
COMPUTABILITY /23/12/2025)

definitions

~ proofs
Small variations

constructions of PR/R

↓ diagonabisation
smm

classify sets /receive ,
saturatednes

↑



of Girem A
,
BEN we define A EMB if there is a total

computable function F : N-N at

Va set iff flee B

b) We prove the counternominal : if Bis recursive and tem B

them A is recursive

assume Am B
,

i
.

e .
there is a total computable function

fin = in

S .

t. Va Cet iff flel e B ( x /

Since B is recursive
,

the characteristic function

ifeB
Elas = 12 otherwise

Is computable

Them

tata)e fre1 if festM O otherwise

= XB(f(x))

Is computable ,
since &B

, fare computable .

Thus A is recusive
,

as desized



2) If A 10 recusive them A =m(r)

Let AEN be recusive
,

i
.e

.

Kalar = (t it computable

Note thata is total computable

cet iff Kak = 1 ift Kate es1}

nence ta reduces A to 213.

ADDITIONAL QUESTION : Is it tree that

If A recusive them A Em 2k3 KEIN fixed ?

ves : Free = Kales . K is the reduction function

ADDITIONAL QUESTION : Is the converse of point ( true ?

If A Em 213 them A is recusive ?

VES : Since 216 15 recusive /because it is fimite

DIRECT PROOF : Let F :N - IN be the reduction function for

A Em21) i
.

e. f total computable s .
t

.

Va bea iff flel e 13 iff flex = 1

hence

Tab = g/lff-11) computable.



solution 1

Yo
"

...-1

-2
3 ne

14
↑

value"
-

↑

O - ↑

i --
- - &

&

graz = (Py(
+ 1 if = by for some y and cyfed

otherwise

↑

↑ If x = 3y
= - - - 4y(T ↑

or e = by + 1 onx = 3y + 2 for some y

note that g is

-> total

-> not computable ,
since it differs from all total computable functions

Vy if by 1s total them g(3y) = yy(3y( + 1 + yy(by)



-> (x1 f( = f(ate)) = (3y + 1) yen]

infinite.

solution 2

Consider Xr : IN - IN

O

T
--

↑ ↑

O 6 ---

OBSERVATION : Let F : N-IN be a total function with cod/f) = 20, 1)

and assume that there is dei ot
. Vaed flo + frecta

i
No Ja 12 is Na- 1 O 101

↑ ↑ ↑ ↑ ↑ a -16 2 23 4 S

-al
+=d+z

There f is computable
G

In fact
,
let

fli = Na for Ed,

and assume (without loss of generality) Na=

Define g :NN + In

f
g(0) = 0

computable

g(a+1) = 5/g(a))

Them

fa.g
- if=d them a = i 0 id- 1

FateNi



- if = d

f(x) = 0 + g(x - d)

Them f is computable by composition.

Hence the function I required by the kercise con be
g = Xk

->Au total

-> Xk not computable

-> (1 Ekbe = Ande + 11) 15 infinite

Lotherwise by the observation above ,
An would be computable).



S

conjecture : A
,
I not ze . /hence not recursive)

A is saturated

A = (xem) = c)

A = (f) f quasitotal = (f 1 antif finited

* A is not ze.

observe that ide at 1 since cias = N = 0 finite

Void e finitestorie) = -dom/e) infinite

hence of A

Thus by Rice-shapizo ,
A not ze.

*hot = f domif infite se

J= e id Dett == IN infinite (

them by Rice-shopizo ,
I not ze.



-z
. (x(z) = 2x

* -y

conjecture : B re
.,
not recusive

↳ is not ze . (hence not recursive

* B is Ze.

in fact y = 2x + 1 + h

-

S(x) = 1(M(z , y , t) . (5(z , y ,
t) + y =2x)

=I (M(z ,
h

, t) .

S(
,

z
,

2x + 1 + k
, t))

= 1) Ma .

S(x , ( ,
2x + = + (w(z

,
(w(z))

= / Ma . ( ( ,
luie

,
2x + 1 + (w(z

,
(w(z) - 2)

computable

* B not recursive

We show that k / not zocurive) reduces to B KEmB

We need a reduction function 5: +IN total computable s .

t.

Vx

bek iff ser eB

- Ez 4spy(z) = 25(x)

define

greye = (
ifk

=

y . Sck(x)

if cek

computable



By smem theorem
,
there s S : -I total computable s i

t.

Va
, y

Yor(y) = greye = (a
ifk

if cek

We claim that s is the reduction function for KImB

* if cek them

95ks (y) = y Vy

and thus if y = 25bast1 = z516 them & (y) = y > 25()

Hence Se B

* if cek them
S

Gores (34 Vy

and thus there is no ye Espos sit
. y = 25re)

Il

P

Thus Stes e B

Hence KEmB and thus B is not recessive.

summing up ,
B re .,

not recursive

Lunc is notze . I otherwise if Bre ., since also B ee

we would have i recusive

and thus B not recursive.
E



ADDITIONAL QUESTION : Is B saturated ?

No : We show that there ore e
,
e' E ot

. Ge = Ye but

etB
, l'AB

We show that there is e N

& (y) = 2e + 1

Define

g(x , y) = 2x + 2 computable

hence by imm theorem there is S : -N total computable sit.

Va
, y Psb (y) = g(xy) = 2x + 1

Since - is total computable by the and recursion theorem there is een

at
. Ye = Pores

Thus Ce (y) = Paes (y) = gre , y) = 2e + 1

Observe :

- et B Since Ee = (2e + 13

e

- if eve at Ge-Ye it exists for sure since

there are infinitely many
indices for a computable furcton)

them

e' B ance Fe = Ec = (2e + 1)

and 2e + 1 < Ze + z = 2 (e + 1) =Ze

1

el

Therefore B is not saturated.
F


