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Framing this lesson and the future ones

1. Does different treatments or 
different levels of a factor determine 
a statistically meaningful change on 
the response? 

2. Is there a significant impact of 
factors/treatments on a response 
variable?   

3. How much the variability of one 
factor determine the variability of the 
response? 

1. Simple 
comparative 
experiments

2. ANOVA

3. DoE and 
response surface 
modelling
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Simple comparative experiments
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 Comparing experiments from two different treatments/conditions, often 
called simple comparative experiments

• for example: do two different formulations lead to equivalent quality of the product? 

 Secondary aim:  
• review of basic statistical concepts: 

o random variables
o probability distribution 
o random sampling 
o sampling distribution 
o hypothesis testing 

Objective
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 Evaluation of the effect of adding a polymer latex 
emulsion (used to decrease the cure time) on the 
tension bond strength of a Portland cement mortar  

• two different formulations are analyzed 
o different formulations are considered as two treatments/levels 

of the factor formulations

Portland cement mortar example

sample
modified 
mortar 

standard 
mortar 

1 16.85 16.62
2 16.40 16.75
3 17.21 17.37
4 16.35 17.12
5 16.52 16.98
6 17.04 16.87
7 16.96 17.34
8 17.15 17.02
9 16.59 17.08

10 16.57 17.27



27/04/2026 6Prof. Pierantonio Facco   -   Machine learning for process engineering

standard modified
16.2

16.4

16.6

16.8

17.0

17.2

17.4

Portland cement mortar formulations

te
ns

io
n 

st
re

ng
th

 (K
gf

/c
m

2 )

 Dot diagram or individual value plot: 
• simple representation of points in their scale 
• identifies the range of data variability 

 Box-and-whiskers plot: 
• rigorous representation of the sample distribution 
• describes indices of: 

o position 
o dispersion 
o skewness

• the box represents: 
o inter-quantile range IQR 

 difference among first and third quartiles
o mean and/or median

• the whiskers represent: 
o either 2nd and 98th percentiles, or 1.5�IQR, or 3�IQR, or…

• outliers may be also represented

Methods for visual inspection 
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Comparison among average (std. deviation)

 Average and standard deviation of the two formulations: 

 Are these differences large enough to imply that the two  formulations are 
different from the statistical point of view? Or are the formulations identical for 
what concerns the tension bond strength?  

Hypothesis testing 

treatment average standard deviation

standard formulation 17.04(2) kgf/cm2 0.32 kgf/cm2

modified formulation 16.76(4) kgf/cm2 0.25 kgf/cm2
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Statistical hypothesis

 The statistical hypothesis on the Portland cement example reflects the 
following conjecture about the problem:

• the mean tension bond strengths of the two formulations may be equal
• the mean tension bond strengths of the two formulations may be different 

 The hypothesis testing in this case is stated formally as: 
𝐻𝐻0: 𝜇𝜇1 = 𝜇𝜇2
𝐻𝐻1: 𝜇𝜇1 ≠ 𝜇𝜇2

• 𝐻𝐻0 is called the null hypothesis 
• 𝐻𝐻1 is called the alternative hypothesis

o this is a two-sided alternative hypothesis because it would be true if either 𝜇𝜇1 < 𝜇𝜇2 or if 𝜇𝜇1 > 𝜇𝜇2



27/04/2026 9Prof. Pierantonio Facco   -   Machine learning for process engineering

 Assumption: the variances of tension bond strengths are identical 
 The appropriate test statistic to use for comparing two treatment means is: 

𝑡𝑡𝑜𝑜 =
𝑥̅𝑥1 − 𝑥̅𝑥2

𝑆𝑆𝑝𝑝
1
𝑁𝑁1

+ 1
𝑁𝑁2

• where 𝑥̅𝑥1 and 𝑥̅𝑥2 are the sample means, 𝑁𝑁1 and 𝑁𝑁2 are the sample sizes, and 𝑆𝑆𝑝𝑝 is an 
estimate of the common variance computed from: 

𝑆𝑆𝑝𝑝2 =
𝑁𝑁1 − 1 𝑆𝑆12 + 𝑁𝑁2 − 1 𝑆𝑆22

𝑁𝑁1 + 𝑁𝑁2 − 2
• 𝑆𝑆12 and 𝑆𝑆22 are the individual sample variances 

• 𝑆𝑆𝑝𝑝
1
𝑁𝑁1

+ 1
𝑁𝑁2

 is called the standard error 

Test statistics for hypothesis testing
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 Procedure to carry out a two-sample t-test: 
• compare 𝑡𝑡𝑜𝑜 to the t-distribution with 𝑁𝑁1 + 𝑁𝑁2 − 2 degrees of freedom to determine 

whether to reject the null hypothesis 𝐻𝐻0: 𝜇𝜇1 = 𝜇𝜇2 

• test to reject 𝐻𝐻0:                 𝑡𝑡𝑜𝑜 > 𝑡𝑡𝑁𝑁1+𝑁𝑁2−2, ⁄𝛼𝛼 2 

o where 𝑡𝑡𝑁𝑁1+𝑁𝑁2−2, ⁄𝛼𝛼 2 is the upper ⁄𝛼𝛼 2 percentage point of the t-distribution with 𝑁𝑁1 + 𝑁𝑁2 − 2 degrees 
of freedom

• if we reject 𝐻𝐻0          the mean strengths of the two formulations of Portland cement 
mortar differ

• if we fail to reject 𝐻𝐻0         the mean strengths of the two formulations of Portland 
cement mortar are the same

Two sample t-test
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Justification of the two-sample t-test procedure
 Samples are taken from independent normal distributions
 The distribution of 𝑥̅𝑥1 − 𝑥̅𝑥2 is: 

𝑥̅𝑥1 − 𝑥̅𝑥2~𝑁𝑁 𝜇𝜇1 − 𝜇𝜇2,𝜎𝜎2 1
𝑁𝑁1

+ 1
𝑁𝑁2

 

 In case 𝜎𝜎2 was known and 𝐻𝐻0: 𝜇𝜇1 = 𝜇𝜇2 holds true: 

𝑧𝑧𝑜𝑜 =
𝑥̅𝑥1 − 𝑥̅𝑥2

𝜎𝜎 1
𝑁𝑁1

+ 1
𝑁𝑁2

~𝑁𝑁(0,1)

 Changing 𝜎𝜎 with 𝑆𝑆𝑝𝑝, the distribution becomes a 𝑡𝑡𝑁𝑁1+𝑁𝑁2−2 distribution
• if 𝐻𝐻0:𝜇𝜇1 = 𝜇𝜇2 is true 

o 𝑡𝑡𝑜𝑜 is within the limits of ±𝑡𝑡𝑁𝑁1+𝑁𝑁2−2, ⁄𝛼𝛼 2 and 100 1 − 𝛼𝛼 % of the values of 𝑡𝑡𝑜𝑜 are expected to fall within the limits
• samples producing 𝑡𝑡𝑜𝑜 outside these limits would be unusual and this is evidence that the null hypothesis 

should be rejected
 Note that 𝛼𝛼 is the probability of type I error for the test

• it is the significance level of the test
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Example: Portland cement mortar 

 In the Portland cement mortar example: 
• 𝑆𝑆𝑝𝑝 = 0.284
• 𝑡𝑡𝑜𝑜 = −2.2
• for 𝛼𝛼 = 0.05, 𝑡𝑡18,0.025 = ?
• since 𝑡𝑡0 > 𝑡𝑡18,0.025 the null hypothesis can be rejected

 Results of the two-sample t test: 
• the mean tension bond strengths of the two formulations of Portland cement mortar are 

different! 
• this is an important engineering finding: 

o the change in mortar formulation had the desired effect of reducing the cure time, but there is 
evidence that the change also affected the tension bond strength

o the modified formulation reduces the bond strength 
o if the reduction in mean bond  strength is of practical importance, then more development work and 

further experimentation will likely be required
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 Tables are available in the textbooks

 Alternative: 
• calculation in Matlab®: tinv(0.025,18) 

Percentage points of the t-distribution
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Example: Portland cement mortar 

 In the Portland cement mortar example: 
• 𝑆𝑆𝑝𝑝 = 0.284
• 𝑡𝑡𝑜𝑜 = −2.2
• for 𝛼𝛼 = 0.05, 𝑡𝑡18,0.025 = 2.101
• since 𝑡𝑡𝑜𝑜 > 𝑡𝑡18,0.025 the null hypothesis can be rejected

 Results of the two-sample t test: 
• the mean tension bond strengths of the two formulations of Portland cement mortar are 

different from the statistical point of view! 
• this is an important engineering finding: 

o the change in mortar formulation had the desired effect of reducing the cure time, but there is 
evidence that the change also affected the tension bond strength

o the modified formulation reduces the bond strength 
o if the reduction in mean bond strength is of practical importance, then more development work and 

further experimentation will likely be required
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1. Fixed significance level testing reports the results of a hypothesis test stating that 
the null hypothesis was (or was not) rejected at a specified value or level of 
significance
• Portland cement mortar formulation example: the null hypothesis was rejected at the 0.05 

significance level
• this statement of conclusions is often inadequate: 

o was the computed value of the test statistic just barely in the rejection region? 
o or was it very far into this region?

2. P-value approach is adopted widely in practice to avoid these difficulties 
• the P-value is the smallest level of significance that would lead to rejection of the null 

hypothesis 𝐻𝐻0
o the P-value is the probability that the test statistic will take on a value that is at least as extreme as the 

observed value of the statistic when the null hypothesis is true
• the P-value conveys information about the weight of evidence against 𝐻𝐻0

o a decision maker can draw a conclusion at any specified level of significance
o we may think of the P-value as the smallest level at which the data are significant

 it is customary to call the test statistic (and the data) significant when the null hypothesis 𝐻𝐻0 is rejected

Fixed significance level approach vs. p-value approach
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 It is not always easy to compute the exact P-value for a test
• the computer programs for statistical analysis report P-values 
• Matlab® calculation: 2*(1-tcdf(2.2,18)) or 2*tcdf(-2.2,18)

 Interpolate among the table values: 
• since 𝑡𝑡𝑜𝑜 > 𝑡𝑡18,0.025 the p-value is less than 0.05 
• for a t-distribution with 18 degrees of freedom and 𝑡𝑡𝑜𝑜 = −2.2, the p-value should be between 2�0.01 and 0.05

Calculation of the p-value

The p-value which corresponds to 𝑡𝑡o = −2.2 is 𝑝𝑝 = 0.0411 
• this means that the null hypothesis is rejected at any 

significance level 
𝜶𝜶 > 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎
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 The assumptions at the basis of the paired t-test are: 
• samples are random samples are drawn from independent populations described by a normal 

distribution 
• the standard deviation or variances of the populations are equal
• if these assumptions are violated the t-test is affected 

o moderate departures from normality do not seriously affect the results

 The assumption of independence is usually satisfied if the run order is randomized 
• if appropriate experimental units and materials are selected at random

 This type of procedure is called a randomization test (if the samples observed are 
equally likely)

• the t-tests can be used without extensive concern about the normality assumption 

 How could we test if the variances are equal, and the samples are normally 
distributed?

t-test assumptions verification 
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 The normal probability plot shows that: 
• the distribution of the two samples are 

normal
o the points are approximately on the straight line

• the standard deviation of the two 
distribution is approximately the same
o the fitting lines have approximately the same 

slope

Normal probability plot for Portland cement mortar
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Alternative approach on the confidence limits

 Hypothesis testing is useful, but it sometimes does not tell the entire story 
 Confidence interval approach: it is often preferable to provide an interval within 

which the value of the variable of interest would be expected to lie 
• the experimenter already knows that the means 𝜇𝜇1 and 𝜇𝜇2 differ, so he/she is more interested in 

knowing how much the means differ
• to define a confidence interval, suppose that 𝜃𝜃 is an unknown parameter

o we need to find two statistics 𝐿𝐿 and 𝑈𝑈 such that the probability statement
P 𝐿𝐿 ≤ 𝜃𝜃 ≤ 𝑈𝑈 ≤ 1 − 𝛼𝛼

    holds true
o the interval is called a 100 1 − 𝛼𝛼 % confidence interval if, in repeated random samplings, 100 1 − 𝛼𝛼 % 

of them will contain the true value of 𝜃𝜃
o 𝐿𝐿 and 𝑈𝑈 are the lower and upper confidence limits, respectively
o (1 − 𝛼𝛼) is called the confidence coefficient

 Confidence intervals have a frequency interpretation
• if the statement is true for a specific sample is not known
• the method yields correct statements 100 1 − 𝛼𝛼 % of the time



27/04/2026 20Prof. Pierantonio Facco   -   Machine learning for process engineering

 The formal solution of the problem is:   

𝑃𝑃 −𝑡𝑡𝑁𝑁1+𝑁𝑁2−2, �𝛼𝛼 2
≤

𝑥̅𝑥1 − 𝑥̅𝑥2 − 𝜇𝜇1 − 𝜇𝜇2

𝑆𝑆𝑝𝑝
1
𝑁𝑁1

+ 1
𝑁𝑁2

≤ 𝑡𝑡𝑁𝑁1+𝑁𝑁2−2, �𝛼𝛼 2
= 1 − 𝛼𝛼

𝑥̅𝑥1 − 𝑥̅𝑥2 − 𝑡𝑡𝑁𝑁1+𝑁𝑁2−2, �𝛼𝛼 2
𝑆𝑆𝑝𝑝

1
𝑁𝑁1

+
1
𝑁𝑁2

≤ 𝜇𝜇1 − 𝜇𝜇2 ≤ 𝑥̅𝑥1 − 𝑥̅𝑥2 + 𝑡𝑡𝑁𝑁1+𝑁𝑁2−2, �𝛼𝛼 2
𝑆𝑆𝑝𝑝

1
𝑁𝑁1

+
1
𝑁𝑁2

 This means that: 
• if 𝜇𝜇1 − 𝜇𝜇2 ≤ −0.5451 or 𝜇𝜇1 − 𝜇𝜇2 ≥ −0.0109, we can say that 𝜇𝜇1 − 𝜇𝜇2 ≠ 0
• 𝜇𝜇1 − 𝜇𝜇2 = 0, otherwise, if the interval in which 𝜇𝜇1 − 𝜇𝜇2 is defined comprises zero: 

−0.5451 ≤ 𝜇𝜇1 − 𝜇𝜇2 ≤ −0.0109

Confidence interval for the Portland Cement mortar
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 The size of the considered sample is one of the 
most important choices in the experimentation
 Assume that 𝑁𝑁1 = 𝑁𝑁2 = 𝑁𝑁, the confidence 

interval is a function of 𝑆𝑆𝑝𝑝 and 𝑁𝑁 (where 𝑆𝑆𝑝𝑝 
cannot be controlled): 

𝑡𝑡2𝑁𝑁−2, �𝛼𝛼 2
𝑆𝑆𝑝𝑝

2
𝑁𝑁

= 𝑓𝑓 𝑆𝑆𝑝𝑝,𝑁𝑁

• this function can be represented as a variable of 𝑁𝑁 
• this function does not vary too much if 𝑁𝑁 > 8 − 10

Sample size from confidence intervals
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 The next lecture will be a flipped classroom
• the learning procedure is inverted

 Please, complete the following procedure before Lesson #21:
1. attend the video lecture #20 available in Moodle
2. self-assess your learning
3. read the following book chapter

o Montgomery, D. (2013). Design and Analysis of Experiments. J. Wiley & Sons. 
 Chapter 3

4. prepare questions and anything you need to discuss with the teacher and your mates 
in the next lecture

Next lecture will be held in the following manner: 
• 1/2 Q&A: 

o questions (of the students) and answers (of the teacher) 
• 1/2 DoE example

Next lesson: flipped lecture
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… per sempre a fianco a me! 
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