
COMPUTABILITY (19/10/2026)

-

T
Class & of urm-computable functions

* contains the BASIC Functions

(b) Successor

Cal Zero ⑳1) projections

* closed under
-

1)generalised composition
(2) primitive recursion 3
(3) cumbounded minimalisation

Examples

F ne

f
x + 0 = x f(x) = x

=WE(x)

x + (y +1) = ( + y) + 1 g(x , y ,
z) = z + 1

* Product
-

f
xx0 = 0

f(x) = 0

xx(y+ 1) = (xy) + x g(x , y , z)
= z + x

* Exponential s]

x0 = 1

f xy+ 1 = (xz) xx

* Predecessar y: 1

0 = 1 = 0

d (y + 1) = 1 = y



* Difference =

y = 10 if y
e-y if x = y

x = 0 = x

x = (y + 1) = (a =y) = 1

↑ predecessor

difference

zign* -gry) =/

& Sg(a)
= 0

Sg(y + 1)
= 1

* Sign megated /y) = /1 ify
te

EXERCISE
= 1 = sg(y)

* minimume

min (
, yu=
- x= y
x - y
-

x- (x - y) = Y

* moximum

mox(
,y

* em (,y) = remainder of y
divided by a

conventionally am/0
, y) = y

(

emer ,y

2- & --
1 - &

I- " % -
o ↑ ↑ ⑨ ↑ ⑨ ↑ ↑ X

1 23 4 5678 Y



zm(x,) = 0

f
zm (x

, y + 1)
= #

zm(x
, y) + 1 if 2m(x

,y) + 1Xx

O

= ramkytate s
1 if 2m(x, y) + 1 = x

* pt( , y) =

y diva /convention ptro , y) = 0

sexercise SOLUTION :

↳ at(x , 0) = 0

at(ay +1) = jat(ey)
+ 1 if 2m(xy + 1) = 0

pt(x , y) otherwise

=

atkayl +g) em( , y +1)

* OBSERVATION : Define a computable funchon by coses

Let fa ,
-

, fr
: N -> N function computable total

Qaks
,
-

,
Quk) ENK decidable predicates Vo 5 ! > Pg()

Them F:-In

↑
fabj if Gel

fkü) = ->↑fz(x if Q2

'

funkt if Qml)

Them f is computable
computable by hip.

---prof ---- --
- -

↓ Fak) * Racke) +... fik) Karfat

fu
-

computable
fel) if Q
O oherwise

computable by composition



Ne : m= 2
,
k = 1

fa(e) = x & () = "I is even
"

Va

fa(x) + Q2 () = "xis odd
"

frat = fabes. Karls + fakes . Kaaks
↑Va

-Ve

* if pevena
e

* Algebra of decidability
Let Q1)

,
Qal) = IN" be decidable predicates. Them

1)Qui

2) Qak) 1 Quby

3) Qi) VQzky
Ta ,
ki) = o

If Qek) fole"

Kakf = % if Qual tre
=g(xa ,

k))

Xa , 5) = 1

2) Kanazlä) = Ka
,
(a)*a (

3) Kavak) = og (ask) + Kant) / El

* Bounded Sum/product

Let F :NK
+ +
=IN f( , z) total computable

otime : INKN

k(
, y) = f(5 ,) + f( , 1) + - - + f(x

, y- 1)

= Ey Fi , z)

total computable



f
h(

,
o) = o

computable by prim, tive
h(

, y +z) = h(2
,y) + f(e , y) recursion

* zy fre ,
z

f,

i fre=(fzxy+1

* Bounded Quantification

Guen Q ,
z) /Nk+ 2 decidable

P( ,y) = Vz =yQ( ,
z)

EXERCISE : decidable

P( , y) = 7zxyq( ,
z)

* Bounded minimalisation

Givem F : /Nk+ -- IN total

define 1 : /Nk++ N

minimume st
. Zzy and fra , z) = o

h(
, y) =

f it there is such a zY otherwise

=

Mzxy · fz)

Fripas =0?Econtinue y

11) -----)

f(d) =0? - o
↓ cont



Observation : If f is computable them Mzzy . F( , z) computable

Let h
, y) = Mzzy . flö ,z

h(
,y) = z = y

- yy+ 1

h(
,
0) = 0 ...-----

~a result h(
,y)

mus

h(
, y +2) =/Y ~

&
flay) = 0 no asulty : hkiy

fre
, y) = 0 us result y + 2

Il

h(,y) + 1

=higy= hk
,y)) +Sg) f( ,y))

1 if hkyl = y and fa ,y) o

o otherwise

OBSERVATION : The following funchons ore computable

* div : NIN
if divides y

divrey) = 1 % otherse

= Gg(em(x ,y))

* D() = mumber of divisor of z

= div (y ,
x)

Ty = x + 1

* Peki) = (7
x is prime

O otherwise

prime iff it has exactly two diviso (1 and ze
,
different)

Para) = =(((x) - 2)
T(x - y) = ( = y) + (y = x)



* Pe
= x-th prime number

Po = 0 P =2 =
3

P3 = 544 = 7
po

= 11 PS = 13

G P
= 0

= Mz Z prime and ZxpaPx + 1

= Mzx/) +1.g (Parz) · ( = pa))

-ancePath and
= p7P ; Fi = 1 . - x

otherwise p divides pi

=>
p divides 1 = p = 1

not a prime
number

No PeeteDei) + 1
os desized

* () = exponent of by in the prime facorisation ofze
Y

140 = 22 . 5 . 7

= 22 . 3 . 24 . 74 . 11.. -

1140) = exponent of Is in prime decomp . of 140 = 2

14

2

11401 = expoment of 92= 3
= 0

(1403 = 1

(2404 = 1



(x)y = mox z py divides se

= min Z pet does not divide a

=

ME =s .
div (pyt , x)

Exercise : All the functions obtained from basic functions

Using composition and primitive recussion are total


