
COMPUTABILITY /22/12/2025)
-

The shape of a typical EXAM

bosic motions

theorem statements
- proofs

-mall variations

constructions of PR/R

- diagonalisation
smm

classify sets /rective ,
saturatednese

↓

L

ORAL EXAM : Optional , needed for distinction (lod)

focused on theory/proofs
range: 4



A predicate P() = NK is semi-decidable if the corrisponding

semi-characteristic function
~ signature

5Cp : N- N

if Präs
sci) = 2

↑
↑ otherwise

is computable , orgument

Ret Pk) INK be semi-decidable
,
i
.

e . the semi-characteristic function

5p : NK > IN is computable

Let eeIN such that pak = Sp. Them

Pf) = "Sp(a = 11

= "Sp()
+

= "Gekki) t

= "Pel) halts"

= t
.
/e,5 , t

= St
. Q( ,

t)

Where Q ,
e) =H ec, e) decidable since Hik1 , s decidable



infact
Takit) = Ti se, t) computable by

↑ T

computable constant composition .

The answer is negative :

let Play) = "Cer and y = 0

-> Qu = Vy . P(y) = fabse decidable

-> play) not semidecidable

dherwise Ey . Play) semi-decidable
,
which is not.

11)

#

NOTE : The question is not

Guem Prys if Qu) = Ey . Play) is semi-decidable

them pre
, y) semi-decidable ??

No : P(
, y) = yek and =k

· Qb = By . Play) = DEK semi-decidable

· Play) not semi-decidable

oherwise Ex Pray) would be semi-decidable

(Iy estructure theorem

yek



Ves ,
euch a function exists and can be defined by diagonalisation

Ox(x) if C add

f(x) = (ay() + 1 if even and 4x(x) d#
O Ifc even and fory fot

- f not computable , since it is total and different from all total

computable functions : in fact for all eeN if te 1s total

them free
= Peret #Yerze hemae

- VmeN

fint)
= Tante (nt e

which means Gal fles) = yo(a)) I odd numbers

so it is infinite .

SIMPLER SOLUTION

Flai = Yak
If ock

↑ otherwise

- f is not computable.
Ifek

Take gest = f(x + 1 = (4(
+1

otherwise

g Is not computable ,
total and different from all total computable

function (fe if de total gres-foresta Teres (

- eEk



Hence f is not computable fotherwise grass = flo + 1 would be sol

- feel flat = pocesty = K infinite I otherwise it would be
recursive



conjecture : A ce . 1 I need to find ye , ye with y . = y2

andt /g 1/ 4 /gald
À not recursive

N

A not ze . /hence not recursive

· A is saturated by definition

A = (x)4x =c) A = (f / f monotone !

· A
,
I not recursive by Rice's theorem

A + p eg .

id ridentity) is computable and idect

Im fact Vay if eY (d(x) = x = y = 1d(y)

ANN e
.g . of is computable and e a

I in fact 01 butgior = 10 =g(a)(
↳ by Rice A

,
A not reursive

.

· I is recursively enumerable

sche) rearches for ya , ye st
. Ye Ya and (ya) =

z,

V

4x(yz)= zz

Scale =

jurya , ja ,
72

,
za

,
7)

. Sya ,
za

,
7) n Skya ,

ze
,
te

↑
1yz = yz1 21 = Zz
-

m

yz = ye + m
z

,
= zz + k + 1



=

/M/ , z2 ,kikit) . Syz , zaktat 1 Sgath,

=1 (Ma .

S(,wi
,
(wiz + (a( + 1 ,

(w(s)n((x
,
(w( + (w(z , (w(z ,

(w(s)

= /Ma .

I Top sara , saiatrwi + 1 ,
(ass) ·Tol ,ist (wig , (wiz ,

(w(s) - 2)

computable

henc A 5 2
.

e.

Thus A not re
.

I since otherwise A
,
A 2e . hence recursives.

and therefore A not recursive.



conjecture : B re ., not recursive

5 not 2e
.

(hence not reclsives

B not saturated

· B 2
.

e .

look for y ,

z such thatglyed and (2) = c+ Y

-(x) = 1(u(y , z ,
t)

. Hay ,
t) +Sk

,
z

,
x +y , t)

= /ma.is , se sare , ato e

the SC is computable

· B not recursive

# Em B hence
,
anc k not recusive

,

B is not recursive.

define

f
Ifxek

g(y) = 2
otherwise

=

y . S(x)

Fidea : gray = forlys e Worl Torro) = Sia + 0]

I computable , hence , by sun theorem there Is 5 : N-IN total

computable St
. Pos Myr = glosys Vasy

- Is the Reduction function KemB

· if cek them More(y) = gray) = y Vy



hence y = oe Ware = N and Copy (Sk)) = Sk) = 0 + Sp)

hence Ot Sa e Espl

Thous Sky EB

· ifeek them tes(y) = grey) Vy
nence obviously there is no ye Web St

. Yesless e Espos
Il

b ⑧
Thus S()B

Hena KEmB and B not recursive.

Thus i is not ze . (otherwise
,
Since i is Re

.,
i would be receive).

Hence I not recussive
.

A Is B saturated ? No

Folea : show there is eEIN S .
t.

Pergi y& otherwise

()

them
, using (a

· et B Ey = o eWe St
.

e + O Ee

/ama ge(0) = e = e +o)

· there are infinitely many indices for the same funchon,

hence if e'ze st
. Ge : Ye

d'EB ance If ye We = Wel = Cos wo y=

and e'to = e' A Ec = Ea = le e



We show (A ) and conclude

greye= fy = 0

= x + Mz . y↑ otherwise

computable
,
nence there is S : -In total computable (by imm)

St
.
Va

, y
If y = 0

Esper (f) = gra ,y) = 1 therwise

Since s total computable , by the and recussion theorem
,
there I eei

St
. Ge = fore) Hena

#gely) = for (y) = gre , y) = e
as desized

.

[


