
COMPUTABILITY /12/01/2026)

Exercise 3
.

2 There exists a total computable function S : IN + N

such that Wse/ = 2 and /Espl =

Hea : function of two orguments

g(a , y) = &
Pt/2 , y) if y < 2x

↑ ↑

fixed -pingime
↑ otherwise

computable , composition/minimalisation of computable function

By smre theorem there is 5 : N-IN total computable such that

Xx
, y Tory(y) = g(a , y)

We claim that S is the desired function

(Wsp) = ((y(y = 2x)) = 2x

/Essel = 14 atia , y)1 ye Wereb) = ((qt(2 , x)(y=2x)

= ((z(z = x)) = x



EXERCISE 8
.
2 : Classify A = SceN 1 ce Wo EsY

(k( t
to check if ce A I need to verify

&
that #* Gea(x) ↓

(*) +y-1 x- (* ) there is y st
. 9

,
1y) =

conjecture : and both are semidecidable

A z
. e .

but not recursive

↳ not ze
.

(vo not recursive

e
Sa() = 1(u(y ,

t)
.
H(at) +S(

, y ,
x

, t))
= 1) Ma . H(x

,
(a(e) n S(

, (a) ,, ((z)

computable

A not recursive k km A

consider

gre,y) =
if kk

ifAk

=

y
. Sk(x)

computable .

Hence by Imm there is total computable 5 : IN + in

such that fac
, y

Essorys = greyi = (
if kk

ifAk

-Is the reduction functions for Kem A

- if sek them 95x(y) =

y Vy

Thus Sale Wee & Espe = In
,

hence Spese a.

"N "N



* if cek them gobe (y) Vy

Thus

Ses e Webe n Espei a d

↓

Hence Sal A

Finally I not z. e . ( otherwise if A 2
.
e
.,

ance also A is,

We would have A recursive
,
which is not the cose) .

and there fore A not recursive.

[

EXERCISE 8
.

10 Classify A = SeceN1 /WarEn = 1)

conjecture :

to check aeA I need to be suze tat /By1 ye Wan Fall = 1

checking if ye WanEx is semidecidable
,
but I would need to

be suze that the condition holds for exactly one y ,
i.. for the

Infinitely many oher yos the condition is false .
Hence for

infinitely many values I have to verify the complement of

trictlysemidecidable property ,
hence a property which is not

not decidable

semidecidable .

A
,
A not 2. e . Chence not recusive

A = (x(qx = c)

A = (f 1 (domifiecod(f)i = 14

A saturated



I try to use Rice-shopizo

* A not ze.

consider id identity function /domid) e Codrid)) = VINeIN

id E c = (N) + 1

if = 0

but if Pres = Go otherwise

⑤ id O finite De A

Idom(n) n cod()) = 140312031 = (2031 = 1

hence
, by Rice-shapizo ,

A not ze.

· A not 2e.

mote that I above be I

and D' = P D'EN finite D'e

sinca (doml') n Caro = 191 = o

hence
, by Rice-shapizo ,

A not ze.

ERCIE : Classify B = Eccen1 /WarEle1]

to check if CeB we just need asingle witmes ye WalEx
-

semidecidable

conjecture : Bis Ze . not recusive

5 not 2
.
e

.
/ nence not recurive)

Home : suggestion

B saturated ,
i ze . by showing sa computable

B not recussive by Rice.



9
.

14 Prove that given a total comportable function f : N + IN injective,

the set Cf = (e) fle Was is not saturated.

dea : find en

Ye'y) = 20
if y = free

(x)

oherwise

If we show that (a) exists

-> ee Cf since frest We

-> there is e'fe s
.

t
. Ge = Yel

-> eleCf Wei-We = Efresd and free freis

Since f is injective

tes frell e Wei = 2 free

For showing (A)
,

use , os usual ammt end recussion theorem.

EXERCISE : B = SeEN1 Eyec 4(y) = y}

Is B Saturated ?

idea : there is an index e s
.

t.

q(y) = e + 1 ( * /

If (* ) holds them

- e - B y = exe and Gere) = e + 1 + e

-

anc there are infinitely many indices for be there is

del e'de st
. Ye =Ye

- leB Since Vyzel Pe(y) = Ye(y) = e +1xe =y



EERCISE : RANDOM NUMBERS / from 14 lessone

-> MEN is om if all programs producing m in output ore

"Corger than n

two questions :

2) there are infinitely many random numbers

2) the property of being candom is not decidable

Try again :

-> size of a program ? IPel = e

-> define a number to be condom if

for all ef St . Gerone it holds e = se

(2) Theset R = G MEI I m randomb is not recussive

Chence it isnecessorily infinite (2)

Assume & is recessive
,

ie Xa/ms = (7 ifcer

otherwise

Define gim,) = least random number = n

=

My . y = R + y = m

= M + 1 + Mz .
(M + 1 + z =R)

=M+ 1 +
Mz . (p(m + 2 + z) - 1)

computable .

by son theorem there is 5 : N + N total computable s .

t.

V
, m

P
sims
( = grm,

By2nd recussion theorem there is MoEI S .

t.no-forma



Hence

Pro() = Termos 18 = gimo,)
= Cleast) random number

-Mo

ie .

program No outputs a number 2 M which is candom

ABSURD
.

=> R is not recursive
.

Note that E is ze .
/

-(m) = 1 /ut
.V Se

,
o

,
m

,
t) computabee

e = m

hence R is not 2
.

e.


