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@ Routh's special cases
@ Most important python code for this sub-module
@ Self-assessment material

= this is the table of contents of this document; each section corresponds to a specific part of
the course

notes
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Main ILO of sub-module “The Routh-Hurwitz Stability Criterion”

Use the Routh-Hurwitz criterion to assess
the stability of a linear time-invariant system

- The Routh-Hurwitz Stability Criterion 3

notes

notes

By the end of this submodule, you should be able to determine the stability of a system

given its characteristic polynomial using the Routh-Hurwitz method, without solving for the
roots.




notes

Why all of this?

Routh = algorithm to answer “is this system sta-
ble?" without needing to find the poles explicitly

= This is especially helpful when dealing with high-order polynomials or when root calculation
i.e., when having a TF like is computationally expensive.

= You only need to manipulate the coefficients of the characteristic polynomial.

num(s)

H(s) =

= For LTI systems, this means all poles (roots of the characteristic polynomial) must lie in the

" tan 18"+ rags+
s+ ap-15 ais+ap left-half plane

= Finding roots may be difficult or impossible analytically

= Routh-Hurwitz gives us a quick way to test stability without solving the polynomial.
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notes
How does it work, in a nutshell?

@ assume to know the characteristic polynomial a,s™ + ap_15" 1 + ... +ais+ag
@ draw an opportune table, and fill up the first two columns

© fill up the remaining columns with a simple formula

@ when the table is completed, inspect the first column of that table

= Zero sign changes in the first column will mean the system is stable.

= This technique also helps count how many roots are in the right-half plane, even if the
system is unstable.
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Additional resources

Videos:
@ https://www.youtube.com/watch?v=WBCZBOB3LCA
@ https://www.youtube.com/watch?v=oMmUPvn61P8
Animations:

@ https://www.reddit.com/r/manim/comments/ujrc3a/routh_table_
animation_with_manimgl/?rdt=48909

@ https://www.muchen.ca/RHCalc/
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Step 1: draw an opportune table, and fill up the first two columns

assumption: we know a,s” + an_15" " +...+a1s+ ag

S G Ap-2 an-4

S an-1 an-3 anp-5
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notes

= These resources are very much recommended!

notes

= First row starts with a,

= Second row starts with a,1

= The Other coefficients alternate between rows
= Both rows should be same length

= | Continue until no coefficients are left

= | Add zero as last coefficient in case



https://www.youtube.com/watch?v=WBCZBOB3LCA
https://www.youtube.com/watch?v=oMmUPvn6lP8
https://www.reddit.com/r/manim/comments/ujrc3a/routh_table_animation_with_manimgl/?rdt=48909
https://www.reddit.com/r/manim/comments/ujrc3a/routh_table_animation_with_manimgl/?rdt=48909
https://www.muchen.ca/RHCalc/

Example: s +5s? + 65 + 4

$11]6
2154
Sl
0
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Step 2: fill up the remaining columns with a simple formula

example:
n
S Qn ap-2 Anp—4 5 1 G 3
n—-1 S
B} An-1 Gp-3 An-5 4
72 [ by | by | b3 ‘ 4 |1
-3 s 5.2 ~28 |0
" c1 2 c3 )
s7| ~1.3 1 0
| : : : sti~-12] 0 |0
S dl dQ d3 80 1 0 0
80 €1 €9 €3
Apan-3 — Ap-20n-1
by =
—Qp-1
Anan-5 — Ap-40n-1
by =
—Gp-1
Anpn-7 — Qpn-60n-1
by =
—An-1 - The Routh-Hurwitz Stability Criterion 9

_ap-1by —an_3b;

Cc1
—by

notes

= This step is rather easy to do

notes

= TODO




Example: s +5s? + 65 + 4

Example: s3+2s? —3s+4

W . »
=N

W »w » »
(= e

116
5 |4
5210
4
1]-3
2|4
-5 0
4
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notes

here we just did some computations

notes

here we just did some computations




Step 3: when the table is completed, inspect the first column of that table

s" an Qn-2 Gn—4
s An-1 (p-3 n-5
Sn72 b1 b2 b3
"3 c1 ca2 c3

S1 d1 dQ dg

SO €1 €92 €3

number of sign changes = number of roots with positive real part

Example: s +5s? +6s + 4
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S0 176
52 4
st 15210
2 4

no sign changes = 0 roots in the right-half plane = stable (for continuous

time!)
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notes

= TODO

notes

= A classic third-order system, all coefficients are positive.

= Easy to see that all first-column values are positive.




Example: s3 +2s? —3s+4

S 11]-3
21214
st =510
0 4

one sign change = 1 root in the right-half plane = unstable (for continuous

time!)
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But what if something like this happens, while | am doing the

computations?

$S[1]1]3
stl2]215
S0
52

Sl

SO

== needs employing some tricks!

- The Routh-Hurwitz Stability Criterion 15

notes

= Sign changes in the first column help us spot instability instantly.

notes

= there will be problems in making the computations




Routh's special cases

How many special cases? Actually just two

a zero just in the first column

s3-3s+2
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a whole row of zeros

54

+58-32-5+2
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notes

notes

= these are the two cases of main interest




notes
Special case I: just a zero in the first column
suggested algorithm:
@ replace the zero with a small positive number ¢, then proceed

@ at the end, check the limit as e - 0

= This technique helps continue the algorithm even when division by zero would otherwise halt
the process.

= [t gives an approximate but indicative stability result.
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notes
Example
s|1 -3
2
s710 2
$-35+2 — 1
s
0
using ¢ instead:
s 1 -3 = Using €, we see that the sign in the second last row flips as ¢ - 0*.
2 € 2
-3e-2
Sl
€
0 2
for € - 0" we have two sign changes == unstable
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Special case Il: an entire row is zero

then one of the following cases may be true:

there is a pair of real roots
with opposite signs

there is a pair of pure

imaginary roots

Im (s) Im ()
A
Re (s) Re (s)

Example
stl1 -3 2
$11 -1 0
$21-2 2 0
ss10 0 0
80

Algorithm for handling this:

there are pairs of complex
conjugate roots symmetric
wrt the origin

Im (s)

X X

Re (s)

4
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@ form an auxiliary polynomial with coefficients from the row just above the row of

Zeros

@ take its derivative with respect to s

© replace the row of zeros with the coefficients of the derivative of the auxiliary

equation

@ continue with the Routh array as before (and the number of sign changes will still
indicate the number of poles on the RHS of the s-plane)

- The Routh-Hurwitz Stability Criterion 6

notes

= This case signals potential marginal stability, and must be analyzed carefully

= This often appears in oscillatory systems (e.g., undamped resonance)

notes

= If the auxiliary equation has order two, then there are two equal and opposite roots. If it has
order four, then there must be two pairs of equal and opposite roots. If the auxiliary
equation has odd order, then one root is on the origin and the rest are distributed according
to the rules governing even order auxiliary equation. Moreover, all these roots can be
obtained by simply solving for the roots of the auxiliary equation.




notes

Step 1: form an auxiliary polynomial with coefficients from the row just
above the row of zeros
st 1 -3 2
11 -1 0
s1-2 2 0 —  A(s)=-25+2
s'10 0 0
s? « TODO
- The Routh-Hurwitz Stability Criterion 7 S
notes
Step 2: take its derivative with respect to s
sf11 -3 2
3
S 1 -1 0
212 2 0 —  A(s)=-25°+2 — %(8) = —4s
s'1o 0 0 °
SO
= TODO
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notes

Step 3: replace the row of zeros with the coefficients of the derivative of
the auxiliary equation
sf11 -3 2
3
S 1 -1 0
12 2 0 —  A(s)=-25%+2 %(8):—43
S0 0 0 3
s? « TODO
st 1 -3 2
s |1 -1 0
s -2 2 0
= new table = 1
0o 0 O
new: | -4 0 O
SO
- The Routh-Hurwitz Stability Criterion 9 ~

notes

Step 4: continue with the Routh array as before

st -3 2
s -1 0
£ 1-2 2 0
ss o 0 o0
new: | -4 0 O
s 12 00 » TODO

four sign changes == instability (for continuous time!)
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Summarizing

Routh-Hurwitz is a powerful test for stability

there are though two special cases you must handle carefully:

@ zero in first column: use e

@ row of zeros: construct and differentiate auxiliary polynomial

- The Routh-Hurwitz Stability Criterion 11

Most important python code for this sub-module

- The Routh-Hurwitz Stability Criterion 1

notes

You should now be able to apply the Routh-Hurwitz algorithm to determine the number of
unstable poles without computing them explicitly.

Both are common in marginal or oscillatory systems

These exceptions do not invalidate the criterion, but require extra steps

notes




Check Routh stability with Python (sympy)

from sympy import symbols,
# define coefficients
coeffs = [1, 2, -3, 4]

Matrix, simplify

# Function to build Routh table

def routh_table(coeffs):
n = len(coeffs)
rows = (n + 1) // 2

table = [[0]*rows for _

table[0] [:] = coeffs[:

in range(n)]
:2]

table[1][:len(coeffs[1::2])] = coeffs[1::2]

for i in range(2, n):

for j in range(rows - 1):
num = (table[i-2] [0]*table[i-1][j+1] -
table[i-2] [j+1]*table[i-1] [0])

table[i] [j] =
return Matrix(table)
print (routh_table(coeffs))

simplify(num / table[i-1][0])

Self-assessment material

- The Routh-Hurwitz Stability Criterion 2

- The Routh-Hurwitz Stability Criterion 1

notes

= This snippet shows how to compute the Routh table symbolically.

notes




Question 1

What does one sign change in the first column of the Routh table indicate?
@ The system is stable.
@ There is one pole on the imaginary axis.
© (correct) There is one pole in the right-half complex plane.
@ | do not know

Solution 1:  Each sign change corresponds to a root with positive real part. One
change = one unstable pole.
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Question 3

Stability AnalysisRouth-Hurwitz Criterion What is the primary purpose of the
Routh-Hurwitz criterion?

@ To determine the steady-state error of a system

@ (correct) To assess the stability of a linear time-invariant (LTI) system without
solving for its poles

© To design a controller for a nonlinear system
@ To compute the frequency response of a system
© | do not know

Solution 1:  The Routh-Hurwitz criterion is used to determine the stability of an LTI
system by analyzing the signs of the first column of the Routh array, without explicitly
computing the poles. The correct answer is: To assess the stability of a linear
time-invariant (LTI) system without solving for its poles.
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Question 2

What does an entire row of zeros in the Routh table suggest?
@ The system is unstable.
@ (correct) The system has symmetrical imaginary roots.
© The system is stable.
Q | do not know

Solution 1:  An entire row of zeros indicates imaginary axis poles and symmetric
root pairs, often implying marginal stability.
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Question 4

Stability AnalysisRouth-Hurwitz Criterion In the Routh array, what does a sign change
in the first column indicate?

@ The system has imaginary poles

@ The system is marginally stable

© (correct) The system has poles in the right-half plane (unstable)
@ The system has a double pole at the origin

@ | do not know

Solution 1: A sign change in the first column of the Routh array indicates that the
system has at least one pole in the right-half plane, making it unstable. The correct
answer is: The system has poles in the right-half plane (unstable).

- The Routh-Hurwitz Stability Criterion 5



Question 5

Stability AnalysisRouth-Hurwitz Criterion What happens if a row of zeros appears in
the Routh array?

@ The system is stable

@ The system has no poles

© (correct) It indicates the presence of symmetric poles (e.g., purely imaginary or
real-axis pairs)

© The Routh-Hurwitz criterion cannot be applied

@ | do not know

Solution 1: A row of zeros in the Routh array suggests that the system has
symmetrically located poles (e.g., purely imaginary or real-axis pairs). An auxiliary
polynomial must be constructed to proceed. The correct answer is: It indicates the
presence of symmetric poles (e.g., purely imaginary or real-axis pairs).
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Question 7

Stability AnalysisRouth-Hurwitz Criterion If all elements in the first column of the
Routh array are positive, what can be concluded?

@ (correct) The system is asymptotically stable
@ The system has at least one unstable pole

© The system is marginally stable

@ The system is nonlinear

@ | do not know

Solution 1:  If all elements in the first column of the Routh array are positive, the
system is asymptotically stable (all poles are in the left-half plane). The correct answer
is: The system is asymptotically stable.
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Question 6

Stability AnalysisRouth-Hurwitz Criterion Which of the following is a necessary
condition for applying the Routh-Hurwitz criterion?

© The system must be nonlinear

@ (correct) The characteristic equation must be a polynomial in s
© The system must have at least one integrator

@ The system must be in state-space form

@ | do not know

Solution 1:  The Routh-Hurwitz criterion requires the characteristic equation of the
system to be a polynomial in s. The correct answer is: The characteristic equation
must be a polynomial in s.
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Recap of sub-module “The Routh-Hurwitz Stability Criterion”

@ The Routh-Hurwitz criterion determines the number of unstable poles in a system.
@ It does not require solving for the roots.

© The number of sign changes in the first column of the Routh table tells us the
number of right-half plane poles.

- The Routh-Hurwitz Stability Criterion 9



notes

= You can now assess the stability of a system without computing eigenvalues.
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