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=> F : IR-Ton] is continuous ,
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CANTOR-VITALI FUNCTION
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graph of f is the DEVIL'S STAIRCASE

* Sis increasing only on C
,
/CI =0.
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IRIC is union of disjoint intervals
con bach of which f is constact).

- f:R+I01] -
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& it is injective (cordC = cond to 1])2↳ (f(x) - f(y)) = (x- y)192

f'(x)= 0 for aex (since it is constant on every
interval I

,
In c = 0 and (C1 =0)

It' is a positive distribution -> so it has

ordn 0. Fr meaure (Redon) [f(d)= Stor
IR
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M Is SUPPORTED en C= M1 L (m+0 !
)

M is the deviative in the verse of distributions

of a continuous monatore fraction-
-

(so in particular MExY = 0 EXEIR)

Def pe Redon measure ore IR" Is a CANTORIAN
- -

&MEASURE, if M + LV (M is singular with

respect to Lebegue) and pe has
no jump part

(that is MGxy =0 +X (RM)
↓
im dive I : M is a Cantarian measure if it it the
distributional derivative of f ,

monoton non decreasing,
continuous

,
and with f'(x)=0 a .

9XtR
.
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feL'ex(IR) Te distribution of erder 0.
In

Assume that alsoTf' is a distribution of order O -

-
that is a SIGNED RADON

=> 7 ut, u Redou T =Tut-u MEASURE :

-> Mt = Mac + M5S Lexactly the same for M)

Ms has a jump part
and a CANTORIAN PART

M5 = M5 +ut = Ecidai I countable at
it I most

Mc Cantarian meanse

t t
# Mac In for some ste L'ex v +zovdX
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# (TE) = Tutte where ut,pe2 the

(Tf)) = To & ve Le ut= v
+dxn =vdx

That is the distributional decirative of f is a

measure which is absolutely continuous w . r
.

+
. 2)

-f is absolutely continuous
and ve L'ex such that ()) =To

is called the weak derivative of f
(coicide with the a

.

e derivative if it is defined)
-

(Note theat it is possible that f DOES NOTADMIT a
.
e

. deviative

but has weak derivative
.
ex : f(x) =&*

I'does not exist
,
weak delicative is 0.



More generally V = IRhOpen

Def
-

Let ffl
,
(V) and Tf(P) = Spfox peg)
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The f admite WEAK DERIVATIVE in the Ci-directI if 7 vie (ac(V) S
.

tatEt = Tri
&

that is ↓Pfes() (1)) fax=vid
WEAK GRADIENT Df = (v , , .., Un)
WEAK DERIVATIVE Ef

xxi
= Ny

Pop If a weak derivative existe it is unique

Assume not true Ni ,w weak deviatives of f in the
Ci-direction

↓ ripdx =-Swidx
g

=> LEMMA DI DEBOLS-REYMOND Ni - Wi = 0 a.Vi =Wi B



Analogously if Fe L'ex (IRY
the weak a-derivative of f (if it existe !) is

v- Le (RM) evell that

JEDpax = f1)'S v .po PECI
IRM

(Cfin weak sense)

To resme

FEL(R) -
Dif in weak sense is a funcher in r)

↓
weh that (fDPdx = f((k) S po Fpee)

IRh IR"

D'Te in the sense of DISTRIBUTION is a DISTRIBUTION
-

lofades = (1) arch that DSTICA) = 711 d Te (D2d) ·



-Example f(x) = 1 XertuttoE m
(2

I in the weak seuse coincide with the a . deviative.
exi

Exi =-+

Observe trat LeeLa (2(n-1)

FPteCIUTe(p = -Te
=
- in dx = -lineot Mo

,
a) Extx =

*
Leo

= (Gauss Green) =Emnot Sunilo
,
3)Peox - Sa . % . vids

2

2B(0 ,3) ↓
exterid
normal to
Irh(Blo ,E)
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Det 7 is a differental operato of oder K with

constant coefficients if

Kaeo F(d) =E Da CEIR
Ikk

O

Ex y(d) = (a=.
&

-

-Pe*

(= 1 El c = (2,
0 ... 0).

2= (0,
2
.... )

otherwise Ci = 0
If TED'CIRM)

dumf(T) = ck (DdT =D f(T)(y) = pckx(- 1)() +(D(P)
&

-

ex· X(t) = ET AT(P) = T(XP)

(t - Ax)T(d) = T( - zP - D
,p) ...



Def Let I be a differential operator of order k
-

with constant coefficients

TED'(IRN) is a FUNDAMENTAL SOLUTION of f

if f(T) = do

(that is & (T)(4) = y(0) + d +eg((R)) .

&
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FUNDAMENTAL SOLUTION Of THE LIPLACAN
· In 1R2 T= Tg F=-g) is the fundamental solution

of the Laplacion
· In R T= Te f=amaz is the fundamental

us 2 solution of the laplacion.

prof us2 X*0 Of = + X
-

num (x(m

DF = divNf) = Inten - Funtz =
O

↓ Pt es (IRM)

* (d) = Ty(D)=dx
(0

,2)

= live I f0p. -pf .()d(+
h+
(x) =

↓ Ge8 CB10, a)

DIVERGENCE THM fDd-(f)P = div (f0P-0f .d)
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=
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doth
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