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Bisimilarity as a Fix point

bisimulation no lorgest e
2
alternative : fixpoint

- theortically interesting
-> provides an algorithm
-> assection longuage

recursion

fact : IN - N

t (n) =
1 if n= 0

d
ma fot(m - 1) if m=

We are dealing with functions

3 = ( f / fin =m)

F : y =- I

If m=0
fr #(f) with Fifsim) = fu

fimas io

we define the factorial fact = J euch that

Effact) = fact

i
.

e . fact is a fixpoint of F.

Example :

defineR St
.

It satisfies

co =
No + eco ??

log sen



KNASTER-TARSKI'S THEOREM

fixed point for monatore functions over complete lattices

SPECIAL Case : powerset Cattice

A set 25 = 2x / x = A)

adured by E

If A =20 ,
b
, 2] A

-

(0 , b) Ga , c3 ( b , c)

↑
(0) 2bE (c

↑
d

* Momotore function

F : 21-25 15 monotome if XX
, X = 21

X er them f(x) = E(t)

example :

f : 2 = 2

f(x) = (0)ubz =x(xx)

/fixpoints ? P f(N) = IN (13 (

f(x) = Goyuxu(2 + x(xen)

( fixpoints : IP
,

IN, - . -

g(x) = (0)u(2 +x(xxx) Not

MONOTONE

g(d) = Niga34403 = g(in) but -N



Knoster-Torski's Theorem

Givem F : 21-21 monotome , them f has

(2) greatest fixpoint Sforf) = U(x =21) x = f(x)

(2) least fixpoint efp(f) = 1(x = 21) f(x) = x]

Roof

we prove (e) .

Let Xn =

0 fre
val Xe is a fixpoint fixmi = Xm

1) Xm is the greatest fixpant XX21 f(x) = X =0 XX

ras we start withris Xepost the fixm (x)

for each XePost X = UPort = Xm

them x = f(x) - f(x)
↑

Xe Post
↑
fmomotore

Thus Xm = U Post = Frxm)

rii) fixy) e Post

from /A) and monotonicity
f(x) - f(f(xm))

thus

Xh = Uposte fixm

from (i) and (ii) Xm = fixm

6 Xm is the forgest fixpoint : let Xe21 st
.

X = f(x)
E

hence XePost
.

Thus X = U Post = Xm.
I
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OBSERVATION : If A is finite and fi 21-21 monatore

a) eforfi = fk(p) for some /A)

() gfp(f) = fh/A) --- n = (A)

where f(x)=f



* Bisimilarity os a fixpoint

a bisimulation is a relator Re Pro

If PRQ them i) if PP' then QQ' and I'RQ
-

(P
,9) eR ki) if QQ' then PEP' and P'RQ

--

(P;,9) e R
we com consider

F : Choxisos -a 29201 X Proc

Fri = (a)) theoSe &
some observations

1) Givem Rezhockin Re is a bisimulation if

If (P ,
Q)eR them (P

,Q) E FIRS

i

.

e

. REF(R) & 10 a post fixpoint of F

(2) F monotone

(3) we defined

~ = UGR1 R bisimulation] = US &1 R = F(R)4 = gfp(F)

Sevene O is even ↑if x even = 2+x

even

* If processes ore finite state F : 2120x1200 +> 2 PocxPro

N = gfp(f) = Fk(ProcxP20]

ProcxPo1 FIP20X20) 1 FF(P20x1200)
--

X
-- e FK (P20XP201) = FK/P20XP20) = N

equivalences



Proc

p Ti

P

Fri = (a)) theoSe &
Example :

Q = b
. Q2 + a . Qu

Q2 = CQ4
Q

Q3 = C
. Q4

M·Q4 = b
. Qz + a . Qz + a

.Q1

Proc = (Q1
,
Q2

,
93

,
Q4)

Fo(ProcxProc) = Procx Proc I = ((P,
9) 1Pe 920)

F(ProxPro) = ( (92 ,
Q4)

,
194 ,
Q /

(Qz
,
93)

,
193

,Q2)] u I

#(Procx920c) = ((a2
,
93)

,
193

,
92)) u I

#(ProxPro) = ((az
,
90)

,
193

,
92)) vi = n

* complexity (maive

M = # States m = # transitions G
number of iterations ? M

cost per iteration ma
3 Ormin)



You com do better

Ormmy Kammelakis-Smolka'93

O /m logn Page-Torjam 97

↑ data structures

for partitions

Trace equivalence

P-space complete
U n

NP EXP

/ quadratic
Weak Bisimilarity An incrose)

saturation by creak transitions ~X

What about infinite states

C bisimilarity is undecidable

· BPP /bosic parallel proces) : ccs without syncronisation

-> bisimilarity1s decidable

-> Face equivalence s undecidable

:

* PetriNets

all equivalences are undecidable .... reachability is decidable

& not primitive recursives


