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 Currently, in the process industry (and also in everyday life) we are plenty of data from 
different sources

• however, we are not interested in having a lot of data. We prefer to have informative data!
 Data are structured in a way in which they sum up 2 components: 

• systematic part, descriptive of the system under study
• noise, unavoidable, but unwanted part of the signals due to disturbances

 Dealing with data means dealing with some challenges: 
• variability 
• complexity
• nature

 We started from the simplest case: study of a single variable 
• to understand how, through probability theory and univariate statistics, it is possible to describe data 

(descriptive statistics) 
• to extract the most important information about a population from a sample of a limited number of 

observations (inferential statistics) 
• to effectively describe a variable by means of few effective graphical tools and a parsimonious number of 

parameters describing the population features on how data are distributed

Recap of the previous lectures
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Today’s lesson

 Today we will introduce: 
• Gaussian (i.e., normal) distribution

o inferred statistics for 
distributions

• visual interpretations of 
distributions 

• tests of normality 
• density functions

o probability density function
o cumulative density function
o inverse density function

• probability in Minitab® and 
Matlab® 
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 The sampling distribution is the probability distribution of a statistic
 The probability distribution of a particular statistic can be determined if the 

probability distribution of the population, from which the sample was collected, is 
known
 Several useful sampling distributions are available in the scientific Literature and 

widely utilized 

We will introduce some distributions that will be very useful in (multivariate) 
statistical process control and design of experiments: 

• Gaussian distribution
• t distribution
• chi-squared distribution
• F distribution 

Sampling distribution



Gaussian (normal) distribution
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 The normal probability distribution of a random variable 𝑥𝑥 is: 

 The typical shape of a normal distribution is the one of a bell or a «Mexican 
hat» 

Normal (Gaussian) distribution 

f 𝑥𝑥 =
1

𝜎𝜎 2𝜋𝜋
𝑒𝑒−

1
2
𝑥𝑥−𝜇𝜇
𝜎𝜎

2

for −∞ < 𝑥𝑥 < ∞

with                 −∞ < 𝜇𝜇 < ∞
𝜎𝜎2 > 0

µ= 6 mm
𝜎𝜎 = 0.005 mm
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Normal distributions are simple because they are fully characterized by only 2 
parameters: 

o mean 𝝁𝝁 indicating data central tendency 
o variance 𝝈𝝈𝟐𝟐 (or standard deviation 𝜎𝜎) indicating data dispersion around the location

 The notation to identify a normal distribution of mean 𝜇𝜇 and standard 
deviation 𝜎𝜎 is: 𝑥𝑥~N(𝜇𝜇,𝜎𝜎2) 

• the Matlab® command:     randn     
generates samples from a standard normal distribution 𝑥𝑥~N(0,1) 

 It is defined for 𝑥𝑥 ∈ ℝ, the set of the real numbers
• however, the tails are really thin 
• the probability of finding a value that deviates from the mean > 4/5𝜎𝜎 is very small

Some details on normal distributions 
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 The normal distribution has a remarkably interesting property for its 
application to statistical process control (SPC): 

• approximately 2/3 of the observations deviate from 𝜇𝜇 less than 𝟏𝟏𝝈𝝈 (exactly: 0.9674𝜎𝜎) 
• approximately 95% of the observations deviate from 𝜇𝜇 less than 𝟐𝟐𝝈𝝈 (exactly: 1.96𝜎𝜎) 
• 99.73% of the observations deviates from the mean less than 𝟑𝟑𝝈𝝈 

Interesting property of the normal distribution
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Teamwork

 What is the mean in the example of the figure? 
 And the variance? 
 What are the mode and the median? 
 What are the expected value of the skweness and the kurtosis? 
 What is the range of values which retains approximately 95% of the observations of the 

distribution? And the range which contains approximately 66.67% of the observations?

6 9 12 15 18 21 24 27 30
x

0

0.05

0.1

PD
F



02/03/2026 11Prof. Pierantonio Facco   -   Machine learning for process engineering

Teamwork

 This is a Gaussian distribution with: 
• 𝜇𝜇 = 18
• 𝜎𝜎 = 3 → 𝜎𝜎2 = 9 

 Mode and median coincide with the mean 𝜇𝜇 

 The skeweness is: 𝜇𝜇3
𝜎𝜎3

= 0

 The kurtosis is: 𝜇𝜇4
𝜎𝜎4

= 3 

 The range of values which retains approximately 95% of the observations is approximately: 𝑥𝑥 ∈ 12,24
 The range of values which contains approximately 2/3 of the observations is approximately: 𝑥𝑥 ∈ 15,21
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 The standard normal distribution is an important special case of normal 
distribution in which: 

• the mean is zero: 𝜇𝜇 = 0 
• the standard deviation is one: 𝜎𝜎 = 1

 Examples of standard normal distributions in Matlab®:
• randn
• normpdf
• pdf

Standard normal distribution
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 Define the standardization (called also autoscaling) of a 
variable 𝑥𝑥~N(𝜇𝜇,𝜎𝜎2) as:  

• mean centering: centering to the mean (i.e., subtracting the 
mean 𝜇𝜇)

• scaling to unit variance: dividing it by the standard deviation 𝜎𝜎
 If 𝑥𝑥 is a random variable which follows a normal 

distribution with mean 𝜇𝜇 and variance 𝜎𝜎2: 𝑥𝑥~N(𝜇𝜇,𝜎𝜎2) 
then: 

𝑧𝑧 =
𝑥𝑥 − 𝜇𝜇
𝜎𝜎

• where 𝑧𝑧, the standardized version of 𝑥𝑥, follows a standard 
normal distribution:
       𝑧𝑧~N(0,1) 

Standard normal distribution
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One problem remain unsolved visualizing boxplots and histograms: 
• when may we consider a distribution to be Gaussian? 

Open issue
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 A normality test is a statistical test to verify the hypothesis of data normality 
(Gaussian distribution)

• verifies if the conjecture that the analyzed set is normally distributed could be acceptable from 
the statistical point of view

• it is performed comparing the frequency distribution experimentally observed with the 
theoretical Gaussian distribution with the same mean and standard deviation

 The p-value is the parameter which allows discriminating if the distribution is normal 
or not:  

• 𝒑𝒑 ≥ 𝟎𝟎.𝟎𝟎𝟎𝟎: the distribution can be approximated to a Gaussian one
• 𝒑𝒑 < 𝟎𝟎.𝟎𝟎𝟎𝟎: the distribution cannot be approximated to a Gaussian one

Most common normality tests: 
• Anderson–Darling test

o reliable for sample numerosity 𝑁𝑁 > 30 
• Ryan–Joiner test 

o less reliable, utilized when 𝑁𝑁 < 30
• Kolmogorov–Smirnov test 

o reliable for 𝑁𝑁 > 1000

Normality test



02/03/2026 16Prof. Pierantonio Facco   -   Machine learning for process engineering

5.99 5.995 6 6.005

Data

0.003
0.01
0.02
0.05
0.10

0.25

0.50

0.75

0.90
0.95
0.98
0.99

0.997

Pr
ob

ab
ilit

y

-3 -2 -1 0 1 2 3

Standard Normal Quantiles

5.985

5.99

5.995

6

6.005

6.01

6.015

Q
ua

nt
ile

s 
of

 In
pu

t S
am

pl
e

 Normal probability plot:
• data are displayed against their theoretical normal distribution
• data (blue crosses) should stay sufficiently close to the theoretical (red) line for normal 

distributions
 qq-plot (quantile-quantile plot): verifies the “normal” behavior of a distribution:

• quantiles of the sample data 𝑥𝑥 vs. theoretical quantiles values from a normal distribution
• if the distribution of 𝑥𝑥 is normal, then the plot appears approximately linear  

Graphical normality tests

qqplotnormplot



How to compute the probability 
that a determined event occurs?
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 From Lesson 2 we remember that…

Recalling what are probability and PDF…
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 Probability density function f(𝑥𝑥): 
• does not represent probability directly 
• the probability P(𝑥𝑥) that an outcome falls within a certain range [𝑥𝑥1, 𝑥𝑥2] can be 

calculated using the following integral: 

• is applied to continuous random variables 
o in the case of discrete variables, a probability mass function can be found

 The PDF parameters give detailed information on the data

Probability density functions PDF

P 𝑥𝑥1 ≤ 𝑋𝑋 ≤ 𝑥𝑥2 = � f 𝑥𝑥 𝑑𝑑𝑥𝑥
𝑥𝑥2

𝑥𝑥1
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 The cumulative density function F 𝑋𝑋 of a continuous random variable 𝑥𝑥 ∈ 𝑅𝑅 
is the integral of the probability density function as follows: 

• non-decreasing function of 𝑥𝑥
• used to calculate the probability that the variable takes a value less than or equal to 𝑥𝑥1: 

• see the Matlab® command: normcdf

Cumulative density function

F 𝑋𝑋 = �
−∞

𝑥𝑥1
f 𝑥𝑥 𝑑𝑑𝑑𝑑

F 𝑋𝑋 = P 𝑋𝑋 ≤ 𝑥𝑥1
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Relation among CDF and PDF                                (1/2)

F 𝑥𝑥1 = �
−∞

𝑥𝑥1
f 𝑥𝑥 𝑑𝑑𝑑𝑑

probability density function PDF cumulative density function CDF
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 The CDF F 𝑥𝑥1  in each point 𝑥𝑥1 corresponds to the integral ∫−∞
𝑥𝑥1 f 𝑥𝑥 𝑑𝑑𝑑𝑑 of the 

PDF f 𝑥𝑥  in the interval −∞ , 𝑥𝑥1

Relation among CDF and PDF                                (2/2)
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 Cumulative distribution tables are commonly available in the textbooks of statistics and 
probability theory 
 They relate: 

• the value of the standard normal random variable
• the cumulative probability that the value occurs

Cumulative distribution tables
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 The table gives the probability of occurrence of a determined value of a standard normal distribution of z 
• rows are different values of the standard normal random variable z 
• columns correspond to the second decimal of z

 Example: the probability for 𝑧𝑧 ≤ 1.47 is 𝑃𝑃 = 0.92922
o normcdf(1.47,0,1)
o small differences can be found among values in tables and values calculated with software

Use of the cumulative distribution tables
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Cumulative density function and probability      (1/4)

 The CDF can be used to compute what is the probability P of finding values of 𝑥𝑥 
within a predetermined interval 𝑎𝑎, 𝑏𝑏 , also with 𝑎𝑎 = −∞ or 𝑏𝑏 = +∞
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 To calculate the probability that 𝑥𝑥 ∈ 𝑎𝑎, 𝑏𝑏 : 
1. calculate the area under the PDF for 𝑥𝑥 < 𝑏𝑏 (blue area): ∫−∞

𝑏𝑏 f 𝑥𝑥 𝑑𝑑𝑑𝑑
2. subtract the area under the PDF for 𝑥𝑥 < 𝑎𝑎  (yellow area): ∫−∞

𝑎𝑎 f 𝑥𝑥 𝑑𝑑𝑑𝑑

Cumulative density function and probability      (2/4)
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 To calculate the probability P 𝑥𝑥 > 𝑥𝑥1 = ∫𝑥𝑥1
+∞ f 𝑥𝑥 𝑑𝑑𝑑𝑑 that 𝑥𝑥 > 𝑥𝑥1: 

1. calculate the area under the PDF for 𝑥𝑥 < 𝑥𝑥1: ∫−∞
𝑥𝑥1 f 𝑥𝑥 𝑑𝑑𝑑𝑑

2. subtract ∫−∞
𝑥𝑥1 f 𝑥𝑥 𝑑𝑑𝑑𝑑 to 1: P 𝑥𝑥 > 𝑥𝑥1 = ∫𝑥𝑥1

+∞ f 𝑥𝑥 𝑑𝑑𝑑𝑑 = 1 − ∫−∞
𝑥𝑥1 f 𝑥𝑥 𝑑𝑑𝑑𝑑

Cumulative density function and probability      (3/4)
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Cumulative density function and probability      (4/4)

We know that the normal distribution is symmetric, so to identify the α% most 
extreme values of the samples one should consider: 

• α/2% in the upper tail
• α/2% in the lower tail
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How to identify the event that has 
a predetermined chance of 
occurring?
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Inverse distribution function 

 If the CDF is strictly increasing and continuous then a function:
F−1 P with 𝑃𝑃 ∈ [0,1]

   exists and is the unique real number 𝑥𝑥 such that:  
F 𝑥𝑥 = 𝑃𝑃

 This is the definition of the inverse distribution function IDF or quantile 
function 

• the Matlab® command for this is: norminv
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Where are located (i.e., what is 𝑧𝑧?) the limiting values of a standard normal 
random variable that guarantee that the 95% percent of the samples are within 
those limiting values?  

• norminv(0.975,0,1)        1.96
• norminv(0.025,0,1)       -1.96

Example: IDF                                                             (1/2)
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Where are located (i.e., what is 𝑧𝑧?) the limiting values of a standard normal 
random variable that guarantee that the 95% percent of the samples are within 
that limiting values?

• cumulative distribution tables can be used to this purpose 

Example: IDF                                                             (2/2)
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Highlight on the IDF

 The IDF helps determining the “limiting values” that identify the most frequent 
(“normal”) occurrences, also discriminating the least frequent ones

• this concepts are very important in the Statistical Process Control (SPC)  
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Pen and paper homework
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Example: fishing ponds 

 You enter a fishing contest. The contest takes place in a pond where the fish 
lengths have a normal distribution with mean m = 16 inches and standard 
deviation s = 4 inches

• Question 1: What’s the chance of catching a small fish — say, less than 8 inches?
• Question 2: Suppose a prize is offered for any fish over 24 inches. What’s the chance of 

catching a fish at least that size?
• Question 3: What’s the chance of catching a fish between 16 and 24 inches?

• see the solution in: pond_fishing.m
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Example: fishing ponds 
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Today’s homework

 Verify the «interesting properties» of the normal distributions with Matlab® 
and Minitab® 

28/02/2025 9Prof. Pierantonio Facco   - Machine learning for process engineering

 The normal distribution has a remarkably interesting property for its 
application to statistical process control (SPC): 

• approximately 2/3 of the observations deviate from 𝜇𝜇 less than 𝟏𝟏𝝈𝝈 (exactly: 0.9674𝜎𝜎) 
• approximately 95% of the observations deviate from 𝜇𝜇 less than 𝟐𝟐𝝈𝝈 (exactly: 1.96𝜎𝜎) 
• 99.73% of the observations deviates from the mean less than 𝟑𝟑𝝈𝝈

Interesting property of the normal distribution
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Central limit theorem 
 Central limit theorem: 

• if 𝑤𝑤1,𝑤𝑤2, . . . ,𝑤𝑤𝑁𝑁 is a sequence of 𝑁𝑁 independent and identically distributed random variables with 
𝐸𝐸 𝑤𝑤𝑖𝑖 = 𝜇𝜇 and 𝑉𝑉 𝑤𝑤𝑖𝑖 = 𝜎𝜎2 (both finite); 

• if  𝑥𝑥 = 𝑤𝑤1 + 𝑤𝑤2 + ⋯+ 𝑤𝑤𝑁𝑁:
then 

the limiting form of the distribution of: 
𝑧𝑧𝑁𝑁 = 𝑥𝑥−𝑁𝑁𝜇𝜇

𝑁𝑁𝜎𝜎2
   ,

is the standard normal distribution if 𝑁𝑁 → ∞  
• the assumption of independence among the 𝑤𝑤𝑛𝑛 is essential, while they can have different distributions 

 Stated differently: 
• for any 𝑎𝑎 and 𝑏𝑏 with 𝑎𝑎 < 𝑏𝑏: 

lim
𝑁𝑁→+∞

𝑃𝑃 𝑎𝑎 ≤
𝑤𝑤1 + 𝑤𝑤2 + ⋯+ 𝑤𝑤𝑁𝑁 − 𝑁𝑁𝜇𝜇

𝜎𝜎 𝑁𝑁
≤ 𝑏𝑏 = 𝜑𝜑 𝑏𝑏 − 𝜑𝜑 𝑎𝑎

• where the standard normal distribution function is: 

𝜑𝜑 𝑤𝑤 =
1
2𝜋𝜋

�
−∞

𝑤𝑤
𝑒𝑒−

1
2𝑤𝑤

2
𝑑𝑑𝑑𝑑
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 This result states essentially that the sum of 𝑁𝑁 independent and identically 
distributed random variables is approximately normally distributed 

• this approximation is often good for very small 𝑁𝑁, say 𝑁𝑁 < 10, in many cases
• in other cases, large 𝑁𝑁 is required, say 𝑁𝑁 > 100

Many statistical techniques assume that random variables are normally 
distributed

• the central limit theorem is often a justification of approximate normality
• frequently, the errors in the experiments arise in an additive manner from several 

independent sources
o consequently, the normal distribution becomes a plausible model for the combined experimental 

error

Consequences of the central limit theorem 
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 This property allows using tests based on normal distributions in several cases
 Even when a population does not have a normal distribution the mean of 

repeated samples have (approximately) a normal distribution
• stated formally: if 𝑤𝑤1,𝑤𝑤2, . . . ,𝑤𝑤𝑁𝑁 are independent random variables each having the 

same distributions with expected value 𝜇𝜇 and standard deviation 𝜎𝜎, the sample mean 

�𝑤𝑤 =
1
𝑁𝑁

𝑤𝑤1 + 𝑤𝑤2 + ⋯+ 𝑤𝑤𝑁𝑁
approximately has a normal distribution with expected value 𝜇𝜇 and standard deviation 𝜎𝜎

𝑁𝑁
 

when 𝑁𝑁 is sufficiently large
• this holds also for samples of 𝑁𝑁 <  5
• verify the central limit theorem in Matlab® 

…other consequences of the central limit theorem 



02/03/2026 40Prof. Pierantonio Facco   -   Machine learning for process engineering

… and now let’s practice
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Probability in 
Minitab® and Matlab®
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 Problem: a food industry, HappySausage Ltd., produces and commercializes 
sausages. 
They want to know the results of a wide experimental campaign to evaluate the 
sausage contamination due to staphylococcus.

 Available data: 
• dataset: sausage.xlsx

 Questions: 
• what is the natural variability of the staphylococcus contamination in their sausages? 
• what is the probability of having an optimum product, where optimum means <200 ufc/g?
• given the specification of 10 000 ufc/g from the regulatory agencies, what is the probability of 

having a product which is not acceptable because it is out of specification (with a contamination 
level higher than the specification limit)?   

Example on sausage staphylococcus contamination 
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Utilizing graphical and statistical indices for: 
• understanding how data are structures 

o position
o variability 
o distribution
o shape

• visualize samples in a straightforward manner
o individual value plot 
o histogram
o boxplot

Descriptive data analysis
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 To have a preliminary and qualitative idea on the data, always start with a 
visual preliminary analysis through:

• histograms
• dot-plot 
• etc.

 The visualization step misses: 
• numerical descriptive indices
• the information about the relation between data variability and specifications

Preliminari visual analysis of the data 



Matlab® applications
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Descriptive data analysis
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Descriptive data analysis
1. no=10000;
2. x=randn(no,1);

3. % descriptive statistics
4. m=mean(x);
5. s=std(x);
6. s2=var(x);
7. ss=realsqrt(var(x));
8. minx=min(x);
9. maxx=max(x);
10. sk=skewness(x);
11. k=kurtosis(x);
12. q1=prctile(x,25);
13. q2=prctile(x,50);
14. q3=prctile(x,75);
15. intqr1=q3-q1;
16. intqr2=iqr(x); 

17. % plots
18. figure;plot(x);xlabel('observation');ylabel(‘x’)
19. figure;hist(x,40);xlabel('x');ylabel('count’)

20. figure;
21. plot(-5:0.001:5,normpdf(-

5:0.001:5,0,1));xlabel('x');ylabel('PDF')

22. boxplot(x);xlabel('sample');ylabel('x');

23. figure;normplot(x);xlabel('x');ylabel('probability’);

24. [ns,ct]=hist(x,40);
25. d=diff(ct);
26. figure;
27. bar(ct,ns./sum(d(1,1).*ns));hold on;box on;
28. plot(-5:0.001:5,normpdf(-

5:0.001:5,0,1));xlabel('x');ylabel('PDF');hold off

29. figure;
p1=plot(-5:0.001:5,normpdf(-5:0.001:5,0,1));hold on;
p2=plot(-5:0.001:5,normcdf(5:0.001:5,0,1));

30. xlabel('x');ylabel('DF');legend('PDF','CDF');hold off

31. figure;
plot(0:0.001:1,norminv(0:0.001:1,0,1));xlabel('P');ylabel('x');



Minitab® applications
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Descriptive data analysis
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 Select: 
• File
• Open
• select file: sausage.xlsx
• click OK
• select Data has column names
• click OK

Import file in Minitab®

considers the first row as 
a data label 
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 A preliminary and simple way to display data is using individual value plot
• shows all single values 
• determines in a qualitative way:

o position
o variability
o shape

• cons: 
o not very effective with large samples

Individual value plot
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 Graph
 Individual value plot   
 Click OK
 Select: One Y
 Simple
 Click OK 

Individual value plot in Minitab®                           (1/2)
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 Select the variable to plot 
 Click: Select 
 Click OK

Individual value plot in Minitab®                           (2/2)
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 The most important statistical indiced are automatically calculated in the 
following manner: 

• Stat
• Basic Statistics   
Display Descriptive Statistics

Descriptive analysis in Minitab® 
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 Boxplot allows comparing distributions in 
a visual manner:

• position
• variability 
• shape

 Cons: 
• not effective for: 

o low numerosity of samples
o uniformly distributed observations

 Outlier are observations which do not 
conform to the rest of the population

• could be of a different population
• could be a normal event with a very low 

probability of occurring

Boxplot

median

outliers

Q1

Q3
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 Graph
 Boxplot   
 Click OK
 Select the variable 
 Click OK
 Important statistical indices can be visualized  

Boxplot in Minitab®
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 The histogram is a simple bar plot of the distribution shape in terms of: 
• mode
• variability (through the range)
• shape of the probability density function

 It is built in the following manner: 
• define an appropriate number of classes (bins)

o two simple rules to determine the number of classes 𝐶𝐶 is: 
𝐶𝐶 = 𝑁𝑁

𝐶𝐶 = 1 + 3.332log(𝑁𝑁)
• calculate the class width 𝐴𝐴: 

o 𝐴𝐴 = 𝑅𝑅
𝐶𝐶

 dividing the range 𝑅𝑅 by the number of classes 𝐶𝐶
• identify the class limits
• count the number of observations within each interval

 In Minitab®: 
• Graph
• Histogram
• Simple or With fit
• etc.

Histogram
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 Information on the bins limits 
and count can be seen directly on 
the plot

 In histogram with fit sample 
numerosity, mean and standard 
deviation are calculated, and a 
Gaussian distribution 
superimposed to the bar plot

Details on histograms
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 To have an effective summary of the descriptive statistics a graphical summary 
can be assessed in Minitab®:  

• Stats
• Basic Statistics     
Graphical Summary

• select dataset

Graphical summary 
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One problem remain unsolved visualizing boxplots and histograms: may we 
consider a distribution to be Gaussian? 

Open issue
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Normality test for single variables
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 Graph
 Probability plot
 Single 
 Select variable
 Click OK

Visual normality test through normality plot in Minitab®

from the visual point of view the 
points are close enough to the line 
and seem to identify a Gaussian 
distribution
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 Stat
 Basic Statistics
 Normality Test 
 Select variable
 Kolmogorov-Smirnov
 Click OK

Formal normality test in Minitab®

p<0.05 means that the distribution of the observations of 
the Staphylococcus case study cannot be approximated 
with a Gaussian distribution
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 Descriptive statistics aid to summarize data features 
• we already know how to calculate descriptive indices in the graphical summary

Exploratory analisis
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 A Gaussian normal distribution is built on the sample mean and standard 
deviation

• the model identifies the natural variability of the contamination

Gaussian normal PDF for the staphylococcus case
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 The probability of obtaining an optima product (<200 ufc/g) is lower than 0.9% 
• however, few sausages are optimal 

 In Minitab®:
• Graph
• Probability distribution plot
• select View probability
• click OK
• in the Distribution tab: 

o select Normal
o input the mean ands standard deviation

•  in the Shaded Area tab: 
o select X value
o select Right tail
o input the X value: 200

• click OK 
 In Matlab®:

• mx=mean(sausages);
• sx=std(sausages);
• normcdf(200,mx,sx)

Probability of optimal product

in the dataset it can be verified that 
10 sausages out of 1000 are optimal!
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 The probability of out-of-spec sausages 
(>10 000 ufc/g) is almost 15% 

• this is a criticality because a large part of 
the produced sausages are contaminated 
to dangerous levels

 In Matlab®:
• mx=mean(sausages);
• sx=std(sausages);
• 1-normcdf(10000,mx,sx)

Probability of out-of-spec

in the dataset it can be verified that 
145 sausages out of 1000 are out of 
specification!
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 Problem: the company GoodFish buys a fish farm to produce seabasses. They 
want to have a better understanding of the productive capability of the farm.

 Available information: 
• the average length of the fish is 24 cm and the standard deviation is 4 cm

Questions: 
• to understand the typical length of the seabass, what are the 95% confidence limits? 
• if the shortest seabasses that can be sold are 14 cm-long, what is the probability of 

having a seabass whose length is lower than 14 cm?
• what is the probability of having a fish that is larger than 42 cm (they have a really high 

cost on the market)?

Example in fish industry
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 The normal variability of seabass length is identified by the 95% confidence limits
• 2.5% is removed from the upper tail
• 2.5% is removed from the lower tail
• the “normal” length is from 16.16 cm to 31.84 cm

 In Minitab®:
• Graph
• Probability distribution plot
• View probability
• click OK
• Distribution: normal
• Mean: 24
• Std. dev.: 4
• click Shaded Area   
• select Probability
• Both tails
• Probability: 0.05 
• click OK

Identification of the normal variability
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 The probability of finding fishes that are too short are 0.62%  

Probability of out-of-spec 
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 The probability of finding very long fishes is very very low!

Probability of large fishes
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 Today we leaned how descriptive 
statistics and probability theory can 
be used to describe the chance of 
occurrence of the greatest part of the 
physical, chemical and biological 
phenomena due to common cause 
variability 

• Gaussian distributions
• tests of normality 
• density functions

o probability density function
o cumulative density function
o inverse density function

• use software (Minitab® and Matlab®) to: 
o describe univariate data
o build statistical models for random 

variables

Take-home message
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… per sempre a fianco a me! 
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