
COMPUTABILITY /26/10/2026)

* Classofartial recursive functions R

least rich class of functions ie .
least class of functionsI

-> including the Basic Functions

-> closed under

1. COMPOSITION

2. PRIMITIVE RECURSION

3. UNBOUNDED MINIMALISATION

Theorem : R = C

Proof

(R = e) 2 is rich

(e = a)

Let f : N" - N be a funchon in C

and let P a URM-program for F

Define

:
Non

/ ,
t) = content of register Ra after t steps of PC)

Jp : NNK+ -- N

G
Jp ( ,

t) =

instruction to be executed after t steps of P(C)
G ⑧ if Play halts in tor fewer steps

Them

fre)= / , ut . Jpk ,
t))

We conclude by proving C ,
Joe R



program t for f (stal forml

-> Il

-> Iz
- 6
In

Memory
123

22/22/23) ----- em000 12/0/2/00 ....

C=p = p . p · pT
= 27 . 30 . 82 = 20

Ti = (C)
;

(20)z = 1

& <p
: Nk+ 1-- N

G ( , t) = content of the memory after t steps of PC)

G Jp
: NNK+ -- N

instruction to be executed after t steps of P(c)
GJp(52 ,

t) =

0 if Play halts in tor fewer steps

we define <p , jp by primitive recursion

bose cose <p( ,
0)= ... ...

Jp(
,
0) = 1

recursion coses

we define (p( , t + 1)

Jp ( ,
t+ 1)

using
Cp( , t) = c

(motation (
Jp( , t) = j



et/pren, if 1 = Je ((P)

Proc if 1 = Je ((P)

P( , t + 1) =

and Fj = S(m)↑ Prat,
and Ij = z(n)

if 1 =j ((P)

and Ij = Tim ,m)

otherwise ↑
j = P 02

↑1=j = e/p) and
O Fj = J(m , m ,

t)
e

Cle #

c = pr . pe ...p 2m = 10m

and Ij = z(m) ,simi , Timi ma

↑ 02 Fj = 3 (m, m ,
t) I

↑
J +1 if 1 = j = e(p)

with 19mF/Pm

Jp( ,
t+a ) = u

if 1 = j = e(p)
and Ij = Jim,

n
,
u)

and (cm = /c)m

and 1 = u = e/p)

O otherwise

Hena <p , jpER

and thus

frat = (p( , ut . jp(
, t)))

therefore FER .

T



*Primitive Recusive Functions

PR = least class of functions

- including the bosic functions

-> closed under

② composition

② primitive recursion in for loop

③nimalisation ↓ while loop

PR E & & Tot

↑ ? ↑

Cfor Cfoe ,
while e Tot

* ↑

Y Y

Ackermann Function

P : N N

↑
Pro I y) = y+ 1

ex
P(x + 2, a) = y( , 1) (x + 1

,
09 = (x, 1)

Pa+1 , y+1)
= 4( ,y(+ 7 , y) (+1

, y +1) (x+ 1
, y)

U

Ex (x, u)

We
orgue ① P total

② y = R
= 2

③ YPR

/IN2 Fer bay) Feakl , y') if (asel) or (x = x' and y = y)
ex : (1

,
2000) Tex 12

,
0

(1 , 1000) Tex (1 ,
1002



recurring on smaller parameters is not sufficient

f:+ z

P

f
zy0

f(z) =
f(z - 1) 250

f( - 1) = ? fr - 2)
Il

fl -2)
In

f( -3)

① 4 10 total !

* partially ordered set

(D, / * reflexive x = x

antisymmetric x = y & y=x = x = y
tranative x = y & yz = x

= z

* Well founded partial order

(D
,
E) well founded if XXED X X includes a minimal

element

-

VI ↑ / · ⑧ ⑱
X

⑨ ·&↑ ⑱ ⑳ ·

dex

minimal if d'ed then d' = d

D = 4 (pear ,
m)

, rappes , m) I meIN]

· : (t
, m) = (t , m)

Splat, z

· rapple , 2)
if t = t and Mem↑

&Speor , 2

↑ ⑨
capple , so

Sear ,of · /apple , of

E not well founded

IN is well formaled



TE : (D
,
E) is well-founded

iff

there are not infinite discending cheims in D

do - da dz +----

* /I& Feat well founded

let x = (2 x =0 o = mim(x : (y . (y) = x)

yo
= mim(y((y) = x)

then Seco
, yo = mimX (im Fex)

↳ 4 15 total

radraz--/2.

More precisely one should resort to a corresponding induction panciple

INOT DISCUSSED IN THE CLASS

Induction : Prm) Amen P (m) == M

Pro) and for all mein if pim) then piate

N
for all mein Prmy



·transtrductioe with heigth M has at most In leaves

n -X
1

&+ Aim
M2

,
Mz = M

need inductive hypothesis
for all M' = m

For all m
, assuming P/M') for M'=m I con deauce Prm

H

for all meIN Pimy

Well-founded induction

D , ) well founded order

Pac) property of elements of D

If for all deD , asuming Vd'ed Pra's

I com conclude pros

N

VoleD Pro

↑ is total

Vay)e N 4(ay)d

by well-founded induction on IN
,
sex

Prof

let (x
, y)-

2

assume V (a
, yıkek/ayı Play'sd

and we show ↑ ley



We distinguish 3 cases

↑
Pro , y) =

y + z

P(x+ 1 , 0) = p( , 1)

Y(+ 2 , y + 1)
= y(x , p(x + 1 , y))

(x= o Y(oy) = 4(0, y) = y+2 t

Kato
, yea) T(y) =

Tenence prezza

Kaza, yo Play) = Prat , Pega) = Papult
Tex (ey)fex(,y)

~ Play - 1) = ut
vo P(x- 2

,
u)d

T

② YeR = C

↑ (2 , 1)

Tro,- ↑
Pro , y) =

y + z

P(x+ 1 , 0) = p( , 1)

Y(+ 2 , y + 1)
= y(x , p(x + 1 , y))

Tro ,
19

i

(1
,
1
,
3) 10

,
2
,
3) (1

,
0

, 2) 10 ,
1
,
2)

Valid set of tuples : a set 5&N3 such that

( , y ,z)E IN3 - z = p(x ,y)

-> the set contains all triples needed to compute
P(x ,y)



more formally : -= N3 isfid

2) (0
, y ,
z) = 5 =+ z = y + 2 Pro , y) =

y + z

(2) (acta , 0 ,
z)es = (

,
1
,
z) es ↑ P(x+ 1 , 0) = p( , 1)

Y(+ 2 , y + 1)
= y(x , p(x + 1 , y))

(3) (+1
, y + 1, z)es =

Zu fat1 , y ,
uses and (au ,

z) es

One cam prove that (e, y ,
z) EN

Ky) = z iff there is a invalid set of triples SIN

St
.
(

, y ,
z) = S

them

Tray) = "Mez)/ Sens is finite valid set of triples)"
& Ky , z) es

↑
encode as a number

- = ((x4y ,
z)

, (2, y2, zz) ,
---

,
(xm

, ym ,
zm)]

(m(( ,ya) , z), - --T((m , ym) ,7}
k1
----

km

X

p

n 4 = R = 2



③ PEPR

successo

x + 0 = x E successor iteratad y times(ect(y+) = (+ y) +1

20
= 0 ↓

"
+

" iterated y times

xf(y+) = (xxy) + x

xo = 1

& xy+ = xyxx F "
* x" iterated y times

i

Idea : I brings the above to the "amit"

#
4(0, y =

y + 1 ↑
Yo(y) = y + 1

Y(x +1 ,
0) = 4(x ,

1) Yat(0) = Ya(1)

P(x +1, y + 1) = 4(x , p(x+ 1 , y)) Yaty (y+ ) = Tx) Tati(y))T

-
-

consider s as fixed parameter -
-

Yx(y) = 4(xy)

Yty (y +1) = Tx)Tati(y)

= Tes Tor (Tot (y-1)

= Ta Te Te (Tot (y-2)) -.

i

-E
y+2

= Te Jog

roughly : Increasing a
to e +1 requires iterating the funchom Yo

=~ increases the number of rested primitive recursion



=> the full function would require infinitely many
mested primitive recursions

Some more ideas
.. -- I not dwamed in the class

concretely :

Yo(y) =

y + 2

Ya(y) = yy
+

+(1) = y+ 2

Na(y) = 4
+ (2) = 2(y + 1) + 1 = 2y + 3 vzy

Yy(y) = 42t(1)E28e
44(y) = Yat(1) = 22

es : 40 (1) = 2

42(2) = 5

Pa (1) = 13

Y4(1) = 21

Y4(2) =22 E 206400

One CANPROVE : Given a funchon FINAN E PR and a program P

computingf using only "For-loops" (primitive recursion

If J is the moximum level of resting of for-loops

f() Yeta/moxbocib)

Now
,
ossume Pe PR &

Set I be the level of mesting of
for-loops(of primitive recessive deft)
for computingY

f(ay)

Play) Yatz (maxkyd



let x = y = j + 1

↑ (j +1 , j +2)
= 4j+2(j +1)

= y(j + 13+2)

controdiction

=> pePR


