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Ju
* Unbounded minimalisation

OGiven f : N
+
-- N · tion C

&
- primitive

f( , z) I not necessorily recursion

total BASIC Va +
·

define h : N = N

hk) =

my . Fly

= least ye st
. Fky) = o

~ such a y might not exist......

-
...

it might exist but for some zxy↑
f( ,z) T1.

umdefined

= by
if there is y such that fly) = o and
for all zxy free ,↓ and #o

↑ if such a y does not exist

for computing my . Flat ,y

Fro = o ? If yes- out 0

-Mo

fr , 1) = 0 ? If you- out I

Mo

=0-...

Example :

fry)=
My Fky) ↑ Ve



My . flay) Acte because fleget y=

#position : The class 2 is closed under /unbounded) minimalisation

Roof

Let f:Nk - N Fee

we want to prove that

h : IN"- N
is computable in e

b) =

My . Fra ,y

Let P be a URM program for f(stal form)

1 K m+ 1 ---
Mtk m+ k +2

(a ... (ak(o ---- (a ar/i(0) ....

my
m = max(p(p) ,

k +1)
the
program for h can be

T(1
,
m+1) ↑ save a to safe meenory

+ (k ,
m+k)

LOOP : PIm + 1
... m + km+ k+1 -- 1) ↓ Fl , i)

J) 1
,
MAK +2

,
REs & ↓ frei) = 0 ?

5(m + k + 1) ↓ i ++

J(1 , 1 , 100p)

RES : T/maka, 1 ↓ out i

Il



Example :

f : N +N

042

#
e even

f(x) =
↑

a odd

=

My . (x - 2xy) computable since

11-1
,

a know computable

Example

g : (2 - /N

g(x ,y) = (a
if is multiple of y and yoo

otherwise

* Mz .

1 yxz - x)

↑

if y = 0 and
= 0 ~ 0

we want I

=

Mz . (1y+ z - x) +ey)
O when yo
> 8 -y = 0

OBSERVATION : Every finite (domain) function is computable

zoof

Let D : N-IN be finite domain function

il , dom (0) = 4x2 ,
-,m)

y1 ifx = x2

ora if x = 02

if x = cmyn

↑ otherwise



it is computable
O

~iforme a
Se= Gioi ↓ ME .

1 if=ci -m

~
o if o if =i for some :

o otherwise
if = xi

O oherwise

computable by minimalisation and composition.
A

Note : Every function can be approximated by finite (computable) ones

+-

----ste
A

to ...
Example :

g : /- N
,

fix a program P

I

O if = o and Prod

&g(x) =

1 if = 0 and P(0)T

↑ oherwise

computable (finite function)

OBSERVATION : Let f: - IN a computable injective function
& total

Them

f+ (y) = J
if w such that f(x) = y

if there a no c such that fral = y

is computable
·

off- (y) = mx .

( f(x) - y) :80 ap ---- ↑
02 2



Not a proof without totality essumption

f : N = N

f(x) = &
↑

x = 0

computable
x -2x + p

= ( = 2) + Mz . Gg(x)

f (2) = y + z = Mx . (f(x) - y) ↑ Vy

When F is not total

sesso

·
3

1

O

! !2

3
=>

4

i



PARTIAL RECURSIVE FUNCTIONS

computational model : TM
,
-calculus

, Post-system , -., UpM

Church Turing Thesis :

A function is computable by iff URM-computable
am effective procedure

Program
-> class R of partial recursive functions
- R = 2

Def : The class of partial recessive functions R is the latclasso
functions which

contains ra) Zero closed by 1) composition
/b) successor (2) primitive recursion

1) projections 33 minimalisation

Namely

-> define a class of functions co rich if

it containsa) zero closed by 1) composition
/b) successor (2) primitive recursion

1) projections 33 minimalisation

-> R is such that o R is rich

· for all I rich Re A

-

>Tis ach

· if di it di richi Ai rich



= R = M A
A rich

Equivalently : R is the class of functions that you can obtain

from the bosic functions Using (2)
,
(2)

,
(3)

Theorem : C = Q

Roof

(R = 2) Co rich
, R is the fest rich class

R = C

Re = R) let fink-N be in e ine fer
there is a URM-program P for /Fi = f)

1x1---k/0 .....

P3

(fk) ----

Cp2 : (Nk+ 1 -> N

#( ,
t) = content of Re after t steps of compution of P)

Jp(Nk + 2

= in,

↑ Jp( , t) = ↑
instruction to be executed offert steps of Pr

O if Pro ) stops in tor fewer steps



let INk

- if freed d then Plaid in a number of steps

Jpk, te

henc 2
fre)= ( , ut . (pk ,

t))

- if far T them P(5)t n Ut Jp( ,
t) = 0

thus

Mt . Jp( ,
e) T

therefor

f() =C (
, ut . (p( , t))4

Therefore

fl)= 1
, ut . Jpk , t)/ Ve

↑

if we prove that cp , Jp R then we conclude foR
E WILL Do NEXT Lesson


