
#ORE MEASURES (Ch2 Erout-Goriepy
Appendix Folland)

↓
introduce bowl meunes onRh which "con see" set

of "Low dimension"

&10 Wr = 1 B(0
, 1) (

& dan E =dber E
Wi=) Wo=1 Wi= Fotaure = diam(E)Z

· ECAE open
6 o ECIRM subset diamE

:=ytE(x-yl diam E + E

HEE): W infidiam, ti dam~m
DEFINITION L DOESNOT CHANGE if we

H8 : P(IRK) + to , + N] restrict to either Ei -per
or Ei closed & El Convex
- -IT CHANGES if we intrict to bells EiI -

Cspherical Hausdaft measure

QLequilateral trangle diam T = late diam



Fix S20 Jed2 (diamEi 12 on)
↓ S

HO(E) E HO(E
S-dimensional

HS(E) = line HS(E) = mHOCE) (Hourdafs menre)
d - ot d 0

· observe that AIB .[IRM HOCAUB) = H8(A) + HS(B)
if dist (A

,
B) > 48

Proposition 1) H8 . is a Outer MEASURE on IRM

CNO PROOF) 2) HS is a OUTER MEASURE on IRh

d HS (AUB) = HS(A) + HS(D) If dist (A ,
B) 0

Canathoday : Its is a Borel measure - &

ALSO BOREGUAR:AERY JEEBINY ALE ASCAl = ASCE))
(NB HS is NOT RADON MEASURE (except that for 1=u

olimIRM-

I we will more it)



Proposition
u

1) Ho is the COUNTING MEASurE HOE) =* IxEy= condE

(8(E) = infEi , ViEi CE diamEilGy
=

2) Ha = 22 en I i . e . Hal = HICA) = (A) FACIr)-

Let' AIR IA1 = inf & Si (diam (i), vici]
-

= inf[Si(dian(i)" A L Vici dienlied]

I = H87A) =>(A) = 21(A) [HE(A) E 80 = IAIECEA)
Fix io

In = [k5 , K+1) diam (inIn) =8 ↓ k- I

diam (iEn Ciam (inIn) [exause]
IAlinf Siam (i) , ACC < inf & Siam(Ir)

AlViCi Y



= inf (EiiamBil diamBi10 ViDiCLAY = Hot(A)

& Foco ColA) E IAIEIOCA) #H=C on IR-

Con Ev diam (ilIr) Idiamci . MaliaCi =to or , if
diam Ci = R- > CiCTO ,R] up to tallatick

TROJ+
Ci = o

(inIn) RIEdiam(Cin[n)
-

③ (tS (XA) =XSxt(A) -$01A = Exux-Ay
(-S (FA) = kS(tS(A) F : IR"-> IRm

#F - k Ax+



#sitionkt (dneusonal conte

VEIRKO

proof Let ECIR"Ei with diam Eich E ? Viti
-

Eantit Ei (diamEi)S2 Diame Ei)
-S i

=GildamI

=> ( =S
T(t) is increasing for +2 +(1)=(2) =t mem T= c = T(E) < 1

+20 Et (1, 2)
so if S22 , +2 =D +(S +1) (E +1) 1+ 2

0cs1S2 = T(2 +1)[IT(* + ) since +( +) El



> o HOS(E) -[gS
-

SH(E) do
-

do + 0 + 5 +0 ↓ i- 0

(-52(E) [ 0 . HS(E)

so if HSCEO = HS(E) = +a (Sc752)
HS (ED(to =D HS2(E) = 0

#0
Il

dim (E) = Hausdaff dimension of E = die(E)

= inf45zo , H(E) =0 = spG520 It (E) = toy

IB It may happen that dim, (E) = 230 [(t"(E) =
0

(So it is not necessary that (+(EE ,to)
a +(E) =+s

Hausdorff dimension can also be no integer.



Ex Cantar Set in D is a set with Hausdoff dive.[ between 0
,
1.

· = Tol] C = 50.] [1] C= [01g570[2,[1]
&

(n+ 1 = 1(u(1(n + 3)
In closed Vm

,
and contains 2" interials of lengthn

(with distance between intervals - En)
t

C = 1Cm is the CANTOR SET =
n=0 CCLOSED) 531

at every stepr remove 24-1 intervals of length In3
( = 1--=



11 =0 = dim(2) [1 (since Hr(() =0)

SSince C = 1CU(1( +2) (t)(()= 2(t(z)) =27t()3 3
~ DISJOINT~

if 75 s
.

t
.

<(2) +0
,
70 => 21 =1Flo

In particular for SAlga2 = #(1) =0 or H(C) = to .

⑦ take d= so Cris a cover of ((i) i = Se .. enz
in

Hin) i=
(770 (++)= (1) =WWw( if II- E

Solgz2=> (S (2) =0 - Sclg3(2) = dimp (D- (2)-



moreover if s= lgz

Feg() * Legaaz
Reverse implication (dimp(C) = lgz2) is MUCH

MORE DIFFICULT (ref Falcones , Geometry of pactel sets)
Gs2

one pugue (t /CI egz2
Glas

?

=> dim(1)= lgz2
aud (7632(C)=


