
Theorever Bu IR" We have that FH"=2
-

(then-Housdaf meaure coincides with Lebesque

CNB for n= 1 already moved)

Collary (1) HS is not Redon & SCM.

(moof kIRM Hh(k) = 1k1 > 0 = HS(k) = +o +s cm)
-

2) ISO if s > M
S

(proof EEB(IRM) IEK to =HE= IEY - HS(E)= 0 ESm
I

If EBLIRh) IE = to E = Viti /Eita Fi =EnBlo, i)
lEilto HP(Ei) =0 Fs)m Hi(E)EiH(ti) = 0



To prove the theoren we pess through on important
inequality -

ISODIAMERIC (NEQUALITY FEEBCIRU
volume of the bellIE11 Wr(E With Gameter = diam (t)

that is i

Camong sets of given diameter , the ball has
maximal volume/among lets of given volume the bell
has minimal diameter

~
Il= inf Gridianci EviCib

prof n = 1 trivial IEI diene E

> 1 proof by STEINER SYMMETRIZATION (method

used insevere other context in minimization pb)



STENER SYMMETRIZATION PROCEDURE
--

Let EEIRM Fir - $2- ( = 1) "a direction"

Tr = Typerplane Io pessing through the origin
↓ G XEIRM x .v = 0y

Tsclar product

XX Lx
,
v =

X +tw telR (straight line //N)
through X

XEtv

↓ steiner symmetrication of ET
Extr,

w. r
.

t.

measurable -> SvCE) is meanrable

If it By Fubini-Tonelli ISS(E)) = IEL
is true
*

elim : diam Sr(E) diam E



&

claim
&

if E is manide => SiCE) is mannall
-

SUBGRAPH OF A MEASURABLE FUNCTION IS MEASURABLE -

The f : " -> To , to) meannable (2-weas .)
A = G(x , y) 8-f(x)] in measurable in IR"

measKoog :FeyBar f(x) -y A = GF(x ,y(0} meannel
- measurafle

-

Take V= es HE = Con IR To = GoYxIRK (EIRU-
fi IRn-- IR By Fubini the map f : X1-((EnLxo) is
Ins measurable IEl

=SX=fox =SnEx l

SoCE) = G(yi , *) -FLYF> menrolle

Therefore IE1 = /SE))



claim : diamSvE) diam E .

Take z,+SSIE)
: 1z-yPz (diamSo(E))2 a small

&S

Et SulE) z= X, + tr
b++N + += (b . 0 = 0 ! )

Y + SoCE) y = Xe+ (yo) v Cento

z = X + (2
-1) o

:oGian Si))
2

-Ez-yP = (x= XP + 1zw- yu)

si = up( + /X2++v +Eys = inf( +,(x++ v + Ey
·

ri= inf (t / Vi++reEy 2 = uph+ (x++v- Ey
ly .u E Iterz 2

Assume without loss of generalityE ri-s
& 1

1z . 5 =- y . r) = S + M =
1- r + ri- res + rta -rts-

2 Z



(z-yk = (x,= X2(2 + (to- y -- -> (xi-yz) + (e -s =

= ((x+ rev) - (2+sv)) = (diamE)I
siamSw(E))" -E PianEl

<

E
LE diam Sr(E) diam(E) .

Observ . STIE) Dymmetric wirto Tr.

If E is symmetric w . r . to Tw
,
With Who (wi =d)

then SiCE) is symmetric wirto No,-

Es = Se(E) +
2= 11

,
0 ... 0) symm w

.

r+e =GX ,=0)
Ez = Se

,
(Es) -> Symm . W

.
r
.
to He,ez

&

Ex
= Sen(En-1) + Symmetric w . V

.

to Ne,e ... How
I = IE) diam EX [diam E .



Et is symmetric w
.
r
.

t all coordinate axis-

terme
IEI= IE4[Wr(dE D

.

Theore C
"

(E) = ACE) = IE) E-BCIRY)
-

closed

&1 Let EiVwith diamtied
,
El Vizi

IE11EilEil = Ei We (dati Eu SildianCISODIAM. (

taking the infimum arrog ell possible covers :

IE1 HYCE) [CUCE) FOCO
.



#2 Let pacube in 1h Q = (a ,b)
"

= (a
,
b)X (2

,
b) . - x (0

,b)

IP =( Ledgeo is da
diam Q = edge of Q - Ju

diamQidHEE) 1 . inf [W Ei (diam Qih
Picabe = ViQi]

=

Pimbe

Y= inf Lun Ei n.il inf[ Silil ,evil
dismQ: d

E WeRE
VEEB(Irn)

Letting - ot HICE)[w
S3 Fix Elo Qi cobed of dians I buch that

E Vi Qi IE / EilQillEl +E
ther

By Vitali covering thore , t Q interior of 91) exist a
-



countable covering of closed disjoint bes of diameter
-

19 : 1 UBil = 0 NiBik = Q.
0

R

↓
C! (Qi (VBiF) = 0 Since (t"2 A(QBik)=0K

-d-subadditivity s . subadditivity
C(E) = Si HQi) = EiHÖ(NBiR) = EiEnt(Bit)
= EiEik W (diambiSier (BiF = Si i IltE
I

↓
diam Bik <d !
CHosE COVERING Of BiFas BiPITSELF

H * (E) [IE) + E => HYg(E) : IE)
↓Hi(t) /El

we concludeHYE) _C(E) [IE)
↓ Et B(Irn)


