PROBLEM SHEET 2: MEASURE THEORY

Exercise 1.
Let p be a Radon measure on R". We define the support of u as

supp p=R"\ N where N = U{A C R", A open set, u(A) = 0}.
Prove that Z € supp p iff [g, f(x)du(z) > 0 for all f € C.(R",[0,1]) with f(z) > 0.
Exercise 2. Let A; C R™ with dimynA; = ¢;. Show that dimy(U;A;) = sup;, ¢;.

Deduce that if ¢; < n, and sup,¢; = n, then A = U;A; satisfies dimy(A) = n and
|A| = 0.

Exercise 3. Let f : R” — R* be a Lipschitz function (that is | f(z) — f(y)| < L|z — y| for
all z,y € R").

e Show that for all s > 0 and all A C R", there holds

H(f(A)) < C°H(A)
where C'is the Lipschitz constant of f (C' = sup,, %)
e Show that dimy(f(A)) < dimy(A).
In the case f : R® — R* is Holder continuous with exponent o € (0,1), (that is

|f(z) — f(y)| < Ljz — y|* for all x,y € R™), show that

dim(f(A)) < ~dimy(A).



