them, such as
cumulus clouds and thunderstorms). This is the al-
titude where the rising air first becomes saturated
—where Ty=T,andr=r;= rp

Above the LCL the blue circle (Ty) and red dot
(T) move together, along a saturated adiabat curve
(the orange dashed line that goes through the LCL
point). Since saturated air is holding all the vapor
that it can, it also means that the actual mixing ratio
r equals the saturation value 7.

If all the condensate (initially as tiny cloud drop-
lets or ice crystals) continues to move with the air
parcel and does not fall out as precipitation, then the
total-water mixing ratio (ry) in the parcel is constant.
It is easy to estimate the liquid-water mixing ratio
(r, the relative mass of cloud droplets) as the differ-
ence between the total water and the water vapor. In
summary, for saturated (cloudy) air: T =Ty r=r,,
and rp =rp—rs.

Cloudy descending air follows the same lines,
but in reverse. Knowing the temperature (red dot
with blue circle near the top of Fig. 5.9) and total wa-
ter content (“X” in that figure) inside the cloud at any
one altitude or pressure, then follow the isohume
(dotted blue line) down from the “X” and the satu-
rated adiabat (dashed orange line) down from the
initial temperature point. As the cloudy air parcel
descends it is compressed and warms, allowing
more and more of the cloud droplets to evaporate.
Eventually, at the LCL, the last droplets have evapo-
rated, so any further descent must follow the dry
adiabat (solid orange line) and isohume (dotted blue
line) in Fig. 59. Namely, the blue circle and the red
dot split apart below the LCL.

Precipitation

So far, we assumed that all the liquid water drop-
lets stay inside (move with) the air parcel, meaning
rr = constant. Namely, the “X” in Fig. 5.9 says on
one dotted blue line isohume. However, if some of
the liquid drops or ice crystals precipitate out of the
parcel, then 7 decreases toward r,, and “X” shifts to
a different isohume (Fig. 5.10). The “X” reaches the
blue circle (rp = 7, ) if all the precipitation falls out.

After precipitation is finished, if there is sub-
sequent ascent or descent, the you must follow the
isohume (dotted blue line) that goes through the
new location for “X” on the diagram.
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Total-water mixing ratio v decreases from one isohume (2 g kg™
in this example) to another (0.5 ¢ kg™L) on this skew-T diagram
due to precipitation fallout.

Instead of losing water due to precipitation out of
an air parcel, sometimes total water is gained when
precipitation falls into a parcel from above. Regard-
less of whether precipitation adds or subtracts wa-
ter, the process is irreversible, causing a change in
the parcel’s LCL.

In Fig. 5.10 we illustrate precipitation as happen-
ing only while the air parcel is at a fixed pressure or
altitude. This is overly simple, as precipitation can
also occur while the parcel rises or descends. One
way to approximate this on a thermo diagram is to
take short adiabatic changes in altitude, and then al-
low precipitation to occur after each step.

Radiative Heating/Cooling

In the infrared (IR) clouds are blackbodies. They
absorb all the IR radiation incident on the outer sur-
face of the cloud, and they emit IR radiation out-
ward in all directions based on the temperature of
the cloud droplets on that outer surface.

If the ground and/or atmosphere below cloud
base is warmer than the cloud, then there will be
more IR radiation absorbed by the cloud base than
is re-emitted, and the cloud-base warms. Atnight, if
the ground is colder than cloud base, then the cloud
will emit more IR towards the ground than it ab-
sorbs, preventing the ground from cooling as much
as it would under clear skies, but cooling cloud
base.

The atmosphere above the cloud is usually colder
than the cloud, and the cloud also “sees” the near-ab-
solute zero temperatures of outer space. Thus, cloud
top cools by IR radiation all the time (night and day,
see Fig. 5.11). Such cooling creates cold “thermals”

Sample Application

What if ice crystals falling out of the cloud-top air,
as illustrated in Fig. 5.10, reduced the total-water mix-
ing ratio from 2 to 0.5 g kg~l. (a) What is its new ther-
modynamic state at P = 30 kPa? (b) What is its new
Py 1 if it were to then descend?

Find the Answer

Given: Fig. 5.10, 17,y =2 g kgL, and 7, = 0.5 g kg!

Find: (a) P=?kPa, T=7°C, Ty=?°C, r=2gkg,

re=?g kg_lf rr=?g kg_lr Tice =0 § kg_l, Tprecip =?g kg_l
(b) PLCL =? kPa.

(@) New state at cloud top after precipitation:
P=30kPa, T=-48°C, T,=-48°C,
r=015gkg™, r,=0.15gkg™, r=0.5gkg™,
Fie=17—7; = 05-0.15 = 0.35 g kg™
Torecip = 2-05=15gkg? .

(b) New lifting condensation level (LCL):

In Fig. 5.10, from the red dot follow the orange-
dashed saturated adiabat downward. (Since no orange
dashed lines goes through the red dot, we need to in-
terpolate between neighboring dashed lines left and
right of the red dot). Also, from the X for the new r =
05g kg*1 value, follow the blue-dotted isohume down-
ward. Where those two lines cross is the new LCL.
Doing this on a thermo diagram (not shown) gives
roughly Pjc; =37 kPa.

Check: Physics and units are reasonable.
Exposition: Note that the new LCL is at a higher alti-
tude (lower pressure) than the LCL in Fig. 5.9, because

precipitation fallout left the air drier.

rg or r(g/kg) = 0.10.2 0.5 1
20 IR radiation
(P, T=Ty, r=rg)new (P, T=Ty, r=rg)gqg from cloud
top to
space.
30 A -
< 40
o (ry)=unchanged
< 50 !
o
60
80
100 L
—60 40 20 0 Physical
T(°C) Situation

Figure 5.11

Infrared (IR) radiation to space from cloud top can cool the
cloud-top air. Such cooling lowers the saturation mixing ratio
and forces more water vapor to condense, thus increasing the
amount of condensate.
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Sample Application

Suppose IR radiation caused the cloud-top thermo-
dynamic state to change as shown in Fig. 5.11, where
T,ew = —71°C and no precipitation falls out. What is the
air parcel’s new thermodynamic state, and what will
be its new Pj ?

Find the Answer

Given: data in Fig. 5.11

Find: (@) P=?kPa, T=7°C, T;=?°C, r=2gkg,

re=?g kg_l' rr=1g kg_l, Tice =1 § kg_l, Tprecip =tg kg_l
(b) PLCL =? kPa.

(@) Approximate new state, base on visual interpreta-
tion of Fig. 5.11:

P=30kPa, T=-71°C, T;=-71°C,

r~0gkgl, r,~0gkg!, rr=2.0gkg,

Viee=Tr—Tg = 2-0 = ngg‘l

(b) New lifting condensation level (LCL):

In Fig. 5.11, from the red dot follow the orange-
dashed saturated adiabat downward. Also, from the X
forrp=2g kg‘1 value, follow the blue-dotted isohume
downward. Where those two lines cross is the new
LCL. Doing this on a thermo diagram (such as Fig.
5.11) gives roughly P;; ~ 80 kPa.

Check: Physics and units are reasonable.
Exposition: The lifting condensation level is at lower
altitude (higher pressure) than it was originally.
NOTE: For this and for previous Sample Appli-
cations, you might find a slightly different answer if
you used a different thermo diagram. This is normal.
These slight differences in the new air-parcel state are
usually neglected, because there is even greater uncer-
tainty in measured old values of air-parcel state.

in the top 2 cm of cloud-top air that sink lower into
the cloud and spread the cooling effect over more
of the cloud. This same effect occurs in fog, which
tends to make fog denser and more difficult to dis-
sipate.

During daytime light from the sun can reach the
clouds, where some is absorbed by the cloud drop-
lets and some is scattered back out (making clouds
appear white). The portion absorbed in the tops and
sides of clouds is spread over a thicker regions of
cloud that extends about 2 m into the cloud from
the outer surface. This means that heating due to
sunlight is spread over a thicker layer of cloud, as
opposed to IR cooling which happens only at the
immediate cloud surface.

Recall that the word “adiabatic” means no heat
is transferred between the air parcel and the sur-
rounding environment. Radiation is not adiabat-
ic, and hence is called diabatic. In Fig. 511, the
diabatic IR cooling causes the red dot and blue circle
to move together (T = T,) to colder temperatures,
while the total-water mixing ratio “X” is unchanged
because radiation does not create or destroy water
molecules. Nonetheless, as temperature drops, 7, (=
7) decreases, causing liquid r or solid r;,, water to
increase (according to 77,000 O Tice piew = 7= T's new - )
in the absence of precipitation.

Solar heating of the cloud would cause diabatic
warming on the thermo diagram.

Radiation is important in cloud evolution and
cloud dynamics, particularly for the anvils of
mesoscale convective systems (thunderstorms), hur-
ricanes, and frontal stratus clouds (see the Clouds
chapter).

4 INFO ¢« Homeostasis and LeChatelier’s Principle

~N

changed forcing.

added reagent.

Many systems in nature are in equilibrium as a result of a balance between opposing forcings. For such a system,
if one of the forcings is changed, the system responds in a way to reach a new equilibrium that partially undoes the

In chemistry, this is known as LeChatelier’s Principle. For example, if two reagents are in equilibrium in a
beaker, then if you add more of one of the reagents, a reaction occurs that reduces the increase of concentration of the

For global climate, the principle is known as homeostasis. For example, increased solar radiation will cause
the earth-system temperature to increase, thereby causing increased cooling due to outgoing IR radiation (due to the
Stefan-Boltzmann law) which partially compensates the original heating.

Many external influences (particularly solar heating) create instabilities in the atmosphere. The atmosphere re-
sponds by generating motions on a wide range of scales. These motions transport heat that partially undoes the effect
of the external influence. We experience these responses as the global circulation, weather systems and storms.
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Sample Application

Suppose an air parcel has an initial state of (P, T, T;) = (95 kPa, 26°C, 3°C). It rises to an altitude where P = 35 kPa,
which represents cloud top. While there, precipitation removes water amount Ary = 4 g kg1, and IR cooling lowers the
temperature by AT = -18°C. If the air parcel then returns back to its original pressure, what is its final thermodynamic
state? Use the full-size skew-T from the end of this chapter for this exercise. Explain all steps.

Find the Answer
Given: (B, T, Ty )initiat = (95 kPa, 26°C, 3°C). Py, =35kPa. Ar=-4¢g kgL, and AT = -18°C.
Find: (B, T, Ty )it = 95 kPa, 2°C, 2°C)

[1] The red dot and blue circle show the initial temperature and dew-point of the air parcel, respectively. Interpolating
between the 4 and 6 g kg™! isohumes, it appears that the initial dew point corresponds to roughly r ~ 5 g kg~! , which
is plotted as the line with large blue dots with upward arrow.

[2] From [1] follow the dry adiabat for T (solid orange line), and follow the isohume for T; (dotted blue line). They cross
atan LCL of about Py ¢ ~ 68 kPa (given by the horizontal black line through that LCL point, and interpolating between
the horizontal green lines to find the pressure). This is cloud base for ascending air.

[3] As the air parcel continues to rise to cloud top at P = 35 kPa, the temperature and dew-point follow the saturated
adiabat (dashed orange line). Thus, at cloud top, T = T, = -38°C (which is the isotherm (diagonal green line) that goes
through temperature point [3] at the tip of the upward arrowhead. The total-water mixing ratio is conserved and still
follows the 5 g kg1 isohume.

[4] Precipitation removes 4 g kg~! from the parcel, leaving 17 =5-4 =1 g kg™l as indicated by the dotted blue isohume.
But the parcel air temperature is unchanged from point [3].

[5] Infrared (IR) radiative cooling decreases the temperature by 18°C, causing a new cloud-top temperature of T =T
~-38-18 = - 56°C. The corresponding r, value is so small that it is below 0.1 g kg™! . But the total water content is
unchanged from point [4].

[6] As this air is saturated (because r, < 1), the descent follows a saturated adiabat (dashed orange line) down to where
the saturated adiabat crosses the isohume (dotted blue line). This intersection marks the LCL for descending air,
which is at about P; ; = 60 kPa (interpolate between the horizontal green line to the black line through this point).

[7] Below this cloud base, T follows the dry adiabat (solid orange line), ending with T ~ 14°C at P = 95 kPa. The dew-
point follows the 1 g kg1 isohume (dotted blue line), giving a final T; = -17°C. (P, T, T, )inal =95 kPa, 14°C, -17°C)

Mixing Ratio (g/kg)
Skew-T Log-P Diagram 01 01502 03 04 06 0810 15 2 3 A& ©
Copyright © 2014 by Roland Stull. ’, s KA A . g ; ’ /

/ ’

20 — 1 Free copies of this page permitted, from v L 7 A ” - 7 7
_ “Practical Meteorology: An Algebra-based Survey X '¢ ,’/ SN Y /0 ) .G / / S / g =~
of Atmospheric Science” / / / / X7/ N /XS NA s / 12
'% K% / . ) / h

/

/
/
« State lines are thin. S/

T
_ « Process lines are

thick, and are labeled
— with temperature where M
— they cross P = 100 kPa.

6,, = wet-bulb potential temp.)

Pressure (kPa)

- /( P °C , ' . g -
] ~ D, X , g
30 7;4774/774// \ X < ' X X, / ,,// /,/ s o
AN XA XY
1 /7/ A ' itati /A
T2 A A4
- VA 7‘ ; .
e / ) ) / ) > N
= RO AV
78X / -2
49 X\ X NG
- ) 7 A E
3 % 7 / ) / v £ bt
50 — — ) ,#%#A 6%
_ ) y a4 5
— L / ) NG
m /\Su % \/ ",L" i Rl
60— » Q NA
=1 A\ 74 ) / Va =
=1\ AN SO AD 2
L AX SN Ve X XX 1

= —15

90 — A 74%, 7

X X /"

/,

il 7 = A 7 / 4 . ’ ; 05
100 % /L ///7/////////,’///’// ///,'///// ///,’//////;//;’;l// ' //////// ///'/////// X /////7/7///,////// = 0
50 —40 -30 20 -10 70 10 20 30 40

Temperature (°C)




134 CHAPTER 5 ¢ ATMOSPHERIC STABILITY

. . g e WV BB T T S
Sample Application
Suppose you made a sounding by releasing a ra- AN AIR PARCEL & ITS ENVIRONMENT
diosonde balloon, and it reported the following data.
Plot it on a skew-T log-P diagram. Consider the column of air that is fixed (Eulerian
P (kPa) T (°C) T; (°C) framework) over any small area on the globe. Let
20 _36 _80 this air column represent a stationary environment
30 36 60 through which other things (aircraft, raindrops, air
parcels) can move.
40 —23 23 For an air parcel that moves through this en-
50 -12 -12 vironment, we can follow the parcel (Lagrangian
70 0 -20 framework) to determine how its thermodynamic
80 8 ~10 state might change as it moves to different altitudes.
As a first approximation, we often assume that there
90 10 10 . . .
is no mixing between the air parcel and the sur-
100 10 10 rounding environment.
Find the Answer Soundings
Here I used red for temperature (T) and blue for As stated at the start of this chapter, the vertical
dewpoint (T). Always connect the data points with profile of environmental conditions is called an up-
straight lines. er-air sounding, or just a sounding. The word
p & or] 8
r,or r(gkg)= 0102051 2 5 10 “sounding” is used many ways. It is the:
20 e activity of collecting the environment data (as in
SKEW-T LQG-P “to make a sounding”).
e data that was so collected (as in “to analyze the
30 \(; sounding data”).
SN e resulting plot of these data on a thermo diagram
S 20 (as in “the sounding shows a deep unstable layer”).
G A sonde i dable weather i
& stratiformuciee sonde is an expendable weather instrument
if 50 with built-in radio transmitter that can be attached
50 7’ to a platform that moves up or down through the
’ air column to measure its environmental state.
G,@ 30 Helium-filled latex weather balloons carry radio-
80 A sondes to measure thermodynamic state (P, T, Ty)
100 fog or carry rawinsondes measure (z, P, T, Ty, U, V)
60 —40 20 0 20 40 by also utilizing GPS or other navigation signals.
T (°C) Rocketsondes are lofted by small sounding rock-
ets, and dropsondes are dropped by parachute
Check: Sketches OK. Also, dew point is never greater from aircraft. Unmanned aerial vehicles (UAVs)
than temperature, as required. and conventional aircraft can carry weather sensors.
Exposition; There are two levels where dew-point Radar and satellites are remote sensors that can
temperature equals the actual air temperature, and also measure portions of soundings.
these two levels correspond to saturated (cloudy) air. The sounding represents a snapshot of the state
We would call the bottom layer fog, and the elevated of the air in the environment, such as in the Sample
one would be a mid-level stFatlform (layere.d) cloud. Application on this page. The plot of any dependent
In the Clouds chapter you will learn that this type of variable vs. height or pressure is called a vertical
FIC?Ud 1s Cé,lued M' (Note, from the sounding it profile. The negative of the vertical temperature
is impossible to diagnose the detailed structure of that . . . .
. gradient (-AT,/Az) is defined as the environmental
cloud, so it could be altocumulus.) . .
: lapse rate, where subscript , means environment.
There are also two layers of dry air, where there .
is a large spread between T and T;. These layers are Normally, t_emp erature and .dew point are plot-
roughly 80 to 60 kPa, and 35 to 20 kPa. ted at each height. Other chemicals such as smoke
particles or ozone can also be plotted as a sound-

ing. It is difficult to measure density, so instead its
value at any height is calculated from the ideal gas
law. For cloudy air, the T, points coincide with the T
points. Most sondes have some imprecision, so we
infer clouds in any layer where T} is near T.
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Straight lines are drawn connecting the tem-
perature points (see INFO box on mandatory and
significant levels), and separate straight lines are
drawn for the humidity points for unsaturated air.
Liquid or ice mixing ratios are not usually measured
by radiosondes, but can be obtained by research
aircraft flying slant ascent or descent soundings.

Buoyant Force

For an object such as an air parcel that is totally
immersed in a fluid (air), buoyant force per unit mass
(F/m) depends on the density difference between the
object (p,) and the surrounding fluid (pf):

(5.2

F _ Po—P f o
” 0, 8§=8
where gravitational acceleration (negative down-
ward) is ¢ = -9.8 ms2. If the immersed object is
positively buoyant (F = positive) then the buoyant
force pulls upward. Negatively buoyant objects
(F = negative) are pulled downward, while neutral-
ly buoyant objects have zero buoyant force.

Recall that weight is the force caused by gravity
acting on a mass (F = m-g). Since buoyancy changes
the net force (makes the weight less), the net effect
on the object is that of a reduced gravity (g’) as
defined in eq. (5.2). Thus F = m-g".

Identify the air parcel (subscript p) as the object,
and the environment (subscript ¢) as the surround-
ing fluid. Because both air parcels and the sur-
rounding environment are made of air, use the ideal
gas law (P = p R T,) to describe the densities in eq.
(5.2).

E (5.3a)
" §=8

where the pressure inside the parcel is assumed to
always equal that of the surrounding environment
at the same height, allowing the pressures from the
ideal gas law to cancel each other in eq. (5.3a).
Virtual temperature T;, (in Kelvins) is used to ac-
count for the effects of both temperature and water
vapor on the buoyancy. For relatively dry air, T,, ~ T,
giving:
T,-T,
T€

(5.3b)

= lsl=g
" 81=8
Namely, parcels warmer than their environment
tend to rise. Colder parcels tend to sink. As air
parcels move vertically, their temperatures change
as given by adiabatic (dry or saturated) lapse rates,
so you need to repeatedly re-evaluate the buoyancy
of the parcel relative to its new local environment.
Thermo diagrams are extremely handy for this, as
sketched in Fig. 5.12.

4 N

INFO » Mandatory & Significant Levels

Rising rawinsondes record the weather at Az = 5
m increments, yielding data at about 5000 heights.
To reduce the amount of data transmitted to weather
centers, straight-line segments are fit to the sound-
ing, and only the end points of the line segments are
reported. These points, called signiﬁcant levels,
are at the kinks in the sounding (as plotted in the pre-
vious Sample Application). Additional mandatory
levels at the surface and 100, 92.5, 85, 70, 50, 40, 30, 25,
20,15,10,7,5,3,2, & 1 kPa are also reported, to make it
Keasier to analyze upper-air charts at these levels. )
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Figure 5.12

Buoyancy at any one height (z) depends on the temperature (T)
or potential-temperature (0) difference between the environment
and the air parcel. A thermo diagram aids this, by allowing us
to see the background environment and the air-parcel tempera-
ture at every height. In this example for unsaturated air lifted
from the surface, the parcel is positively buoyant up to z = 1.4
km. Above that altitude, the parcel is colder than the environ-
ment and is negatively buoyant.

Sample Application
When the air parcel in Fig. 5.12 reaches 1 km alti-
tude, what is its buoyant force/mass? The air is dry.

Find the Answer
Given: T, = 10°C +273 =283 K, Tp =14°C +273 =287 K
Find: F/m =? m-s2

Apply eq. (5.3a) for dry air:
F/m = (287 K — 283 K)-(9.8 m-s2) / 283 K
=0.14 m-s~2 = 0.14 N/kg (see units in Appendix A)

Check: Physics and units are reasonable.
Exposition: Positive buoyancy force favors rising air.
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Sample Application

a) Use a thermo diagram to estimate the potential-
temperature values for each point in the environmental
sounding, and plot your answers a new, linear graph
of 8 vs. P. Assume dry air. Environmental sounding:
[P(kPa), T(°C)] = [100, 20], [95, 101, [85, 01, [75, 0], [70, —4]

b) An air parcel at [P(kPa), T(°C)] = [100, 23] moves
to a new height of 80 kPa. Plot its path on your 6 vs. P
graph, and find its new buoyant force/mass at 80 kPa.

Find the Answer
Given: The T vs. P data above. Dry, thus T, = T.
Find: (a) Estimate 6 from thermo diag. & plot vs. P.
(b) Plot parcel rise on the same graph.
Calculate buoyant F/m at P = 80 kPa.

Method
a) From the large thermo diagrams at the chapter end,
the environment potential temperature sounding is:

[P(kPa), 6(°C)]

70
[100,20]
[95,15]
[85,15] 80 Q
[75,25] P A
[70,26] (kPa)
90
See blue
line in 100T\-—Q
the figure: 15

20 0 gy 25 30

b) The parcel initial state is [P(kPa), 8(°C)] = [100,23].
See red line in figure. At P = 80 kPa, the figure shows
A® =23 -20°C = 3°C =3 K. Because dry air: A8, = A6.
T, =T ~10°C = 283 K as approximate average T.
Apply eq. (5.3d):

F/m = (3K/283K)-9.8 ms2) =0.10 m s2 = 0.10 N kg~!

Check: Physics and units are reasonable.
Exposition: The upward buoyancy force causes the
air parcel to continue to rise, until it hits the blue line.

Height

hot
Virtual Potential Temp.

Virtual Temperature

Figure 5.13

(a) In a statically stable environment, a buoyantly neutral air
parcel (blue) becomes colder than the environment when lifted
(top grey circle) and warmer if lowered (bottom grey circle). (b)
The opposing forces act on the parcel similar to a weight sus-
pended between two elastic bands. (c) Same concept using 6,

Sometimes it is more convenient to use virtual
potential temperature 0, (eqs. 3.13, 3.14) to calculate
buoyant force, because adiabatic parcel motion has
constant 6, ,. Buoyant force per mass is then:

E_eve_evp. o
m. T, S8 (5.30)
where gravitational acceleration (¢ = -9.8 m s2) is a
negative number in eq. (5.3¢c) because it acts down-
ward. Subscript e indicates “environment”.

Many meteorologists prefer to use the magnitude
of gravitational acceleration as a positive number:

(5.3d)

EZMM:g»

m Ty,

which more obviously shows that upward buoyancy
force occurs for a parcel warmer then the environ-
ment at its same altitude or pressure.

Picture the physical situation in the left third of
Fig. 512 on the previous page. Suppose you grab a
small piece of the environmental air near the ground
and lift it. As the parcel rises, it cools adiabatically.
Itis moving through a somewhat static environment,
and thus is encountering different surrounding (en-
vironmental) temperatures at different altitudes
(represented by the colored background). Namely,
both the parcel temperature and the environmental
temperature are different at different altitudes.

We need to know these different temperatures at
each altitude in order to determine the temperature
difference and the resulting parcel buoyancy from
egs. (5.3). To make our lives easier, we use thermo
diagrams on which we can plot the background en-
vironment, and which show dry adiabats as relate to
parcel rise. Two examples are the emagram and 6-Z
diagrams in Fig. 5.12. These both represent the same
parcel and same environment.

Brunt-Vaisala Frequency

Suppose the ambient environment lapse rate I' is
less the dry adiabatic lapse rate (I; = 9.8°C km™).
Namely, temperature does not decrease as fast with
increasing height as I'; (see Fig. 5.13a).

Suppose you start with an air parcel having the
same initial temperature as the environment (the
blue sphere in Fig. 5.13a) at any initial altitude. If
you push the air parcel down, it warms at the adi-
abatic lapse rate, which makes it warmer than the
surrounding environment at its new height. This
positive buoyant force would tend to push the parcel
upward. The parcel’s inertia would cause it to over-
shoot upward past its initial height, where adiabatic
cooling would create a negative buoyant force that
reverses the parcel’s upward motion.
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In summary, a parcel that is displaced vertically
from its initial altitude will oscillate up and down.
The environment that enables such an oscillation is
said to be statically stable. The oscillation is similar
to that experienced by a vertically displaced weight
suspended between two elastic bands (Fig. 5.13b).

The air parcel oscillates vertically with frequency

(radians s1)
_ [lsl (ar,
Ny = T_v( sz +Fd) *(5.4a)

where Npy is the Brunt-Vdisild frequency, and |g|
= 9.8 m s2 is the magnitude of gravitational accel-
eration. Virtual temperature T, must be used to ac-
count for water vapor, which has lower density than
dry air. If the air is relatively dry, then T, = T. Use
absolute units (K) for T, in the denominator.

The same frequency can be expressed in terms of
virtual potential temperature 6, (see Fig. 5.13c):

Ny = Il 0, *(5.4b)
T, Az
The oscillation period is
2n
Ppy =—— (5.5)
Ny

If the static stability weakens (as the environmental
AT/Az approaches —T}), then the frequency decreases
and the period increases toward infinity. The equa-
tions above are idealized, and neglect the damping
of the oscillation due to air drag (friction).

Sample Application
For a dry standard-atmosphere defined in Chapter 1,
find the Brunt-Vaisala frequency & period at z = 4 km.

Find the Answer
Given: AT/Az = -6.5 K/km from eq. (1.16).

T, = T because dry air.

Use Table 1-5 at z =4 km to get: T =-11°C =262 K
Find: Npy=?rads, Pgy=7s

Apply eq. (5.4a)
-2
Ngy =, [&8ms 5 )~(—6.5+9.8£)-( 1km )
262K km ) { 1000m
=[1.234x10~4s2]1/2 = 0.0111 rad s~!

Apply eq. (5.5):

Py =—2rradians 56555~ 94min

0.0111 radians/s

Check: Physics and units are reasonable.

Exposition: The Higher Math box at right shows that
Npy must have units of (radians s™1) because it is the
argument of a sine function. But meteorologists often
write the units as (s71), where the radians are implied.

HIGHER MATH ¢ Brunt-Vaiséla Frequency

Create the Governing Equations

Consider a scenario as sketched in Fig. 5.13a,
where the environment lapse rate is I' and the dry
adiabatic lapse rate is I';. Define the origin of a coor-
dinate system to be where the two lines cross in that
figure, and let z be height above that origin. Consider
dry air for simplicity (T, = T). Based on geometry, Fig.
5.13a shows that the temperature difference between
the two lines at height zis AT = (I' - T)z.

Eq. (5.3b) gives the corresponding vertical force F
per unit mass m of the air parcel:

F/m = |g|-AT/T, = |g|{(I' - Ty)=zl/T,

But F/m=a according to Newton’s 2 law, where ac-
celeration a =d?2z/dt2. Combining these egs. gives:

2
d—jzﬁ.(r—rd)-z
s Tp

Because T, is in Kelvin, it varies by only a small
percentage as the air parcel oscillates, so approximate
it with the average environmental temperature T,
over the vertical span of oscillation.

All factors on the right side of the eq. above are
constant except for z, so to simplify the notation, use
anew variable Npy?= —|g|-(T-T,)/T, to represent
those constant factors. [This definition agrees with
eq. (5.4a) when you recall that I' = -AT/Az ]

This leaves us with a second-order differential
equation (a hyperbolic differential eq.) known as the

wave equation:
dZZ 2
? = _NBV -Z (5a)

Solve the Differential Equation
For the wave equation, try a wave solution:

z = A-sin(ft) (5b)

with unknown amplitude A and unknown frequency

of oscillation f (radians s71). Insert (5b) in (5a) to get:
—f*- A-sin(f -t)= =Ny - A-sin(f -1)

After you cancel the A-sin(f) from each side, you get:

f=Npy
Using this in eq. (5b) gives an air parcel height that
oscillates in time:

z=A-sin(Npy -t) (59)

Exposition

The amplitude A is the initial distance that you
displace the air parcel from the origin. If you plug eq.
(5.5) into (5¢) you get: z = A-sin(2nt/Pgy), which gives
one full oscillation during a time period of t = Pgy.
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FLOW STABILITY

Stability is a characteristic of how a system reacts
to small disturbances. If the disturbance is damped,
the system is said to be stable. If the disturbance
causes an amplifying response (irregular motions
or regular oscillations), the system is unstable.

For fluid-flow stability we will focus on turbu-
lent responses spanning the smallest eddies to deep
thunderstorms. The stability characteristics are:

e Unstable air becomes, or is, turbulent
(irregular, gusty, stormy).

¢ Stable air becomes, or is, laminar
(non-turbulent, smooth, non-stormy).

* Neutral air has no tendency to change
(disturbances neither amplify or dampen).

Flow stability is controlled by ALL the processes
(buoyancy, inertia, wind shear, rotation, etc.) acting
on the flow. However, to simplify our understand-
ing of flow, we sometimes focus on just a subset of
processes. If you ignore all processes except buoy-
ancy, then you are studying static stability. If you
include buoyancy and wind-shear processes, then
you are studying dynamic stability.

Static Stability

One way to estimate static stability is by taking
a small piece of the environment and hypotheti-
cally displacing it as an air parcel a small distance
vertically from its starting point, assuming the sur-
rounding environment is horizontally large and is
quasi-stationary. Another is to lift whole environ-
mental layers. We will look at both methods.

Parcel Method for Static Stability

Will a displaced air parcel experience buoyancy
forces that push it in the same direction it was dis-
placed (i.e., an amplifying or unstable response), or
will buoyancy forces tend to push the parcel back to
its starting (equilibrium) height (a stable response)?

The answer to this question is tricky, because the
region of unstable response can span large vertical
regions. For example, a parcel that is warmer than
its environment will keep rising over large distances
so long as it remains warmer than its surrounding
environment at the same altitude as the parcel.

This type of buoyancy motion, called convection,
stirs the air and generates turbulence over the whole
span of its rise. Namely, a thin region that is locally
stable might become turbulent if an air parcel moves
through it from some distant source. Such distant
effects are known as nonlocal turbulence, and
must be considered when determining stability.
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Figure 5.14a
Static stability determination. Step 1: Plot the sounding. (This

sounding is contrived to illustrate all stabilities.)

Step 1: Graphical methods are usually best for
determining static stability, in order to account for
nonlocal effects. Plot the environmental sound-
ing on a thermo diagram (Fig. 5.14a). Any type of
thermo diagram will work — they all will give the
same stability determination.

Step 2: At every apex (kink in the sounding), hy-
pothetically displace an air parcel from that kink a
small distance upward. If the parcel is unsaturat-
ed, follow a dry adiabat upward to determine the
parcel’s new temperature. If saturated, follow a
moist adiabat. If that displaced parcel experiences
an upward buoyant force (i.e., is warmer than its
surrounding environment at its displaced height),
then it is locally unstable, so write the letter “U” just
above that apex (Fig 5.14b). If the upward displaced
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Figure 5.14b
Static stability determination. Step 2: Upward displacements.
(Assume this contrived sounding is unsaturated.)
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parcel experiences no force (i.e., is nearly the same
temperature as the environment at its displaced
height), then write “N” just above that apex because
it is locally neutral. If the upward displaced parcel
experiences a downward force (i.e., is cooler than the
environment at its displaced height), then write “S”
just above the apex because it is locally stable.

Step 3: Do a similar exercise at every apex, but
hypothetically displacing the air parcel downward
(Fig. 5.14¢). If the parcel is cooler than its environment
at its displaced height and experiences a downward
force, then it is locally unstable, so write “U” just be-
low that apex. If the parcel is the same temperature
as the environment at its displaced height, write “N”
just below the apex. If the parcel is warmer than the
environment at its displaced height, then write “S”
just below the apex.
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Figure 5.14c & d

Static stability determination. (c) Step 3: Downward displace-
ment. (d) Step 4: Identify unstable regions (shaded yellow).
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Figure 5.14e

Static stability determination. Step 5: Identify statically stable
regions (shaded light blue) and neutral regions (no shading).

Step 4: From every apex with U above, draw an ar-
row that follows the adiabat upward until it hits the
sounding (Fig. 5.14d). From every apex with U below,
draw an arrow that follows the adiabat downward
until it hits the sounding. All domains spanned by
these “U” arrows are turbulent and are nonlocally
statically unstable. Any vertically overlapping “U”
regions should be interpreted as one contiguous
nonlocally unstable and turbulent region.

Step 5: Any regions outside of the unstable regions
from the previous step are stable or neutral, as indi-
cated by the “S” or “N” letters next to those sound-
ing line segments (Fig. 5.14e).

Within statically neutral subdomains, the verti-
cal gradients of temperature T or potential tempera-
ture 0 are:

AT 'y if unsaturated  o(5.6a)
Az T if saturated

or A8 _ 0 %f unsaturated «(5.6b)
Az |Ty-T if saturated

where I; = 9.8 K km is the dry adiabatic lapse rate,
and T; is the saturated (or moist) adiabatic lapse rate
(which varies, but is always a positive number).

In statically stable subdomains, the temperature
does not decrease with height as fast as the adiabatic
rate (including isothermal layers, and temperature
inversion layers where temperature increases with
height). Thus:

AT Iy if unsaturated

—> - . ¢(5.7a)
or Az I if saturated

A0 N 0 %f unsaturated «5.7b)

Az |T'y-T, if saturated
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1) Absolutely Stable 2) Saturated Neutral
1—‘S
Iy Y Iy Is=% o
Layer

3) Conditionally 4) Dry Neutral

Unstable
FS Iﬁs
5) Dry Absolutely
Unstable
Iy Ty
Y
Figure 5.15

Layer stabilities, shown on a portion of an Emagram. The thick
solid line is environmental air temperature within one layer of
air (i.e., a line segment from a complete sounding), and the thick
dotted line is environmental dew-point temperature. Ty and T
are the dry and saturated adiabatic lapse rates.

Layer Method for Static Stability

Sometimes a whole layer of environmental air is
lifted or lowered by an outside process. Synoptic-
scale warm and cold fronts (see the Fronts & Air-
masses chapter) and coherent clusters of thunder-
storms (mesoscale convective complexes, see
the Thunderstorm chapters) are examples of layer-
lifting processes. In these cases we cannot use the
parcel method to determine static stability, because
it assumes a quasi-stationary environment.

Lapse Rate Names
The lapse rate y of an environmental layer is de-

fined as the temperature decrease with height:
Y=—AT / Az (5.8)

Lapse rates are named as shown in Table 5-1, where
isothermal and inversion are both subadiabatic.

Table 5-1. Names of environmental lapse rates, where
I'; is the dry adiabatic lapse rate.

Name Layer Lapse Rate Fig.

adiabatic y=T;=9.8°Ckm! 5.15(4)
superadiabatic v>Ty 5.15(5)
subadiabatic v<TIy 5.15(1)

¢ isothermal T = constant with z

® inversion T = increases with z

Layer Stability Classes: Five classes of layer stabil-
ity are listed in Table 5-2. For a layer of air that is al-
ready saturated (namely, it is a layer of clouds, with
T = Ty ), then the environmental lapse rate y, which
is still defined by the equation above, is indicated
as Y, to remind us that the layer is saturated. As be-
fore, the word “dry” just means unsaturated here, so
there could be moisture in the air.

Table 5-2. Layer static stability, where T}; = 9.8°C km™!
is the dry adiabatic lapse rate, and T} is the saturated
adiabatic lapse rate. TI}isalways<Tj.

Name Layer Lapse Rate
1) absolutely stable vy < T

2) saturated neutral vs =T

3) conditionally unstable I<y<Iy

4) dry neutral y=1y

5) dry absolutely unstable v>Ty

Fig. 5.15 illustrates these stabilities. The layer of
air between the thin horizontal lines has a linear
lapse rate shown by the thick line. The slope of this
thick line relative to the slopes of the dry I'yand moist
I; adiabats determines the layer stability class.
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Conditional Stability: One of the types of layer sta-
bility listed in Table 5-2 is conditional stability. A
layer of conditionally unstable air has lapse rate be-
tween the dry and moist adiabatic lapse rates. This
layer is stable if the air is unsaturated, but is unsta-
ble if the air is saturated (cloudy). Hence, the “condi-
tion” refers to whether the air is cloudy or not.

Conditionally unstable air, if over a deep enough
layer, is a favorable environment for thunderstorms
to grow. A special set of thunderstorm stability
indices has been developed to determine if thun-
derstorms will form, and how intense they might be.
These are discussed in the Thunderstorm chapters
of this book. The presence of thunderstorms indi-
cate violently unstable air that extends throughout
the depth of the troposphere.

When a whole layer is lifted, the temperature at
each level within that layer will change according
to whether those levels are saturated or not. Fig.
5.16 shows a sample sounding, and how tempera-
tures change following dry adiabats until reaching
their local LCL, above which they follow the moist
adiabat. This particular example shows how a layer
that starts as conditionally unstable can become ab-
solutely unstable if the bottom of the layer reaches
saturation sooner than the top.

Dynamic Stability

Dynamic stability considers both buoyancy and
wind shear to determine whether the flow will be-
come turbulent. Wind shear is the change of wind
speed or direction with height, and can be squared
to indicate the kinetic energy available to cause tur-
bulence.

The ratio of buoyant energy to shear-kinetic en-
ergy is called the bulk Richardson number, Ri,
which is dimensionless:

) |g|-(ATv +Ty -Az)-Az
Ri=
T, [ (auy + (avy? |

*(5.9a)

and
|g|'A90 Az

T, -[ (Al +(aV)?] "o

Ri=

where [ A8, AU, AV, AT, | are the change of [virtual
potential temperature, east-west wind component,
north-south wind component, virtual temperature]
across a layer of thickness Az. As before, T;; =9.8 -K
km! is the dry adiabatic lapse rate, and T, must be
in absolute units (K) in the denominator of eq. (5.9).
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Figure 5.16

Example of lifting a layer to determine layer stability. Condi-
tionally unstable layer (thick black line between points Al and
B1 on this Emagram) is lifted 30 kPa. Suppose that the bottom
of the layer is already saturated, but the top is not. Upon lifting,
the bottom of the layer will follow a moist adiabat from A1 to A2,
while the top follows a dry adiabat from B1 to B2. The layer at
its new height (black line A2 to B2) is now absolutely unstable.

First, examine static stability.
A8, = AT, + Tz
=(-3°C) + (9.8 °C km™)-(0.5 km) = 1.9°C
Because the top of the layer has warmer 6, than the bot-
tom, the air is locally statically stable. No nonlocal info
to alter this conclusion. Thus, static stability does not
make the air turbulent. But need to consider wind.

Sample Application
Given these data, is the atmosphere turbulent?
z (km) T, (°C) U (ms) V (m s
55 -23 50 0
5.0 20 40 8
Find the Answer

Given: AT = -3°C, AV =-8, AU =10 m s71, Az = 0.5 km,
where all vertical differences are (top — bottom)
Find: Turbulent (yes/no) ?

Apply eq. (5.9b). Use average T, = -21.5+273 = 251.5 K
(9.8m-s72)-(1.9K)-(500m)
(251.51().[(10)2 +(-8)%(m/ 5)2]

= 0.226

This Ri below the critical value of 0.25, therefore the
flow is turbulent because of dynamic instability.

Check: Physics are reasonable. Ri is dimensionless.

Exposition: Turbulence tends to mix the air, which
reduces wind shears and temperature differences, and
thus undoes the dynamic instability that caused it, as
expected by LeChatelier’s Principle (see INFO box).
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Sample Application
For the following sounding, determine the regions
of turbulence.

warmer Aind gy laminar
— |

@

turbulent

z (km) T (°C) U (ms) V (m s laminar

2 0 15 0 o shear

15 0 12 0 (a) Side view. Ivector!

1.2 2 6 4
0.8 2 5 4 (b) Oblique view.

0.1 8 5 2

0 12 0 0

warm
Find the Answer: ar vertical

shear of

Given: The sounding above. ;
horizontal

Find: a) Static stability (nonlocal parcel apex method),

b) dynamic stability, & (c) identify turbulence. _>Win
Assume dry air, so T = T, Figure 5.17
) (a) Side view of Kelvin-Helmholtz waves growing in a dynami-
MEtth: Use spreadsheet to compute 8 and Ri. Note cally unstable region: wind shear across a statically stable layer.
that Ri applies to the layers between sounding levels. (b) View showing parallel cloud bands called billow clouds
z (l;m) 61(90(63 Zlayer (kM) Ri For the special case of statically stable air:
15 14.7 1.5 t0 2.0 9.77 Ri= Npy~-(82)” py” (82)° (5.90)
12 13.8 12t015 0.19 (AU)? +(AV)? '
0.8 9.8 0.8t01.2 55.9 Npy is undefined for air that is not statically stable.
01 20 0.1to08 5.25 For thin layers of atmosphere, the system is dy-
0 12 0to 0.1 —-0.358

namically unstable if
Ri <Ri, *(5.10)

Ri, = 0.25 is the critical Richardson number.
When statically stable laminar flow is just be-
coming dynamically unstable due to an increase in

Next, é)lot these results:
1

[IAY) U
:(m/s) (m/s)
15 N

(kfn) wind shear, the dynamically unstable layer behaves
. like breaking ocean waves (Fig. 5.17) in slow motion.
1 These waves are called Kelvin-Helmholtz waves,
I or K-H waves for short. As these waves break, the
05 dynamically unstable layer becomes turbulent, and
5 is known as clear-air turbulence (CAT) if outside
thunderstorms and above the boundary layer.
0 |E If the bottom layer of cool air is humid enough,
0o 5 10 15 -2 :2 6 10 then clouds can form in any wave crest that is higher
0.25 Ri than its lifting condensation level (LCL). Since these
= Rig clouds form narrow parallel bands perpendicular to
the shear vector, the clouds look like billows of an
a) Static Stability: Unstable & turbulent forz=0to 1 accordion, and are called billow clouds (Fig. 5.17).
km, as shown by nonlocal air-parcel rise in
the 8 sounding. .
b) Dynamic Stability: Unstable & turbulent for z = 0 Existence of Turbulence
t0 0.1 km, & for z = 1.2 to 1.5 km, where Ri < 0.25 . Statically stable flows can be dynamically un-
¢) Turbulence exists where the air is statically OR stable and can become turbulent if the wind shear is
dynamically unstable, or both. Therefore: strong enough.
Turbulence at0-1km, and 1.2 to 1.5 km. Nonlocally statically unstable flow always be-

) ) comes turbulent regardless of the wind shear. Thus,
Check: Physics, sketch & units are reasonable. either dynamic instability or nonlocal static instabil-
Exposition: Atz=0to1km is the mixed .layer (a type ity are sufficient to enable turbulence.
of atmos. boundary layer). Atz =12to 1.5is clear-air However, laminar flow exists only if the layer of
turbulence (CAT) and perhaps K-H waves. L ! . .

air is stable both dynamically and statically.
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FINDING TROPOPAUSE HEIGHT AND
MIXED-LAYER DEPTH

Tropopause

Recall from Chapter 1 (Fig 1.10) that the stan-
dard-atmosphere temperature decreases with height
within the troposphere, but is isothermal with height
in the bottom part of the stratosphere. Isothermal
layers are very strongly statically stable. The strong
and deep statically stable layer in the stratosphere
discourages vertical motion through it, which is
why most of our weather (including thunderstorms
and hurricanes) is trapped below it. The base of the
stratospheric isothermal layer is the tropopause.

Real soundings are more complex than the sim-
ple standard atmosphere, and can have many differ-
ent stable layers (and isothermal layers) at different
heights (Fig. 5.18). Nonetheless, if the radiosonde bal-
loon rises high enough before bursting, then it often
can enter the stratosphere. To locate the tropopause,
we just need to look for the bottom of the very thick
isothermal layer that is near a pressure altitude of 40
to 20 kPa.

Strong static stability can be found by regions
where potential-temperature lines (isentropes) are
packed close together. The strongly stable strato-
sphere has tighter packing of isentropes than the
less-stable troposphere, such as sketched in the ide-
alized vertical cross section of Fig. 5.19. Thus, you
can locate the tropopause at the bottom of the region
of tight isentrope packing, as sketched in Fig. 5.19.
[CAUTION: The tropopause usually does NOT follow
any single isentrope.]

To illustrate the relationship between stability
and isentrope spacing, suppose a rawinsonde (i.e.,
a helium-filled weather balloon) is released from
near the ground and rises along the orange line in
Fig. 5.19. While it rises, it measures temperature and
pressure of the surrounding environment, allowing
one to calculate the vertical profile of potential tem-
perature 6.

It starts in cold air near the ground, where the
large spacing between isentropes shows that the
static stability is weak near the ground. At about
4 km above the ground it passes through a frontal
inversion, where static stability is stronger as shown
by the close spacing of the two isentropes (6 = 260 &
270 K). Higher, in the mid troposphere, the larger
spacing indicates weaker stability. Starting at about
10 km altitude the sonde enters a region of close
spacing of isentropes, indicating that the sonde has
entered the stratosphere. The bottom of this strong-
ly stable region is the tropopause.

rg or r(g’kg)= 0102051 2 5710
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100 Layer
-60 -40 -20 0 20 40
T(°C)

Figure 5.18
Sample atmospheric sounding having two isothermal layers and
one temperature inversion.

Sample Application
What is the tropopause height (or pressure) in the
sounding of Fig. 5.18, and how is it identified?

Find the Answer
Given: the plotted sounding.
Find: Pryo, =7 kPa

The base of the deep isothermal layer near the top of
this sounding is at Pp,,, ~28 kPa. The other isother-
mal and inversion layers are too low, and too thin.

Check: Sketch OK.

Exposition: The tropopause is lower near the poles
and higher near the equator. It is lower in winter,
higher in summer (see Table 6-1 in the Cloud chapter),
but varies considerably from day to day.

370 —
=
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: / —r
300 S
| //—
o .
] 290 /x})%q.:: -
| 280 e 250|
0= 240
0L 270K
0°N 45°N 90°N
Latitude
Figure 5.19

Idealized vertical cross section. Isentropes (connecting points
of equal ©) are dark blue. Frontal inversion is dotted brown.
Tropopause is dashed green. Red arrow indicates rawinsonde.
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Figure 5.20

Same as Fig. 5.19, but now the cyan sphere represents an air
parcel of potential temperature © = 270 K, which rides along the
environmental 270 K isentrope as the parcel is advected toward
the North Pole (90°N). Thick green dashed line indicates the
tropopause. Thin blue dashed line shows the air-parcel path.

Sample Application

Plot the following sounding on a Skew-T diagram.
If the ground heats an air parcel to the following state
[P=100 kPa, T = 25°C], then find the pressure of the
mixed-layer top. Sounding: [P (kPa), T (°C)] = [100,22],
[99,191, [85,7], [80,5] , [75,5] , [60,~5] , [50,-10] , [30,~40] ,
[20,-40] .

Find the Answer

Given: the data above.

Find: P; (pressure in kPa at mixed-layer top z;)

See Skew-T below. Red dot and arrow represent the
heated near-surface air parcel. Black line is the plotted
environmental sounding.

re or r(glkg)= 0102051 2 5 10

20
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20
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Mixed Layer %'
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-60 -40 -20 0 20 40
T(C)

From the diagram, P; ~ 78 kPa.

Check: Sketch agrees with larger thermo diagrams.
Exposition: The yellow-shaded region is nonlocally

unstable. It is the turbulent mixed layer.

As air parcels advect (move) horizontally, they
also tend to move vertically to stay on a surface of
constant potential temperature (i.e., an isentropic
surface), assuming no heat transfer to/from the
parcel. The reason is buoyancy. For example, the
parcel at 30°N illustrated in Fig. 5.20 has a potential
temperature of 6 = 270 K, so it would try to stay on
the 270 K isentrope (dark blue line in that figure).

If it were to stray slightly [above, below] that sur-
face, it would be surrounded by air that has [warm-
er, cooler] potential temperature, causing a buoyant
force that would tend to [lower, raise] the parcel back
to the altitude of the 270 K isentrope. Isentropic
analysis is a method of plotting weather variables
on constant 0 surfaces as a way to estimate dynam-
ics under adiabatic conditions.

Mixed-Layer

When the sun heats the ground to be warmer
than the adjacent air, or when cold air advects over
warmer ground, some of the heat is conducted into
the thin layer of air touching the ground (see the
Thermodynamics chapter). This warm near-surface
air wants to rise as bubbles or vertical plumes called
thermals. You can sometimes see birds soaring in
the updrafts of these thermals.

The thermals create vertical convective circula-
tions that stir the bottom portion of the troposphere
into a well-mixed layer. This convective mixed
layer is evidence of nonlocal static instability in the
boundary layer — the bottom 300 to 3000 m of the
troposphere.

The mixed layer (ML) is usually capped by a
statically stable layer or temperature inversion
(where temperature increases with height), which
prevents the thermals from rising through it and
traps pollutants below it. Thus, the ML depth z; is
important for air-quality studies.

To find z; from a sounding, use the nonlocal
methods discussed earlier in this chapter. (1) Draw
the measured sounding on a thermo diagram. (2)
Estimate the temperature of the near-surface air
parcel and plot it on the same diagram. (3) Lift this
parcel adiabatically until it hits the environmental
sounding, which defines z; (or P; if using pressure
as the vertical coordinate). 6 vs. z thermo diagrams
(see end of this chapter) are handy for ML studies.

A less accurate, but quick approach, is to look
for the temperature inversion (or similar layer that
is statically stable) that is near the ground, but not
touching it. A temperature inversion is where T
increases with height. The top of the mixed layer is
usually somewhere within this temperature inver-
sion. In Fig. 5.18, the average height of the tempera-
ture inversion is about z; = 87 kPa. See the Bound-
ary Layer and Air Pollution chapters for details.
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INFO ¢ A holistic approach to stability

The nonlocal approach is not new. Thunderstorm
forecasters usually use the whole sounding, and con-
sider air parcels rising from the surface to the top of
the storm to estimate the potential severity of storms.
They don’t focus on only the local lapse rate in the
mid troposphere to estimate thunderstorm intensity.

“Lapse rate” (subadiabatic, adiabatic, super-
adiabatic) is not synonymous with “static stability”
(stable, neutral, unstable). If the purpose of a stabil-
ity definition is to determine whether flow becomes
turbulent, then you must consider nonlocal effects

\_ within the whole sounding. )
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REVIEW

Thermo diagrams are useful for estimating ther-
modynamic state (pressure, temperature, and mois-
ture) of the air without having to solve equations.
There are many different types of thermo diagrams:
Emagram, Skew-T, Stiive (or Pseudoadiabatic Dia-
gram), Tephigram, and 6-Z diagram. They all serve
the same purpose, and all have isotherms, isobars,
isohumes, dry and moist adiabats, and height con-
tours (in some cases).

You can also track state changes caused by physi-
cal processes acting on the air. In this chapter you
read about processes such as radiative heating and
cooling, evaporation and condensation, and precipi-
tation falling into or out of an air parcel. You also
learned how to estimate cloud-base altitude from
the lifting condensation level, and cloud-top alti-
tude from nonlocal stability and buoyancy. You saw
how potential temperature is a convenient way to
describe the state of vertically moving air parcels.

Thermo diagrams are often used to plot upper-
air soundings made with rawinsonde balloons or
calculated from computerized forecasts. Soundings
plotted on thermo diagrams allow you to find the
depth of the mixed layer and the top of the tropo-
sphere (i.e., the tropopause). They also allow you to
calculate important parameters such as the Brunt-
Viisald frequency and the Richardson number.

Air flow can change from laminar to turbulent
if the flow is unstable. Instability can be due to the
vertical variation of temperature alone (as quanti-
fied by static stability), or be due to the combined
effects of wind and temperature variations with
height (as quantified by dynamic stability). By plot-
ting soundings and analyzing stability you can an-
ticipate turbulence such as causes rapid dispersion
of air pollutants and transport of heat, moisture, and
momentum.
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HOMEWORK EXERCISES

Broaden Knowledge & Comprehension
Bl. Use the internet to acquire a map of rawinsonde
sounding locations for your part of the world, and
determine which four sounding locations are closest
to your school.

B2. Use the internet to acquire WMO (World Me-
teorological Organization) and ICAO (Interna-
tional Civil Aviation Organization) identifica-
tion codes for the four sounding locations closest to
your school or business. For each of those four lo-
cations, what is the latitude, longitude, topographic
elevation, and other info about the site.

B3. Use the internet to acquire different thermo
diagrams (e.g., Emagrams, skew-Ts, Stiive diagrams,
tephigrams, etc) for the most recent rawinsonde
sounding made at the launch site closest to your
school or business. Which web site (URL) has the
diagram that is clearest or easiest to read?

B4. Use the internet to acquire today’s surface weath-
er data of (P, T, and T)) for the a weather station that
is near you. After plotting those on a skew-T dia-
gram, use graphical methods to estimate the lifting
condensation level. How does this height compare
to any cumulus cloud bases that might be reported
from the same station?

B5. Use the internet to acquire rawinsonde data in
text form (i.e., a table of numbers) for an upper-air
station near you, or a different station that your in-
structor assigns. Then plot this sounding by hand
on a large thermo diagram (skew-I, unless your in-
structor indicates a different diagram). Determine
the LCL for an air parcel rising from the surface.

B6. Use the internet to acquire a sequence of 4 suc-
cessive soundings from a single rawinsonde station
assigned by your instructor. Describe the evolution
of the air at that location (e.g., warming, cooling, get-
ting more humid, getting windier, etc.).

B7. Use the internet to acquire an already-plotted
sounding near your location prior to a rain storm.
From the plotted sounding, determine the temper-
ature and mixing ratio near the ground, and then
move that hypothetical air parcel upward to a pres-
sure of 40 kPa. Use the thermo diagram to estimate
the final liquid-water mixing ratio of the parcel. Can
you relate the actual precipitation depth that was
observed from this storm to your hypothetical lig-
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uid-water mixing ratio? Would you get a more-real-
istic answer if you stopped the parcel at a different
pressure?

B8. In the Thunderstorm chapters you will learn ad-
ditional ways to use soundings on thermo diagrams
to help estimate thunderstorm strength, tornado
likelihood, and other storm characteristics. As a
preview of this application, find on the internet an
already-plotted sounding that also shows wind in-
formation or Convective Available Potential Energy
(CAPE) or other stability indices. See if that web site
has a link to a legend that defines those terms. If so,
use that legend to interpret the stability indices on
the sounding, and explain what they mean.

B9. Use the internet to acquire a sounding for a
nearby location (or other site that your instructor
assigns) that you can output in both plotted graph
and text form. Use the plotted sounding to deter-
mine the static stability at all heights, using the
apex parcel method. Use the text data to calculate
Brunt-Vaiséld frequency and bulk Richardson num-
ber in the stable layers. Combine your dynamic and
static stability info to suggest which regions in the
sounding are turbulent. [Hints” (1) For any stable
layer with uniform lapse rate within it, use only the
temperatures and winds at the top and bottom of
the layer to calculate these variables. (2) Ignore any
moisture indicated by the sounding, and assume T,,
~ T].

B10. Use the internet to acquire a plotted sounding
from early in the morning. Suppose that as the day
evolves, the near-surface dew-point temperature
doesn’t change, but the near-surface air temperature
becomes warmer. Considering nonlocal static sta-
bility effects, how warm would the near-surface air
parcel need to become later that day in order for it
to be positively buoyant (dry below the LCL, satu-
rated above the LCL) up to a height where P = 60
kPa? Draw that air-parcel path on the sounding dia-
gram, and discuss where cloud base and cloud top
would be.

B11. Use the internet to acquire a plotted sounding
near you. Estimate the pressures at the boundary-
layer top and at the tropopause. Draw these loca-
tions on your thermo diagram, and discuss how you
found them based on your sounding.

B12. Use the internet to acquire images of Kelvin-
Helmbholtz waves and billow clouds. Print two ex-
amples of each, along with their URLs.

Apply

Al. Identify the thermo diagram type.
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A2. On copies of ALL 5 thermo diagrams from Al,
find and label one of the:

a.dry adiabats ~ b.isohumes  c.isobars

d. isentropes e. saturated adiabats

f. isotherms g. moist adiabats

A3(8). Use a spreadsheet to create the Skew-T, as
given in the Sample Application in the Skew-T sec-
tion of this Chapter, except do it for isopleths listed
below. Describe the results of your experiments
with different values of the coefficient K, which de-
termines the amount of skewness.

1.6, &6, (°C) r(gkg™)

a. 30 50
b. 25 20
C. 15 10
d. 10 2

e. 5 1

f. 0 0.5
g. -5 0.2
h. -10 0.1
i -15 15
j- -20 25

A4. Make a copy of the page holding the thermo
diagrams for exercise Al. Then, on all these dia-
grams, plot the one thermodynamic state given be-
low. (Note: these are single air parcels, not compo-
nents of a sounding.)

PPa) TCQ) TyQ)
a. 50 0 -5
b. 80 -5 -10
c 3 25 30
d 75 25 16
e. 60 15 10
£ 90 20 10
g 65 25 40
h. 8  -10 30
i 70 10 5
i 80 15 10
k. 55 -0 -15

A5. Using thermodynamic state of the air parcel
given in the previous exercise, plot it on the end-of-
chapter large thermo diagram specified by your in-
structor (if none specified, use the skew-T diagram).
Hint: Use a copy of a blank thermo diagram so you
can keep the master copy clean.

A6. Plot the one thermodynamic state from exer-
cise A4 on one large thermo diagram specified by
your instructor (if none specified, use the skew-T).
For that plotted point, use the thermo diagram (not
equations) to find the values of the following items:
i) mixing ratio
ii) potential temperature

iii) wet-bulb temperature

iv) wet-bulb potential temperature

v) saturation mixing ratio

vi) LCL

vii) relative humidity

viii) equivalent potential temperature

A7. Same as A6, but use only an Emagram or Stiive.

A8. Starting with one assigned air-parcel with state
from question A4:

i) lower it to a pressure of 100 kPa, and find its new
temperature and dew point. Use only a tephigram
or Skew-T.

ii) lower it to a pressure of 100 kPa, and find its
new temperature and dew point. Use only a Stiive or
Emagram.

iii) raise it to a pressure of 20 kPa, and find its new
temperature and dew point. Use only a tephigram
or Skew-T.

iv) raise it to a pressure of 20 kPa, and find its
new temperature and dew point. Use only a Stiive
or Emagram.

A9. Which thermo diagrams from Fig. 5.3 have

a. straight isobars?

b. straight dry adiabats?

c. straight moist adiabats?

d. have the greatest angle between isotherms and
dry adiabats?

e. moist adiabats that asymptotically approach
dry adiabats near the top of the diagram?

f. moist adiabats that asymptotically approach
dry adiabats near the left of the diagram?

A10. Use the data below as an air-parcel initial state,
and plot it on the specified large end-of-chapter
thermo diagram. Assume this air parcel is then lift-
ed to a final height where P = 25 kPa. Find the final
values of the following variables Ty, r,, T, r;, and r1.
P(kPa) T(°C) T;(°C) Thermo Diagram

a. 9% 30 15 Stiive

b. 95 30 25 Tephigram
c. 9 20 10 Skew-T

d. 95 15 -5 Skew-T

e. 100 25 10 Emagram
f. 100 25 5 Tephigram
g. 100 30 20 Emagram
h. 100 15 5 Stiive

i 90 20 5 Tephigram
i 90 15 5 Emagram
k. 90 5 5 Skew-T

L 90 10 0 Stiive

A1l. Using the same thermo diagram as specified in
exercise A10, find the pressure at the LCL for an air
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parcel that started with the conditions as specified
in that exercise.

A12. Starting with the FINAL state of the air parcel
specified from exercise Al0, allow all of the liquid
water to rain out (except if the liquid water from the
final state of A10 was greater than 1 g kg1, then al-
low only 1 g kg™! of liquid water to rain out). Then
lower the air parcel back to its starting pressure, and
determine its new temperature and new dewpoint.
Use the specified thermo diagram from A10.

A13. Starting with the FINAL state of the air parcel
specified from exercise A10, allow radiative cooling
to change the air parcel temperature by AT = —8°C.
Then lower the air parcel back to its starting pres-
sure, and determine its new temperature and dew
point. Use the specified thermo diagram from A10.

Sounding Data. The data here gives environmen-
tal conditions (i.e, the ambient sounding). Use this
sounding for the questions that follow. Given V = 0.

P(kPa) T(C) T4;°C) U(ms)
20 -25 -55 45
30 -25 =50 50
40 -20 -20 44
45 -15 -15 40
50 -10 24 30
70 12 -20 30
80 19 3 20
90 21 15 7
99 29 17 7

100 33 20 2

Definitions: Significant levels are altitudes where
the sounding has a bend or kink. In between signifi-
cant levels you must draw straight lines.

Layers are the regions of air that are in between
two neighboring levels.

Al14. Using the end-of-chapter large thermo dia-
gram specified below, plot the sounding data from
the previous column on that diagram. For tempera-
tures, use solid filled circles (red if available), and
then connect those temperature-sounding points
from bottom to top of the atmosphere with straight
line segments. For dewpoints, use an open circles
(blue perimeter if possible), and connect those points
with dashed straight line segments.

a. Emagram  b. Tephigram

d. 6-Z diagram e. Stiive

c. Skew-T

Al5. a. For each pressure and temperature pair in
the sounding data, calculate the corresponding po-
tential temperature. Then plot a graph of potential

temperature vs. pressure, using linear scales for
both graph axes.

b. Use the result from (a) and the humidity in-
formation from the sounding data to find virtual
potential temperature, and then plot it vs. pressure
using linear scales for both axes.

Al6. Given the sounding data. Suppose that you
create an air parcel at the pressure-level (kPa) indi-
cated below, where that parcel has the same initial
thermodynamic state as the sounding at that pres-
sure. Then move that parcel up through the envi-
ronment to the next higher significant level (i.e., next
lower pressure). What is the value of the buoyant
force/mass acting on the parcel at its new level?
a.100 b.99 c.90 d.80 e.70 £f.50 g.45
h. 40 i.30

A17. Given the sounding data. Find Ny and Pgy
for an air parcel that starts in the middle of the layer
indicated below, and for which its initial displace-
ment and subsequent oscillation is contained within
that one layer. Use the layer with a bottom pressure-
level (kPa) of:

a.90 b.80 c.70 d.50 e. 45 f. 40 g.30

A18. Using the sounding data such as plotted for
exercise Al4, using the apex parcel method to find
static stability for the one environmental layer,
where the bottom of that one layer is at P (kPa) =

a.100 b.98 .87 d.80 e.70 f.60 g. 40
For this exercise you may assume the air is dry.
Also, the stability in any one layer could depend on
nonlocal effects from other layers.

A19. Same as Al8, but find the layer stability using
the sounding data.

A20. Using the sounding data, calculate Richardson
number, which you can then use to find a layer’s dy-
namic stability, for the layer that has a layer base at
level P (kPa) =

a.100 b.98 .87 d.80 e.70 f.60 g. 40

A21. Indicate which portions of the sounding above
are likely to be turbulent, and explain why:.

A22. Using the sounding data:

a. Does the sounding data indicate the presence
of a mixed layer near the ground? What is its cor-
responding depth, z; ?

b. Determine the height of the tropopause.

c. Locate any layer (stratiform) clouds that might
be present in the environment.
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A23. With the sounding data:

a. Compare the LCL pressure heights found us-
ing a thermo diagram vs. that found using the equa-
tions from the Water Vapor chapter, for an air parcel
starting with the initial state as given by the sound-
ing data at 100 kPa.

b. On the same thermo diagram from part (a), at
what pressure altitude does the air parcel from (a)
stop rising (i.e., what is the pressure at cloud top)?
At cloud top in the cloud, find the mixing ratios for
water vapor and liquid water.

c. Suppose that all the liquid water that you found
in part (b) were to precipitate out, after which the air
parcel descends back to a pressure altitude of 100
kPa. Compare the initial and final relative humidi-
ties of the air parcel (i.e., before rising from 100 kPa,
and after returning to 100 kPa).

A24. At P =100 kPa, z = 0 km, an air parcel has ini-
tial values of T = 30°C and T; = 0°C. Use each of the
large thermo diagrams at the end of this chapter to
find the LCL. How do these LCL values compare to
the theoretical value from the equation in the Water
Vapor chapter?

Evaluate & Analyze

El. If an unsaturated air parcel rises, why does its
humidity follow an isohume (constant r) instead of
an isodrosotherm (constant Tj)?

E2. Suppose a rising dry air parcel cools at a rate
different than I';, What process(es) could cause this
difference? Why?

E3. From the hypsometric equation one expects
that colder air has thinner thickness. So why do the
height contour lines on the large Emagram tilt down
to the right, rather than down to the left?

E4. The large thermo diagrams at the end of the
chapter have mixing-ratio labels near the top. Why
don’t these label values increase linearly?

E5. Dry adiabats are perfectly straight lines on the
Stiive diagram, but have slight curvature on the
Emagram (see the large diagrams at the end of the
chapter). If the dry adiabatic lapse rate is constant,
why are the lines curved in the Emagram?

E6. On a thermo diagram, why are three points
needed to represent any single air parcel?

E7. Could you determine the complete thermody-
namic state of an air parcel given only its LCL and
its initial (P, T)? Explain.

E8. The “air parcel” method of static stability as-
sumes that the ambient environment doesn’t change
as an air parcel moves through it. Under what con-
ditions is this assumption good? When would the
assumption fail?

E9. Given an air parcel of virtual temperature T,
embedded in a uniform environment of the same T,
Why does it have zero buoyant force, even though
gravity is trying to pull the air parcel down?

E10. Can stationary metal vehicles float in air analo-
gous to how metal ships can float on the ocean? If
so, how should the metal aircraft be designed?

E11. Recall equations (5.2 & 5.3a) for buoyant force,
based on difference between the air parcel (object)
and its environment (surrounding fluid). Why does
the equation using density difference have a differ-
ent sign than the equation using virtual tempera-
ture?

E12. Compare the slope of the saturated adiabats on
the Emagram and the 6-Z diagram. Why do they tilt
in opposite directions on these two diagrams?

E13. To compare the many different thermo dia-
grams at the end of this chapter, first make a copy of
each large blank diagram. Then, on each one, plot
the same air parcel (P, T, T;) = (90 kPa, 20°C, 10°C). If
the parcel is lifted to a pressure of 50 kPa, find the fi-
nal thermodynamic state of the parcel, and compare
the answers from the different diagrams.

E14. The sounding in Fig. 5.14e has lines connect-
ing the data points. For each line segment, label its
lapse rate (subadiabatic, adiabatic, superadiabatic).
Is there a perfect relationship between lapse rate
and the static stability indicated in that figure? If
not, why not?

E15. Discuss the nature of the Brunt-Viisdld fre-
quency in air that is statically unstable.

E16. The equation for the Brunt-Viisald oscillation
period contains 2n. Why?

E17. a. Check the units of the factors in the Rich-
ardson number equations (5.9) to confirm that the
Richardson number is indeed dimensionless.

b. What is the value of Richardson number for
statically unstable air? What does this value imply
about turbulence?
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c. What is the value of Richardson number for an
air layer with no wind shear? What does this value
imply about turbulence?

E18. Although the large thermo diagrams at the
end of this chapter include pressures greater than
100 kPa, most of the smaller diagrams earlier in the
chapter have a max pressure of 100 kPa at the bot-
tom of the diagram. For these smaller diagrams,
what methods can you use to plot pressures that are
more than 100 kPa?

E19. If mixing ratio is conserved in an unsaturated
rising air parcel, why isn't saturated mixing ratio
conserved?

E20(§). (This exercise is lengthy.)
For pressures in the range of 100 to 10 kPa, use a
computer spreadsheet to create a:

a. Stiive diagram. [Hint: use (P,/P)%d/Cpd as ver-
tical coordinate.]

b. Skew-T diagram.

c. Tephigram. [Hint: plot it in tilted form, as in
Fig. 5.2, but with moist adiabats and isohumes add-
ed to the other lines in that figure. This is a very
difficult exercise.]

d. 6-Z diagram. [Hint, plot all the isopleths ex-
cept the isobars.]

E21(§). Use a computer spreadsheet to create an
Emagram for a wider range of pressures (120 kPa
to 5 kPa) than I had plotted in my small thermo
diagrams. Plot only 1 dry adiabat (6 = 0°C) and 1
isohume (r = 10 g kg™!) for this exercise.

E22. How would the air parcel line in Fig. 5.12 be
different if the rising parcel entrains a small amount
of environmental air as it rises? Sketch this new
path on a similar diagram.

E23. For a layer of isothermal air, what is the sign of
the Richardson number?

E24. How are the gradient, bulk, and flux Richardson
numbers related? The chapter on the Atmospheric
Boundary Layer defines the flux Richardson num-
ber, and also describes K-theory, a tool you might
find useful in answering this question.

E25. Create a new conceptual algorithm different
from the “Guide” in this chapter to help you identify
different thermo diagram types. Test it to ensure
that it doesn’t falsely identify some diagrams.

E26(8). Use a spreadsheet to reproduce Fig. 5.2, using
the relationship for potential temperature as a func-
tion of T and P as given in the Heat chapter.

E27. All the dry adiabats in a Stiive diagram con-
verge to a point above the top left of the diagram.
Explain why or why not the dry adiabats in an
Emagram converge to a point.

E28. Suppose that turbulent mixing in a dynami-
cally unstable, but statically stable, environment
causes both AT/Az and AU/Az to be reduced by the
same fraction, b. Show how the Richardson number
increases as b decreases. Use this to explain why
turbulence acts to reduce the dynamic instabilities
that caused it, analogous to LeChatelier’s principle.
(Hint: Assume V = 0 for simplicity.)

E29. Fig. 5.10 indicates state changes due to fallout
of precipitation.

a. Can the opposite happen? Namely, can precip-
itation fall INTO an air parcel, with all of the water
staying in the air? If so, give an example and show
how that process would be plotted on a thermo dia-
gram.

b. What happens if rain from above falls through
an air parcel with zero or partial evaporation?
Namely, the rainfall does not change during its
passage through the air parcel. Indicate this on a
thermo diagram.

Synthesize

S1. What if you multiply the numerator and denom-
inator of equation (5.9¢) by 0.5-m, where m is air-par-
cel mass. Describe how the numerator and denomi-
nator could be interpreted as potential energy and
kinetic energy, respectively.

S2. Use the internet to uncover a brief history of Ar-
chimedes. Where did he live? What discoveries did
he make, and which were relevant to meteorology?
What is he most famous for? What was his role in
the wars that were waged at that time?

S3. What if water-vapor condensation caused cooling
instead of warming. Describe any possible changes
in climate and weather. Draw a rough thermody-
namic diagram by eye for this physical situation.

S4. Describe any possible changes in climate and
weather if buoyancy force was a function of only
air-parcel temperature and not on temperature dif-
ference?
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S5. Fig. 517 showed Kelvin-Helmholtz (K-H) waves
that form and break in the atmosphere. These are
a type of interfacial waves that form on interfaces
between dense (cold) air and less-dense (warm) air.
Another type of wave called “internal wave” can ex-
ist in statically stable air. Use the internet to learn
more about internal waves — waves that can move
vertically as well as horizontally. Write a brief sum-
mary of internal waves.

56. Describe how the Richardson number would be
different if vertical velocity were included in the de-
nominator. Speculate on why it is not included?

S7. Describe any changes in climate and weather
that might occur if only Earth’s air warmed due
to global warming without any associated change
in surface temperature. Justify your hypothesis in
terms of static stability.

S8. Suppose a nuclear war happened on Earth, and
that many of the explosions caused small-diam-
eter dust particles to be blown into the stratosphere
where they would settle out very slowly. This situ-
ation is called nuclear winter. Using the principles
you learned in the radiation chapter, describe how
stratospheric and lower-tropospheric temperatures
might change under this thick layer of dust. De-
scribe any changes in climate and weather associat-
ed with the resulting changes in atmospheric static
stability.

59. Anisentropic chart shows the altitude (either z or
P) of a constant 0 surface. Describe how you would
use upper-air soundings from different weather sta-
tions to get the data needed to draw an isentropic
chart.

510. Devise a new type of thermo diagram that has
log(r) along the abscissa, and log(P) along the ordi-
nate with scale reversed (max and bottom and min
at top). Plot the isotherms and dry adiabats in this
diagram. Name the diagram after yourself, and ex-
plain the virtues and utility of your diagram.

S11. What if T, could be greater than T in a sound-
ing. Explain how that might be possible, and de-
scribe how convective clouds might be different, if
at all.

512. Suppose the tropopause was touching the
ground everywhere on Earth. How would the
weather or climate be different, if at all?

i e W U W T g W

LARGE-SIZE THERMO DIAGRAMS

You have our permission to freely reproduce the
following seven thermo diagrams for your own per-
sonal use, or for education (but not for commercial
resale), so long as you retain the author, title, and
publisher citations in the copies. The diagrams are
printed in faded colors so your own plotted sound-
ings will be easier to see. We recommend that you
do NOT write on the following seven pages, so that
they remain as clean master copies.

These diagrams share common line formats: thin
lines representing state of the air; thick lines repre-
senting adiabatic processes that change the state.

e [sotherms (temperature: T) and

isobars (pressure: P) are thin solid green lines,
* [sohumes (mixing ratio: r) are thin dotted blue,
e Dry adiabats (potential temperature: 6)

are thick solid orange lines,
* Moist adiabats (wet-bulb potential

temperature: 0,,) are thick dashed orange lines,

e Contours (height: z) are very thin dashed grey
lines (if plotted at all).
The height contours are only approximate. Potential
temperatures are based on P, = 100 kPa, where we
set z = 0 for simplicity at this reference pressure.

The line labels also follow a common format for

most of the diagrams in this book:
* Isobar labels are along the left axis. Units: kPa.
¢ [sohume labels are along top axis (and right axis
in one case). Units: g kgL
* Height labels are along the right axis. Units: km.
¢ Isotherms and both dry and moist adiabats are
labeled at the bottom. Units: °C.
For this last item, the three isopleths sprout from
each temperature label like branches from a bush.
The branches are always in the same order, al-
though their angles differ from graph to graph. Dry
adiabats are the left branch, moist adiabats are the
center branch, and isotherms are the right branch.

Two versions of the Skew-T and 6-Z Diagram are
included. The standard version spans the range P =
105 to 20 kPa. The other version [with “(ABL)” add-
ed to the title] is designed for atmospheric bound-
ary-layer and air-pollution work, and gives more
detail in the bottom third of the troposphere.

On the next pages are these thermo diagrams:

* Emagram

e Stiive Diagram

e Skew-T Log-P Diagram

e Tephigram

® Theta-Z Diagram

® Theta-Z Diagram (ABL)

e Skew-T Log-P Diagram (ABL).
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Clouds have immense beauty and variety. They
show weather patterns on a global scale, as viewed
by satellites. Yet they are made of tiny droplets that
fall gently through the air. Clouds can have richly
complex fractal shapes, and a wide distribution of
sizes.

Clouds form when air becomes saturated. Satu-
ration can occur by adding water, by cooling, or by
mixing; hence, Lagrangian water and heat budgets
are useful. The buoyancy of the cloudy air and the
static stability of the environment determine the
vertical extent of the cloud.

Fogs are clouds that touch the ground. Their lo-
cation in the atmospheric boundary layer means that
turbulent transport of heat and moisture from the
underlying surface affects their formation, growth,
and dissipation.

g e W e W T g W

PROCESSES CAUSING SATURATION

Clouds are saturated portions of the atmosphere
where small water droplets or ice crystals have fall
velocities so slow that they appear visibly suspend-
ed in the air. Thus, to understand clouds we need to
understand how air can become saturated.

Cooling and Moisturizing

Unsaturated air parcels can reach saturation by
three processes: cooling, adding moisture, or mix-
ing. The first two processes are shown in Fig. 6.1,
where saturation is reached by either cooling until
the temperature equals the dew point temperature,
or adding moisture until the dew point tempera-
ture is raised to the actual ambient temperature.

The temperature change necessary to saturate an
air parcel by cooling it is:

AT=T;-T ©.1)

Whether this condition is met can be determined by
finding the actual temperature change based on the
first law of thermodynamics (see the Heat Budgets
chapter).

159
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cloudy or
foggy

E

e (kPa)
moisturizing

unsaturated

0 - IR S T S T T T T T [N T T T TN N T T T S |
20 -10 0 10 20 30 40
T(°C)

Figure 6.1

Unsaturated air parcel “A” can become saturated by the addi-
tion of moisture, or by cooling. The curved line is the saturation
vapor pressure from the Water Vapor chapter.

cloudy or
foggy

e (kPa)

unsaturated

:Satu\fa\'\o“
0-||||I||||I||||I||||I||||I||||

20 10 0 10 20 30 40
T(°C)

Figure 6.2

Mixing of two unsaturated air parcels B and C, which occurs
along a straight line (dashed), can cause a saturated mixture X.
The curved line is the saturation vapor pressure from the Water
Vapor chapter.

The moisture addition necessary to reach satura-
tion is
Ar=r1,—7 6.2)

Whether this condition is met can be determined by
using the moisture budget to find the actual humid-
ity change (see the Water Vapor chapter).

In the real atmosphere, sometimes both cooling
and moisturizing happen simultaneously. Sche-
matically, this would correspond to an arrow from
parcel A diagonally to the saturation line of Fig. 6.1.

Clouds usually form by adiabatic cooling of ris-
ing air. Air can be rising due to its own buoyancy
(making cumuliform clouds), or can be forced up
over hills or frontal boundaries (making stratiform
clouds). Once formed, infrared radiation from cloud
top can cause additional cooling to help maintain
the cloud.

Sample Application

Air at sea level has a temperature of 20°C and a
mixing ratio of 5 g kg~l. How much cooling OR mois-
turizing is necessary to reach saturation?

Find the Answer
Given: T=20°C, r=5gkg’!
Find: AT=7°C, Ar=?gkgl

Use Table 4-1 because it applies for sea level. Other-
wise, solve equations or use a thermo diagram.

At T=20°C, the table gives r,=1491gkg?.

At r=5gkg, the table gives T;=4°C.

Use eq. (6.1): AT = 4 - 20 = =16°C needed.
Use eq. (6.2): Ar=14.91-5=9.9 g kg™! needed.

Check: Units OK. Physics OK.

Exposition: This air parcel is fairly dry. Much cool-
ing or moisturizing is needed.

Mixing

Mixing of two unsaturated parcels can result in a
saturated mixture, as shown in Fig. 6.2. Jet contrails
and your breath on a cold winter day are examples
of clouds that form by the mixing process.

Mixing essentially occurs along a straight line in
this graph connecting the thermodynamic states of
the two original air parcels. However, the satura-
tion line (given by the Clausius-Clapeyron equation)
is curved, so a mixture can be saturated even if the
original parcels are not.

Let mp and m¢ be the original masses of air in
parcels B and C, respectively. The mass of the mix-
ture (parcel X) is :

My =mp +mc 6.3)
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The temperature and vapor pressure of the mix-
ture are the weighted averages of the corresponding
values in the original parcels:

mp -Tp + me - T
TX:% (6.4)

:mB-eB +MmMc-ec (65)

ex iy
Specific humidity or mixing ratio can be used in
place of vapor pressure in eq. (6.5).

Instead of using the actual masses of the air par-
cels in egs. (6.3) to (6.5), you can use the relative por-
tions that mix. For example, if the mixture consists
of 3 parts B and 2 parts C, then you can use mg =3

and mc =2 in the equations above.

i e W e W T S g W

CLOUD IDENTIFICATION

You can easily find beautiful photos of all the
clouds mentioned below by pointing your web-
browser search engine at “cloud -classification”,
“cloud identification”, “cloud types”, or “Interna-
tional Cloud Atlas”. You can also use web search
engines to find images of any named cloud. To help
keep the cost of this book reasonable, I do not in-

clude any cloud photos.

Cumuliform

Clouds that form in wupdrafts are called
cumuliform clouds. The small and medium-size
ones look like cotton balls, turrets on castles, or cau-
liflower. The largest cumuliform clouds — thunder-
storms — have tops that look like an anvil or like
the mushroom cloud of an atom bomb. Cumuliform
clouds of all sizes have an aspect ratio of about one;
namely, the ratio of cloud diameter to distance of
cloud top above ground is roughly one.

Thicker clouds look darker when viewed from
underneath, but when viewed from the side, the
cloud sides and top are often bright white during
daytime. The individual clouds are often surround-
ed by clearer air, where there is compensating sub-
sidence (downdrafts).

Cumulus clouds frequently have cloud bases
within 1 or 2 km of the ground (in the boundary lay-
er). But their cloud tops can be anywhere within the
troposphere (or lower stratosphere for the strongest
thunderstorms). Cumuliform clouds are associated
with vertical motions.

Cumuliform clouds are named by their thick-
ness, not by the height of their base (Fig. 6.3). Start-
ing from the largest (with highest tops), the clouds
are cumulonimbus (thunderstorms), cumu-

Sample Application

Suppose that the state of parcel B is T = 30°C with
e = 3.4 kPa, while parcel Cis T = —4°C with e = 0.2 kPa.
Both parcels are at P =100 kPa. If each parcel contains
1 kg of air, then what is the state of the mixture? Will
the mixture be saturated?

Find the Answer

Given: B has T = 30°C, e =3.4 kPa, P =100 kPa
Chas T =-4°C, e=0.2kPa, P =100 kPa

Find: T=?°C and e=7?kPa for mixture (at X).

Useeq. (6.3): my = 1+1 =2kg
Useeq. (64): Tx =
[(Tkg)(30°C) + (1kg)(-4°C)]/(2kg) = 13°C.
Use eq. (6.5): ex =
[(1kg)-(3.4 kPa) + (1kg)-(0.2 kPa)]/(2kg) = 1.8 kPa
P hasn't changed. P =100 kPa.

Check: Units OK. Physics OK.

Exposition: At T =13°C, Table 4-1 gives ¢, = 1.5 kPa.
Thus, the mixture is saturated because its vapor pres-
sure exceeds the saturation vapor pressure. This mix-
ture would be cloudy/foggy.

z (km) Name Appearance
1 cumulus cumulonimbus
congestus
cumulus
mediocris
cumulus strato-
humilis cumulus
Ca YA A
0
Figure 6.3

Cloud identification: camuliform. These are lumpy clouds
caused by convection (updrafts) from the surface.
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0.8 4 15 52 r (g/kg)
40 «
SN
S
\\ castellanus

_ OOOOMOO

© /

£ 60 /

o

cloud top where cloudy parcel crosses sounding

s0(0D \\‘(\
\

cloud base at LCL LCL
100 \
-40 —20 0 20 40
T(°C)
Figure 6.4

Characteristic sounding for cumulus humilis and altocumulus
castellanus clouds. Solid thick black line is temperature; dashed
black line is dew point; LCL = lifting condensation level. The
cumulus humilis clouds form in thermals of warm air rising
from the Earth’s surface. The altocumulus castellanus clouds
are a special stratiform cloud (discussed later in this chapter)
that are not associated with thermals rising from the Earth’s
surface.

Sample Application
Use the sounding plotted here. Where is cloud
base and top for an air parcel rising from the surface?

R
Skew-T \

Physical
Interpretation

Layer Cloud

Find the Answer
Given: sounding above.
Find: Pp,g, =7 kPa, Ptop =? kPa

First, plot the sounding on a large thermo diagram
from the Atmospheric Stability chapter. Then concep-
tually lift a parcel dry adiabatically from the surface
until it crosses the isohume from the surface. That
LCL is at Py, = 80 kPa.

However, the parcel never gets there. It hits the en-
vironment below the LCL, at roughly P = 83 kPa. Ne-
glecting any inertial overshoot of the parcel, it would
have zero buoyancy and stop rising 3 kPa below the
LCL. Thus, there is no cloud from rising surface air.

Check: Units OK. Physics OK.
Exposition: This was a trick question. Also, the pres-
ence of mid-level stratiform clouds is irrelevant.

lus congestus (towering cumulus), cumulus
mediocris and cumulus humilis (fair-weather
cumulus).

Cumuliform clouds develop in air that is stati-
cally unstable. This instability creates convective
updrafts and downdrafts that tend to undo the in-
stability. Cumuliform clouds can form in the tops
of warm updrafts (thermals) if sufficient moisture
is present. Hence, cumulus clouds are convective
clouds. Internal buoyancy-forces (associated with
latent heat release) enhance and support the convec-
tion and updrafts, thus we consider these clouds to
be dynamically active.

If the air is continually destabilized by some ex-
ternal forcing, then the convection persists. Some
favored places for destabilization and small to me-
dium cumulus clouds are:

¢ behind cold fronts,

e on mostly clear days when sunshine warms
the ground more than the overlying air,

e over urban and industrial centers that are
warmer than the surrounding rural areas,

e when cold air blows over a warmer ocean or lake.

Cold fronts trigger deep cumuliform clouds
(thunderstorms) along the front, because the ad-
vancing cold air strongly pushes up the warmer air
ahead of it, destabilizing the atmosphere and trig-
gering the updrafts (see Thunderstorm chapters).

Also mountains can trigger all sizes of cumulus
clouds including thunderstorms. One mechanism
is orographic lift, when horizontal winds hit the
mountains and are forced up. Another mechanism
is anabatic circulation, where mountain slopes
heated by the sun tend to organize the updrafts
along the mountain tops (Regional Winds chapter).

Once triggered, cumulus clouds can continue to
grow and evolve somewhat independently of the
initial trigger. For example, orographically-trig-
gered thunderstorms can persist as they are blown
away from the mountain.

Knowing the environmental sounding and a
thermodynamic state of an air parcel starting near
the ground, you can use a thermo diagram (Fig. 6.4)
to find cloud base (at the lifting condensation level,
LCL) and cloud top (at the equilibrium level, EL).
See the Atmospheric Stability chapter for an expla-
nation on how to use thermo diagrams.

Stratiform

Stratiform clouds are horizontal cloud layers.
They span wide regions (Fig. 6.5), and have an ap-
pearance similar to a blanket or sheet. Stratiform
clouds are often associated with warm fronts. Names
of stratiform clouds, starting from the lowest, dark-
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est layers, are nimbostratus, stratus, altostratus,
altocumulus, cirrostratus, cirrocumulus, and
cirrus.

Layered clouds are often grouped (high, middle,
low) by their relative altitude or level within the
troposphere. However, troposphere thickness and
tropopause height vary considerably with latitude
(high near the equator, and low near the poles, see
Table 6-1). It also varies with season (high during
summer, low during winter).

Thus, low, middle and high clouds can have a
range of altitudes. Table 6-1 lists cloud levels and
their altitudes as defined by World Meteorologi-
cal Organization (WMO). These heights are only
approximate, as you can see from the overlapping
values in the table.

High, layered clouds have the prefix “cirro” or
“cirrus”. The cirrus and cirrostratus are often wispy
or have diffuse boundaries, and indicate that the
cloud particles are made of ice crystals. In the right
conditions, these ice-crystal clouds can cause beau-
tiful halos around the sun or moon. See the last
chapter for a discussion of Atmospheric Optics.

Mid-level, layered clouds have the prefix “alto”.
These and the lower clouds usually contain liquid
water droplets, although some ice crystals can also
be present. In the right conditions (relatively small
uniformly sized drops, and a thin cloud) you can
see an optical effect called corona. Corona appears
as a large disk of white light centered on the sun or
moon (still visible through the thin cloud). Colored
fringes surround the perimeter of the white disk
(see the Atmospheric Optics chapter).

Altocumulus and cirrocumulus are layers of
lumpy clouds. The edges of these small cloud lumps
are often sharply defined, suggesting that they are
predominantly composed of liquid water droplets.
The lumpiness is not caused by thermals rising
from the Earth’s surface, but instead are caused by
smaller-diameter turbulent eddies generated locally
within the clouds.

Low altitude stratiform clouds include stratus
and nimbostratus. In North America, nimbostra-
tus clouds often have low bases and are considered
to be a low cloud. However, as we will see in the
international cloud classification section, nimbo-
stratus clouds are traditionally listed as mid-level
clouds. In this book, we will treat nimbostratus as
stratiform rain clouds with low cloud base.

The prefix “nimbo” or suffix “nimbus” origi-
nally designated a precipitating cloud, but such a
meaning is no longer prescribed in the international
cloud atlas. Nimbostratus usually have light to
moderate rain or snow over large horizontal areas,
while cumulonimbus (thunderstorm) clouds have
heavy rain (or snow in winter) and sometimes hail

z Height Name
11 high
km 9

Appearance Remarks

cirrus OISO ee crystals
cirrostratus SIS ice, halo

cirrocumulus ©©0000000000 MmiX, lumpy

mid  altostratus SIS mix, corona

5
altocumulus @ @ @ @ @ nix
low stratus lig. (& mix)
0 nimbostratus —>, drizzle
Figure 6.5

Cloud identification: stratiform. Layered clouds caused by
nearly horizontal advection of moisture by winds. “Mix” indi-

cates a mixture of liquid and solid water particles. Heights “z
are only approximate — see Table 6-1 for actual ranges.

Table 6-1. Heights (z) and pressures (P) of clouds and
the tropopause. Tropopause values are average typi-
cal values, while cloud heights (z) are as defined by the
WMO. Pressures are estimated from the heights.
sfc. = Earth’s surface.
Region: Polar Mid- Tropical
latitude
Tropopause:
z (km) 8 11 18
P (kPa) 35 22 8
High Clouds:
z (km) 3-8 5-13 6-18
P (kPa) 70 - 35 54-16 47 -8
Middle Clouds:
z (km) 2-4 2-7 2-8
P (kPa) 80-61 80 - 41 80-35
Low Clouds:
z (km) sfc. -2 sfc. -2 sfc. -2
P (kPa)| P -80 Py, - 80 Py, - 80

INFO ¢ Cloud Deck

Layer clouds, especially those with cloud bases at low
altitude, are sometimes called “cloud decks”.
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in small areas or along narrow paths on the ground
called swaths (e.g., hail swaths or snow swaths).

Smooth-looking, non-turbulent stratiform clouds
include stratus (low-altitude, thick, you cannot see
the sun through it), altostratus (mid-altitude, mod-
est thickness, you can see the sun faintly through
this cloud) and cirrostratus (high altitude, diffuse,
allows bright sunlight to cause shadows). None of
these clouds (even the lowest ones) are associated
with thermals rising from the Earth’s surface.

For most stratiform clouds, the external
forcing is horizontal advection (movement by the
mean wind), where humid air is blown up the gen-
tly sloping surface of a warm front. The source of
these air parcels are often 1000 km or more from
the clouds. In these warm-frontal regions the air
is often statically stable, which suppresses verti-
cal motions. Because these clouds are not driven by
their own positive buoyancy, we consider them to be
passive clouds.

This process is illustrated in Fig. 5.20. Let the cir-
cle in that figure represent a humid air parcel with
potential temperature 270 K. If a south wind were
tending to blow the parcel toward the North Pole,
the parcel would follow the 270 K isentrope like a
train on tracks, and would ride up over the colder
surface air in the polar portion of the domain. The
gentle rise of air along the isentropic surface creates
sufficient cooling to cause the condensation.

Stratiform clouds can be inferred from sound-
ings, in the layers above the boundary layer where
environmental temperature and dew point are
equal (i.e., where the sounding lines touch). Due to
inaccuracies in some of the sounding instruments,
sometimes the T and T, lines become close and par-
allel over a layer without actually touching. You can
infer that these are also stratiform cloud layers.

However, you cannot estimate cloud base alti-
tude by the LCL of near-surface air from under the
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Characteristic sounding for stratiform clouds. Shown are alto-
stratus (As) and altocumulus (Ac); mid-level stratiform clouds.

cloud, because stratiform clouds don’t form from air
that rises from near the Earth’s surface. For altocu-
mulus and cirrocumulus clouds, don’t let the suffix
“cumulus” in fool you — these clouds are still pri-
marily advective, layer clouds.

Stratocumulus

Stratocumulus clouds are low-altitude layers
of lumpy clouds, often covering 5/8 or more of the
sky (Fig. 6.3). They don't fit very well into either the
stratiform or cumuliform categories. They are often
turbulently coupled with the underlying surface.
Thus, their cloud bases can be estimated using the
LCL of near-surface air.

Air circulations in “stratocu” can be driven by:
1) wind-shear-generated turbulence (known as
forced convection),
2) IR radiative cooling from cloud top that creates
blobs of cold air that sink (free convection), and
3) advection of cool air over a warmer surface.

Others

There are many beautiful and unusual clouds that
do not fit well into the cumuliform and stratiform
categories. A few are discussed here: castellanus,
lenticular, cap, rotor, banner, contrails, fumulus, bil-
low clouds, pyrocumulus, pileus, and fractus. You
can find pictures of these using your web browser.

Other clouds associated with thunderstorms are
described in the Thunderstorm chapters. These in-
clude funnel, wall, mammatus, arc, shelf, flanking
line, beaver tail, and anvil.

Clouds in unstable air aloft

Two types of clouds can be found in layers of
statically or dynamically unstable air not associated
with the ground: castellanus and billow clouds.

Castellanus clouds look like a layer of small-
diameter castle turrets (Fig. 6.4). When a layer of
relatively warm air advects under a layer of cooler
air, the interface between the two layers aloft can
become statically unstable. [The advection of air
from different sources at different altitudes is called
differential advection.]

If these castellanus form just above the top
of the boundary layer, they are called cumulus
castellanus. When slightly higher, in the middle
of the troposphere, they are called altocumulus
castellanus. Altocumulus castellanus are some-
times precursors to thunderstorms (because they
indicate an unstable mid-troposphere), and are a
useful clue for storm chasers.

Billow clouds (discussed in the Atmos. Stabil-
ity chapter) are a layer of many parallel, horizontal
lines of cloud that form in the crests of Kelvin-
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Helmholtz (K-H) waves (Fig. 5.17). They indicate
a layer of turbulence aloft caused by wind shear and
dynamic instability. When similar turbulent lay-
ers form with insufficient moisture to be visible as
billow clouds, the result is a layer of clear-air tur-
bulence (CAT). Pilots try to avoid both CAT and
K-H waves. Sometimes instead of a layer of billows,
there will be only a narrow band of breaking wave
clouds known as K-H wave clouds.

Clouds associated with mountains

In mountainous regions with sufficient humidi-
ty, you can observe lenticular, cap, rotor, and banner
clouds. The Regional Winds chapter covers others.

Lenticular clouds have smooth, distinctive
lens or almond shapes when viewed from the side,
and they are centered on the mountain top or on the
crest of the lee wave (Fig. 6.7). They are also known
as mountain-wave clouds or lee-wave clouds,
and are passive clouds that form in hilly regions.

If a lenticular cloud forms directly over a moun-
tain, it is sometimes called a cap cloud. A cap
cloud can form when air that is statically stable is
blown toward a mountain or other terrain slope. As
the air is forced to rise by the terrain, the air cools
adiabatically and can reach saturation if the air is
sufficiently humid. As the air descends down the
lee side of the mountain, the air warms adiabatically
and the cloud droplets evaporate.

However, the static stability allows the air to
continue to oscillate up and down as it blows fur-
ther downwind. Lenticular clouds can form in the
crest of these vertical oscillations (called mountain
waves) to the lee of (downwind of) the mountain.

They are a most unusual cloud, because the cloud
remains relatively stationary while the air blows
through it. Hence, they are known as standing
lenticular. The uniformity of droplet sizes in len-
ticular clouds create beautiful optical phenomena
called iridescence when the sun appears close to
the cloud edge. See the Regional Winds chapter for
mountain wave details, and the Atmospheric Optics
chapter for more on optical phenomena.

Rotor clouds are violently turbulent balls or
bands of ragged cloud that rapidly rotate along a
horizontal axis (Fig. 6.7). They form relatively close
to the ground under the crests of mountain waves
(e.g, under standing lenticular clouds), but much
closer to the ground. Pilots flying near the ground
downwind of mountains during windy conditions
should watch out for, and avoid, these hazardous
clouds, because they indicate severe turbulence.

The banner cloud is a very turbulent stream-
er attached to the mountain top that extends like
a banner or flag downwind (Fig. 6.7). It forms on
the lee side at the very top of high, sharply pointed,
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Figure 6.7
Some clouds caused by mountains, during strong winds.

mountain peaks during strong winds. As the wind
separates to flow around the mountain, low pressure
forms to the lee of the mountain peak, and counter-
rotating vortices form on each side of the mountain.
These work together to draw air upward along the
lee slope, causing cooling and condensation. These
strong turbulent winds can also pick up previously
fallen ice particles from snow fields on the mountain
surface, creating a snow banner that looks similar
to the banner cloud.

Clouds due to surface-induced turbulence

or surface heat

The most obvious clouds formed due to surface-
induced turbulence are the cumuliform (convec-
tive) clouds already discussed. However, there are
three others that we haven’t covered yet: pyrocumu-
lus, pileus and fractus.

A pyrocumulusis a cumulus cloud that formsin
the smoke of a fire, such as a forest fire or other wild
fire. One of the combustion products of plant mate-
rial is water vapor. As this water vapor is carried
upward by the heat of the fire, the air rises and cools.
If it reaches its LCL, the water vapor can condense
onto the many smoke particles created by the fire.
Some pyrocumulus can become thunderstorms.

Pyrocumulus clouds can also be created by geo-
thermal heat and moisture sources, including volca-
noes and geysers. Lightning can often be found in
volcanic ash plumes.

The pileus cloud looks like a thin hat just above,
or scarf around, the top of the rising cumulus clouds
(Fig. 6.8). It forms when a layer of stable, humid air
in the middle of the troposphere is forced upward by
cumuliform cloud towers (cumulus congestus) ris-
ing up from underneath. Hence, there is an indirect
influence from surface heating (via the cumuliform
cloud). Pileus are very short lived, because the cloud
towers quickly rise through the pileus and engulf
them.
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Figure 6.8
Other clouds.

4 INFO e Strato- & Mesospheric Clouds )

Although almost all our clouds occur in the tro-
posphere, sometimes higher-altitude thin stratiform
(cirrus-like) clouds can be seen. They occur poleward
of 50° latitude during situations when the upper at-
mosphere temperatures are exceptionally cold.

These clouds are so diffuse and faint that you can-
not see them by eye during daytime. These clouds
are visible at night for many minutes near the end
of evening twilight or near the beginning of morn-
ing twilight. The reason these clouds are visible is
because they are high enough to still be illuminated
by the sun, even when lower clouds are in the Earth’s
shadow.

Highest are noctilucent clouds, in the meso-
sphere at heights of about 85 km. They are made of
tiny H,O ice crystals (size ~ 10 nm), and are nucle-
ated by meteorite dust. Noctilucent clouds are polar
mesospheric clouds (PMC), and found near the
polar mesopause during summer.

Lower (20 to 30 km altitude) are polar strato-
spheric clouds (PSC). At air temperatures below
~78°C, nitric acid trihydrate (NAT-clouds) can con-
dense into particles. Also forming at those tempera-
tures can be particles made of a supersaturated mix-
ture of water, sulphuric acid, and nitric acid (causing
STS clouds).

For temperatures colder than -86°C in the strato-
sphere, pure H,O ice crystals can form, creating PSCs
called nacreous clouds. They are also known as
mother-of-pearl clouds because they exhibit
beautiful iridescent fringes when illuminated by the
sun. These stratospheric clouds form over mountains,
due to mountain waves that propagate from the tropo-
sphere into the stratosphere, and amplify there in the
lower-density air. They can also form over extremely

\_ intense tropospheric high-pressure regions. )

Fractus clouds are ragged, shredded, often low-
altitude clouds that form and dissipate quickly (Fig.
6.8). They can form during windy conditions in the
turbulent, boundary-layer air near rain showers,
under the normal nimbostratus or cumulonimbus
cloud base. These clouds do not need mountains to
form, but are often found along the sides of moun-
tains during rainy weather. The falling rain from
the cloud above adds moisture to the air, and the up-
draft portions of turbulent eddies provide the lifting
to reach condensation.

Sometimes fractus clouds form in non-rainy con-
ditions, when there is both strong winds and strong
solar heating. In this case, the rising thermals lift air
to its LCL, while the intense turbulence in the wind
shear shreds and tears apart the resulting cumulus
clouds to make cumulus fractus.

Anthropogenic Clouds

The next two clouds are anthropogenic (man-
made). These are contrails and fumulus.

Fumulus is a contraction for “fume cumulus”.
They form in the tops of thermal plumes rising from
cooling towers or smokestacks (Fig. 6.8). Modern
air-quality regulations often require that industries
scrub the pollutants out of their stack gasses by first
passing the gas through a scrubber (i.e, a water
shower). Although the resulting effluent is much
less polluted, it usually contains more water vapor,
and thus can cause beautiful white clouds of water
droplets within the rising exhaust plume. Similarly,
cooling towers do their job by evaporating water to
help cool an industrial process.

Contrail is a contraction for “condensation trail”,
and is the straight, long, narrow, horizontal pair of
clouds left behind a high-altitude aircraft (Fig. 6.8).
Aircraft fuel is a hydrocarbon, so its combustion in a
jet engine produces carbon dioxide and water vapor.
Contrails form when water vapor in the exhaust of
high-altitude aircraft mixes with the cold environ-
mental air at that altitude (see mixing subsection
earlier in this chapter). If this cold air is already
nearly saturated, then the additional moisture from
the jet engine is sufficient to form a cloud. On drier
days aloft, the same jet aircraft would produce no
visible contrails.

Regardless of the number of engines on the air-
craft, the exhaust tends to be quickly entrained into
the horizontal wing-tip vortices that trail behind
the left and right wing tips of the aircraft. Hence, jet
contrails often appear initially as a pair of closely-
spaced, horizontal parallel lines of cloud. Further
behind the aircraft, environmental wind shears of-
tenbend and distort the contrails. Turbulence breaks
apart the contrail, causes the two clouds to merge
into one contrail, and eventually mixes enough dry



R.STULL ¢ PRACTICAL METEOROLOGY 167

ambient air to cause the contrail to evaporate and
disappear.

Contrails might have a small effect on the global-
climate heat budget by reflecting some of the sun-
light. Contrails are a boon to meteorologists be-
cause they are a clue that environmental moisture is
increasing aloft, which might be the first indication
of an approaching warm front. They are a bane to
military pilots who would rather not have the enemy
see a big line in the sky pointing to their aircraft.

g e W e W T S g W

CLOUD ORGANIZATION

Clouds frequently become organized into pat-
terns during stormy weather. This organization is
discussed in the chapters on Fronts, Midlatitude
Cyclones, Thunderstorms, and Tropical Cyclones.
Also, sometimes large-scale processes can organize
clouds even during periods of fair weather, as dis-
cussed here.

Cloud streets or cloud lines are rows of fair-
weather cumulus-humilis clouds (Fig. 6.9) that are
roughly parallel with the mean wind direction.
They form over warm land in the boundary layer on
sunny days, and over water day or night when cold
air advects over warmer water. Light to moderate
winds in the convective boundary layer cause hori-
zontal roll vortices, which are very weak counter-
rotating circulations with axes nearly parallel with
the mean wind direction. These weak circulations
sweep rising cloud-topped thermals into rows with
horizontal spacing of roughly twice the boundary-
layer depth (order of 1 km).

Mesoscale cellular convection (MCC) can
also form in the boundary layer, but with a much
larger horizontal scale (order of 5 to 50 times the
boundary layer depth; namely, 10 to 100 km in di-
ameter). These are so large that the organization is
not apparent to observers on the ground, but is read-
ily visible in satellite images. Open cells consist
of a honeycomb or rings of cloud-topped updrafts
around large clear regions (Fig. 6.9). Closed cells
are the opposite — a honeycomb of clear-air rings
around cloud clusters. Cloud streets changing into
MCC often form when cold continental air flows over
a warmer ocean. [WARNING: Abbreviation MCC is
also used for Mesoscale Convective Complex, which
is a cluster of deep thunderstorms.]

4 A SCIENTIFIC PERSPECTIVE « Cargo )
Cult Science

“In the South Seas there is a cargo cult of people.
During the war they saw airplanes land with lots
of good materials, and they want the same thing to
happen now. So they’ve arranged to make things like
runways, to put fires along the sides of the runways,
to make a wooden hut for a man to sit in, with two
wooden pieces on his head like headphones and bars
of bamboo sticking out like antennas (he’s the control-
ler) and they wait for the airplanes to land. They're
doing everything right. The form is perfect. It looks
exactly the way it looked before. But it doesn’t work.
No airplanes land. So I call these things cargo cult sci-
ence, because they follow the apparent precepts and
forms of scientific investigation, but they’re missing
something essential, because the planes don’t land.”

“Now it behooves me, of course, to tell you what
theyre missing. ... It’s a kind of scientific integrity, a
principle of scientific thought that corresponds to a
kind of utter honesty... For example, if youre doing
an experiment, you should report everything that
you think might make it invalid — not only what you
think is right about it: other causes that could pos-
sibly explain your results; and things you thought
of that you've eliminated by some other experiment,
and how they worked — to make sure the other fellow
can tell they have been eliminated.”

“Details that could throw doubt on your interpre-
tation must be given, if you know them. You must do
the best you can — if you know anything at all wrong,
or possibly wrong — to explain it. If you make a theory,
... then you must also put down all the facts that dis-
agree with it, as well as those that agree with it. There
is also a more subtle problem. When you have put a
lot of ideas together to make an elaborate theory, you
want to make sure when explaining what it fits, that
those things it fits are not just the things that gave you
the idea for the theory; but that the finished theory
makes something else come out right, in addition.”

“In summary, the idea is to try to give all the in-
formation to help others to judge the value of your
contribution; not just the information that leads to
judgement in one particular direction or another.”

- R. P. Feynman, 1985: “Surely You're Joking, Mr.
Feynman!”. Adventures of a Curious Character. Bantam.

A cloud streets

y open
cells

a
Figure 6.9
Organized boundary-layer clouds, such as are seen in a satellite

image. Grey = clouds.



168 CHAPTER 6 ¢ CLOUDS

g o W W T Ve o

CLOUD CLASSIFICATION

Clouds are classified by their shapes (i.e., their
morphology). The classification method intro-
duced in 1803 by Luke Howard is still used today, as
approved by the World Meteorology Organization
(WMO).

WMO publishes an International Cloud Atlas with
photos to help you identify clouds. As mentioned,
you can easily find similar photos for free by point-
ing your web search engine at “cloud classification”,

s

“cloud identification”, “cloud types”, or “Internation-
al Cloud Atlas”.

The categories and subcategories of clouds are
broken into:

* genera - main characteristics of clouds

e species - peculiarities in shape & structure

e varieties - arrangement and transparency

 supplementary features and accessory

clouds - attached to other (mother) clouds

* mother clouds - clouds with attachments

e meteors - precipitation (ice, water, or mixed)
Most important are the genera.

Genera

The ten cloud genera are listed in Table 6-2,
along with their official abbreviations and symbols
as drawn on weather maps. These genera are mutu-
ally exclusive; namely, one cloud cannot have two
genera. However, often the sky can have different
genera of clouds adjacent to, or stacked above, each
other.

Table 6-2. Cloud genera.
Genus Abbre- WMO USA
viation | Symbol | Symbol

cirrus Ci —3 —
cirrostratus Cs Z Z
cirrocumulus Cc / C
altostratus As = =
altocumulus Ac \\ A
nimbostratus Ns 4 2
stratus St _ = R
stratocumulus Sc # -~
cumulus Cu ;R VAR
cumulonimbus Cb R R

Species

Subdividing the genera are cloud species. Table
6-3 lists the official WMO species. Species can ac-
count for:
e forms (clouds in banks, veils, sheets, layers, etc.)
e dimensions (horizontal or vertical extent)
e internal structure (ice crystals, water droplets, etc.)
¢ likely formation process (orographic lift, etc.)

Species are also mutually exclusive. An exam-
ple of a cloud genus with specie is “Altocumulus
castellanus (Ac cas)”, which is a layer of mid-level
lumpy clouds that look like castle turrets.

Table 6-3. WMO cloud species. (Ab. = abbreviation)

Specie Ab | Description

the top of a deep Cu or Cb that
is starting to become fuzzy, but
no cirrus (ice) anvil yet

calvus cal

Cb having well defined streaky

capillatus CaP | Lirrus (ice) anvil

small turrets looking like a
crenellated castle. Turret height
> diameter. Can apply to Ci, Cc,
Ac, Sc.

castellanus cas

very deep Cu filling most of tro-
posphere, but still having crisp
cauliflower top (i.e., no ice an-
vil). Often called Towering
Cu (TCU).

congestus con

nearly straight filaments of Ci

fibratus fib or Cs.

small tufts (lumps) of clouds,
often with virga (evaporating
precip.) falling from each tuft.
Applies to Ci, Cc, Ac, Sc.

floccus flo

shredded, ragged, irregular,
torn by winds. Can apply to Cu
and St.

fractus fra

Cu of small vertical extent.

humilis hum Small flat lumps.

having lens or almond cross
section, often called mountain
wave clouds. Applies to Cc, Ac,
Sc.

lenticularis len

mediocris med | medium size Cu

Cs or St with veil or layer show-

1 ) - .
nebulosus neb ing no distinct details

spissatus spi | thick Ci that looks grey.

spreading out into sheets or
horizontal layers. Applies to
Ac, Sc, Ce.

stratiformis str

uncinus unc

hook or comma shaped Ci
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Varieties

Genera and species are further subdivided into
varieties (Table 6-4), based on:
* transparency (sun or moon visible through cloud)
¢ arrangement of visible elements
These varieties are NOT mutually exclusive (except
for translucidus and opacus), so you can append as
many varieties to a cloud identification that apply.
For example, “cumulonimbus capillatus translucidus
undulatus” (Cb cap tr un).

Table 6-4. WMO cloud varieties. Ab. = Abbreviation.

Variety Ab. | Description
superimposed cloud patches at
duplicatus du | slightly different levels. Applies
to Ci, Cs, Ac, As, Sc.
. . Ci with tangled, woven, or ir-
intortus in

regularly curved filaments

honeycomb, chessboard, or reg-
lacunosus la | ular arrangement of clouds and
holes. Applies to Cc, Ac, and Sc.

too thick for the sun or moon to

opacus op |shine through. Applies to Ac,
As, Sc, St.
a layer of clouds with small
perlucidus pe | holes between elements. Ap-
plies to Ac, Sc.

very long parallel bands of
clouds that, due to perspective,
radiatus ra | appear to converge at a point on
the horizon. Applies to Ci, Ac,
As, Sc, and Cu.

layer or patch of clouds through
which sun or moon is somewhat
visible. Applies to Ac, As, Sc,
St.

cloud layers or patches showing
undulatus un | waves or undulations. Applies
to Cc, Cs, Ac, As, Sc, St.

Ci streaks arranged like a skel-
vertebratus ve | eton with vertebrae and ribs, or
fish bones.

translucidus tr

Supplementary Features

Table 6-5. WMO cloud supplementary features, and
the mother clouds to which they are attached. (Ab. =
abbreviation.)

Feature

Ab.

Description

arcus

arc

a dense horizontal roll cloud,
close to the ground, along and
above the leading edge of Cb
gust-front outflows. Usually at-
tached to the Cb, but can sepa-
rate from it as the gust front
spreads. Often has an arch
shape when viewed from un-
derneath, and a curved or arc
shape in satellite photos.

incus

inc

the upper portion of a Cb,
spread out into an (ice) anvil
with smooth, fibrous or striated
appearance.

mamma

mam

hanging protuberances
of pouch-like  appearance.
Mammatus clouds are often
found on the underside of Cb
anvil clouds.

praecipitatio

pra

precipitation falling from a
cloud and reaching the ground.
Mother clouds can be As, Ns,
Sc, St, Cu, Cb.

tuba

tub

a cloud column or funnel cloud
protruding from a cloud base,
and indicating an intense vor-
tex. Usually attached to Cb, but
sometimes to Cu.

virga

vir

visible precipitation trails that
evaporate before reaching the
ground. They can hang from
Ac, Cu, Ns or Cb clouds.

Accessory Clouds
Smaller features attached to other clouds.

Table 6-6. WMO accessory clouds, and the mother
clouds to which they are attached. (Ab.=abbreviation.)

Name

Ab.

Description

pannus

pan

ragged shreds, sometimes in a con-
tinuous layer, below a mother cloud
and sometimes attached to it. Mother
clouds can be As, Ns, Cu, Cb.

pileus

pil

a smooth thin cap, hood, or scarf
above, or attached to, the top of rapidly
rising cumulus towers. Very transient,
because the mother cloud quickly rises
through and engulfs it. Mother clouds
are Cu con or Cb.

velum

vel

a thin cloud veil or sheet of large hori-
zontal extent above or attached to Cu
or Cb, which often penetrate it.
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Table 6-7. Sky cover. Oktas= eighths of sky covered.

Sky Svm- Sky
Cover li,ol Name Abbr. Cover
(oktas) (tenths)

0 Sky SKC 0

Clear

Few*
Clouds

FEW*

Scattered | SCT

Broken BKN 7to8

7 9

8 Overcast | OVC 10

un- Sky i un-
known Obscured known
*“Few” is used for (0 oktas) < coverage < (2 oktas).
** See text body for a list of abbreviations of various obscuring
phenomena.

® 0 e e O

Sample Application

Use a spreadsheet to find and plot the fraction of
clouds ranging from X = 50 to 4950 m width, given AX
=100m, Sx =0.5, and Ly =1000 m.

Find the Answer
Given: AX =100m, Sy =0.5, Lx = 1000 m.
Find: f(X)="?

Solve eq. (6.6) on a spreadsheet. The result is:

X (m) fX)

50 2.558x10-8
150 0.0004
250 0.0068
350 0.0252
450 0.0495
550 0.0710
etc. etc.

Sum of all f= 0.999

Check: Units OK. Physics almost OK, but the sum of
all f should equal 1.0, representing 100% of the clouds.
The reason for the error is that we should have con-
sidered clouds even larger than 4950 m, because of the
tail on the right of the distribution. Also smaller AX
would help.

Exposition: Although the dominant cloud width is
about 800 m for this example, the long tail on the right
of the distribution shows that there are also a small
number of large-diameter clouds.

g e W W T g S

SKY COVER (CLOUD AMOUNT)

The fraction of the sky (celestial dome) covered
by cloud is called sky cover, cloud cover, or cloud
amount. It is measured in eights (oktas) according
to the World Meteorological Organization. Table 6-
7 gives the definitions for different cloud amounts,
the associated symbol for weather maps, and the ab-
breviation for aviation weather reports (METAR).

Sometimes the sky is obscured, meaning that
there mightbe clouds but the observer on the ground
cannot see them. Obscurations (and their abbrevia-
tions) include: mist [BR; horizontal visibilities > 1
km (i.e., > 5/8 of a statute mile)], fog [FG; visibilities
<1 km (i.e.,, < 5/8 statute mile)], smoke (FU), vol-
canic ash (VA), sand (SA), haze (HZ), spray (PY),
widespread dust (DU).

For aviation, the altitude of cloud base for the
lowest cloud with coverage > 5 oktas (i.e., lowest bro-
ken or overcast clouds) is considered the ceiling.
For obscurations, the vertical visibility (VV) dis-
tance is reported as a ceiling instead.

g e W W T S S

CLOUD SIZES

Cumuliform clouds typically have diameters
roughly equal to their depths, as mentioned previ-
ously. For example, a fair weather cumulus cloud
typically averages about 1 km in size, while a thun-
derstorm might be 10 km.

Not all clouds are created equal. At any given
time the sky contains a spectrum of cloud sizes that
has a lognormal distribution (Fig. 6.10, eq. 6.6)

2
A (In(X/Ly)
f(X)_—\/E'X.SX exp| 0.5 (—Sx ) ©6.6)

Fraction

o o o
© S 8 3 S S
Te) o To] o Yo
— — Al (aV}
Size (m)
Figure 6.10

Lognormal distribution of cloud sizes.
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where X is the cloud diameter or depth, AX is a small
range of cloud sizes, f(X) is the fraction of clouds of
sizes between X-0.5AX and X+0.5AX, L, is a loca-
tion parameter, and S, is a dimensionless spread
parameter. These parameters vary widely in time
and location.

According to this distribution, there are many
clouds of nearly the same size, but there also are
a few clouds of much larger size. This causes a
skewed distribution with a long tail to the right (see
Fig. 6.10).

FRACTAL CLOUD SHAPES

Fractals are patterns made of the

superposition of similar shapes having a

range of sizes. An example is a dendrite
snow flake. It has arms protruding from the center.
Each of those arms has smaller arms attached, and
each of those has even smaller arms. Other aspects
of meteorology exhibit fractal geometry, including
lightning, turbulence, and clouds.

Fractal Dimension

Euclidian geometry includes only integer di-
mensions; for example 1-D, 2-D or 3-D. Fractal ge-
ometry allows a continuum of dimensions; for ex-
ample D =1.35.

Fractal dimension is a measure of space-fill-
ing ability. Common examples are drawings made

by children, and newspaper used for packing card-
board boxes.

A straight line (Fig. 6.11a) has fractal dimension D
= 1; namely, it is one-dimensional both in the Euclid-
ian and fractal geometry. When toddlers draw with
crayons, they fill areas by drawing tremendously
wiggly lines (Fig. 6.11b). Such a line might have frac-
tal dimension D = 1.7, and gives the impression of
almost filling an area. Older children succeed in fill-
ing the area, resulting in fractal dimension D = 2.

A different example is a sheet of newspaper.
While it is flat and smooth, it fills only two-dimen-
sional area (neglecting its thickness), hence D = 2.
However, it takes up more space if you crinkle it, re-
sulting in a fractal dimension of D =~ 2.2. By fully
wadding it into a tight ball of D = 2.7, it begins to be-
have more like a three-dimensional object, which is
handy for filling empty space in cardboard boxes.

(a) (b) ()

Figure 6.11

(a) A straight line has fractal dimension D = 1. (b) A wiggly line
has fractal dimension 1 <D < 2. (c) The zero-set of the wiggly
line is a set of points with dimension 0 <D < 1.

Ve

INFO ¢ Cloud and Sky Photography using High Dynamic Range (HDR)

Most people take photos with their cell
phone or tablet. You cannot easily add
special lenses and filters to these devices.
Instead, to take better cloud photos, use
special software on your device to capture
high dynamic range (HDR) images.

When you take an HDR photo, your
camera takes three photos in rapid succes-
sion of the same scene. One photo uses a
good average exposure for the whole scene
(IN). Another is underexposed (1.U), but
captures the sky and clouds better. The
third is overexposed (1.0), to capture dark-
er ground and shadows. The software au-
tomatically combines the best parts of the
three photos into one photo (2). Finally,
after you enhance the saturation, contrast,
and sharpness, the image (3) is much better
than the normal photo (1.N).

METHOD

1. TAKE UNDER-, NORMAL, AND OVER-EXPOSED PHOTOS OF SAME SCENE.
2. COMBINE BEST PARTS OF EACH INTO A RAW HDR PHOTO.
3. ENHANCE RESULT (BECAUSE RAW HDR PHOTOS LOOK FLAT).




172 CHAPTER 6 ¢ CLOUDS

TN /] \\‘f———\/\\\
N M
(: ! \. \
> . B R
4/‘\ \\) L~ N
A NIWA)
_/ lv ) vV \,\) \//I \ N
(a) “NJ ® \Wj
’\\/'—A\\‘ /N ,-—"\\/.‘
A ) \} ( \J/ N
\ N \
P < Ve N T
_/"\ <l N N D
<—\_ L[ JENA) A~
N
1, IS | N =
g I\/ \ b\\j, d AEAY
@ \, @ | TN

Figure 6.12
Cloud shadow overlaid with small tiles. The number of tiles M
per side of domain is: (a) 8, (b) 10, (c) 12, (d) 14.

Sample Application
Use Fig. 6.12 to measure the fractal dimension of
the cloud shadow.

Find the Answer
For each figure, the number of boxes is:
M N
@ 8 44
(b) 10 53
(© 12 75
(d) 14 88
(You might get a slightly different count.)
Plot the result on a log-log graph, & fit a straight line.
100

80

60 [

40 I

20

Use the end points of the best-fit line in eq. (6.7):

D= 108(100/40) _ 5,
log(15 / 7.5)

Check: Units OK. Physics OK.
Exposition: About right for a cloud. The original do-
main size relative to cloud size makes no difference.
Although you will get different M and N values, the
slope D will be almost the same.

A zero set is a lower-dimensional slice through
a higher-dimensional shape. Zero sets have fractal
dimension one less than that of the original shape
(i-e, Dyprp st = D — 1). Sometimes it is easier to mea-
sure the fractal dimension of a zero set, from which
we can calculate the dimension of the original.

For example, start with the wad of paper having
fractal dimension D = 2.7. It would be difficult to
measure the dimension for this wad of paper. In-
stead, carefully slice that wad into two halves, dip
the sliced edge into ink, and create a print of that
inked edge on a flat piece of paper. The wiggly line
that was printed (Fig. 6.11b) has fractal dimension
of D=27-1=17 and is a zero set of the original
shape. Itis easier to measure.

To continue the process, slice through the middle
of the print (shown as the grey line in Fig. 6.11c¢).
The wiggly printed line crosses the straight slice at
a number of points (Fig. 6.11c); those points have a
fractal dimension of D = 1.7 -1 = 0.7, and represent
the zero set of the print. Thus, while any one point
has a Euclidian dimension of zero, the set of points
appears to partially fill a 1-D line.

Measuring Fractal Dimension

Consider an irregular-shaped area, such as the
shadow of a cloud. The perimeter of the shadow is a
wiggly line, so we should be able to measure its frac-
tal dimension. Based on observations of the perim-
eter of real-cloud shadows, D = 1.35 . If we assume
that this cloud shadow is a zero set of the surface of
the cloud, then the cloud surface dimension is D =
Doy ser + 1 =2.35.

A box-counting method can be used to mea-
sure fractal dimension. Put the cloud-shadow pic-
ture within a square domain. Then tile the domain
with smaller square boxes, with M tiles per side
of domain (Fig. 6.12). Count the number N of tiles
through which the perimeter passes. Repeat the
process with smaller tiles.

Get many samples of N vs. M, and plot these as
points on a log-log graph. The fractal dimension D
is the slope of the best fit straight line through the
points. Define subscripts 1 and 2 as the two end
points of the best fit line. Thus:

_ log(N1 /N»)

~ log(M; / My) 67)

This technique works best when the tiles are small.
If the plotted line is not straight but curves on the
log-log graph, try to find the slope of the portion of
the line near large M.
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FOG

Types

Fog is a cloud that touches the ground. The main
types of fog are:

* upslope

¢ radiation

* advection

e precipitation or frontal

® steam
They differ in how the air becomes saturated.

Upslope fog is formed by adiabatic cooling in
rising air that is forced up sloping terrain by the
wind. Namely, it is formed the same way as clouds.
As already discussed in the Water Vapor chapter, air
parcels must rise or be lifted to their lifting conden-
sation level (LCL) to form a cloud or upslope fog.

Radiation fog and advection fog are formed
by cooling of the air via conduction from the cold
ground. Radiation fog forms during clear, nearly-
calm nights when the ground cools by IR radiation
to space. Advection fog forms when initially-un-
saturated air advects over a colder surface.

Precipitation fog or frontal fog is formed by
adding moisture, via the evaporation from warm
rain drops falling down through the initially-un-
saturated cooler air below cloud base.

Steam fog occurs when cold air moves over
warm humid surfaces such as unfrozen lakes during
early winter. The lake warms the air near it by con-
duction, and adds water by evaporation. However,
this thin layer of moist warm air near the surface is
unsaturated. As turbulence causes it to mix with
the colder air higher above the surface, the mixture
becomes saturated, which we see as steam fog.

Idealized Fog Models

By simplifying the physics, we can create math-
ematical fog models that reveal some of the funda-
mental behaviors of different types of fog.

Advection Fog

For formation and growth of advection fog, sup-
pose a fogless mixed layer of thickness z; advects
with speed M over a cold surface such as snow cov-
ered ground or a cold lake. If the surface potential
temperature is 8, then the air potential tempera-
ture 6 cools with downwind distance according to

0 =0 +(8, —Oyp)-exp [—i—H : x) 6-8)

1

Sample Application

Fog formation: A layer of air adjacent to the surface
(where P =100 kPa) is initially at temperature 20°C and
relative humidity 68%. (a) To what temperature must
this layer be cooled to form radiation or advection
fog? (b) To what altitude must this layer be lifted to
form upslope fog? (c) How much water must be
evaporated into each kilogram of dry air from falling
rain drops to form frontal fog? (d) How much evapo-
ration (mm of lake water depth) from the lake is nec-
essary to form steam fog throughout a 100 m thick
layer? [Hint: Use eqs. from the Water Vapor chapter.]

Find the Answer
Given: P =100 kPa, T =20°C, RH = 68%, Az =100 m
Find: a) T;=2°C, b)z;c;=?m, o) r,=?gkg? d)d=?mm

Using Table 4-1: e, = 2.371 kPa.
Using eq. (4.14): e = (RH/100%)-e,
= (68%/100%)-( 2.371 kPa) =1.612 kPa

(@) Knowing e and using Table 4-1: T, =14°C.

(b) Using eq. (4.16):
zrcr=a- [T-T; = (0125 m K.
[(204273)K — (14+273)K] = 0.75 km

(c) Using eq. (4.4), the initial state is:

r = ee/(P-e) = 0.622 - (1.612 kPa) / (100 kPa
-1.612kPa) = 00102gg'= 102 gkg™

The final mixing ratio at saturation (eq. 4.5) is:

1s = €e5/(P—e;) = 0.622:(2.371 kPa) / (100 kPa
-2.371kPa) = 0.0151 g gl = 151 gkg™L

The amount of additional water needed is

Ar =rg—1 =151-10.2 = 4.9 g, ater KSair

(d) Using eqs. (4.11) & (4.13) to find absolute humidity
pp =e-epg/P

(0.622)-(1.612 kPa)-(1.275 kg:m3)/(100 kPa)

=0.01278 kgm3

Pos= €€ Py /P

(0.622)-(2.371 kPa)-(1.275 kg-m~3)/(100 kPa)
=0.01880 kgm3

The difference must be added to the air to reach

saturation: Ap = pys— Py =
Ap = (0.01880-0.01278) kg'm= = 0.00602 kg-m=3

But over A =1 m? of surface area, air volume is
Vol,;, =A - Az = (1 m2)-(100 m) = 100 m3.

The mass of water needed in this volume is
m = Ap - Vol,;, =0.602 kg of water.

But liquid water density pj;, = 1000 kgm=3: Thus,
VOlh‘q =m / pliq =0.000602 m3

The depth of liquid water under the 1 m? area is
d = Voly, / A =0000602m = 0.602 mm

Check: Units OK. Physics OK.

Exposition: For many real fogs, cooling of the air
and addition of water via evaporation from the surface
happen simultaneously. Thus, a fog might form in this
example at temperatures warmer than 14°C.
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HIGHER MATH » Advection Fog

Derivation of eq. (6.8):
Start with the Eulerian heat balance, neglecting all
contributions except for turbulent flux divergence:

% - _ IF; urp (0)

ot 0z

where 0 is potential temperature, and F is heat flux.
For a mixed layer of fog, F is linear with z, thus:

@ __ F; turb 2i(0) = E; urp sfc(e)
ot Zi — 0
If entrainment at the top of the fog layer is small, then
F, turb -i(6) = 0, leaving:
@ _ E; turb sfc(e) :F7H
ot Zi Zi
Estimate the flux using bulk transfer eq. (3.21). Thus:
90 Ch ’M'(esfc -6)

E - Zi
If the wind speed is roughly constant with height,
then let the Eulerian volume move with speed M:

W _%0_%

ot ox dt ox
Plugging this into the LHS of the previous eq. gives:
00 Cr - (05 —6)

ox zZ;

To help integrate this, define a substitute variable
§=6-0y, for which ds=00. Thus:

9 _ Cus
ox zZ; p c
Separate the variables: - _ZH gy
S Zj

Which can be integrated (using the prime to denote a
dummy variable of integration):

S 4! Cu X )
e

s'=s, s x’=0
Yielding:
C
In(s) = In(s,) = =—-(x~0)

1

o ln(st_CH.x
5o Zj

Taking the antilog of each side (i.e., exp):

s _ _Cu
50 —exp( Zi XJ

Upon rearranging, and substituting for s:

C
8- 067 = (0-047), -exp(—f-x)

1
But 6, is assumed constant, thus:

C
6= esfc +(6, - esfc) “exp (_ZH ‘ x) 6.8)
i

where 6, is the initial air potential temperature, Cy
is the heat transfer coefficient (see the Heat Budgets
chapter), and x is travel distance over the cold sur-
face. This assumes an idealized situation where
there is sufficient turbulence caused by a brisk wind
speed to keep the boundary layer well mixed.

Advection fog forms when the temperature
drops to the dew-point temperature T;. At the sur-
face (more precisely, at z=10m), 6 = T. Thus, set-
ting 0 ~ T = T, at saturation and solving the equation
above for x gives the distance over the lake at which
fog first forms:

) T, -T.
PO N PN e 6.9)
Td_Tsfc

Surprisingly, neither the temperature evolution
nor the distance to fog formation depends on wind
speed.

For example, advection fog can exist along the
California coast where warm humid air from the

Sample Application

Air of initial temperature 5°C and depth 200 m
flows over a frozen lake of surface temperature -3°C.
If the initial dew point of the air is -1°C, how far from
shore will advection fog first form?

Find the Answer
Given: T, =5°C, T;=-1°C,
Tsfc =-3 OC, Zj =200 m
Find: x=7?km.
Assume smooth ice: Cyy=0.002.

Use eq. (6.9): x = (200 m/0.002)-
In[(5~(-3))/(-1-(-3))] = 138.6 km
Sketch, where eq. (6.8) was solved for T vs. x:

4 N
c o\
o
2 0
20T
o - Tg
Y
I9 _E Tsfc
_4 L 1 I

0 100 200 300 400
Distance, x (km)

Check: Units OK. Physics OK.
Exposition: If the lake is smaller than 138.6 km in
diameter, then no fog forms. Also, if the dew-point
temperature needed for fog is colder than the surface
temperature, then no fog forms.
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west blows over the cooler “Alaska current” coming
from further north in the Pacific Ocean.

Advection fog, once formed, experiences radia-
tive cooling from fog top. Such cooling makes the
fog more dense and longer lasting as it can evolve
into a well-mixed radiation fog, described in the
next subsection.

Dissipation of advection fog is usually controlled
by the synoptic and mesoscale weather patterns. If
the surface becomes warmer (e.g., all the snow melts,
or there is significant solar heating), or if the wind
changes direction, then the conditions that origi-
nally created the advection fog might disappear. At
that point, dissipation depends on the same factors
that dissipate radiation fog. Alternately, frontal pas-
sage or change of wind direction might blow out the
advection fog, and replace the formerly-foggy air
with cold dry air that might not be further cooled by
the underlying surface.

Radiation Fog

For formation and growth of radiation fog, as-
sume a stable boundary layer forms and grows, as
given in the Atmospheric Boundary Layer chap-
ter. For simplicity, assume that the ground is flat,
so there is no drainage of cold air downhill (a poor
assumption). If the surface temperature T, drops to
the dew-point temperature T, then fog can form (Fig.
6.13). The fog depth is the height where the noctur-
nal temperature profile crosses the initial dew-point
temperature Ty,

The time ¢, between when nocturnal cooling
starts and the onset of fog is

2 Af3/2 (2
P @M (TR~ Ta) 6.10)

’ (-Fy)?

where a = 0.15 m/4sl/4 | Ty, is the residual-layer
temperature (extrapolated adiabatically to the sur-
face), M is wind speed in the residual layer, and Fp
is the average surface kinematic heat flux. Faster
winds and drier air delay the onset of fog. For most
cases, fog never happens because night ends first.

Once fog forms, evolution of its depth is approxi-
mately

y—a. M3/ 12 -ln[(t/to)l/z] (6.11)

where £, is the onset time from the previous equa-
tion. This equation is valid for ¢ > t,,.

Liquid water content increases as a saturated air
parcel cools. Also, visibility decreases as liquid wa-
ter increases. Thus, the densest (lowest visibility)

Early
z ! z

I

I

I

I

I

I

I

I

I

I

I

—

TeoTs TRL

Temperature Temperature
Figure 6.13

Stable-boundary-layer evolution at night leading to radiation
fog onset, where T is near-surface air temperature, Ty, is origi-
nal dew-point temperature, and Ty is the original temperature.
Simplified, because dew formation on the ground can decrease
T4 before fog forms, and cold-air downslope drainage flow can
remove or deposit cold air to alter fog thickness.

Sample Application

Given a residual layer temperature of 20°C, dew
point of 10°C, and wind speed 1 m s7L. If the surface
kinematic heat flux is constant during the night at
—0.02 Km s7!, then what is the onset time and height
evolution of radiation fog?

Find the Answer

Given: Tg; =20°C, T;=10°C, M=1ms"
Fy=-0.02 Km s

Find: t,=?h, and zvs.t.

Use eq. (6.10):

- (0.15m"% . s/4y2 . (1m/s)*>/% - (20 - 10°C)?

° (0.02°C-m/s)?

=1.563 h

The height evolution for this wind speed, as well as for
other wind speeds, is calculated using eq. (6.11):

50
gl /
B M (mis) = 17/%5
N 30 L
L
g
8 20 |
> 0.1
5
AT 4
3
2 0.01%
0 \\\,\\\\\,\\\\\‘\\\\9/
0 6 12 18 24

t(h)
Check: Units OK. Physics OK.

Exposition: Windier nights cause later onset of fog,
but stimulates rapid growth of the fog depth.
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(a) (b)

fog

Figure 6.14

(a) Stratified fog that is more dense and colder at ground. (b)
Well-mixed fog that is more dense and colder at the top due to
IR radiative cooling.

Sample Application

Initially, total water is constant with height at 10
g kg1, and wet-bulb potential temperature increases
with height at rate 2°C/100m in a stratified fog. Later, a
well-mixed fog forms with depth 100 m. Plot the total
water and 0y profiles before and after mixing.

Find the Answer
z z
m| |
100 !
' /
I /
0 o
10 12 10 12 14
rr (9/kg) Oy (°C)

Check: Units OK. Physics OK.

Exposition: Dashed lines show initial profiles, solid
are final profiles. For 6y, the two shaded areas must
be equal for heat conservation. This results in a tem-
perature jump of 1°C across the top of the fog layer for
this example. Recall from the Water Vapor and At-
mospheric Stability chapters that actual temperature
within the saturated (fog) layer decreases with height

at the moist adiabatic lapse rate (lines of constant 8yy).

part of the fog will generally be in the coldest air,
which is initially at the ground.

Initially, fog density decreases smoothly with
height because temperature increases smoothly
with height (Fig. 6.14a). As the fog layer becomes
optically thicker and more dense, it reaches a point
where the surface is so obscured that it can no lon-
ger cool by direct IR radiation to space.

Instead, the height of maximum radiative cool-
ing moves upward into the fog away from the sur-
face. Cooling of air within the nocturnal fog causes
air to sink as cold thermals. Convective circulations
then turbulently mix the fog.

Very quickly, the fog changes into a well-mixed
fog with wet-bulb-potential temperature 6y, and
total-water content 7y that are uniform with height.
During this rapid transition, total heat and total wa-
ter averaged over the whole fog layer are conserved.
As the night continues, 0yy decreases and 17 increas-
es with time due to continued radiative cooling.

In this fog the actual temperature decreases with
height at the moist adiabatic lapse rate (Fig. 6.14b),
and liquid water content increases with height.
Continued IR cooling at fog top can strengthen and
maintain this fog. This fog is densest near the top of
the fog layer.

Dissipation of Well-Mixed (Radiation and

Advection) Fogs

During daytime, solar heating and IR cooling are
both active. Fogs can become less dense, can thin,
can lift, and can totally dissipate due to warming by
the sun.

Stratified fogs (Fig. 6.14a) are optically thin
enough that sunlight can reach the surface and
warm it. The fog albedo can be in the range of A =
0.3 to 0.5 for thin fogs. This allows the warm ground
to rapidly warm the fog layer, causing evaporation
of the liquid drops and dissipation of the fog.

For optically-thick well-mixed fogs (Fig. 6.14b),
albedoes can be A =0.6 to 0.9. What little sunlight is
not reflected off the fog is absorbed in the fog itself.
However, IR radiative cooling continues, and can
compensate the solar heating. One way to estimate
whether fog will totally dissipate at time f in the
future is to calculate the sum Qy; of accumulated
cooling and heating (see the Atmospheric Boundary
Layer chapter) during the time period (t — t,) since
the fog first formed:

6.12)
Qak = PH.night (E—1p)+

(1—A) FH.max D _|:1_Cos(n'(t_tSR)):|
T D
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where Fp o is average nighttime surface kinemat-
ic heat flux (negative at night), and Fy ;. is the am-
plitude of the sine wave that approximates surface
kinematic sensible heat flux due to solar heating (i.e.,
the positive value of insolation at local noon). D is
daylight duration hours, t is hours after sunset, f, is
hours after sunset when fog first forms, and fgp is
hours between sunset and the next sunrise.

The first term on the right should be included only
when t > t,, which includes not only nighttime when
the fog originally formed, but the following daytime
also. This approach assumes that the rate Fyj ;g Of
IR cooling during the night is a good approximation
to the continued IR cooling during daytime.

The second term should be included only when
t>tgg, where tgg is sunrise time. (See the Atmospher-
ic Boundary Layer Chapter for definitions of other
variables). When Q,; becomes positive, fog dissi-
pates (neglecting other factors such as advection,
and assuming no fog initially).

While IR cooling happens from the very top of
the fog, solar heating occurs over a greater depth in
the top of the fog layer. Such heating underneath
cooling statically destabilizes the fog, creating con-
vection currents of cold thermals that sink from the
fog top. These upside-down cold thermals continue
to mix the fog even though there might be net heat-
ing when averaged over the whole fog. Thus, any
radiatively heated or cooled air is redistributed and
mixed vertically throughout the fog by convection.

Such heating can cause the bottom part of the
fog to evaporate, which appears to an observer as
lifting of the fog (Fig. 6.15a). Sometimes the warm-
ing during the day is insufficient to evaporate all the
fog. When night again occurs and radiative cooling
is not balanced by solar heating, the bottom of the
elevated fog lowers back down to the ground (Fig.
6.15b).

In closing this section on fogs, please be aware
that the equations above for formation, growth, and
dissipation of fogs were based on very idealized
situations, such as flat ground and horizontally uni-
form heating and cooling. In the real atmosphere,
even gentle slopes can cause katabatic drainage of
cold air into the valleys and depressions (see the Re-
gional Winds chapter), which are then the favored
locations for fog formation. The equations above
were meant only to illustrate some of the physical
processes, and should not to be used for operational
fog forecasting.

(@) (b)
, z
Slovziiad = o 0g
| oy | stz
fog
- T
Figure 6.15

(a) Heating during the day can modify the fog of Fig. 6.14b, caus-
ing the base to lift and the remaining elevated fog to be less
dense (b) If solar heating is insufficient to totally dissipate the
fog, then nocturnal radiative cooling can re-strengthen it.

Sample Application(§)

When will fog dissipate if it has an albedo of
A= (a) 04; (b)0.6; (c)0.8? Assume daylight duration
of D =12h. Assume fog forms at t, =3 h after sunset.
Given: Fy gy = -0.02 Km s71, and Fiy gy gy = 0.2 Km
s7L. Also plot the cumulative heating.

Find the Answer
Given: (see above) Let t = time after sunset.
Use eq. (6.12), & solve on a spreadsheet:

(@) t =16.33 h = 4.33 h after sunrise = 10:20 AM

(b) t =179 h =59 h after sunrise = 11:54 AM

(c) Fog never dissipates, because the albedo is so large
that too much sunlight is reflected off of the fog, leav-
ing insufficient solar heating to warm the ground and
dissipate the fog.

time after sunset (h)
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Check: Units OK. Physics OK.
Exposition: Albedo makes a big difference for fog

dissipation. There is evidence that albedo depends on
the type and number concentration of fog nuclei.
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REVIEW

Condensation of water vapor occurs by cooling,
adding moisture, or mixing. Cooling and moistur-
izing are governed by the Eulerian heat and water
budgets, respectively. Turbulent mixing of two
nearly-saturated air parcels can yield a saturated
mixture. We see the resulting droplet-filled air as
clouds or fog.

If clouds are buoyant (i.e., the cloud and subcloud
air is statically unstable), thermals of warm air ac-
tively rise to form cumuliform clouds. These have
a lognormal distribution of sizes, and have fractal
shapes. Active clouds are coupled to the underly-
ing surface, allowing thermo diagrams to be used to
estimate cloud base and top altitudes.

If the clouds are not buoyant (i.e., the cloud layer
is statically stable), the clouds remain on the ground
as fog, or they are forced into existence as stratiform
clouds by advection along an isotropic surface over
colder air, such as at a front.

Clouds can be classified by their altitude, shape,
and appearance. Special symbols are used on
weather maps to indicate cloud types and coverage.

While almost all clouds are created in rising air
and the associated adiabatic cooling, fogs can form
other ways. IR radiative cooling creates radiation
fogs, while cooling associated with advection of hu-
mid air over a cold surface causes advection fogs.
Precipitation and steam fog form by adding mois-
ture to the air that touches a liquid water surface
(e.g., raindrops, or a lake), followed by mixing with
the surrounding cooler air to reach saturation.

Although fog forms in a layer of cold air resting
on the ground, that cold-air can be either statically
stable or unstable depending on whether continued
cooling is being imposed at the bottom or top of the
layer, respectively. Heat and moisture budget equa-
tions can be used to forecast fog onset, development,
and dissipation, but only for some idealized situa-
tions.

g e W W T g S

HOMEWORK EXERCISES

Broaden Knowledge & Comprehension
Bl. Search the web or consult engineering docu-
ments that indicate the temperature and water va-
por content of exhaust from aircraft jet engines.
What ambient temperature and humidity of the at-
mosphere near the aircraft would be needed such
that the mixture of the exhaust with the air would
just become saturated and show a jet contrail in the
sky. (You might need to utilize a spreadsheet to ex-
periment with different mixing proportions to find
the one that would cause saturation first.)

B2. Search the web for cloud-classification images
corresponding to the clouds in Figs. 6.3 and 6.5.
Copy the best example of each cloud type to your
own page to create a cloud chart. Be sure to also
record and cite the original web site for each photo.

B3. Search the web for thermo diagrams showing
soundings for cases where different cloud types
were present (e.g., active, passive, fog). Estimate
cloud base and cloud top altitudes from the sound-
ing, and compare with observations. Cloud base ob-
servations are available from the METAR surface re-
ports made at airports. Cloud top observations are
reported by aircraft pilots in the form of PIREPS.

B4. Search the web to identify some of the instru-
ments that have been devised to determine cloud-
base altitude?

B5. Search the web for cloud images correspond-
ing to the “Other Clouds” discussed near the start
of this chapter. Copy the best example of each cloud
type to your own page. Be sure to also record and
cite the original web site for each cloud photo.

B6. Search the web for satellite and ground-based
images of cloud streets, open cells, and closed cells.
Create a image table of these different types of cloud
organization.

B7. Search the web for a surface weather map that
plots surface observations for locations near you. For
3 of the stations having clouds, interpret (describe in
words) the sky cover and cloud genera symbols (us-
ing Tables 6-7 and 6-2) that are plotted.

B8. Table 6-2 shows only a subset of the symbols
used to represent clouds on weather maps. Search
the web for map legends or tables of symbols that
give a more complete list of cloud symbols.
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B9. a. Search the web for fractal images that you can
print. Use box counting methods on these images
to find the fractal dimension, and compare with the
fractal dimension that was specified by the creator
of that fractal image.

b. Make a list of the URL web addresses of the
ten fractal images that you like the best (try to find
ones from different research groups or other peo-

ple).

B10. Search the web for satellite images that show
fog. (Hints: Try near San Francisco, or try major
river valleys in morning, or try over snowy ground
in spring, or try over unfrozen lakes in Fall). For the
fog that you found, determine the type of fog (radia-
tion, advection, steam, etc.) in that image, and justify
your decision.

B11. a. Search the web for very high resolution
visible satellite images of cumulus clouds or cloud
clusters over an ocean. Display or print these im-
ages, and then trace the edges of the clouds. Find
the fractal dimension of the cloud edge, similar to
the procedure that was done with Fig. 6.12.

B12. Search the web for a discussion about which
satellite channels can be used to discriminate be-
tween clouds and fog. Summarize your findings.

B13. Search the web for methods that operational
forecasters use to predict onset and dissipation
times of fog. Summarize your findings. (Hint: Try
web sites of regional offices of the weather service.)

Apply
Al. Given the following temperature and vapor
pressure for an air parcel. (i) How much moisture Ae
(kPa) must be added to bring the original air parcel
to saturation? (ii) How much cooling AT (°C) must
be done to bring the original parcel to saturation?
Original [T (°C) , e (kPa) ] =
a.20,0.2 b.20,04 c.20,0.6 d.20,0.8 e.20,1.0
£.20,1.5 g.20,2.0 h.20,2.2 i.10,0.2 j. 10,04
k.10,0.6 1.10,0.8 m. 10,1.0n.30,1.0 o.30,3.0

A2. On a winter day, suppose your breath has T =
30°C with T; = 28°C, and it mixes with the ambient
air of temperature T = -10°C and T = -11°C. Will
you see your breath? Assume you are at sea level,
and that your breath and the environment mix in
proportions of (breath : environment):
a. 19 b.2:8 c. 37 d. 4:6
f. 6:4 g.73 h.82 191

e. 55

A3(8). Ajetaircraftis flying at an altitude where the
ambient conditions are P =30kPa, T =-40°C, and T,
=-42°C. Will a visible contrail form? (Hint, assume
that all possible mixing proportions occur.)

Assume the jet exhaust has the following condi-
tions: [T (°C), T; (°C) ] =

a.200,180 b. 200,160 c.200,140 d.200, 120
e. 200,100  £. 200, 80 g.200,60  h.200,40
i.400,375 j.400,350 k. 400,325 1 400,300

m. 400, 275 n. 400,250 o0.400,200 p.400,150

A4. Given the following descriptions of ordinary
clouds. (i) First classify as cumuliform or stratiform.
(ii) Then name the cloud. (iii) Next, draw both the
WMO and USA symbols for the cloud. (iv) Indicate
if the cloud is made mostly of liquid water or ice
(or both). (v) Indicate the likely altitude of its cloud
base and top. (vi) Finally, sketch the cloud similar to
those in Figs. 6.3 or 6.5.

a. Deep vertical towers of cloud shaped like a gi-
gantic mushroom, with an anvil shaped cloud
on top. Flat, dark-grey cloud base, with heavy
precipitation showers surrounded by non-
precipitating regions. Can have lightning,
thunder, hail, strong gusty winds, and torna-
does. Bright white cloud surrounded by blue
sky when viewed from the side, but the cloud
diameter is so large that when from directly
underneath it might cover the whole sky.

b. Sheet of light-grey cloud covering most of sky,
with sun or moon faintly showing through it,
casting diffuse shadows on ground behind
buildings and people.

c. Isolated clouds that look like large white cotton
balls or cauliflower, but with flat bases. Lots
of blue sky in between, and no precipitation.
Diameter of individual clouds roughly equal
to the height of their tops above ground.

d. Thin streaks that look like horse tails, with lots
of blue sky showing through, allowing bright
sun to shine through it with crisp shadows
cast on the ground behind trees and people.

e. Thick layer of grey cloud with well poorly-de-
fined cloud base relatively close to the ground,
and widespread drizzle or light rain or snow.
No direct sunlight shining through, and no
shadows cast on the ground. Gloomy.

f. Isolated clouds that look like small, white cot-
ton balls or popcorn (but with flat bases), with
lots of blue sky in between. Size of individual
clouds roughly equal to their height above
ground.

g. Thin uniform veil covering most of sky show-
ing some blue sky through it, with possibly
a halo around a bright sun, allowing crisp
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shadows cast on the ground behind trees and
people.

h. Layer of grey cloud close to the ground, but
lumpy with some darker grey clouds dis-
persed among thinner light grey or small
clear patches in a patchwork or chessboard
pattern. Not usually precipitating.

i. Thin veil of clouds broken into very small
lumps, with blue sky showing through, allow-
ing bright sun to shine through it with crisp
shadows cast on the ground behind trees and
people.

j- Sheet of cloud covering large areas, but bro-
ken into flat lumps, with sun or moon faintly
showing through the cloudy parts but with
small patches of blue sky in between the
lumps, casting diffuse shadows behind build-
ings and people.

k. Deep towers of cloud with bright white sides
and top during daytime, but grey when
viewed from the bottom. Clouds shaped like
stacks of ice-cream balls or turrets of cotton
balls with tops extending high in the sky, but
with flat bases relatively close to the ground.
Usually no precipitation.

. Thick layer of grey cloud with well defined
cloud base relatively close to the ground. No
direct sunlight shining through, and no shad-
ows cast on the ground. No precipitation.

A5. Use a thermo diagram to plot the following en-
vironmental sounding;:

P (kPa) T (°C)
20 -15
25 25
35 25
40 -15
45 —20
55 -15
70 0
80 9
85 6
95 15

Determine cloud activity (active, passive, fog, none),
cloud-base height, and cloud-top height, for the con-
ditions of near-surface (P = 100 kPa) air parcels given
below: [T (°C), T, (°C)] =

a.20,14 Db.20,7 c.20,177  d.20,19
e. 1515 £30,0 g.30,10 h.30,24
i.25,24  j.2520 k.2516 12512
m. 25,10 n.25,6 0.15,10 p- 22,22

A6. The buoyancy of a cloudy air parcel depends on
its virtual temperature compared to that of its envi-
ronment. Given a saturated air parcel of temperature
and liquid-water mixing ratio as listed below. What

isits virtual temperature, and how would it compare
to the virtual temperature with no liquid water?

[T(°C), r1.(g kg‘l)] =a.20,1 b.20,2 «¢20,5
d.20,10 e 10,1 £10,3 g.10,7 h.10,12
i.0,2 j-0,4 k.0, 8 .L0,15 m.5,1
n.5, 2 0.54 p-56 q.58 r. 510

A7.On a large thermo diagram from the end of the
Atmospheric Stability chapter, plot a hypothetical
sounding of temperature and dew-point that would
be possible for the following clouds.

a. cirrus b. cirrostratus  c. cirrocumulus

d. altostratus  e. altocumulus f. stratus

g. nimbostratus  h. fog

A8. Name these special clouds.

a. Parallel bands of clouds perpendicular to the
shear vector, at the level of altocumulus.

b. Parallel bands of cumulus clouds parallel to
the wind vector in the boundary layer.

c. Two, long, closely-spaced parallel cloud lines
at high altitude.

d. Clouds that look like flags or pennants at-
tached to and downwind of mountain peaks.

e. Look like altocumulus, but with more verti-
cal development that causes them to look like
castles.

f. Clouds that look like breaking waves.

g. Look like cumulus or cumulus mediocris, but
relatively tall and small diameter causing
them to look like castles.

h. Clouds that look lens shaped when viewed
from the side, and which remain relatively
stationary in spite of a non-zero wind.

i. A low ragged cloud that is relatively stationary
and rotating about a horizontal axis.

j- Ragged low scattered clouds that are blowing
rapidly downwind.

k. Low clouds that look like cotton balls, but
forming above industrial cooling towers or
smoke stacks.

1. A curved thin cloud at the top of a mountain.

m. A curved thin cloud at the top of a rapidly ris-
ing cumulus congestus.

A9. Discuss the difference between cloud genera,
species, varieties, supplementary features, accessory
clouds, mother clouds, and meteors.

A10. Given the cloud genera abbreviations below,
write out the full name of the genus, and give the
WMO and USA weather-map symbols.

a.Cb b.Cc c.Ci d.Cs e.Cu

f. Sc g. Ac h. St i. As j-Ns
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A1l. For the day and time specified by your instruc-
tor, fully classify the clouds that you observe in the
sky. Include all of the WMO-allowed classification
categories: genera, specie, variety, feature, accessory
cloud, and mother cloud. Justify your classification,
and include photos or sketches if possible.

[HINT: When you take cloud photos, it is often use-
ful to include some ground, buildings, mountains,
or trees in the photo, to help others judge the scale
of the cloud when they look at your picture. Try to
avoid pictures looking straight up. To enhance the
cloud image, set the exposure based on the cloud
brightness, not on the overall scene brightness. Also,
to make the cloud stand out against a blue-sky back-
ground, use a polarizing filter and aim the camera
at right angles to the sunbeams. Telephoto lenses
are extremely helpful to photograph distant clouds,
and wide-angle lenses help with widespread nearby
clouds. Many cloud photographers use zoom lens-
es that span a range from wide angle to telephoto.
Also, always set the camera to focus on infinity, and
never use a flash.]

A12. Draw the cloud coverage symbol for weather
maps, and write the METAR abbreviation, for sky
cover of the following amount (oktas).

a0 bl c2 d3 e4

£5 g6 h7 1i8 j obscured

A13.(§). Use a spreadsheet to find and plot the frac-
tion of clouds vs. size. Use AX =100 m, with X in
the range 0 to 5000 m.
(i) For fixed S, = 0.5, plot curves for Ly (m) =

a.200 b. 300 c.400 d.500 e. 700 f. 1000 g.2000
(ii) For fixed Ly = 1000 m, plot curves for Sy =

h.01 i.02 j.03 k.04 1L0.5 m.0.6 n. 0.8

Al4. In Fig. 6.12, divide each tile into 4 equal quad-
rants, and count N vs. M for these new smaller tiles
to add data points to the solved-example figure for
measuring fractal dimension. Do these finer-resolu-
tion tiles converge to a different answer? Do this
box-counting for Fig. 6.12 part:

a. (a) b. (b) c (@ d. (d)
A15. Use the box counting method to determine the
fractal dimensions in Fig. 6.11b. Use M =

a4 b5 c6 d7 e8 f9

g.10 h.12 i.14 j.16 k. 18 120

A16. For air starting at sea level:
(i) How high (km) must it be lifted to form
upslope fog?
(i) How much water (gj;q kgai, ) must be
added to cause precipitation fog?
(iii) How much cooling (°C) is necessary to

cause radiation fog?
Given the following initial state of the air
[T(C),RH (%) ]=
a.10,20 b.10,40 c.10,60 d.10,80 e. 10,90
£.20,20 g.20,40 h.20,60 i.20,80 j.20,90
k.0,20 10,40 m.0,60 n.0,80 o0.0,90

A17(8). In spring, humid tropical air of initial tem-
perature and dew point as given below flows over
colder land of surface temperature 2 °C. At what
downwind distance will advection fog form? Also
plot the air temperature vs. distance. Assume z; =
200 m, and Cp = 0.005 .
The initial state of the air is [T (°C), T; (°C)] =
a.20,15 b.20,10 ¢.20,5 d.20,0 e 20,-5
f.20,-10 g.20,-15h.10,8 i.10,5 . 10,2
k.10,0 1.10,-2 m.10,-5 n.10,-8 o.10,-10

A18(§). Given Fyy =-0.02 Km-s~!. (i) When will ra-

diation fog form? (ii) Also, plot fog depth vs. time.
Given residual-layer initial conditions of

[T (C), T (°C), M (m s7)] =

a.15,13,1 b.1513,2 ¢ 1513,3 d.15,13,4
e.1510,1 £1510,2 g.1510,3 h.1510,4
i.15,8,1 j-15,8,2 k.15,8,3 1.15,8,4
m.1551 n. 1552 0.1553 p.155,4

A19(§). (i) When will a well-mixed fog dissipate?
Assume: albedo is 0.5, fog forms 6 h after sunset,
and daylight duration is 12 h. (ii) Also, plot the cu-
mulative heat vs. time.

Given the following values of surface kinematic
heat flux: [ FH.night (KmsT), F max day (Kms1)]=

a.-0.02,015 b.-0.02,013 ¢ -0.02,0.11
d.-0.02,0.09 e.-0.02,0.07 £ -0.02,0.17
g.-0.015,0.15 h.-0.015,0.13 i.-0.015,0.11
j-—0.015,0.09  k.-0.015,0.07 1. -0.015,0.17

Evaluate & Analyze

E1l. What processes in the atmosphere might simul-
taneously cool and moisturize unsaturated air, caus-
ing it to become saturated?

E2. Cumulus humilis clouds often have flat bases
at approximately a common altitude over any loca-
tion at any one time. Cumulus fractus clouds do not
have flat bases, and the cloud-base altitudes vary
widely over any location at one time. What causes
this difference? Explain.

E3. Can you use darkness of the cloud base to esti-
mate the thickness of a cloud? If so, what are some
of the errors that might affect such an approach? If
not, why not?
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E4. Fig. 6.4 shows that the LCL computed from
surface air conditions is a good estimate of cloud-
base altitude for cumulus humilis clouds, but not
for cloud-base altitude of altocumulus castellanus.

Why?

E5. What methods could you use to estimate the al-
titudes of stratiform clouds by eye? What are the
pitfalls in those methods? This is a common prob-
lem for weather observers.

E6. Should stratocumulus clouds be categorized as
cumuliform or stratiform? Why?

E7. List all the clouds that are associated with tur-
bulence (namely, would cause a bumpy ride if an
airplane flew through the cloud).

E8. What do pileus clouds and lenticular clouds
have and common, and what are some differences?

E9. Cloud streets, bands of lenticular clouds, and
Kelvin-Helmholtz billows all consist of parallel rows
of clouds. Describe the differences between these
clouds, and methods that you can use to discrimi-
nate between them.

E10. The discrete cloud morphology and altitude
classes of the official cloud classification are just
points along a continuum of cloud shapes and al-
titudes. If you observe a cloud that looks halfway
between two official cloud shapes, or which has an
altitude between the typical altitudes for high, mid-
dle, or low, clouds, then what other info can you use
as a weather observer to help classify the cloud?

E11 (full term project). Build your own cloud chart
with your own cloud photos taken with a digital
camera. Keep an eye on the sky so you can try to
capture as many different cloud types as possible.
Use only the best one example of each cloud type
corresponding to the clouds in Figs. 6.3 and 6.5.
Some clouds might not occur during your school
term project, so it is OK to have missing photos for
some of the cloud types.

E12. List all of the factors that might make it dif-
ficult to see and identify all the clouds that exist
above your outdoor viewing location. Is there any-
thing that you can do to improve the success of your
cloud identification?

E13(§). a. On a spreadsheet, enter the cloud-size pa-
rameters (Sy, Ly, AX) from the Sample Application
into separate cells. Create a graph of the lognormal

cloud distribution, referring to these parameter
cells.

b. Next, change the values of each of these pa-
rameters to see how the shape of the curve changes.
Can you explain why Ly is called the location pa-
rameter, and Sy is called the spread parameter? Is
this consistent with an analytical interpretation of
the factors in eq. (6.6)? Explain.

El4. The box-counting method can also be used
for the number of points on a straight line, such as
sketched in Fig. 6.11c. In this case, a “box” is really
a fixed-length line segment, such as increments on a
ruler or meter stick.

a. Using the straight line and dots plotted in Fig.
6.11c, use a centimeter rule to count the number of
non-overlapping successive 1 cm segments that con-
tain dots. Repeat for half cm increments. Repeat
with ever smaller increments. Then plot the results
as in the fractal-dimension Sample Application, and
calculate the average fractal dimension. Use the
zero-set characteristics to find the fractal dimension
of the original wiggly line.

b. In Fig. 6.11c, draw a different, nearly vertical,
straight line, mark the dots where this line crosses
the underlying wiggly line, and then repeat the dot-
counting procedure as described in part (a). Repeat
this for a number of different straight lines, and
then average the resulting fractal dimensions to get
a more statistically-robust estimate.

E15. a. Crumple a sheet of paper into a ball, and care-
fully slice it in half. This is easier said than done. (A
head of cabbage or lettuce could be used instead.)
Place ink on the cut end using an ink pad, or by dip-
ping the paper wad or cabbage into a pan with a thin
layer of red juice or diluted food coloring in the bot-
tom. Then make a print of the result onto a flat piece
of paper, to create a pattern such as shown in Fig.
6.11b. Use the box counting method to find the frac-
tal dimension of the wiggly line that was printed.
Using the zero-set characteristic, estimate the fractal
dimension of the crumpled paper or vegetable.

b. Repeat the experiment, using crumpled paper
wads that are more tightly packed, or more loosely
packed. Compare their fractal dimensions.

(P.S. Don't throw the crumpled wads at the instruc-
tor. Instructors tend to get annoyed easily.)

E16. Can precipitation fog form when cold raindrops
fall through warmer air? Explain.

E17. A fog often forms near large waterfalls. What
type of fog is it usually, and how does it form?
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E18. In this chapter we listed some locations and sea-
sons where advection fog is likely. Describe 3 other
situations (locations and seasons) when advection
fog would be likely. (If possible, use locations close
to home.)

E19. Derive eq. (6.10), based on the exponential tem-
perature profile for a stable boundary layer (see the
Atmospheric Boundary Layer chapter). State and
justify all assumptions. [This requires calculus.]
Be critical of any simplifications that might not be
appropriate for real fogs.

E20. Derive eq. (6.11) from (6.10), and justify all as-
sumptions. Be critical of any simplifications that
might not be appropriate for real fogs.

E21. Derive eq. (6.12) using info from the Atmo-
spheric Boundary Layer chapter, and justify all as-
sumptions. Be critical of any simplifications that
might not be appropriate for real fogs.

E22. Use the data in the Sample Application for fog
dissipation, but find the critical albedo at which fog
will just barely dissipate.

E23. During possible frost events, some orchard
and vineyard owners try to protect their fruit from
freezing by spraying a mist of water droplets or
burning smudge pots to make smoke in and above
their plants. Why does this method work, and what
are its limitations?

Synthesize

S1. What if the saturation curve in Fig. 6.1 was con-
cave down instead of concave up, but that saturation
vapor pressure still increased with increasing tem-
perature. Describe how the cooling, moisturizing,
and mixing to reach saturation would be different.

52. Suppose that descending (not ascending) air
cools adiabatically. How would cloud shapes be dif-
ferent, if at all? Justify.

S3. Cloud classification is based on morphology;
namely, how the cloud looks. A different way to clas-
sify clouds is by the processes that make the clouds.
Devise a new scheme to classify clouds based on
cloud processes; name this scheme after yourself;
and make a table showing which traditional cloud
names fall into each category of your new scheme,
and justify.

54. Clouds in the atmospheres of other planets in
our solar system have various compositions:
* Venus: sulfuric acid

* Mars: water

e Jupiter: ammonia, sulfur, water

e Saturn: ammonia, ammonia hydrosulfide, water

e Uranus & Neptune: methane.

Would the clouds on these other planets have shapes
different than the clouds on Earth? If so, then devel-
op a cloud classification for them, and explain why.
If not, why not?

S5. Utilize the information in (a) and (b) below to
explain why cloud sizes might have a lognormal
distribution.

a. The central-limit theorem of statistics states
that if you repeat an experiment of adding N random
numbers (using differentrandomnumberseachtime),
then there will be more values of the sum in the mid-
dle of the range than at the extremes. That is, there
is a greater probability of getting a middle value for
the sum than of getting a small or large value. This
probability distribution has the shape of a Gauss-
ian curve (ie, a bell curve or a “normal” distri-
bution; see the Air Pollution chapter for examples).

For anyone who has rolled dice, this is well
known. Namely, if you roll one die (consider it to be
a random number generator with a uniform dis-
tribution) you will have an equal chance of getting
any of the numbers on the die (1, 2, 3, 4, 5, or 6).

However, if you roll two dice and sum the num-
bers from each die, you have a much greater chance
of getting a sum of 7 than of any other sum (which is
exactly half way between the smallest possible sum
of 2, and the largest possible sum of 12). You have
slightly less chance of rolling a sum of 6 or 8. Even
less chance of rolling a sum of 5 or 9, etc.

The reason is that 7 has the most ways (6 ways) of
being created from the two dice (1+6, 2+5, 3+4, 4+3,
542, 6+1). The sums of 6 and 8 have only 5 ways of
being generated. Namely, 145, 2+4, 3+3, 442, and 5+1
all sum to 6, while 2+6, 3+5, 4+4, 5+3, 6+2 all sum to
8. The other sums are even less likely.

b. The logarithm of a product of numbers equals
the sum of the logarithms of those numbers.

S6. Build an instrument to measure relative sizes of
cumulus clouds as follows. On a small piece of clear
plastic, draw a fine-mesh square grid like graph pa-
per. Or take existing fine-mesh graph paper and
make a transparency of it using a copy machine.
Cut the result to a size to fit on the end of a short
tube, such as a toilet-paper tube.

Hold the open end of the tube to your eye, and
look through the tube toward cumulus clouds.
[CAUTION: Do NOT look toward the sun.] Do this
over relatively flat, level ground, perhaps from the
roof of a building or from a window just at tree-top
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level. Pick clouds of medium range, such that the
whole cloud is visible through the tube.

For each cloud, record the relative diameter (i.e.,
the number of grid lines spanned horizontally by
the cloud), and the relative height of each cloud base
above the horizon (also in terms of number of grid
lines). Then, for each cloud, divide the diameter by
the cloud-base height to give a normalized diameter.
This corrects for perspective, assuming that cumu-
lus cloud bases are all at the same height.

Do this for a relatively large number of clouds
that you can see during a relatively short time inter-
val (such as half an hour), and then count the clouds
in each bin of normalized cloud diameter.

a. Plot the result, and compare it with the lognor-
mal distribution of Fig. 6.10.

b. Find the Ly and Sy parameters of the log-
normal distribution that best fit your data. (Hint:
Use trial and error on a spreadsheet that has both
your measured size distribution and the theoretical
distribution on the same graph. Otherwise, if you
know statistics, you can use a method such a Maxi-
mum Likelihood to find the best-fit parameters.)

S7. Suppose that you extend Euclidian space to 4
dimensions, to include time as well as the 3 space
dimensions. Speculate and describe the physical na-
ture of something that has fractal dimension of 3.4 .

S8. For advection fog, eq. (6.8) is based on a well-
mixed fog layer. However, it is more likely that
advection fog would initially have a temperature
profile similar to that for a stable boundary layer
(Atmospheric Boundary Layer chapter). Derive a
substitute equation in place of eq. (6.8) that includes
this better representation of the temperature profile.
Assume for simplicity that the wind speed is con-
stant with height, and state any other assumptions
you must make to get an answer. Remember that
any reasonable answer is better than no answer, so
be creative.

S9. Suppose that fog was transparent to infrared
(longwave) radiation. Describe how radiation fog
formation, growth, and dissipation would be differ-
ent (if at all) from real radiation fogs?

S10. Suppose that clouds were transparent to solar
radiation, and couldn’t shade the ground. Describe
and explain the possible differences in cloud mor-
phology, coverage, duration, and their effects on
weather and climate, if any.

S11. Find a current weather map (showing only
fronts and winds) for your continent. Use your
knowledge to circle regions on the map where you
expect to find different types of fog and different
types of clouds, and label the fog and cloud types.
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Hydrometeors are liquid and ice particles
that form in the atmosphere. Hydrometer sizes
range from small cloud droplets and ice crystals
to large hailstones. Precipitation occurs when
hydrometeors are large and heavy enough to fall to
the Earth’s surface. Virga occurs when hydrome-
ters fall from a cloud, but evaporate before reaching
the Earth'’s surface.

Precipitation particles are much larger than cloud
particles, as illustrated in Fig. 7Z1. One “typical”
raindrop holds as much water as a million “typical”
cloud droplets. How do such large precipitation
particles form?

The microphysics of cloud- and precipitation-
particle formation is affected by super-saturation,
nucleation, diffusion, and collision.

Supersaturation indicates the amount of excess
water vapor available to form rain and snow.

Nucleation is the formation of new liquid or
solid hydrometeors as water vapor attaches to tiny
dust particles carried in the air. These particles are
called cloud condensation nuclei or ice nuclei.

Diffusion is the somewhat random migration
of water-vapor molecules through the air toward ex-
isting hydrometeors. Conduction of heat away from
the droplet is also necessary to compensate the la-
tent heating of condensation or deposition.

Collision between two hydrometeors allows
them to combine into larger particles. These pro-
cesses affect liquid water and ice differently.

Volume (mm3)
108 108 104 102 100 102

small cloud jﬂmwwmmmmm
typical cloud .mm
g large cloud T R=50 um |
2 drizzle | R =200 pm |
% small rain | R =500 um |
3 typical rain R=1000 um |
large rain I R = 2500 um |
Figure 7.1

Drop volumes and radii, R.
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Figure 7.2

Thermo diagram (emagram) showing how excess-water mixing
ratio rg (thick line with arrows at each end) increases with in-
creasing height above cloud base (LCL) for an air parcel rising
adiabatically. rp = total water mixing ratio; ry = saturation
mixing ratio for water vapor. rg is the amount of water that can
form hydrometeors.

Sample Application

An air parcel starts at 100 kPa with temperature
20°C and mixing ratio 4 g kg!. Use a thermo diagram
to find the adiabatic value of excess-water mixing ratio
when the parcel reaches a pressure of 60 kPa, and find
the max available supersaturation.

Find the Answer
Given: Initially r = 7 =4 g kg™, T=20°C,
P =100 kPa

Finally: P =60 kPa.
Find: rg=?gkg?, S4=7? (dimensionless)

Use a full size thermo diagram from the Atmospheric
Stability chapter. Starting with the initial conditions,
and following the air parcel up dry-adiabatically from
the surface, we find the LCLisat P=75kPaand T =
-3°C, which marks cloud-base. Above the LCL, follow
the moist adiabat, which gives T ~-15°C at r, =2 g kg1
at P = 60 kPa. Assuming no entrainment and mixing,
rr=4gkgl

Useeq. (75): rp=(@4-2)gkg?! = 2gkgL.
Then use eq. (7.7): Sp =rg/rs=1=100%.

Check: Units OK. Physics OK. Agrees with Figs. 7.2
& 7.3)

Exposition: A supersaturation of 100% corresponds
to arelative humidity of RH =200% from eq. (7.2). Thus,
there is twice as much water in the air as can be held at
equilibrium. This excess water vapor drives conden-
sation. For real clouds, we expect r in the range of 0.5

tolb5g kgfl, based on the curves in Fig. 7.3.

g e W W T g S
SUPERSATURATION  AND
AVAILABILITY

WATER

Supersaturation

When there is more water vapor in the air than it
can hold at equilibrium, the air is said to be super-
saturated. Supersaturated air has relative humid-
ity RH greater than 100%. Define this excess relative
humidity as a supersaturation fraction S:

S=RH-1 *(7.1)
or as a supersaturation percentage 5%:
S% = 100%-S = RH% -100% '(72)

Using the definition of relative humidity from
the Water Vapor chapter, rewrite supersaturation in
terms of total vapor pressure e and saturation vapor

pressure é;:

s=2_1 «(73)
eS

for e > e,. It can also be approximated using mixing
ratios:

-1 *(74)
rS
forr>r,.
Water Availability

Suppose that an initially-unsaturated air parcel
has total water mixing ratio of . If the air parcel
rises adiabatically (i.e., no mixing with the environ-
ment, and no precipitation in or out), then it cools
and its saturation mixing ratio decreases. You can
use a thermo diagram (from the Atmospheric Stabil-
ity chapter) to find these changing mixing ratios, as
sketched here in Fig. 7.2.

Above the parcel’s lifting condensation level
(LCL) the saturation mixing ratio r, is less than rp.
This supersaturated air has an excess water mix-
ing ratio r¢ of:

rE = rT - rS .(75)

The excess water is available to condense onto
liquid drops and to deposit onto ice crystals:

r,t+ri=T1Eg (76)

where #; is liquid-water mixing ratio, and r; is ice
mixing ratio. Attemperatures T in the range—-40<T
< 0°C, supercooled liquid water and ice crystals can
co-exist in the air.
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Available supersaturation fraction is defined

as:
_E_IT

54 P 1 (7.7)
As hydrometeors grow and remove water vapor, r
becomes less than r, and S becomes less than S 4.
Droplets and ice crystals stop growing by condensa-
tion and deposition when they have consumed all
the available supersaturation (i.e, when r — r, and
S5 —0).

The adiabatic estimate of rg increases with
height above the LCL, as sketched in Figs. 7.2 and
7.3. However, in many real clouds, diabatic (ie.,
non-adiabatic) processes such as entrainment and
mixing of clear drier air into the top and sides of
the cloud cause the total-water mixing ratio to not be
conserved with height. As a result, typical amounts
of excess-water mixing ratio are less than adiabatic
(dashed lines in Fig. 7.3).

Beware that the adiabatic rg curve varies from
situation to situation, depending on the thermody-
namic initial conditions of the air parcel. So Fig. 7.3
is just one example (based on the Fig. 7.2 scenario).

Number and Size of Hydrometeors
Suppose we partition the available excess wa-
ter equally between all hydrometeors (for example,
for all liquid water droplets). In this way, we can
estimate the average radius R for each droplet due
only to condensation (i.e., before collisions between
droplets allow some to merge and grow into larger

drops):
1/3
R= [ip_@]

*(7.8)

AT Pyater 1
where excess-water mixing ratio rg is in kg ater
kg,i, L, p is density, and 7 is the number density
of hydrometeors (the count of hydrometeors per cu-
bic meter of air). Typical values are R =2 to 50 um,
which is small compared to the 1000 um separation
between droplets, and is too small to be precipita-
tion.

This is an important consideration. Namely, even
if we ignore the slowness of the diffusion process
(described later), the hydrometeors stop growing
by condensation or deposition before they become
precipitation. The reason is that there are too many
hydrometeors, all competing for water molecules,
thus limiting each to grow only a little.

The number density n of hydrometeors is initial-
ly controlled by the number density of nuclei upon
which they can form, as described next.

Physical |
Situation |
40
Ll
P T
(kPa) | §
A S
60 /
/
air 80
parcel
rise
Bt | 100

0 1 2 3 4
re (9/k9)

Figure 7.3

Example of the increase of excess water mixing ratio rg vs.
height above cloud base for the scenario in the previous figure.
The adiabatic value (solid line) represents the max likely value in
non-precipitating clouds, while the dashed curves show ranges
of actual max values. P is pressure.

Sample Application

Within a cloud, suppose air density is 1 kg m=3 and
the excess water mixing ratio is 4 g kg1 Find the final
drop radius for hydrometeor counts of (a) 108 m3,
and (b) 109 m=3.

Find the Answer
Given: rg = 0.004 Kgyater Kgair ™ Pair = 1 kg m™3
n=(a) 108 m=3, and (b) 10 m=3.
Find: R=?pum
Assume: pyarer = 1000 kg m3, as listed in Appendix
A.
Useeq. (7.8). Part (a):
3 1/3
R= 3’(1kgair/m )'(0-004kgwater /kgair)
4m-(10°Kg yater /M°)-(10°m ™)

=212x10°m = 21.2um.
(b) Similarly, R =9.8 pm.

Check: Units OK. Physics OK.

Exposition: Both of these numbers are well within
the range of “typical” cloud droplets. Thus, the final
drop size is NOT large enough to become precipita-
tion.




188 CHAPTER 7 ¢ PRECIPITATION PROCESSES

a) Homogeneous nucleation

water vapor
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incipient
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b) Heterogeneous nucleation
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Figure 7.4

Sketch of differences between (a) homogeneous nucleation of
cloud droplets and (b) heterogeneous nucleation around a wet-
table insoluble aerosol particle.
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Figure 7.5

CCN particle count n vs. radius R, for ¢ = 2,000,000 um3-m=3.
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NUCLEATION OF LIQUID DROPLETS

Nucleation (the creation of new droplets) in
clean air is called homogeneous nucleation (Fig.
74a). We will show that homogeneous nucleation is
virtually impossible in the real atmosphere and can
be neglected. Nucleation of cloud droplets by water
vapor condensing on tiny dust particles in the air is
called heterogeneous nucleation (Fig. 7.4b). Even
with heterogeneous nucleation, there is a barrier to
droplet formation that must first be overcome.

Cloud Condensation Nuclei (CCN)

An aerosol is any tiny solid or liquid particle
suspended in the air. The subset of aerosol particles
that can nucleate cloud droplets are called cloud
condensation nuclei (CCN). To nucleate a drop-
let, a solid aerosol either must be soluble in water
(such as various salt particles), or be sufficiently
large in diameter (radius > 0.1 pym) and have a wet-
table surface (i.e., be hydrophilic).

Boundary-layer air over oceans has smaller con-
centrations of aerosols than continental air. Over
oceans, of the 150 to 1000 total aerosol particles cm=3
of air, only about 90 to 200 particles cm=3 are CCN at
normal values of relative humidity (RH =~ 101%) in-
side clouds. Over continents, of the 2,000 to 70,000
total aerosol particles cm=3 of air, only about 200 to
700 particles cm=3 are CCN. At higher relative hu-
midities, larger percentages of aerosols act as CCN.
Exceptionally clean air over the Arctic can have only
30 CCN particles cm=3, while over industrial cities
the CCN count can approach 10° particles cm=2.

CCN particles can form when pollutant gases (of
molecular size: 107# to 10-3 um) in the air cluster to
form ultrafine aerosols (size 103 to 1072 pym) or
are oxidized in the presence of sunlight. Over the
oceans, sulfate and sulfuric acid CCN can form this
way from gases such as dimethyl sulfide and meth-
ane sulfonic acid, produced by phytoplankton
(microscopic drifting plant life in the ocean).

Further condensation of more pollutant gases
and coagulation (sticking together) cause the aero-
sols to quickly grow to 0.01 to 1 um size, called fine
aerosols. Beyond this size range they grow more
slowly. As a result, aerosols in this size range tend
to accumulate — a process called accumulation
mode. At larger 1 to 10 um sizes, coarse mode
CCN can form by other processes, such as strong
winds that pick up fine dirt from the ground.

Small nuclei are much more abundant than larg-
er ones (thin wiggly line in Fig. 7.5). Instead of a
smooth decrease in number of particles as their size
increases, the aerosol curve often has two or three
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peaks corresponding to the ultrafine, accumulation,
and coarse modes.

Over continental regions, the number density
(n = count of particles per volume of air) of particles
with radius between R -0.5-AR and R + 0.5AR can
be approximated by:

n(R)=c-R™*-AR (79)

for particles larger than 0.2 um, and for small AR.
Constant ¢ depends on the total concentration of
particles. This distribution, called the Junge dis-
tribution, is the dashed straight line in Fig. 7.5.

Curvature and Solute Effects

Both droplet curvature and chemical composi-
tion affect the evaporation rate, which affect the fate
of the droplet.

Curvature Effect

The evaporation rate from the curved surface of a
droplet is greater than that from a flat water surface,
due to surface tension. But droplet growth requires
condensation to exceed evaporation. Thus, to be able
to grow, smaller droplets need greater RH in the air
than larger drops. The resulting equilibrium RH in
the air as a function of droplet radius R is described
by Kelvin’s equation

RHY% = 100%~exp|: (7.10a)

<0
Pm-kpT-R

where 6 = 0.076 N m~! is surface tension of pure
water at 0°C, p,, = 3.3x1028 molecules m™3 is the
number density of water molecules in liquid at 0°C,
kg = 1.38x10723 J.K-1-molecule™! is Boltzmann’s con-
stant, and T is absolute temperature (in Kelvin) of
the droplet. Kelvin's equation can be abbreviated
as

RH% = 1000/0.exp[TC_1R] (7.10b)

where ¢; = 0.3338 pm-K = 26/(p,,;’kp).

Fig. 7.6 illustrates the curvature effect described
by Kelvin’s equation, where conditions above the
line allow droplets to grow. For example, droplets
of radius smaller than 0.005 pm need an environ-
ment having RH > 128% to grow. But larger droplets
of radius 0.1 pm need only RH > 101% to grow.

For homogeneous nucleation in clean air (no aero-
sols), incipient droplets form when several water-va-
por molecules merge (Fig. 7.4a). The resulting drop-
let has extremely small radius (=<0.001 um), causing it
to evaporate quickly, given the typical humidities in
clouds of #101% (grey shaded band in Fig. 7.6). How-

Sample Application

If ¢ = 5x107 pm3-m3 for the Junge distribution, then
how many CCN are expected within radii ranges of (a)
0.45 - 0.55 pm and (b) 0.95 - 1.05 uym?

Find the Answer

Given: R=0.5pm & 1.0 um, AR= 0.1 pm for both
ranges, and ¢ = 5x107 um3-m3

Find: n=?#m™>3

Use eq. (79):

(@) n = (5x107um3-m=3)-(0.5 um)~* -(0.1um)
=8x107 m3.

(b) 1 = (5x107 pm3-m=3)-(1 um)~4 -(0.1 pm)
=5x10°m3.

Check: Units OK. Physics OK.

Exposition: Doubling the particle radius reduces the
number density by more than tenfold. If each CCN nu-
cleates a cloud droplet, then each m3 of cloudy air con-
tain tens of millions of cloud droplets. Concentrations
in real clouds can be 10s to 1000s of times greater.

Sample Application
What humidity in a cloud at 0°C is needed to allow
a droplet of radius 0.03 pm to grow?

Find the Answer:
Given: R=0.03 pm. T=273K
Find: RH=? %
Use eq. (7.10b)
RH% =100% - exp[(0.334 pm-:K) / (273K - 0.03 um)]
=104.16%
Check: Units OK. Magnitude OK.
Exposition: A stable droplet this small is unlikely in
a real cloud, where typically RH ~ 101% or less.

130
120
RH
(%)
110 droplets \ droplets
evaporate grow
100 IIIIIi 1 1 11111y
0.01 0.1 1
R (um)
Figure 7.6

Curvature effect, showing the relative humidity (RH) needed
in air for a droplet of radius R to grow. The curve is given by
Kelvin's equation, for pure water at 0°C. Shaded region high-
lights the range of RH typically found in clouds.
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Table 7-1. Properties of some solutes. M is molecular
weight, i is approximate ion count.

Solute Chemistry M i
salt NaCl 58.44 2
ammonium sulfate (NH4),SOy4 132.13 3

hydrogen peroxide H,0, 34.01 2
sulfuric acid H,SOy4 98.07 3

nitric acid HNO; 63.01 2
Sample Application

Find the equilibrium relative humidity over a
droplet of radius 0.2 um, temperature 20°C, containing
1016 g of ammonium sulfate.

Find the Answer
Given: R=02pum, T=293K, m,=10"1%g
Find: RH% = 100%(e,7e)) = ? %

From Table 7-1 for ammonium sulfate:
M, =132.13, and i=3.
Use eq. (7.11):

0.3338K -um

o p((293K)-(0.2um))

ey L, (43x 102um3 g 1)-3.(10 71 g)
(132.13)-(0.2um)>

=1.00571 / (1+0.00122) = 1.00448
RH% = 100%-(e5*/e5) = 100.448%

Check: Units OK. Physics OK.

Exposition: Fig. 7.7b gives a value of about 100.49%
for a temperature of 0°C. Thus, warmer temperatures
require less supersaturation of water vapor in the air
to prevent the droplet from vaporizing.

Sample Application
In fog at 10°C, the vapor pressure is 1.4 kPa. Find
the supersaturation fraction and percentage.

Find the Answer
Given: T =10°C, e*=14kPa
Find: S=?, and S% =7

First, use Table 4-1 in the Water Vapor chapter to find
the saturation vapor pressure at 10°C: ¢, = 1.233 kPa.
Next, use eq. (7.12):
S=(14kPa/1233kPa)-1 = 1.135-1 = 0.135
5% =100% - S = 13.5%

Check: ¢;* is indeed > e, thus supersaturated.
Exposition: Unrealistically large, given typical su-
persaturations in clouds and fog of order S%=1%.

ever, for heterogeneous nucleation the small number
of water molecules can coat the outside of the aero-
sol particle (Fig. 7.4b), with a resulting radius that is
relatively large. Droplets formed by heterogeneous
nucleation grow and remove water-vapor molecules
from the air, thereby lowering the RH and eliminat-
ing the chance for homogeneous nucleation.

Solute Effect

Solutions (i.e, water containing dissolved
chemicals) evaporate water molecules at a slower
rate than does pure water. Solutions occur when
condensation occurs on impurities such as certain
cloud condensation nuclei (CCN) that dissolve in the
nascent water droplet. This can partially compen-
sate the curvature effect.

Recall that the saturation vapor pressure e; over
a flat surface of pure water was given in the Water
Vapor chapter by the Clausius-Clapeyron equation.
The two opposing effects of curvature and solute
can be combined into one equation (Kohler equa-
tion) for the ratio of actual saturation vapor pres-
sure ¢;* in equilibrium over a solution with a curved
surface, to vapor pressure over a flat surface of pure
water eg:

. exp [Cl]

RE < _ T-R *(711)
es 14 27 tMMs
M;-R®

where RH is the relative humidity fraction, T is ab-
solute temperature, R is drop radius, i is number of
ions per molecule in solution (called the van’t Hoff
factor), m, is mass of solute in the droplet, and M is
molecular weight of solute. The two parameters are:
¢; = 0.3338 Kium, and ¢, = 4.3x1012 um3-g~1. Table 7-1
gives properties for common atmospheric solutes.

In eq. (711) the relative humidity RH can be
greater than 1, corresponding to a relative-humidity
percentage (RH% = 100%-e4*/e,) that is greater than
100%. Similar to eq. (7.3), supersaturation relative
to the hydrometeor can be defined as a fraction:

S =(est/ey) — 1 *(7.12)
or as a percentage, S% =100% - S :
5% = 100%-[(es*/e) — 1] *(713)

Thus, the left hand side of eq. (7.11) can be easily re-
written as supersaturation.

The numerator of eq. (7.11) describes the curva-
ture effect, and together with the left hand side is
the Kelvin equation. The denominator describes
the solute effect of impurities in the water. Eq. (7.11)
was solved in a spreadsheet to produce the Kohler
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Figure 7.7a

Kohler curves, showing equilibrium relative humidities over
droplets of different radius with various solutes. T = 0°C. Sol-
ute mass = 10716 ¢.

100.6
100.5
100.4
100.3
100.2
100.1

RH (%)

100
99.9
99.8

Figure 7.7b
Blow-up of Fig. 7.7a.

curves in Fig. 77. Using these Kohler curves, we
can study nucleation.

First, the curve in Fig. 7.7 for pure water increases
exponentially as drop radius becomes smaller. This
curve was already shown in Fig. 7.6, computed from
Kelvin’s equation. It was used to explain why ho-
mogeneous nucleation is unlikely, because when the
first several water-vapor molecules come together to
form a condensate, their droplet radius is so small
that the droplet instantly explodes.

Second, solutions of some chemicals can form
small droplets even at humidities of less than 100%.
Such hygroscopic (water attracting) pollutants in
the air will grow into droplets by taking water va-
por out of the air.

Third, if humidities become even slightly greater
than the peaks of the Kohler curves, or if droplet
radius becomes large enough (see INFO box), then

4 INFO ¢ Droplet Growth )
To help interpret Fig. 7.7b, consider a droplet con-
taining just one chemical such as salt, in a cloud hav-
ing a known humidity, such as RH = 100.3%. This is
redrawn below.

100.6
100.5
100.4

< 1003

< 100.21

T 100.1

100 -
99.9
99.8 4 ey

R (um)
Figure 7.a. Interpretation of a Kohler curve.

Think of the Koéhler curve as the RH associated
with the droplet, which is trying to drive evaporation
from the droplet. The RH in air (horizontal grey line)
is trying to drive condensation to the droplet.

If RHgyoptet > RHyjp, then evaporation > condensa-
tion, and the droplet radius becomes smaller as water
molecules leave the droplet. This is the situation for
any droplet in the light grey band; namely, droplet C
suffers net evaporation, causing its radius to decrease
toward B.

If RHgropler < RH,jp, then evaporation < conden-
sation, and droplet radius increases due to net con-
densation. Droplet D has this state, and as its radius
increases it moves to the right in the graph, causing
RHgropiet to decrease further and driving even faster
droplet growth. Activated droplets such as these con-
tinue growing (shown by right-pointing arrows) until
they consume the excess humidity (driving the RH,;,
down toward 100%). Such droplet growth is a first
stage in formation of precipitation in warm clouds.

Droplet A also has RHgygpiet < RHyjp, and would
tend to increase in radius due to net condensation.
But in this part of the Kéhler curve, increasing radius
causes increasing RHyygpjer, and causes the net con-
densation to diminish until the droplet radius reaches
that at B.

Thus, the vertical dotted line in Fig. 7.a is an un-
stable equilibrium. Namely, a droplet on the Kohler
curve at the dotted line would either grow or shrink
if perturbed slightly from its equilibrium point.

However, the vertical dashed line is a stable equi-
librium point. Droplets approach this radius and
then stop growing. Namely, they stay as small haze
particles, and do not grow into larger cloud or pre-
cipitation particles.

. J
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Figure 7.8

Critical values of supersaturation S* vs. critical drop radius R¥,
for various solute masses and chemicals. a.s. = ammonium sul-
fide, salt = sodium chloride, h.p. = hydrogen peroxide. Nitric
acid and sulfuric acid are near the salt data points.

Sample Application
Find the critical radius and supersaturation value
for 10715 g of ammonium sulfate at 0°C.

Find the Answer
Given: my=10"15 g, T=273K
Find: R*=?um, S%*=? %.

Use eq. (7.14) & Table 7-1. R*=

(3.8681x 1013 K71 ¢ \um?)-3-(107 ¢)-(273K)
g g
132.13

R*=0.49 pm

Use eq. (7.15) & Table 7-1. S§* =

= (0.00166

oo |(1278x 1075K3.g)-132.13
3-(1075g)-(273K)°

S5%* =0.166%

Check: Units OK. Physics OK.
Exposition: Agrees with the point (white square)
plotted in Fig. 7.8 for “a.s.”. Thus, the larger mass nu-
cleus needs less supersaturation to become activated.
For a parcel of rising air with increasing
supersaturation, the larger nuclei will become acti-
vated first, followed by the smaller nuclei if the parcel
keeps cooling and if the excess vapor is not removed
by the larger nuclei first.

droplets can grow unimpeded. CCN reaching this
state are said to be activated. Growth of droplets
from activated nuclei continues until enough vapor
(i.e., rp) is consumed to reduce the supersaturation
back toward 100%. Pure droplets cannot form or
co-exist in an environment with neighboring solu-
tion droplets, because of the low supersaturation
remaining in the air after much of the vapor has
condensed out onto the solution droplets. That is
another reason why homogeneous nucleation can be
neglected for practical purposes.

Fourth, although not shown in these curves, the
equations allow droplets to form at lesser supersat-
urations if the mass of dissolved solute is greater.
Hence, larger CCN can grow into droplets earlier
and can grow faster than smaller CCN.

Critical Radius

The location of the peak of the Kohler curves
marks the barrier between the larger, activated
droplets that can continue to grow, from the smaller
haze droplets that reach an equilibrium at small
size. The drop radius R* at this peak is called the
critical radius, and the corresponding critical
supersaturation fraction is S* = ¢;*/e; — 1. They are

given by:
cy-i-mg-T
Re= [Bme «(7.14)
S
and
-M
Sr= | *(715)
i-mg-T

where c3 = 3.8681x1013 pm2K-1.g-1, and
¢y = 1.278x10715 K3-g. For critical supersaturation as
a percentage, use S%"* = 100%-5*.

Critical conditions are plotted in Fig. 7.8 for vari-
ous masses of different chemicals. Obviously 5% is
inversely related to R* so as solute mass increases,
smaller supersaturations are necessary to reach the
critical point, and at that point the droplets will be
larger. Also, notice that different chemicals will
grow to different sizes, which is one factor causing a
range of drop sizes in the cloud.

Haze

For conditions left of the peak on any Kd&hler
curve (ie, R < R¥), CCN rapidly grow into small
droplets that stop growing at an equilibrium size
determined by the humidity, temperature, and sol-
ute (see previous INFO box). These small droplets
are called haze droplets. Thus, tiny droplets can ex-
ist even at relative humidities below 100%.
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Sample Application

For 10716 g of ammonium sulfate at 0°C, how does
haze droplet radius change as RH increases from 70 to
80%? Also, how many molecules are in each aerosol?

Find the Answer

Assume: Same conditions as in Fig. 7.7a.
Given: RH = 70%, 80%.

Find: R =7?pum, n=7? molecules

Solve eq. (7.11), or use Fig. 7.7a. I will use the Fig.
R ~0.027 pym at 70%; R = 0.032 pm at 80%.

The number of molecules is 7 = p,,,[(4/3)-71:R3]
n = 2.72x10% molecules; n = 4.53x10° molecules

Check: Units OK. Physics OK.

Exposition: Haze particles indeed become larger as
relative humidity increases, thereby reducing visibil-
ity. Scattering of light by this size of particles is called
Mie scattering (see the Atmos. Optics chapter).

Haze droplets are aerosols. When a tiny, dry
CCN grows to its equilibrium size by the condensa-
tion of water molecules, this process is called aero-
sol swelling. Aerosol swelling is responsible for
reducing visibility in polluted air as humidities
increase above about 75%.

Even haze particles contain many water mol-
ecules. Liquid water contains about p,, = 3.3x10%8
molecules m=3. Thus, the smallest haze particles of
radius 0.02 um contain roughly n = p,,-[4/ 3)-mR3] =
1.1 million molecules.

The word smog is a contraction of “smoke” and
“fog”, which is a reasonable lay description of haze.
Many urban smogs are a stew of ingredients includ-
ing ozone, volatile hydrocarbons such as evaporated
gasoline, and various oxides of nitrogen. These re-
act in the atmosphere, particularly in the presence
of sunlight, to create sulfates, nitrates, and hydrogen
peroxide CCNs. Aerosol swelling and reduced vis-
ibilities are quite likely in such urban smogs, par-
ticularly when the air is humid.

Activated Nuclei

For conditions to the right of the peak on any
Kohler curve (i.e, R > R*), CCN are activated and
can continue growing. There is no equilibrium that
would stop their growth, assuming sufficient water
vapor is present. These droplets can become larger
than haze droplets, and are called cloud droplets.

Because atmospheric particles consist of a va-
riety of chemicals with a range of masses, we an-
ticipate from the Kohler curves that different CCN
will become activated at different amounts of

HIGHER MATH e Critical Radius

Derivation of the critical radius, eq. (7.14).

The critical radius is at e*/e; = maximum. But at
the maximum, the slope is zero: d(es*/e;)/dR = 0. By
finding this derivative of eq. (7.11) with respect to R,
and setting it to zero, we can solve for R at the maxi-
mum. This is R* by definition.

The right side of eq. (7.11) is of the form a/b. A rule
of calculus is:

d(a/b)/dR = [b-(da/dR)-a-(db/dR)] / b>.
Also, a is of the form a = exp(f), for which another rule
" da/dR = a-(df/dR).

Combining these 2 rules and setting the whole thing
to zero gives:

O_z[i_ldl]
"b|ldR bdR

But (a/b) is just the original right side of eq. (7.11),
which we know is close to 1.0 at the max, not close to
0. Thus, the eq. above equals 0 only if:

& _1db
dR bdR
Plugging in for f and b and differentiating yields:
-1 1 (=3)-cp-i-my
T-R® [ cyimg| M,-R*
|: M R’ ]

1+

Multiply both sides by (-R*T/c;) :

|:cz 11y ]
M
R*=(3-T/c) s
1462 ~1~m35
M;-R
Multiply the numerator and denominator of the right

side by M / (cp-img) , which gives:
1

R? :(3~T/c1)~|:

s 1
- +—=
ey i-mg, R
By plugging in typical values, we can show that the
1/R3 term is small enough to be negligible compared
to the other term in square brackets. This leaves:

R2 = 3¢y ) T-i-mg
- 1 Ms
Define c; = 3-c; /c3, set R = R, and take the square root
of both sides to get the final answer:

cg-i-mg-T (7.14)
M;

R*

n
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Sample Application

How many nuclei would be activated in continen-
tal air of supersaturation percentage 0.5%? Also, how
much air surrounds each droplet, and what is the dis-
tance between drops?

Find the Answer

Given: S = 0.005

Find: nccy = ? particles m=3,
Vol =? mm3, x=?mm.

(@) Use eq. (7.16):

neen = (6x108 m=3)-(0.5)0° = 4.24x10% m=3
(b) Also:

Vol =1/nccy = 2.36 mm?® droplet!
(0) Using eq. (7.17): x = VoI'/3 =1.33 mm.

Check: Units OK. Physics OK.

Exposition: If all of these nuclei become cloud drop-
lets, then there are over 40 million droplets within each
cubic meter of cloud. But there is a relatively large dis-

tance between each drop.

a) Homogeneous b) Deposition

0.001 pm - water-vapor e
— liquid-water molecule
molecule
L]
[ "
ice
embryo&\.
[ ]

supercooled cloud droplet

c) Immersion d) Contact

5pum

super-
cooled

5um supercooled ice
— cloud droplet cloud droplet nucleus
Figure 7.9

Sketch of (a) homogeneous, and (b-d) heterogeneous ice nucle-
ation processes.

supersaturation. The number density n-cp (# of CCN
per m3) activated as a function of supersaturation
fraction S is roughly:

neen = ¢ - (100-Syk (7.16)

but varies widely. In maritime air, ¢ ~ 1x108 m=3 and
k =~ 0.7. In continental air ¢ ~ 6x108 m=3 and k ~ 0.5.
The number of activated nuclei is in the range of 108
to 10 m=3, which is usually just a small fraction of
the total number of particles in the air.

The distance x between cloud droplets is on the
order of 1 mm, and is given by

x=ncen 3 (717)

g e W W T e S

NUCLEATION OF ICE CRYSTALS

Ice cannot survive at temperatures above 0°C
at normal atmospheric pressures. Below that tem-
perature, ice crystals can exist in equilibrium with
air that is supersaturated with respect to ice. The
saturation curve for ice was plotted in Fig. 4.2, and
is close to, but slightly below, the curve for super-
cooled liquid water.

Thereisathermodynamicbarrier toice formation,
analogous to the barrier for droplet growth. This
barrier can be overcome with either very cold tem-
peratures (colder than —40°C), high supersaturation
in the air, or by the presence of ice nuclei.

Processes

Homogeneous freezing nucleation is the
name for the spontaneous freezing that occurs with-
in supercooled liquid-water droplets as temperature
decreases to near —40°C. No impurities are needed
for this. Instead, ice embryos form by chance when
clusters of water molecules happen to come together
with the correct orientations (Fig. 79a). At—40°C, the
cluster needs only about 250 molecules. At slightly
warmer temperatures the critical embryo size is
much larger, and thus less likely to occur. Because
larger supercooled droplets contain greater num-
bers of molecules, they are more likely to form an
ice embryo and freeze.

Heterogeneous freezing nucleation can oc-
cur a variety of ways (Fig. 7.9b-d), but all require an
impurity (Table 7-2), which is generically called an
ice nucleus. These processes are described next.

Deposition nucleation (Fig. 79b) occurs when
water vapor deposits directly on a deposition nu-
cleus. While the solute effect was important for lig-
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uid droplet nucleation, it does not apply to ice nucle-
ation because salts are excluded from the ice-crystal
lattice as water freezes. Thus, the size and crystal
structure of the ice nucleus is more important. De-
position is unlikely on particles of size 0.1 pm or less.
Colder temperatures and greater supersaturation in-
creases deposition nucleation.

Immersion freezing (Fig. 79¢) occurs for those
liquid drops already containing an undissolved ice
nucleus called a freezing nucleus. Each nucleus
has a critical temperature below 0°C at which it trig-
gers freezing. Thus, as external processes cause
such a contaminated drop to cool, it can eventually
reach the critical temperature and freeze.

Larger drops contain more freezing nuclei, and
have a greater chance of containing a nucleus that
triggers freezing at warmer temperatures (although
still below 0°C). To freeze half of the drops of radius
R, the temperature must drop to T, given statistically
by

T~T1+ T, - In(R/R,) (718)

where R, =5pum, T; =235K,and T, =3 K.

Condensation freezing is a cross between de-
position nucleation and immersion freezing. In this
scenario, which occurs below 0°C, nuclei are more
attractive as condensation nuclei than as deposi-
tion nuclei. Thus, supercooled liquid water starts to
condense around the nucleus. However, this liquid
water immediately freezes due to the immersion-
nucleation properties of the nucleus.

Contact freezing (Fig. 79d) occurs when an
uncontaminated supercooled liquid drop happens
to hit an external contact nucleus. If the droplet
is cooler than the critical temperature of the ice nu-
cleus, then it will freeze almost instantly. This also
happens when (supercooled) freezing rain hits
and instantly freezes on trees and power lines. Ice
crystals in the air are also good contact nuclei for
supercooled water.

Ice Nuclei

Only substances with similar molecular struc-
ture as ice can serve as ice nuclei. Such substances
are said to be epitaxial with ice.

Natural ice nuclei include fine particles of clay
such as kaolinite stirred up from the soil by the
wind. Certain bacteria and amino acids such as I-
leucine and I-tryptophan from plants also can nu-
cleate ice. Combustion products from forest fires
contain many ice nuclei. Also, ice crystals from one
cloud can fall or blow into a different cloud, trigger-
ing continued ice formation.

Other substances have been manufactured spe-
cifically to seed clouds, to intentionally change the
amount or type (rain vs. hail) of precipitation. Silver

Table 7-2. Listed are the warmest ice nucleation thresh-
old temperatures (°C) for substances that act as ice nu-
clei. Processes are: 1 contact freezing, 2 condensation
freezing, 3 deposition, and 4 immersion freezing.

(x = not a process for this substance.)

Substance Process

1 2 3 4
silver iodide -3 -4 -8 -13
cupric sulfide -6 X -13 | -16
lead iodide -6 -7 -15 X
cadmium iodide -12 X 21 X
metaldehyde -3 -2 | -10 X
1,5-dihydroxynaphlene -6 -6 | -12 X
phloroglucinol X -5 -9 X
kaolinite -5 -10 | <19 | -32
Sample Application

What cloud temperature is needed to immersion-
freeze half of the droplets of 100 um radius?

Find the Answer
Given: R=100 pm.  Find:
Use eq. (7.18)

T = 235K + (3K)In(100pm/5pm) = 244K = —29°C

T=?K

Check: Units OK. Physics OK.

Exposition: Smaller droplets can remain unfrozen at
much colder temperatures than larger drops, which
are thus available to participate in the WBF precipita-
tion growth process described later.
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Figure 7.10

Number density n;, of active ice nuclei per m3 of air as a func-
tion of ice supersaturation S and temperature T. Shaded region
encloses typically observed combinations of S and T.
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Sample Application

Given a supersaturation gradient of 1% per 2 um
near a droplet in a cloud at 4 km altitude where satu-
rated mixing ratio is 1.5 g kg™ and the diffusivity is
2x107 m2s71. Find (a) the mixing-ratio gradient, (b)
the kinematic moisture flux, and (c) the dynamic mois-
ture flux.

Find the Answer:
Given: AS%/Ax =1% / 2um, 7s=0.0015 kg ater/Kgair
D =2x10"> m2s1L.
Find: (a) Ar/Ax = ? (kgwater/k8air)/m , (b) F =7
(K8water/Kgair)-(m S_l) , ©QF=? kgwater'rn_z's_1
First, convert units in the saturation gradient:
AS/Ax = [1%/2 pm]-(106um/1m)/100% = 5000 m~! .
Next, use eq. (7.21):
Ar/Ax = (0.0015kg/kg)-(5000m1)
=75 (kgwater/ kgair)'m_l'

Then use eq. (7.20):
F = -(2x107° m2s71)(75 (kg/kg)m™)
-1.5x10~* (kgwater/Kgain)(m s7h.

Finally, use the definition of kinematic flux from the
Solar & IR Radiation chapter: F =/ p,; . As a first
guess for density, assume a standard atmosphere at z =
2 km, and use Table 1-5 in Chapter 1 to estimate p,; =
0.82kg,, m=3. Thus: F = (p,)-(F)
= (0'82kgair m_S)'[_1'5X10_4(kgwater/ kgair)'(m 5_1)]
= -1.23x107% kg aperm 2571

Check: Units OK. Physics OK.

Exposition: Diffusive fluxes are very small, which is
why it can take a couple hours for droplets to grow to
their maximum drop radius. The negative sign means
water vapor flows from high to low humidity.

Gradients

X (pm)

Figure 7.11

Humidity gradients in supersaturated environment near grow-
ing droplets. S% is supersaturation percentage, x is distance.
The nucleus for both droplets is salt of mass 10716 g. Back-
ground supersaturation is 1%, the small droplet has radius 0.2
um, and the large drop 1.0 um. Equilibrium supersaturation
adjacent to the droplets is taken from Fig. 7.7b. Nearest neigh-
bor droplets are roughly 1000 um distant.

iodide has been a popular chemical for cold-cloud
seeding. Other cold-cloud-seeding chemicals are
lead iodide, cupric sulfide, phloroglucinol, and met-
aldehyde. Table 7-2 lists some ice nuclei and their
critical temperatures. Because contact nucleation
occurs at the warmest temperatures for most sub-
stances, it is the most likely process causing ice nu-
cleation.

Air usually contains a mixture of ice nuclei hav-
ing a variety of ice nucleation processes that become
active at different temperatures and supersatura-
tions. The number density #;., of active ice nuclei
per cubic meter of air is shown in Fig. 7.10.

g e W W T g S
LIQUID DROPLET GROWTH BY DIFFU-
SION

In a supersaturated environment, condensation
onto a growing droplet removes water vapor from
the adjacent air (Fig. 7.11). This lowers the humidity
near the droplet, creating a humidity gradient down
which water vapor can diffuse.

Diffusion is the process where individual
water-vapor molecules meander through air via
Brownian motion (i.e., random walk). The net direc-
tion of diffusion is always down the humidity gradi-
ent toward drier air.

The diffusive moisture flux F in Kgperm 251
is

F=_p.2Po

Ax

where x is distance, D is diffusivity, and p, is abso-

lute humidity (water-vapor density) in kg ater M

To rewrite this in kinematic form, divide by dry-air
density p,;, to give:

*(719)

r-_pAr

e *(7.20)

where r is water-vapor mixing ratio, and kinemat-
ic flux F has units of mixing ratio times velocity
[(kgwater Kgaiy D):(m s]. Larger gradients cause
larger fluxes, which cause droplets to grow faster.
The mixing ratio gradient is Ar/Ax . This is re-
lated to the supersaturation gradient AS/Ax by:

EZM%.A_S (7.21)

Ax Ax Ax

where 7 is the saturation mixing ratio over a flat wa-
ter surface. For this expression, the supersaturation
fraction is defined by eq. (74), and supersaturation
percentage by eq. (7.2).
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Larger drops create a more gentle gradient than
smaller drops. The humidity profile is given by:

R

S=S5_+
||

(5r =5 (7.22)

where S is supersaturation fraction at distance
x from the center of the drop, S.. is background
supersaturation at a large distance from the drop-
let, Sg is equilibrium supersaturation adjacent to the
drop, and R is droplet radius. Eq. (7.22) was solved
on a spreadsheet to create Fig. 7.11.

The diffusivity D is approximately

1.94
D zci[l]

7.23
sl (723)

where ¢ = 2.11x10"> m2s~! is an empirical constant,
P, = 101.3 kPa, and T, = 273.15 K. This molecular
diffusivity for moisture is similar to the thermal
conductivity for heat, discussed in the Heat Budgets
chapter.

During droplet growth, not only must water va-
por diffuse through the air toward the droplet, but
heat must conduct away from the drop. This is the
latent heat that was released during condensation.
Without conduction of heat away from the drop, it
would become warm enough to prevent further con-
densation, and would stop growing.

Droplet radius R increases with the square-root
of time ¢, as governed by the combined effects of wa-
ter diffusivity and heat conductivity:

R=cy-(D-S.t)"? “(24)

where S, is the background supersaturation frac-
tion far from the drop. Also, dimensionless constant
Cy is:

C4= (z'roo'puir/pliq.water)1/2 (7.25)
where background mixing ratio is ... Small drop-
lets grow by diffusion faster than larger droplets,
because of the greater humidity gradients near the
smaller drops (Fig. 711 and eq. 7.22). Thus, the small
droplets will tend to catch up to the larger droplets.

The result is a drop size distribution that tends
to become monodisperse, where most of the drops
have approximately the same radius. Also, eq. (7.24)
suggests that time periods of many days would
be necessary to grow rain-size drops by diffusion
alone. But real raindrops form in much less time
(tens of minutes), and are known to have a wide
range of sizes. Hence, diffusion cannot be the only
physical process contributing to rain formation.

Sample Application
Find the water vapor diffusivity at P = 100 kPa and
T =-10°C.

Find the Answer
Given: P=100kPa and T =263K.
Find: D=?m2s
Use eq. (7.23):

D=(211x 10‘5m2s‘1)(

101.3kPa)( 263K )194
100kPa )\ 273.15K

=1.99x107° m?s7L.
Check: Units OK. Physics OK.

Exposition: Such a small diffusivity means that a
large gradient is needed to drive the vapor flux.

Sample Application

Find and plot drop radius vs. time for diffusive
growth, for the same conditions as the previous Sam-
ple Application. Assume 1% supersaturation.

Find the Answer
Given: P=100kPa, T=263K, D =2x10°> m2s-1.
Find: R(um) vs. t

First get p,;, from the ideal gas law:

o o P 100kPa
T Ry-T(0.287kPaK 1 -m® kg ™)-(263K)
=1.325kgm=3.

rs~1.8 gkg = 0.0018 kg kg™! from thermo diagram in
Ch. 5. But supersaturation S=1%=0.01=[r, /rs] -1
Thus r,=[1+S ]rg
= 1.01:(0.0018 kg kg1) = 0.00182 kg kg L.
Using thisin eq. (7.25): ¢4 =
[2:(0.00182 kg,,/kg,)(1.325 kg, m~3)/(1000 kg, m=3)]}/2
cg =0.0022 (dimensionless)

Finally solve eq. (7.24) on a spreadsheet:
R = 0.0022 - [2x10° m2 s71) - (0.01) -t [1/2

120
100
80 T
60 T
40 +
20 +

0 Il Il Il I Il Il Il I Il Il Il

R (um)

t (min)

Check: Units OK. Physics OK.

Exposition: The droplet radius increases with the
square root of time — fast initially and slower later.
After 3 hours, it has a size on the borderline between
cloud and rain drops. Thus, it is virtually impossible
to grow full-size rain drops solely by diffusion.
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(" INFO « Cubic Ice )

Fourteen phases of ice have been identified, and
are labeled using Roman numerals I-XIV (see Fig. 7.b).
More phases might be discovered in the future. Each
phase is a preferred arrangement of molecules having
uniform chemical composition and physical state.

At normal atmospheric temperatures and pres-
sures, ice I is most prevalent. However, it comes in
two variants: hexagonal ice (Ih), and cubic ice
(Ic). Ice Ih is the form that is thermodynamically
stable in the troposphere. Both forms of ice I have a
tetrahedral arrangement of water molecules.

Hexagonal ice Ih forms crystals that are hexagonal
plates, hexagonal columns with flat ends, hexagonal
columns with pyramidal ends, and dendrites (snow-
flakes with 6 arms). Samples of these crystal shapes
have been collected in the atmosphere, and are fre-
quently observed. This is the normal ice that we see.

Cubic ice Ic is believed to be able to form as cubes,
square columns capped by pyramids, and octa-
hedrons (equal to two pyramids with their bases
merged). Natural crystals of ice Ic have been detected
in the lower stratosphere, but never been successfully
captured in the lower troposphere partly because it is
metastable with respect to ice Ih, and at warmer tem-
peratures ice Ic rapidly converts to Ih. Cubic ice has
been created in the lab under atmospheric conditions,
and its existence in the atmosphere has been inferred
from certain halos observed around the sun (because
ice crystals act like prisms; see the Optics chapter).

103
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P
(kPa)
XI
103
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Figure 7.b ()
Phase diagram for water, as a function of temperature (T)
and pressure (P). Standard atmosphere is thin dotted line,
with circle at Earth-surface standard conditions. (Not all

hases are plotted.) See exercise U26 and Table 7-7.
\” P Y,
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ICE GROWTH BY DIFFUSION

Ice Crystal Habits

In the troposphere, the normal ice crystal shape
that forms from direct deposition of water vapor
is hexagonal (see INFO Box at left). The particular
hexagonal shape that grows depends on tempera-
ture and supersaturation (Fig. 7.12). These shapes
are called habits. Supersaturation is sometimes
given as water-vapor density excess p,, = p, — Pys
where p,, is absolute humidity and p, is the satura-
tion value of absolute humidity.

Asice crystals fall and move by wind and turbu-
lence, they pass through regions of different temper-
ature and vapor-density excess in the cloud. This
allows individual crystals to grow into complex com-
binations of habits (Fig. 7.13). For example, a crystal
that starts growth as a column might later be capped
on each end by large plates. Because each crystal
travels through a slightly different path through the
cloud, each snowflake has a unique shape.
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Figure 7.12

Ice crystal habits (idealized). Sheaths are hollow needles, and
needles are long, narrow, solid columns. Outside the range of
this figure, solid-column rosettes are found at temperatures be-
low —40°C.
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Figure 7.13
Some of the observed ice crystal shapes. [Courtesy of Kenneth
Libbrecht, www.SnowCrystals.com.]

Sample Application

For each snow crystal class in Table 7-A (see INFO Box
at right), identify (by row and column label) all crystal
shapes from Fig. 7.13 that are in that class.

Find the Answer

Class Shapes

la Columns: 1A, 1B, 2B, 5D
1b Needles: 1C, 5B, 6B, 7B

1c Plates: 1E, 2A, 3A, 3D, 4A, 4D, 6C, 7C, 7D
1d Stellars:  2E, 3A, 3D, 4A, 4D, 4E, 5A, 6A,

le Irregular: 1D, 1E, 2C, 2D, 3C, 3E, 4C, 5C, 5E, 6D
1f Graupel:  6E, 7E

1g Hail: (none)

1h Ice Pellets: (none)

Exposition: Identifying ice-crystal class is somewhat
subjective. Different experts might give a slightly dif-
ferent classification than the solution above.

4 )

INFO ¢ Snow Grain Classification

Snow avalanches are often associated with weak
snow layers buried under stronger layers of snow.
Field observations of snow crystal shape and size
are important for detecting the different snow layers.
The International Commission on Snow and Ice (ICSI)
developed in 1990 a standard symbology (Table 7-A &
Table 7-B) to use when logging snow data.

Table 7-A. Morphological (shape-based) classifica-
tion of precipitation particles. T = temperature, p,, =
excess water vapor density.

[Colbeck et al, 1990: The International Classification for
Seasonal Snow on the Ground, ICSL. 37pp. Available
from  http://www.crrel.usace.army.mil/techpub/
CRREL_Reports/reports/Seasonal_Snow.pdf ]

Name Sym- | Shape & Formation
bol

Short, prismatic crystal,
[ | solid or hollow. See Fig. 712
for T & p,,, conditions.

la | Columns

Needle-like, approximately
cylindrical. See Fig. 7.12 for
T & p,. conditions.

1b | Needles

Plate-like, mostly hexago-
nal. See Fig. 712 for T & p,,
conditions.

1c | Plates

Six-fold start-like, planar or
spatial. See Fig. 712 for T &
pye conditions.

Stellars,

1d Dendrites

Clusters of very small crys-
tals. Polycrystals growing
at varying environmental
conditions.

Irregular

le Crystals

Heavily rimed particles.
Caused by accretion of
supercooled water.

1f | Graupel

Laminar internal structure,
translucent or milky, glazed
surface. Growth by accre-
tion of supercooled water.

1g | Hail

Transparent, mostly small
spheroids. Frozen rain.

> D> D |1

1h | Ice Pellets

Table 7-B. Snow-grain classification (ICSI).

Term Size (mm)
Very fine <0.2

Fine 0.2 to 0.5
Medium 0.5t0 1.0
Coarse 1.0t0 2.0
Very coarse 2.0t0 5.0
Extreme >5.0
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Sample Application

Given a mixed-phase cloud (i.e.,, having both ice
crystals and supercooled liquid water droplets) at
—14°C that is saturated with respect to water (and thus
supersaturated with respect to ice; see Fig. 4.2 in the
Water Vapor chapter). If the water vapor diffusivity
is 1.5x10-> m2 s71, then what is the relative mass of ice
crystals after 1 hour of growth, for (a) a 3-D crystal and
(b) a 2-D crystal that is 15 um thick?

Find the Answer

Given: D =1.5x10°m? s, t=1h=3600s, T = 259K
d=15pum = 1.5x10-° m.

Find: m=7?kg

Assume: initial mass m is negligible

First, use Fig. 4.2 in the Water Vapor chapter to estimate
the supersaturation. The insert in that fig. shows that
(ewater — €ice ) = 0.0275 kPa at T = -14°C, and e, = 0.175
kPa. The supersaturation is:

S = (eyater — Cice ) / €ice = (0.0275 kPa)/(0.175 kPa)

S =0.157 (dimensionless)

Use the ideal gas law for water vapor (eq. 4.10) to es-
timate vapor density from vapor pressure (which for
this case equals e, ~ 0.20 kPa, from previous para-
graph):
Py = Cuater/ RyT) =
= (0.2 kPa) /[(0.461 kPaK-m3kg1)-259 K)]
=1.68 x 103 kg m=3

(@) Use eq. (7.26). The factor in parenthesis is
(P»3/p)Y/2 = [(1.68x103 kg m~3)3/(916.8 kg m=3)[1/2
=2.27x10" kg m=3
and the term in square brackets of eq. (7.26) is
[ 1=1[1.5x10-% m2 s71)-(0.157)-(3600s)]3/2
[1 =(8478x103m?)3/2 = 7.8x10~4 m3

Thus, solving eq. (7.26):
m = 11.85-(2.27x10-¢ kg m=3)-(7.8x10~4 m3)
=21x108kg = 2.1x10° g
(b) Use eq. (7.27):

e 509 ((0.00168kg/m>)
15x10°m | 916.8kg/m?

]-[8.478x10'3m2]2

= 751x108kg = 7.51x10° ¢

Check: Units OK. Physics OK. Agrees with Fig. 7.14.
Exposition: Typically observed ice-crystal mass is
about 3x10-5 g. Typical snowflakes that fall to Earth
are often aggregates of hundreds of ice crystals stuck
together, with a total mass of about 3 mg snowflake™.

Growth Rates

Because of the diversity of shapes, it is better to
measure crystal size by its mass m rather than by
some not-so-representative radius. Rate of growth
by diffusion depends on crystal habit.

Columns and very thick plates have aspect ra-
tio (height-to-width ratio) of roughly 1. If the as-
pect ratio remains constant during growth, then the
growth equation is:

m=cs(py> / pi)/ 2 [D-S-11%/2 (7.26)

where c3 = 11.85 (dimensionless), p, is the density of
water vapor (=absolute humidity, see eq. 4.10), p; is
ice density (= 916.8 kg m=3 at 0°C), D is diffusivity,
S is supersaturation fraction, and ¢ is time. If the
crystal were spherical with radius R, then its mass
would be m = pyig yarey - (47/3)-R3. Taking the cube
root of both sides of eq. (7.26) gives an equation simi-
lar to eq. (7.24). Thus growth rate of a 3-D crystal is
very similar to growth of a liquid droplet.

For 2-D growth, such as dendrites or plates of
constant thickness d, the growth equation changes
to

2
mz%-("%)-[ns-ﬂz (7.27)

pi

where ¢, = 5.09 (dimensionless). For 1-D growth
of needles and sheaths of constant diameter, the
growth equation is

" o exp[(D. S.t)l/Z] (7.28)

These three growth rates are sketched in Fig. 7.14.

Evidently 2-D crystals increase mass faster than
3-D ones, and 1-D crystals increase mass faster still.
Those crystals that gain the mass fastest are the ones
that will precipitate first.

1-D: needles
@ & sheaths
©
€
o 2-D: plates
E & dendrites
©
= 3-D: columns
/ & thick plates
f } }
0 50 100 150 200

t (min)

Figure 7.14
Relative growth rates of crystals of different habits.
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The Wegener-Bergeron-Findeisen (WBF)

Process

Recall from the Water Vapor chapter that ice has
a lower saturation vapor pressure than liquid water
at the same temperature. Fig. 7.15 shows an enlarge-
ment of the saturation vapor-pressure curves for lig-
uid water and ice.

Suppose that initially (time 1, on the time line
in Fig. 7.15) there are only supercooled liquid water
droplets in a cloudy air parcel. These droplets ex-
ist in a supersaturated environment and therefore
grow as the excess water vapor diffuses toward the
droplets. As the air parcel rises and cools within
the cloud, some ice nuclei might become activated at
time 2, causing ice crystals to form and grow. The
excess water vapor now deposits on both the liquid
and solid hydrometeors.

Both the ice crystals and liquid droplets continue
to grow, because both are in a supersaturated envi-
ronment (time 3). However, the ice crystal grows a
bit faster because it is further from its ice saturation
line (i.e., more supersaturated) than the liquid drop-
let is from liquid saturation line.

As both hydrometeors grow, water vapor is re-
moved from the air, reducing the supersaturation.
Eventually, near point 4 on the time line, so much
vapor has been consumed that the relative humid-
ity has dropped below 100% with respect to liquid
water. Hence, the liquid droplet begins to evaporate
into the unsaturated air. However, at point 4 the ice
crystal continues to grow because the air is still su-
persaturated with respect to ice.

The net result is that the ice crystals grow at the
expense of the evaporating liquid droplets, until the
liquid droplets disappear (point 5). This is called the
Wegener-Bergeron-Findeisen (WBF) process.

The difference between ice and liquid satura-
tion vapor pressures is greatest in the range —-8°C
to -16°C, as shown in Fig. 7.16 (from the insert in Fig.
4.2). This is the temperature range where we expect
the maximum effect from the WBF growth process,
also known as the cold-cloud process because
temperatures below freezing are needed.

If a large number of ice nuclei exist in the air, then
a large number of ice crystals will form that are each
too small to precipitate. For a very small number of
ice nuclei, those few ice crystals will rapidly grow
and precipitate out, leaving behind many small lig-
uid cloud droplets in the cloud. Both of these sce-
narios lead to relatively little precipitation.

Only with a medium concentration (1 to 10) ice
nuclei per liter (compared to about a million liquid
droplets in the same volume) will the ice nuclei be
able to scavenge most of the condensed water before
precipitating out. This scenario causes the maxi-
mum precipitation for the WBF processes. But a
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Enlargement of part of the saturation curve from Fig. 4.2, il-
lustrating the WBF (cold-cloud) ice-growth process in a rising,
cooling air parcel. Shown are saturation vapor pressure (ey) vs.
temperature (T) over liquid water and ice. Spheres represent
cloud droplets, and hexagons represent ice crystals. Small grey
arrows indicate movement of water vapor toward or away from
the hydrometeors. Thick black arrow indicates time evolution.
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Saturation vapor pressure difference over water vs. over ice
(copied from Fig. 4.2).
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(b) Riming (c) Coalescence
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Figure 7.17

Collision and collection of hydrometeors in (a) very cold clouds
with no liquid water; (b) cold clouds with both supercooled lig-
uid-water droplets that freeze quickly when they hit ice crystals;
and (c) warm clouds. Grey arrows show the fall velocity of the
larger hydrometeor relative to the smaller ones.

Sample Application
What updraft wind is needed to keep a typical
cloud droplet (R = 10 pm) from falling?

Find the Answer
Given: R =10 pm
Find: wyp= ?m s, and use: w,, =-wr

Use eq. (7.29):

wr = (-1.19x108 m~1 s71).(10x10-6 m)? =

=-0012ms1=-1.2cms!

Wy = L2ems™L
Check: Units OK. Physics OK.
Exposition: The required updraft velocity is posi-
tive 1.2 cm s71, which is a very gentle movement of air.
Recalling that most clouds form by adiabatic cooling
within updrafts of air, these updrafts also keep cloud

droplets aloft.

restriction on this precipitation formation process
is that it happens only in cold clouds (clouds colder
than 0°C).

As was discussed in the nucleation sections,
there are indeed fewer ice nuclei than CCN, hence
the cold-cloud process can be an important first step
in getting hydrometeors large enough to begin to
fall out of the cloud as precipitation.

The cold-cloud process can occur even in sum-
mer, but higher in the troposphere where the air is
colder. As these ice particles fall into warmer air
at lower altitude, they melt into raindrops to create
summer convective rain showers (see Fig. 7.21 later
in this chapter).

g e W W T g S

COLLISION AND COLLECTION

Larger hydrometeors (ones with a greater mass/
drag ratio) fall the fastest. As a result, different
hydrometeors move at different speeds, allowing
some to collide (hit each other). Not all collisions
result in the merging of two hydrometeors. Those
particles that do merge form a particle that is even
heavier, falls faster, and collides with even more par-
ticles (Fig. 717). Hence, this positive feedback can
cause hydrometeors to rapidly grow large enough to
precipitate.

Terminal Velocity of Hydrometeors

Everything including cloud and rain drops are
pulled by gravity. The equilibrium velocity result-
ing when gravity balances frictional drag is called
the terminal velocity.

Cloud Droplets

For particles of radius R <40 pm, which includes
most cloud droplets and aerosols, Stokes Drag
Law gives the terminal velocity wr as

Wt = _kl ‘RZ (729)

where k; = 1.19x108 mLs1 . The negative sign on
indicates the droplets are falling.

When drops fall at their terminal velocity, the
gravitational pull on the drops is transmitted by
frictional drag to the air. In other words, the weight
of the air includes the weight of the drops within it.
Hence, droplet-laden air is heavier than cloud-free
air, and behaves as if it were colder (see virtual tem-
perature, eq. 1.22). Falling rain also tends to drag air
with it.
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Typical terminal velocities of these smallest
droplets and aerosols are mm s~! to cm s7! relative
to the air. However, the rising air in clouds often has
updraft velocities (cm s~! to m s71) that are greater
than the terminal velocity of the particles. The net
result is that cloud droplets and aerosols are carried
upward inside the cloud.

Rain Drops

Rain drops are sufficiently large and fall fast
enough that Stokes drag law is not appropriate. If
raindrops were perfect spheres, then

1/2

Pair

(7.30)

where k, = 220 m1/2s71, p, = 1.225 kgm3 is air den-
sity at sea level, and p,;, is air density at the drop
altitude. Again, the negative sign in the equation
means a downward velocity.

However, the larger raindrops become flattened
as they fall due to the drag (see polarimetric radar
section of the Satellites & Radar chapter). They do
not have a tear-drop shape. This flattening increas-
es air drag even further, and reduces their terminal
velocity from that of a sphere. Fig. 718 shows rain-
drop terminal velocities. For the smallest drops, the
curve has a slope of 2, corresponding to Stokes law.
For intermediate sizes R = 500 to 1000 um, the slope
is 0.5, which corresponds to eq. (7.30). At the larger
sizes about R = 2.5 mm, the terminal velocity curve
has near zero slope as the droplet becomes so de-
formed that it begins to look like a parachute. Drops
larger than about 2.5 mm radius tend to break up.
The largest raindrops rarely exceed 4 mm radius.

Let R be the equivalent radius of a sphere hav-
ing the same volume as the deformed drop. An em-
pirical curve for terminal velocity (relative to air)
over range 20 < R <2500 pym is:

wr = —c-[wo —wq -exp(ROR_ R):| *(7.31)
1

where w, =12 m s, w; =1 m s, R, = 2500 pm, and
R; =1000 um. This curve gives a maximum termi-
nal velocity of 11 m s7! for the largest drops. The
density correction factor is ¢ = (P7pxpa/Pain)t/? = (70
kPa/P)}/2, where P is ambient pressure. Rain falls
faster where the air is thinner (less dense).
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Figure 7.18

Raindrop terminal speed |wy| at P=70kPaand T =0°C. Ris
the equivalent radius of a spherical drop. Curve is eq. (7.31).

Sample Application
Find the terminal velocity of a droplet of equiva-
lent radius 1500 um, at P = 70 kPa.

Find the Answer
Given: R =1500 um, ¢ =1 at P =70 kPa.
Find: wr=?msL

Use eq. (7.31):
wr = -1[(12m s71) - (Im s71).
exp{(2500pm-1500pm)/(1000um)}]
=-9.3ms!

Check: Units OK. Physics OK. Agrees with Fig. 7.18.
Negative sign means falling downward.

Exposition: This wr ~ 34 km h~l. Updrafts in thun-
derstorms are fast, and keep these large drops aloft.
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Sample Application
Plot the terminal velocity of hailstones vs. equiva-
lent diameter (0.01 to 0.1 m) at 5 km altitude.

Find the Answer
Given: z =5 km
Find: wr (ms™) vs. D (m), where D = 2R .

Assume: std. atmosphere. Thus p,;, = 0.7361 kg m=3
at z =5 km, from Chapter 1.
Assume: Cp =0.55, and p; = 900 kg m=3, calm air.
Use a spreadsheet to solve eq. (7.32).

60

-W+ (m/s)

0 | | | | i | | | |

0.05 0.1
D (m)

o

Check: Magnitudes agree with plot in the Thunder-
storm chapters. Sign is negative (implying downward
fall).

Exposition: Massive hailstones falling at these fast
velocities can kill people, strip foliage and small

branches off trees, destroy crops, and kill animals.

Collision Efficiency

20 ym

Figure 7.19

Smaller droplets A & B are both in the path of the falling larger
drop. Relative to the large drop, small droplet A is pushed aside
by the air flowing around the large drop, and does not collide.
But droplet B, closer to the centerline of the larger drop, does
collide.

Hailstones
The terminal velocity wy of a hailstone relative to
the air is approximated by:

1/2
wy = _|:§M_Pi R:|
3 CD Pair

*(7.32)
where |¢| = 9.8 m s is gravitational acceleration
magnitude, Cp ~ 0.55 (dimensionless) is a drag co-
efficient of the hailstone through air, p; 900 kg
m~3 is the density of the hailstone, p,;, is air density,
and R is hailstone radius. The negative sign means
the hailstone falls downward.

The drag coefficient varies between 0.4 and 0.8,
because hailstones have different shapes, surface
roughnesses, and tumblings. The hailstone ice
density can be less than the density of pure ice, be-
cause of varying amounts of imbedded air bubbles.
Air density decreases with increasing altitude (see
Chapter 1); hailstones fall faster in thinner air. For
non-spherical hailstones, R is taken as the equiva-
lent radius of a sphere that has the same volume as
the actual hailstone.

Large hailstones form only in thunderstorms
with strong updrafts. Thus, the hailstone terminal
velocity relative to the ground is the sum of the air
updraft speed (a positive number) and the hailstone

terminal velocity relative to the air (a negative num-
ber).

Collection & Aggregation Processes

Warm-cloud Process

The merging of two liquid droplets (Fig. 7.17c)
is called coalescence. This is the only process for
making precipitation-size hydrometeors that can
happen in warm clouds (clouds warmer than 0°C),
and is thus called the warm-cloud process.

When droplets of different size approach each
other, they do not always merge. One reason is that
the smaller droplet partly follows the air as it flows
around the larger droplet, and thus may not collide
with the larger drop (Fig. 7.19). This is quantified by
a collision efficiency (E), which is small (0.02 < E <
0.1) when the smaller droplet is very small (2 < R <
5 pm). But if both droplets are relatively large (such
as when the smaller droplet has R > 10 um, and the
larger droplet has R > 30 um), then efficiencies can
be05<E<1

Even if two droplets collide, they might not
merge because a thin layer of air can be trapped be-
tween the two droplets (Fig. 7.20b). For this situa-
tion, the two droplets bounce off of each other and
do not coalesce. The coalescence efficiency (E’) is
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very small (0.1 < E” < 0.3) when both drops are large
(300 < R <500 um). The efficiency is greater (E" > 0.8)
when both droplets are small (R < 150 um, as in Fig.
7.20a).

The product of both efficiencies is the collection
efficiency: E.=E - E'. The maximum efficiency
possible is 1.0, but usually efficiencies are smaller.

Cold-cloud Processes

When ice particles collide and stick to other ice
particles (Fig. 7.17a), the process is called aggrega-
tion. Such aggregation is aided if the colliding par-
ticles are dendrites, for which the snowflake arms
can interlock. Also, if the ice particles are warmer
than -5°C, then the ice surface becomes sticky, al-
lowing multiple ice crystals to aggregate into soft
little irregular clumps of snow.

The growth of ice particles by collection and in-
stant freezing of supercooled liquid droplets (Fig.
717b) in mixed-phase clouds is called accretion
or riming. Hydrometeors that become so heavily
rimed as to completely cover and mask the original
habit are called graupel. Graupel has the consisten-
cy of a sugar cube (i.e., many separate solid grains
stuck together), but often in the shape of a cone or
a sphere. For an aggregate to be called graupel, it’s
diameter must be no larger than 5 mm.

If the collected water does not freeze instantly
upon contacting the ice particle, but instead flows
around it before freezing, then hail can form.
Graupel contains a lot of air trapped between the
frozen droplets on the graupel, and thus is often
softer and less dense than hail. See the Thunder-
storm chapters for more information about hail.

Precipitation Formation

Warm Clouds

How do terminal velocity and collection efficien-
cy relate to the formation of large, precipitation-size
particles in warm clouds? Recall that: (1) the atmo-
sphere has an excessively large number of CCN; (2)
this causes the available condensate in a rising cool-
ing air parcel to be partitioned into a large number
of small droplets (droplets too small to rain out);
(3) droplets tend to become monodisperse (nearly
the same size) due to diffusion; (4) droplets of the
same size have the same terminal velocity, and thus
would be unlikely to collide with each other as they
are kept aloft in the updraft; and (5) with no colli-
sions we would not expect larger precipitation drops
to form in warm clouds.

Yet warm-cloud rain happens quite nicely in the
real atmosphere, especially in the tropics. Why?

Five factors can help make warm-cloud rain:

(a) Efficient coalescence
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Figure 7.20

Colliding small droplets in (a) coalesce into a single drop. Col-
liding larger droplets in (b) do not coalesce, because of a film of
air trapped between them that cannot completely escape before
the two droplets bounce off of each other.
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INFO ¢ Meteors and Meteorology

Ancient Greeks defined “meteors” as anything in
the sky. They were particularly concerned about mis-
siles the gods might toss down, such as bits of rock,
ice, or lightning bolts.

Only much later did scientists discriminate
between missiles from space (bits of rock called
meteoroids) and missiles from the atmosphere
(bits of just about anything else from the sky). But by
then “meteorology” was firmly entrenched as the
name for atmospheric science.

According to the Glossary of Meteorology, meteo-
rologists study the following meteors:

° hydrometeors - wet: clouds, rain, snow, fog,
dew, frost, etc.

» lithometeors - dry: dust, sand, smoke, haze

« igneous meteors - lightning, corona

» electrometeors - lightning (again), thunder

e luminous meteors - rainbows, halos, etc.

Except for “hydrometeors”, these terms are seldom
used any more.
J
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Figure 7.21

Thunderstorms can have cold-cloud tops and warm-cloud bases,
allowing efficient growth of ice precipitation that can melt into
large raindrops on the way down.

e First, by random chance a small number of colli-
sions do occur, which starts to broaden the spectrum
of drop sizes. This broadens the range of terminal
velocities to allow more collisions, which accelerates
via positive feedback (with help from breakup of
larger drops).

e Second, not all CCN are the same size — some are
called giant CCN (particles > 3 um radius, with a
wettable surface) and can create a small number of
larger cloud droplets that fall relative to (and collide
with) the other cloud droplets.

e Third, turbulence can entrain outside clear air into
the top and sides of a cloud, causing some droplets
to partly evaporate, thereby broadening the spec-
trum of droplet sizes, again allowing collisions.

e Fourth, IR radiation from individual drops near
cloud top and sides can cool the drops slightly be-
low the ambient air temperature, allowing greater
condensation growth of those drops relative to in-
terior drops.

e Fifth, electrical charge build-up in cumuliform
clouds (see the Thunderstorm chapters) can draw
droplets together of different charge, and can cause
sparks between nearby droplets to allow them to co-
alesce more efficiently.

Cold Clouds

In cold clouds (T < 0°C), the smaller number of
ice nuclei in the atmosphere allows the available
condensate to deposit onto a small number of larg-
er ice particles. Even in mixed-phase clouds, the
WBF process can remove water molecules from the
large number of droplets and deposit them onto a
small number of ice crystals. Thus, the ice crystals
are larger, and can fall as precipitation. Also, the
crystals often have a wide range of sizes and shapes
so they can collide and aggregate easily, which also
creates large-enough particles to fall as precipita-
tion.

Cumuliform clouds including thunderstorms can
be deep enough to have their bases in warm air and
their tops in cold air (Fig. 7.21). Thus, ice particles
can grow to large size (order of 1-5 mm) via the WBF
process, aggregation, and riming in the cold part of
the cloud, and then melt into large raindrops as they
pass through warmer air closer to the ground. Most
rain from mid-latitude thunderstorms forms this
way. See the Thunderstorm chapters for more infor-
mation about heavy rain.

Also, on those rare occasions when thunder-
storms can be triggered in late Fall or early Spring,
boundary-layer temperatures can be cold enough
to allow snow from thunderstorms to reach the
ground as large snow clusters (snow balls) without
totally melting, accompanied by lightning and thun-
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der from the storm. This is sometimes nicknamed
thundersnow.

Regardless of whether clouds are warm or cold,
a simple rule of precipitation is that thicker clouds
can cause heavier precipitation rates with larger size
drops. The main reason is that hydrometeors take
a longer time to fall the greater distance through
thicker clouds, giving them more time to grow.
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PRECIPITATION CHARACTERISTICS

Rain-Drop Size Distribution

Small raindrops outnumber large ones. Classi-
cally, the rain-drop spectrum has been fit by an ex-
ponential function, known as the Marshall-Palm-
er distribution:

N = %exp(—A-R) *(7.33)

where N is the number of drops of radius great-
er than R within each cubic meter of air, and
N, = 1.6x107 m~%. Parameter A(m~1) = 8200-(RR)0-21,
where RR is rainfall rate in mm h-1. Fig. 7.22 shows
the Marshall-Palmer distribution. While there are
on the order of 1000 drops of drizzle size and larg-
er in each cubic meter of air, there are only tens of
drops of typical raindrop size and larger.

Fig. 7.23 shows rain-drop distributions for a vari-
ety of rain rates. Larger drop diameters are associat-
ed with heavier rainfall rates. Drop diameters in the
range of 4 to 8 mm diameters have been observed for
the heaviest rain events. Because large liquid drops
tend to break up into smaller ones as they fall, it is
possible that some of the largest-diameter drops re-
ported in Fig. 7.23 consisted of still-melting graupel
or aggregated/rimed snow.

Beware that these curves vary significantly
from storm to storm. Many thunderstorms have
much greater numbers of large 1000 to 2500 ym ra-
dius drops. Real clouds are very heterogeneous in
their generation of rain, causing a patchiness in the
rainfall rates. This patchiness causes the raindrop
size distributions to continually change with time
and place; namely, they are not the simplistic, steady
distributions given above. This patchiness is also
observed by weather radar (see the Satellites & Ra-
dar chapter), and in the rainfall observed by rain
gauges on the ground. You probably also experi-
enced it when driving or walking through rain.

10000
Marshall-Palmer
1000
o Log-
;Eh 100 E hormal
bz 10
1
0.1 4 : : :
0 500 1000 1500 2000
R (um)
Figure 7.22

Rain drop size distributions. Rainfall rate was RR = 10 mm
hL

Sample Application
Find the number of raindrops larger than 1000 pm,
using the parameters given below.

Find the Answer
Given: RR = 10 mm h™!, N, = 1.6x10” m~*, R = 1000
um

Find: N=? m3.

First, find A =8200-(10 mm h1)-021 = 5056 m~1 .

Next, use eq. (7.33) for Marshall-Palmer:

N = [(1.6x107 m~%)/(5056 m~1)]-exp[—(5056 m~1)-(10~3 m)]
=20.2m73.

Check: Units OK. Physics OK. Agrees with Fig.
7.22.

Exposition: Don't forget that N is like 1 — cumulative
distribution. It doesn't give the count of drops of size
equal to R, but counts all drops of size R and greater.

Drizzle (0.25 mm/h)

50
40
2 | Moderate Rain (5 mm/h)
5 30 ';
‘;3 4+ + . Heavy Rain (25 mm/h)
g 20 I by :: Extremely Heavy
= ' H Rain (150 mm/h)

10 ' - _;_L_I

I _!. . !_ _:..:
0 .o L= _:...“j. L
0 1 2 3 4 5 6 7 8
Drop Diameter (mm)
Figure 7.23

Typical distribution of rain-drop sizes during different rain
rates. Area under each curve equals 100% of the total volume of
rain accumulated in the rain gauge for that rain rate.
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Table 7-3. Rain intensity criteria (from USA Fed. Me-
teor. Handbook No. 1, Sep 2005), and their corresponding
weather-map symbols and Meteorological Aviation Re-
port (METAR) codes for continuous, non-freezing rain.

. Rainfall rate el
Rain on Map
Intensit
7 inches h-! | xmm h-! METAR
code
[ ]
LN}
heavy >0.30 >76 °
+RA
[ ]
L}
moderate 011-0.30 | 2.6-76
RA
light 0*-0.10 0*to 2.5 o0
-RA
trace < 0.005 <01
Sample Application

Is the record rainfall envelope valid for these other
actual observations: (a) 206 mm/20 min at Curtea-de-
Arges, Romania on 7 July 1889; (b) 304.8 mm/42 min at
Holt, MO, USA on 22 July 19477

Find the Answer

Given: (a) d,p = 206 mm, P,,;,, = 20 minutes = 0.333 h
(b) dyps =304.8 mm , P,,;, =42 min= 0.7 h

Find: if dis approx. equal or less than d,,;y ;4in

Use eq. (7.34): (@) dyyax rain = 209.6 mm
(b) dmax rain = 303.7 mm

Exposition: Yes, envelope is approx. valid for both.

Table 7-4. Drizzle and snow intensity criteria (from
USA Fed. Meteor. Handbook No. 1, Sep 2005), and their
weather-map symbols and Meteorological Aviation Re-
port (METAR) codes for continuous precipitation.

Precip. Visibility (x,) Symbol on Map
Intensity METAR Code
miles =km | Drizzle | Snow
b
> 9 ¥ %
heavy x, <025 | x, <04 ’
+DZ +SN
b *
moderate 025<x, | 04<x, 9 * %
<05 <038
DZ SN
29 % %
light x,>05 | x,>0.8
-DZ -SN

Rainfall Rates

Sometimes rainfall rate (ie, precipitation
intensity) is classified as light (or slight), mod-
erate, or heavy. Different countries set different
thresholds for these rainfall categories. Table 7-3
shows rainfall intensity criteria used in the USA to
determine weather symbols in station plots on sur-
face weather maps. A trace amount of precipita-
tion is a very small amount of rain that might wet
the ground, but is too small to be detected in a rain
gauge (i.e, < 0.1 mm). See the Thunderstorm chap-
ters for more information about very heavy rain and
downpours from thunderstorms.

Drizzle is precipitation of very small drops (di-
ameter < 0.5 mm) that are closely spaced and uni-
form. Although precipitation rates (mm h-1) from
drizzle are usually very small, drizzle can reduce
visibility (Table 7-4).

World-record rainfall total accumulated depth
Aax.rain 1N @ Tain gauge over any storm period P,;,
is approximately contained under the following en-
velope:

g ain = 4- P, 13143 (7.34)
where a =363 mm,,;,"h~/2. For example, on 25 May
1920 Fussen, Germany received 126 mm in 8 min-
utes. On 18 July 1942 Smethport, PA, USA received
780 mm in 6 hours. On 15 March 1952, Cilaos, La
Re Union Island received 1,830 mm in 1 day. Cher-
rapunji, India received 2,493 mm in 48 h on 15-16 Jun
1995, and 9,300 mm for the month of July 1861, and
received 26,470 mm in the year ending 31 July 1861.

Snowfall Rates & Snow Accumulation

Snowfall rates in the US are classified using the
same visibility criterion as drizzle (Table 7-4). Low
visibility due to heavy snowfall or blowing loose
snow, when accompanied by strong winds, is classi-
fied as a blizzard if it persists for 3 to 4 hours (Table
7-5). If you are outside in a blizzard, you could easily
get disoriented and not be able to return to a shelter,
because of white-out conditions, where the snow
makes the ground and sky look uniformly white so
you cannot discern any features or landmarks.

When it is snowing, the precipitation rate is usu-
ally measured as liquid-water equivalent in units
of mm h~l. Namely, it is the precipitation rate after
all precipitation is melted. Heated rain gauges ac-
complish this.

You can also estimate the snowfall rate by peri-
odically measuring the depth of snow on the ground
using a meter stick or other metric. However, melt-
ing of the snow on warm ground, and compression
of snow by the weight of snow above cause large er-
rors in these estimates. Thus, liquid-water equiva-
lent is used instead as a more accurate measure.
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New fallen snow has a density roughly 10% of Table 7-5. Blizzard criteria.
that of liquid water. Thus, a rough first guess is that —
new-fallen snow depth is about 10 times the liquid- Weat.h.er Ctenialzllmpstbeimel)
water equivalent depth. Condition USA Canada
Actual snow densities vary widely, as listed in visibility < 0.25 mile <1km
Table 7-6. The density of freshly falling dry snow wind speed > 35 mi h-1 > 40 km h-1
is very small because of the air between branches of )
: . duration 23h >4h
each ice crystal, and because of air trapped between
ice crystals as they accumulate on the ground. Af-
ter snow has fallen, metamorphosis takes place
where the tips of the crystals evaporate and rede- -
posit near the crystal centers. Such snow gradually Table 7-6. Snow density.
changes into snow grains (similar to sugar grains), Density Characteristics
and becomes more compact and dense. Snow can be (kg m~3)
further modified by partial melting and refreezing 50-100 | Fresh falling snow.
(on a diurnal cycle, ar}d also on an annual cycle for New top snow. Uncompacted. Called
glacier snow). The weight of additional snow on top 100 - 200 “powder” by skiers.
can further compact deeper older snow.
Piste is the name for a ski run where the snow 200-300 | cttled snow on ground. Self-compacted
has b ted by grooming machines. Den- after several days.
as been compac y g g .
sity and strength can be increased by mechanically Compacted snow by grooming ma- S,
chopping and compacting the snow, by adding lig- chines. Some target densities (kg m™) for
. . . groomed ski slopes are: 450 for cross-
uid water (that later freezes), and by adding chemi- .
. 1 country (nordic) tracks, 530-550 for
cals such as nitrate fertilizers or urea. 300 - 500 ’ X
snowboard and downhill (alpine) runs,
and 585 - 620 for slalom.
Precipitation Distribution Also forms naturally in deep layers of
Combining rain-gauge data over land with sat- snow, such as during glacier formation.
ellite observations over oceans gives the annual 500-550 | Called “névé”. Snow that has been par-
precipitation distribution shown in Fig. 724. The tially melted, refrozen, & compacted.
heaviest rain is in the tropics, where the warm sea Called “firn”. Naturally compacted
surface causes copious amounts of evaporation (Fig. 550 - 830 and aged over 1 year. A form of ice still
7.25), where the warm air can hold a large amount . containing air channels, observed during
of precipitable water, and where the general circu- glacier formation.
lation contains updrafts. Ram- is supPressed at 30° 830917 | lce with bubbles, typical in the top 1000 m
north and south due to extensive regions of down- of old glaciers.
firaf.t in the Hadley—cell circul-ation. .This circulation 917 Solid ice (no bubbles). Typical of glacier
is discussed in the General Circulation chapter. ice below 1000 m depth.
[e]
Figure 7.24 60°N T — — 1 &
Annual mean precipita- 40°N T, % 20~ A ‘\T . i
tion during years 1979 ey @ <§Hjﬁ;£f %\ W\Cf /j.:
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[Adapted ~ from  im- 20°N - . N \‘g/‘ 50 . {u{\“":ﬂa. ]
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Climate Prediction Eq. \ J ( i 4 'm e :
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Figure 7.25

Zonally averaged rates of evaporation (light grey with dotted
outline) and precipitation (dark grey with solid black outline).
Estimated from a combination of satellite observations, numeri-
cal simulations, and surface observations. Spread of the grey
areas indicates uncertainty (disagreement among the different
methods). Data courtesy of NASA GSFC and the Global Pre-
cipitation Climatology Project (plotted as the thick black line).

g o Wa W T Y a W

PRECIPITATION MEASUREMENT

The simplest precipitation instrument is a rain
gauge, which is a cylindrical bucket into which the
rain falls. By using a measuring stick to manual-
ly read the water depth in the bucket at successive
times such as every hour, you can determine rainfall
rate. For greater sensitivity, a funnel can be placed
over the bucket to collect rain faster, but the depth of
water in the bucket must be reduced by the ratio of
the horizontal cross-section areas of the bucket to the
funnel opening. To get the liquid-water equiva-
lent of the snowfall, some rain gauges are heated to
melt snow, and others are painted black to passively
melt snow by absorbing sunlight. Some gauges are
surrounded by a segmented wind shield to reduce
errors due to blowing precipitation.

Automated rain gauges exist. Weighing rain
gauges weigh the rain-filled bucket over successive
intervals, inferring rain accumulation by weight in-
crease, knowing the density of liquid water.

Tipping-bucket rain gauges direct the cap-
tured rain into a tiny bucket on one side of a lever.
When the bucket gets full, it tips the lever like a
seesaw (teeter-totter), emptying that bucket while
simultaneously moving under the funnel an empty

bucket from the other end of the lever. Each tip can
be counted digitally, and the frequency of tips dur-
ing an hour gives the rainfall rate.

An evaporative rain gauge has two metal
plates, one above the other, each oriented horizon-
tally (one facing up, and the other facing down).
Each plate is heated electrically to maintain the
same specified temperature warmer than ambient
air. Precipitation falling on the hot top plate evapo-
rates quickly, thereby removing heat from that plate.
By measuring the amount of extra electricity needed
to keep the top plate at the same temperature as the
bottom, and knowing the latent heat of vaporiza-
tion, the rainfall rate can be determined.

Attenuation rain gauges have a light beam
that shines horizontally across an open air path ex-
posed to precipitation. The attenuation of the light
beam is related to precipitation intensity, but errors
can be due to air pollution, fog, and different absorp-
tion cross-sections of liquid vs. solid precipitation.

A disdrometer measures size distribution of
rain drops via the momentum imparted to a hori-
zontal plate by each falling drop. Another method
is a particle imager that sends light from an array of
light-emitting diodes to an array of tiny photodetec-
tors. Each hydrometeor casts a shadow that can be
detected, where the size and the shape of the shad-
ows are used together to estimate precipitation rate,
hydrometeor type and size. A Knollenberg probe
uses this imaging method, and can be mounted on
aircraft flying through clouds and precipitation.

A liquid-water content (LWC) probe consists
of an electrically heated wire. When mounted on an
aircraft flying through a cloud, the rain and cloud
droplets evaporate upon hitting the hot wire. By
measuring the electrical power needed to maintain
a constant wire temperature against the evaporative
cooling, the LWC can be inferred.

Snow amount on the ground can be measured
by placing a liquid antifreeze-filled thin-skin metal
snow pillow on the ground before the winter snow
season. As snow accumulates during the season, the
weight of the snow squeezes the pillow and displac-
es some of the fluid. Pressure sensors measure the
weight of the displaced fluid to infer snow weight.

Downward-pointing ultrasonic snow-depth
sensors mounted on a tall pole measure the trav-
el time for an emitted pulse of sound to reach the
ground and echo back to the sensor on the pole.
This gives the distance between the top of the snow
and the sensor, which can be subtracted from the
sensor height above bare ground to give the snow
depth. Similar sensors use travel time for IR or vis-
ible light pulses.

Remote sensors (see the Satellites & Radar chap-
ter) can also be used to measure rain rate or accu-
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mulation. Ground-based weather radar actively
emits microwaves, and can estimate rainfall rate
from the echo intensity and polarization character-
istics of the microwave signal that is scattered back
to the radar from the precipitation particles. Pas-
sive microwave sensors on some weather satel-
lites can measure the brightness temperature of
the minute amounts of microwaves emitted from
the Earth’s surface and atmosphere. With this info
one can infer the atmospheric total water content in
a column of the atmosphere (used to estimate tropi-
cal rainfall over the oceans), and can infer snow
depth on the ground (over high-latitude regions).

g e W e W T S g W

REVIEW

Cloud droplets that form on cloud condensa-
tion nuclei (CCN) overcome a formation barrier
caused by the surface tension of the curved surface.
However, because there are so many CCN between
which the available water is partitioned, the result is
a large number of very small droplets. These drops
grow slowly by diffusion, and develop a monodis-
perse droplet-size distribution. Such a distribution
reduces droplet collisions, and does not favor drop-
let growth into precipitation hydrometeors. Hence,
we get pretty clouds, but no rain.

Warm-cloud (T > 0°C) rain can happen in the
tropics, particularly over oceans where there are
fewer CCN allow formation of a smaller number
of larger drops. Several other processes can cause
the droplet sizes to have more diversity, resulting
in different terminal velocities for different drops.
This encourages collision and coalescence to merge
smaller droplets into ones that are large enough to
precipitate out.

In clouds colder than 0°C, ice nuclei trigger ice
crystals to grow. Ice crystals can exist in the air
along with supercooled liquid drops. Because of
the difference between liquid and ice saturation hu-
midities, the ice can grow at the expense of evap-
orating liquid droplets. If the ratio of water to ice
hydrometeors is about a million to one, then most of
the water will be transferred to ice crystals, which
are then heavy enough to fall as precipitation.

As larger ice particles fall and hit smaller super-
cooled liquid droplets, the droplets can freeze as
rime onto the ice crystals, causing the hydrometeors
to grow even faster. This process can create graupel
and hail. Also, ice crystals can aggregate (collide
and stick together) to make larger clumps of snow.
Most rain at midlatitudes results from melted snow
that form from this “cold cloud” process.

i e W U W T g W

HOMEWORK EXERCISES

Broaden Knowledge & Comprehension
Bl. Search the web for any journal articles, confer-
ence papers, or other technical reports that have pic-
tures of droplet or ice-crystal growth or fall process-
es (such as photos taken in vertical wind tunnels).

B2. Can you find any satellite photos on the web
showing haze? If so, which satellites and which
channels on those satellites show haze the best? Do
you think that satellites could be used to monitor air
pollution in urban areas?

B3. Search the web for microphotographs of ice
crystals and snow flakes with different habits. What
habits in those photos were not given in the ideal-
ized Fig. 712?

B4. Find on the web a clear microphotograph of a
dendrite snow flake. Print it out, and determine the
fractal dimension of the snow flake. (Hint, see the
Clouds chapter for a discussion of fractals.)

B5. Search various government air-pollution web
sites (such as the U.S. Environmental Protection
Agency: http://www.epa.gov/ ) for sizes of aero-
sol pollutants. Based on typical concentrations (or
on concentrations specified in the air-quality stan-
dards) of these pollutants, determine the number
density, and compare with Fig. 7.5.

B6. Search the web for information about surface
tension, and how it relates to Gibbs free energy.

B7. Search the web for information about snow and
snowflakes.

B8. Search the web for climate statistics of actual
annual precipitation last year worldwide (or for your
country or region), and compare with Fig. 7.24.

B9. Search the web for photos and diagrams of pre-
cipitation measurement instruments, and discuss
their operation principles.

Apply
Al. Using Fig. 7.1, how many of the following drop-
lets are needed to fill a large rain drop.

a. small cloud droplet

b. typical cloud droplet

c. large cloud droplet

d. drizzle droplet
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e. small rain droplet
f. typical rain droplet

A2. Find the supersaturation fraction and super-

saturation percentage, given relative humidities (%)

of: a.100.1 b.100.2 «¢. 1004 d.100.5 e.100.7
£.101 g 101.2 h.101.8 1i.102  j.102.5
k.103.3 11040 m.105 n.107 0.110

A3. For air at T = -12°C, find the supersaturation
fraction, given a vapor pressure (kPa) of:

a.025 b.026 ¢ 028 d.03 e. 0.31
£.038 g.05 h.0.7 1. 09 j- 1.1
k.12 .14 m.1.6 n. 18 0.19

Hint. Get saturation vapor pressure from the Water
Vapor chapter.

A4. For air at P = 80 kPa and T = -6°C, find the
supersaturation percentage, given a mixing ratio (g
kg of: a.6b.58 c.5.6 d.54 e.52 £.51 g5

h.49 i.47 j.45 k. 43141 m38 n.36
Hint. Get saturation mixing ratio from a thermo
diagram (at the end of the Atmospheric Stability
chapter).

A5. For the previous problem, assume the given
mixing ratios represent total water mixing ratio.
Find the excess water mixing ratio (g kg™).

A6. For an air parcel with excess water mixing ratio
of 10 g kg! at a geopotential height of 5 km above
mean sea level, find the average radius (um) of the
hydrometeor assuming growth by condensation
only, given a hydrometeor number density (# m™3)
of:a. 1x108 b.2x108 ¢ 3x108 d.4x10% e.5x108
f.6x108 g 7x108 h.8x10% i 9x108 j. 1x10°
k.2x10% 1.3x10° m.4x10° n.5x10° o. 8x10°

A7. If ¢ = 5106 um3m3, use the Junge distribution
to estimate the number density of CCN (# m~3) with-
in a AR = 0.2 pm range centered at R (um) of:

a.02 b.03 c.04 d.05e06 £08 g 1.0

h.2 i3 j4 k5 16 m8 nl0

A8. For pure water at temperature —20°C, use Kel-
vin’s equation to find the equilibrium RH% in air
over a spherical droplet of radius (um):

a.0.005 b.0.006 c. 0.008 d.0.01 e 0.02
£.003 g 004 h005 1i006 j.0.08
k.0.09 L0.1 m.02 n.03 0.0.5

A9 (§). Produce Kohler curves such as in Fig. 7.7b,

but only for salt of the following masses (g) at 0°C:
a. 1018 b.107177 c 10710 d.10715 e 10714
£.10713 g 10712 h.101! i 5x10718 j. 5x10-17
k.5x10716 1. 510715 m.5x107% n.5x10713

A10(§). Produce Kohler curves for a solute mass of
1016 g of salt for the following temperatures (°C):

a.-35 b.-30 c¢-25 d.-20 e-I5
£-10 g-5 h2 i5 j10 k15
120 m.25 n.30

Al1l. Find the critical radii (um) and supersatura-
tions at a temperature of —10°C, for
a. 5x10717 g of hydrogen peroxide
b. 5x1017 g of sulfuric acid
c. 5x107 g of nitric acid
d. 510717 g of ammonium sulfate
e. 5x1071¢ g of hydrogen peroxide
f. 5x1016 g of sulfuric acid
g. 5x10716 g of nitric acid
h. 5x10716 g of ammonium sulfate
j. 5x1071% g of hydrogen peroxide
k. 5x10715 g of sulfuric acid
1. 510715 g of nitric acid
m. 5x101° g of ammonium sulfate
n. 5x10714 g of hydrogen peroxide
0. 5x1071 g of sulfuric acid
p- 51071 g of nitric acid
g. 5x10 g of ammonium sulfate

A12. For the nuclei of the previous exercise, find the
equilibrium haze droplet radius (um) for the follow-
ing relative humidities (%):

@70 ()72 Gi)74 (@(v)76 (v)78

(vi) 80 (vii) 82 (viii) 84 (ix)86  (x) 88

(xi) 90 (xii) 92 (xiii) 94 (xiv) 96 (xv) 98

A13. How many CCN will be activated in maritime
air at supersaturations (%) of

a.02 b.03 c.04 d.05 e 06 £08 g 10

h2 i3 j4 kb5 16 m8 n10

A14. Find the average separation distances (um) be-
tween cloud droplets for the previous problem.

A15. What temperature is needed to immersion-

freeze half the droplets of radius (um)
a.10 b.20 c.30 d.40 e. 50 f.60
h.80 1i.90

g. 70
j-125 k.150 1.200 m. 200 n. 300

Al6. Estimate the number density of active ice nu-
clei for the following combinations of temperature
and supersaturation [T(°C), S;..(%)].

a.-53 b.-55 c.-10,5 d.-10, 10
e.-1510 £ -10,12 g -15,12  h.-20,13
i.-15,18 j.-20,20 k.-2520 1.-20,23
m.-25,23 n.-23,25
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A17. For a supersaturation gradient of 1% per 2 um,
find the kinematic moisture flux due to diffusion.
Given T = —20°C, and P = 80 kPa. Use D (m2s7!) of:

a. 1x10®  b. 2x10®  c. 3x107© d. 4x10°°
e. 5x10¢  f 6x107® g 7x10° h. 8x10®
i 9x106 . 1x10-5 K. 3x10-5 L 4x10-5
m. 5x10° n. 6x10° 0. 7x107® p. 8x107°

A18 (§). Compute and plot supersaturation (%) vs.
distance (um) away from drops of the following ra-
dii, given a background supersaturation of 0.5%

a. 0.15 um containing 1071 g of salt

b. 0.15 pm containing 101 g of ammon.sulfate

c. 0.15 pm containing 10716 g of sulfuric acid

d. 0.15 um containing 101 g of nitric acid

e. 0.15 um containing 1071¢ g of hydrogen perox.

f. 0.3 um containing 10716 g of salt

g. 0.3 um containing 10716 g of ammon.sulfate

h. 0.3 pm containing 1016 g of sulfuric acid

i. 0.3 um containing 10716 g of nitric acid

j. 0.3 um containing 10716 g of hydrogen perox.

k. 0.5 um containing 10710 g of salt

1. 0.5 pm containing 1016 g of ammon.sulfate

m. 0.5 um containing 1071¢ g of sulfuric acid

n. 0.5 um containing 10716 g of nitric acid

o. 0.5 pm containing 10716 g of hydrogen perox.

p. 2 pm containing 10716 g of salt

g- 1 pm containing 1016 g of ammon.sulfate

r. 1 um containing 10716 g of sulfuric acid

s. 1 um containing 1016 g of nitric acid

t. 1 um containing 10716 g of hydrogen perox.

A19. Find the diffusivity (m%s~!) for water vapor,
given [ P(kPa) , T(°C) ] of:

a. 80,0 Db.80,-5 «¢.80,-10 d.80,-20
e. 70,0 f£70,-5 g.70,-10 h.70,-20
i. 60,0 j.60,-5 k.60,-10 1.60,-20
m. 50,0 n.50,-5 0.50,-10 p.50,-20

A20 (§). For the previous exercise, plot droplet ra-
dius (um) vs. time (minutes) for diffusive growth.

A21. What phase (I - XIV) of ice is expected at the
following locations in a standard atmosphere?

a. Earth’s surface b. mid-troposphere

c. tropopause d. mid stratosphere

e. stratopause f. mid-mesosphere

g. mesopause

A22. What phase (I - XIV) of ice is expected for the
following conditions of [ P(kPa) , T(°C) J?
a.1,-250 b.1,-150 ¢ 1,-50 d. 1,50
e.103,-250 f£.103,-150 g.10%,-50 h. 103,50
i.5x10%,-250  j.5x10%,-150 k. 5x10°,-30
1.5x105,50 m. 107,250 n.107,-50 o. 107, 50

A23. What crystal habit could be expected for the
following combinations of [ p,, (g m=3), T(°C) :

a.022,-25  b.022,-20 ¢ 022,-13
d.0.22,-8 €.0.22,-5 £.0.22,-2
g.012,-25  h.012,-20  i.0.12,-13
j.012,-8 k. 012, -5 1012, -2
m.0.08,-25  n.0.08-20  o0.0.08 -13
p. 0.08,-8 q.0.08,-5 r. 0.08, -2

A24. Suppose the following ice crystals were to in-
crease mass at the same rate. Find the rate of increase
with time of the requested dimension.

a. effective radius of column growing in 3-D

b. diameter of plate growing in 2-D

c. length of needle growing in 1-D

A25 (§). Given D = 2x10~° m2s~1 and p, = 0.003
kgm™3, plot ice-crystal mass (g) vs. time (minutes)
for 3-D growth such as a hexagonal column. Use the
following supersaturation fraction:
a.0.001 b.0.002 c¢.0.003 d.0.004 e.0.005
£.0.006 g.0.007 h.0.008 1i.0.009 j.0.01
k.0.012 1.0.014 m.0.016 n.0.018 o.0.020

A26 (§). Same as the previous problem, but for 2-D
growth of a thin flat plate of thickness 10 pm.

A27 (§). Use the Clausius-Clapeyon equation from
the Water Vapor chapter to calculate the saturation
vapor pressure over liquid water and ice for -50 < T
<0°C, and use that data to calculate and plot the dif-
ference. Namely, reproduce Fig. 7.16 with your own
calculations.

A28. Find the terminal velocity of cloud droplets of
radius (um): a.02 b.04 c.06 d.08

el0 f£2 g3 h.4 i5 j-7

k.10 115 m.20 n.30 o0.40 p.50

A29. Find the terminal velocity of rain drops of ra-

dius (um): a.100  b.150 ¢ 200 d. 300
e. 400  f£.500 g.600 h.700 i.800
j- 900 k.1000 1.1200 m. 1500 n. 2000

A30. Calculate the terminal velocity of hailstones of

radius (cm): a.0.25 b.0.5 ¢ 075 d.1 e. 125
f.15 g 1l75 h2 125 j3 k35
1.4 m.45 nb5 0.55 p-6

A31. What type of “meteor” is:

a. a rainbow b. lightning  c. corona
d.dust e.acloud f ahalo g. sand
h.rain i smoke  j.snow k. fog

L. haze m.dew n. frost
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A32. For a Marshall-Palmer rain-drop size distribu-
tion, if the rainfall rate is
() 10 mmh1, or (i) 20 mm h1,
how many droplets are expected of radius (um)
greater than:
a. 100
£. 700

b.200 ¢ 300
g.1000 h. 1200

d. 400
1. 1500

e. 500
j. 2000

A33. What is the rain intensity classification and the
weather map symbol for rainfall rates (mm h) of:

a.0.02 b.005 01 d.0.2 e. 0.5
f.1.0 g. 2 h.3 i.4 j-5
k.6 1.7 m. 8 n.9 0.10

A34. For precipitation in the form of
(i) drizzle, or (ii) snow,
what is the precipitation intensity classification and
weather map symbol for visibility (km) of:
a.01 b.02 c.03 d.04 e. 05 £ 06 g 07
h.08 109 j10 k.12 L15 m.2 n.5

A35. For a liquid-water equivalent precipitation val-
ue of 5 cm, find the snow depth if the snow density

(kgm™)is: a.50 b.75 ¢ 100 d.150 e.200
£.250 g.300 h.350 i.400 j.450 k. 500
1.550 m.600 n.650 0.700 p.800  q.900

A36. Find the mean annual precipitation for the fol-
lowing locations, given their longitudes, latitudes:
a. 120°W, 50°N  b. 120°W, 25°N  c. 120°W, 10°N
d. 120°W, 10°S  e. 120°W, 30°S  f. 60°W, 0°N
g.60°W, 20°N  h. 60°W, 40°N 1. 0°W, 50°N
j- 0°W, 25°N k. 0°W, 5°N 1. 0°W, 20°S
m. 120°E, 25°S  n. 120°E, 0°N 0. 120°E, 30°N

A37. What are the values of zonally averaged evapo-
ration and precipitation rates at latitude:
a.70°N  b.60°N ¢.50°C d.40°N e.30°N
f.20°N g 10°N h.0° i.10°s  j.20°S
k.30°5 m.40°S n.50°S 0.60°S p.70°S

Evaluate & Analyze
El. If saturation is the maximum amount of water
vapor that can be held by air at equilibrium, how is
supersaturation possible?

E2. Fig. 7.2 shows how excess-water mixing ratio
can increase as a cloudy air parcel rises. Can excess-
water mixing ratio increase with time in a cloudy or
foggy air parcel that doesn’t rise? Explain.

E3. What can cause the supersaturation S in a cloud
to be less than the available supersaturation S4?

E4. Fig. 7.3 applies to cumulus clouds surrounded
by clear air. Would the curves be different for a uni-
form stratus layer? Why?

E5. An air parcel contains CCN that allow 10° m=3
hydrometeors to form. If the air parcel starts at P =
100 kPa with T = 20°C and T; = 14°C, find the average
radius of cloud droplets due to condensation only,
after the air parcel rises to P (kPa) of:

a.85 b.82 ¢.80 d.78 e 75 f72 g70

h.67 i.63 j.60 k.58 1.54 m.50 n.45
Hint. Use a thermo diagram to estimate 7.

E6. Derive eq. (7.8), stating and justifying all as-
sumptions. (Hint: consider the volume of a spheri-
cal drop.)

E7. Rewrite eq. (7.8) for hydrometeors that form as
cubes (instead of spheres as was used in eq. 7.8). In-
stead of solving for radius R, solve for the width s of
a side of a cube.

E8. In Fig. 7.5, consider the solid curve. The number
density (# cm=3) of CCN between any two radii R;
and R, is equal to the average value of /AR within
that size interval times AR (=R, — R;). This works
best when R; and R, are relatively close to each oth-
er. For larger differences between R; and R,, just
sum over a number of smaller intervals. Find the
number density of CCN for droplets of the following
ranges of radii (um):

a. 0.02<R<0.03 b. 0.03<R<0.04

c. 0.04<R<005 d. 005<R<0.06

e. 0.06 <R<0.08 f 008<R<01

g 02<R<03 h 03<R<04
i. 04<R<05 j- 0.5<R <06
k. 06<R<08 L 08<R<1
m. 01<R<02 n 1<R<2
o. 01<R<1 p- 0.1<R<10
q- 0.02<R<01 r 002<R<10

E9. a. Find a relationship between the number den-
sity of CCN particles 7, and the corresponding mass
concentration ¢ (ugm=3), using the dashed line in
Fig. 7.5 and assuming that the molecular weight is
M.
b. Use Table 7-1 to determine the molecular
weight of sulfuric acid (H,SO4) and nitric acid
(HNOs3), which are two contributors to acid rain.
Assuming tiny droplets of these acids are the par-
ticles of interest for Fig. 7.5, find the corresponding
values or equations for mass concentration of these
air pollutants.

E10. a. From the solid curve in Fig. 7.5, find the num-
ber density of CCN at R = 1 pm, and use this result
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to determine the value and units of parameter ¢ in
the CCN number density eq. (7.9)

b Plot the curve resulting from this calibrated eq.
(79) on a linear graph, and on a log-log graph.

c. Repeat (a) and (b), but for R = 0.1 um.

d. Repeat (a) and (b), but for R = 0.01 pm.

e. Why does eq. (79) appear as a straight line
in Fig. 7.5? What is the slope of the straight line in
Fig. 7.5? [Hint: for log-log graphs, the slope is the
number of decades along the vertical axis (ordinate)
spanned by the line, divided by the number of de-
cades along the horizontal axis (abscissa) spanned
by the line. Decade means a factor of ten; namely,
the interval between major tic marks on a logarith-
mic axis.]

f. For number densities less than 1 cm=3, what
does it mean to have less than one particle (but
greater than zero particles)? What would be a better
way to quantify such a number density?

g. Asdiscussed in the Atmospheric Optics chap-
ter, air molecules range in diameter between rough-
ly 0.0001 and 0.001 mm. If the dashed line in Fig.
7.5 were extended to that small of size, would the
number density indicated by the Junge distribution
agree with the actual number density of air mole-
cules? If they are different, discuss why.

E11. Show how the Kohler equation reduces to the
Kelvin equation for CCNs that don't dissolve.

E12 (§). Surface tension ¢ for a cloud droplet of pure
water squeezes the droplet, causing the pressure in-
side the droplet to increase. The resulting pressure
difference AP between inside and outside the drop-
let can be found from the Young-Laplace equa-
tion (AP = 0-dA/dV, where A is surface area and V
is volume of the droplet). For a spherical droplet of
radius R this yields:
AP=2c/R

Plot this pressure difference (kPa) vs. droplet ra-

dius over the range 0.005 < R <1 pm.

E13. a. Using the equation from the previous exer-
cise, combine it with Kelvin’s equation to show how
the equilibrium relative humidity depends on the
pressure excess inside the droplet.

b. If greater pressure inside the drop drives a
greater evaporation rate, describe why RH greater
than 100% is needed to reach an equilibrium where
condensation from the air balances evaporation
from the droplet.

El4. Using the full Kohler equation, discuss how
supersaturation varies with:

a. temperature.

b. molecular weight of the nucleus chemical.

c. mass of solute in the incipient droplet.

E15. Consider a Kohler curve such as plotted in
the INFO box on Droplet Growth. But let the RH =
100.5% for air. Starting with an aerosol with char-
acteristics of point A on that figure, (a) discuss the
evolution of drop size, and (b) explain why haze
particles are not possible for that situation.

El6. Considering Fig. 7.7, which type of CCN
chemical would allow easier formation of cloud
droplets: (a) a CCN with larger critical radius but
lower peak supersaturation in the Kéhler curve; or
(b) a CCN with smaller critical radius but higher
supersaturation? Explain.

E17. What is so special about the critical radius, that
droplets larger than this radius continue to grow,
while smaller droplets remain at a constant radius?

E18. The Kelvin curve (i.e., the Kohler curve for pure
water) has no critical radius. Hence, there is no bar-
rier droplets must get across before they can grow
from haze to cloud droplets. Yet cloud droplets are
easier to create with heterogeneous nucleation on
solute CCN than with homogeneous nucleation in
clean air. Explain this apparent paradox.

E19. In air parcels that are rising toward their LCL,
aerosol swelling increases and visibility decreases
as the parcels get closer to their LCL. If haze par-
ticles are at their equilibrium radius by definition,
why could they be growing in the rising air parcel?
Explain.

E20. How high above the LCL must air be lifted to
cause sufficient supersaturation to activate CCN for
liquid-droplet nucleation?

E21. Suppose a droplet contained all the substances
listed in Table 7-2. What is the warmest temperature
(°C) that the droplet will freeze due to:
a. contact freezing  b. condensation freezing
c. deposition freezing d. immersion freezing

E22. Discuss the differences in nucleation between
liquid water droplets and ice crystals, assuming the
air temperature is below freezing.

E23. Discuss the differences in abundance of cloud
vs. ice nuclei, and how this difference varies with
atmospheric conditions.

E24. Can some chemicals serve as both water and
ice nuclei? For these chemicals, describe how cloud
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particles would form and grow in a rising air par-
cel.

E25. If droplets grow by diffusion to a final average
radius given by eq. (7.8), why do we even care about
the diffusion rate?

E26. In the INFO box on Cubic Ice, a phase diagram
was presented with many different phases of ice.
The different phases have different natural crystal
shapes, as summarized in the table below. In the
right column of this table, draw a sketch of each of
the shapes listed. (Hint, look in a geometry book or
on the internet for sketches of geometric shapes.)

Table 7-7. Crystal shapes for ice phases.
Shape Phases | Sketch
hexagonal Ih
cubic Ic, VII, X
111, VI, VIII,
tetragonal IX, XII
rhombic II, IV
ortho-
rhombic XI
monoclinic \Y%

E27. The droplet growth-rate equation (7.24) con-
siders only the situation of constant background
supersaturation. However, as the droplet grows,
water vapor would be lost from the air causing
supersaturation to decrease with time. Modify eq.
(7.24) to include such an effect, assuming that the

temperature of the air containing the droplets re-
mains constant. Does the droplet still grow with the
square root of time?

E28. If ice particles grew as spheres, which growth
rate equation would best describe it? Why?

E29. Verify that the units on the right sides of egs.
(7.26) and (7.27) match the units of the left side.

E30. Manipulate the mass growth rate eq. (7.26)
to show that the effective radius of the ice particle
grows as the square root of time. Show your work.

E31. Considering the different mass growth rates
of different ice-crystal shapes, which shape would
grow fastest in length of its longest axis?

E32. If the atmosphere were to contain absolutely
no CCN, discuss how clouds and rain would form,
if at all.

E33. In Fig. 715 the thick black line follows the state
of a rising air parcel that is cooling with time. Why
does that curve show ¢, decreasing with time?

E34. If both supercooled liquid droplets and ice
crystals were present in sinking cloudy air that is
warming adiabatically, describe the evolutions of
both types of hydrometeors relative to each other.

E35. On one graph similar to Fig. 7.18, plot 3 curves
for terminal velocity. One for cloud droplets (Stokes
Law), another for rain drops, and a third for hail.
Compare and discuss.

E36. Can ice crystals still accrete smaller liquid wa-
ter droplets at temperatures greater than freezing?
Discuss.

E37. Large ice particles can accumulate smaller su-
percooled liquid water drops via the aggregation
process known as accretion or riming. Can large
supercooled liquid water drops accumulate smaller
ice crystals? Discuss.

E38. Is it possible for snow to reach the ground
when the atmospheric-boundary-layer temperature
is warmer than freezing? Discuss.

E39. Compare CCN size spectra with raindrop size
spectra, and discuss.

E40. For warm-cloud precipitation, suppose that
all 5 formation factors are working simultaneously.
Discuss how the precipitation drop size distribution
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will evolve with time, and how it can create precipi-
tation.

E41. Is it possible to have blizzard conditions even
with zero precipitation rate? Discuss.

E42. Precipitation falling out of a column of atmo-
sphere implies that there was net latent heating in
that column. Use the annual mean precipitation of
Fig. 7.24 to discuss regions of the world having the
greatest latent heating of the atmosphere.

E43. According to Fig. 7.25, some latitudes have an
imbalance between evaporation and precipitation.
How can that be maintained?

E44. Suppose that a disdrometer gives you informa-
tion on the size of each hydrometeor that falls, and
how many of each size hydrometer falls per hour.
Derive an equation to relate this information to total
rainfall rate.

Synthesize
S1. What if the saturation vapor pressure over su-
percooled water and ice were equal.

a. Discuss the formation of clouds and precipita-
tion.

b. Contrast with those processes in the real at-
mosphere.

c. Discuss how the weather and climate might
change, if at all.

S2. In Fig. 715, suppose that the saturation vapor
pressure over ice were greater, not less, than that
over water. How would the WBF process change, if
at all? How would precipitation and clouds change,
if at all?

53. What if you were hired to seed warm (T > 0°C)
clouds (i.e., to add nuclei), in order to create or en-
hance precipitation. Which would work better: (a)
seeding with 10 salt particles cm~3, each with iden-
tical of radius 0.1 um; or (b) seeding with 1 salt par-
ticle cm3, each with identical radius of 0.5 um; or (c)
seeding with a range of salt particles sizes? Discuss,
and justify.

54. What if you were hired to seed cold (T < 0°C)
clouds (i.e., to add nuclei), in order to create or en-
hance precipitation. Would seeding with water or
ice nuclei lead to the most precipitation forming
most rapidly? Explain and justify.

S5. Is it possible to seed clouds (i.e., add nuclei) in
such a way as to reduce or prevent precipitation?

Discuss the physics behind such weather modifica-
tion.

S6. What if all particles in the atmosphere were hy-
drophobic (i.e., repelled water). How would the
weather and climate be different, if at all?

S7. What if the concentration of cloud nuclei that
could become activated were only one-millionth
of what currently exists in the atmosphere. How
would the weather and climate change, if at all?

S8. Egq. (7.29) indicates that smaller droplets and
aerosol particles fall slower. Does Stoke’s law apply
to particles as small as air molecules? What other
factors do air molecules experience that would af-
fect their motion, in addition to gravity?

59. What if Stoke’s law indicated that smaller par-
ticles fall faster than larger particles. Discuss the
nature of clouds for this situation, and how Earth’s
weather and climate might be different.

510. What if rain droplet size distributions were
such that there were more large drops than small
drops. Discuss how this could possibly happen, and
describe the resulting weather and climate.

S11. Suppose that large rain drops did not break up
as they fell. That is, suppose they experienced no
drag, and there was no upper limit to rain drop size.
How might plant and animal life on Earth have
evolved differently? Why?

512. What if cloud and rain drops of all sizes fell at
exactly the same terminal velocity. Discuss how the
weather and climate might be different.

513. What if condensation and deposition absorbed
latent heat (i.e, caused cooling) instead of releas-
ing latent heat. How would clouds, precipitation,
weather and climate be different, if at all.

S14. Weather modification is as much a social issue

as a scientific/technical issue. Consider a situation

of cloud seeding (adding nuclei) to enhance pre-

cipitation over arid farm land in county X. If you

wanted to make the most amount of money, woul