
Ifential operators on distributions .
Let TED' () d= /a

,
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,
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D'T is the distribution defined as

Da T(y) : = 71)k) + (DCP) -p + es(u) .

Note that since pees(u) -> dipaoxa
S

The definition is a generalization of Gauss-Gree/integration
by parts

If Tis associated to f- et(0) & L'oc(0)

[· =Te = (t)(P) = (1) Te(EP) = - f(x)2p(x)yaXi= (0 .. 1 .. d I gauss Green-
= -Texit

↓
= SfP(x)dx

#Notethat in->T => DETu+DET Va Caoau)



Every distribution T admits deviatives of every
ader and morover theorder if offerentation ades
not matter.

Su particular since every fe Lex (14) is associated
to a distribution I ter

· I has derivatives in the sense of distributions

of every order
D& f in the sense of distribution is
D&Ty(d) : = ()() Tq (Ddq) = (Dk)Dadx -

Which al the relations with a c deivatives ?



Ex F = &
C1 XXo

Haviside(2X) Xo
4

C1 ,CEIR
to

T()=
SPf(x)dx= cdx+x

to

Te (d) = (1) Tf(P) = = 1). P'(x)0(x + 1 1)(
. )p'(x)x
Xo

=
- c(q(x)-f0)) -c[k(+ x) - P()] = (2 -c) ¢ /X)

The derivative of in the sense of distribution

is (2)SX
.
(NOT A Function ! )

↓
note that f'(x)= 0 a .

C .
So the derivative in the

buse of distribution is NOT a .
e

.

deviative !
DERIVATIVE IN THE SENSE OF DISTR

.

IS A DISTRIB .
OF ORDERO



More generally : fel' 78 , a)u(a i tro) [ (a) + f
+
(a)

The (Tel'(e)
=S40x + Ele

+ ) - fiefi](t) (exercise)
I
=-Tf(p) = - (Pfdx E

ta +2(R)

2 Let f(x) = lg()- LexCIR) .

There f'(x)= 0
.
e.

Tf(d)=Seg(xdx Ti(d) = (1)- eg(xp(x)dx
S lg(x)p(x)dx= F1) liv

& so IRIC-5 ,2)

tor ↑

(egM(xdx = byauts = lg() ¢(09th Max
= Mesax+(4)P(2) - lo(a)P(-2)

+

= p .u(q) ↳()
. E Pe

-
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In this case derivative of f = lg(x) in the
sense of distribution coincides with the a . e.

derivative (that is with the distribution associated

to the 9 .e . derivative) But the a .e
.

derivative
=

is NOT a LCR) fective-
IDERIVATIVE IN THE SENSE OF DISTRIBUTION IS A DISTR

.OF·DER 1

---

We ave interested in anaging the case in which

fe(12) has derivative in the sense of distribution
a distribution of 0 order .



↓

Proption- 17 F :R+ IR is monatore non decreating
then fele

,
I has a countable number of jusps,

and (Tf)' is positive ,in particular has order 0

pusof just of the fact (t') 20 Positive Distribution
Let p20 ¢+e (IR) .

We have to
prove that

Te'(d) so that is -Tf(d) 20 => [f(t) 10 -

Tf(d)=Sf(x)Pdxli f(x)i
-line
2no+ GPS f(x)P(x+2)dX - Sf(x)0)(x)0(x] =- RK

IR ↓ CHANGE VARIABLE
-Tiver E [Sf(x -h)b(x)dX - Sf(x]
h+0t (smcd(x)10 (= Grot & [SRE/x-hl-f(x)] P(x)dX] 10 f(x-2)-f(x) -0



Moreover (Te) ' positive => Hel'agender 0
Come proof as in the proof of the fact
T : (c(II) -IR linear and positive = KCCIDM

7 Ck Such that ITI = Celld FPECCIRY
appock -

-
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1 t= X12Z

f , (x) =(2x0 =x=

=EN -Ez-X4
1x* /

fr = f , on Co-C

fz =(t) on (((2) 150 , 55]I fz = (E)+!(2) on (2) < [E , 1]

then linear
---

In is continuous moratore non decreasingS

and constant on every interval
in IRL Cn.



3 . en
Ilfa-fully I

T↓

fr is a Cauchy Sequence ihr

CTO1]
,
11 . 160

An-f unforly , F : -To
,
1) f(x) = 0 x

f(x)= ) Xz)

Fis monatore non decreasing
Continuous

and constant on every
interval in IRIC

(C = Cautaset) .


