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The Geometry of Soap Films
and Soap Bubbles

The possible configurations they can form are governed by a few

elementary rules that have been known for more than a century.

A new mathematical model provides a sound basis for those rules

by Frederick J. Almgren, Jr., and Jean E. Taylor

oap bubbles and soap films evoke a
S special fascination. Their shifting iri-
descence, their response to a puff of

air, their fragility—all contribute to their
charm. More captivating still is the exquis-
ite perfection of their geometry, the abso-
lute smoothness of their forms. What are
the principles that enable soap bubbles and
soap films to exist in certain geometric con-

figurations and not in others? What are the
possible shapes they can assume?

Three tentative principles are likely to
suggest themselves to anyone who looks
carefully at a number of different bubbles
and films. First, acompound soap bubble or
a soap film spanning a wire frame consists
of flat or smoothly curved surfaces smooth-
ly joined together. Second, the surfaces

FLOATING CLUSTER of soap bubbles is suggestive of the infinite variety of configurations that
can be formed by compound soap bubbles or soap films spanning a wire frame. In spite of the
apparent complexity of such shapes the separate pieces of flat or smoothly curved surfaces can
come together in only two ways. The color photographs accompanying this article were made
by Fritz Goro using a homemade bubble solution consisting of roughly equal amounts of water
and commercial dishwashing detergent, with a small admixture of glycerin to stabilize the films.
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meet in only two ways: Either exactly three
surfaces meet along a smooth curve or six
surfaces (together with four curves) meet at
a vertex. Third, when surfaces meet along
curves or when curves and surfaces meet at
points, they do so at equal angles. In partic-
ular, when three surfaces meet along a
curve, they do so at angles of 120 degrees
with respect to one another, and when four
curves meet at a point, they do so at angles
of close to 109 degrees.

The first person to have studied the ge-
ometry of soap bubbles and soap films sys-
tematically and to have recorded these sim-
ple general rules governing their possible
forms appears to have been the Belgian
physicist Joseph A. F. Plateau, who con-
ducted his research more than a century
ago. In his honor an entire range of mathe-
matical questions that deal with the geome-
try of soap-bubble-like and soap-film-like
surfaces is referred to as Plateau’s problem.

Recently we have been able to show that
the three basic rules governing the geome-
try of soap bubbles and soap films are a
mathematical consequence of a simple area-
minimizing principle. Other principles of
this general type have been studied in con-
nection with soap bubbles and soap films for
at least two centuries by many well-known
mathematicians but never before with the
present simplicity of formulation or with
the present success in revealing the true ge-
ometric underpinning of Plateau’s rules.
Here we shall describe both the area-mini-
mizing principle itself and explain some of
the mathematics necessary for its use.

he three basic rules cited above do not

completely characterize the geometry
of soap bubbles and soap films. Indeed,
there are a number of subtler conditions
that such configurations must satisfy; for
example, it has long been known that the
mean curvature of each separate piece of
surface must be constant everywhere on
that piece. This condition and as far as we
know all such conditions are also satisfied
by our mathematical model. (In addition
Plateau’s laws do not explain how a soap
film attaches to a wire frame.)



The basic physical principle governing
the geometry of soap bubbles and soap films
is simply stated: A physical system will re-
main in a certain configuration only if it
cannot readily change to a configuration
with less energy. In any liquid at a constant
temperature and at rest, whether it is a bulk
liquid in a container or a thin layer of liquid
in a soap bubble, the relevant components
of the energy are the gravitational potential
energy, the compressional energy of any
volumes of trapped air and the surface ener-
gy (often expressed in terms of the surface
tension). The surface energy arises as a re-
sult of the attractive forces between mole-
cules, which are unbalanced at the surface
of the liquid [see top illustration on page 85].
The existence of these unbalanced forces
means that in the absence of gravity and
differences in air pressure the surface of a
liquid will act as an elastic membrane, tend-
ing to minimize its surface area and thereby
its surface energy. These unbalanced forces
are much stronger between polar mole-
cules, such as those of water, than between
nonpolar molecules, such as those of gaso-
line. (A polar molecule is one with an asym-
metrical distribution of electric charge.)

A soap or detergent molecule is some-
what peculiar, consisting typically of a long,
slender nonpolar hydrocarbon chain with a
highly polar oxygen-rich group attached at
one end. When such molecules are added to
water, they tend to migrate to the surface
and orient themselves so that their nonpolar
ends are sticking out [see middle illustration
on page 85]. The surface of the water is thus
partly or entirely covered with a nonpolar
layer that reduces the surface tension dras-
tically. The addition of the soap to the water
has two important effects on the formation
of a film. First, the surface of the liquid
acquires additional stabilizing elastic prop-
erties: the stretching of the layer of soap
molecules on the surface results not only in
an increase of the total surface area but also
in an increase in the surface energy per unit
surface area (in other words, the surface
tension), owing to the decrease in the num-
ber of soap molecules per unit area. The
effect is attributable to the fact that the new
surface created by stretching must be made
up of the water molecules that were just
below the surface until other soap mole-
cules can diffuse to the surface; it may not
take long for this process to happen, but the
time involved is adequate to provide a crit-
ically important restoring force for small
perturbations.

The second effect of soap on the forma-
tion of a film is that it seems to limit the
minimum thickness of soap films to the
length of two soap molecules stacked end to
end, one for each side of the film [see bottom
illustration on page 85]. Moderately thick
films can be shown mathematically to be
self-healing with respect to small punctures,
but this healing ability diminishes greatly as
the films become thinner. Hence without
something to limit the thinness of the films,
they probably could not form.

The actual formation of a soap film as a
simple wire frame is lifted from a bowl

THE TWO WAYS soap bubbles or soap films can meet are demonstrated here with the aid of
flat soap films formed on wire frames. The photograph at top shows three flat surfaces meeting
along a straight line segment at angles of 120 degrees. The photograph at bottom shows six flat
surfaces meeting three at a time along four straight line segments that in turn meet at a vertex
at angles of about 109 degrees. It has long been observed and has now been proved mathemati-
cally that branchings of these two types (and their curved versions) are the only possible ones.
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SOME EXAMPLES DRAWN FROM NATURE provide a striking
visualization of the mathematical principles outlined in this article.
The drawings at the top, reproduced from Ernst Haeckel’s Report on
the Scientific Results of the Voyage of the HMS Challenger during
the Years 1873-1876, portray the microscopic skeletons left after the
death and decay of several types of radiolarian, a tiny marine orga-

nism that in life consists of a small mass of protoplasm surrounded by
a soap-bubble-like froth of cells. As the color photographs under
the drawings show, the branchings of the radiolarian skeletons, where
the silica-bearing fluid in the interfaces of the froth tends to accumu-
late, bear a strong resemblance to the branchings of soap bubbles
blown into centers of soap-film configurations formed on wire frames.

dies, everything decays except the skeleton.
These skeletons provide a striking visualiza-
tion of the branchings of the froth: the
pieces of curves and the vertex points. Some
of them also show the shapes of the cell
walls.

In summary, we have undertaken to
demonstrate how a few observations con-

cerning the way in which soap films and
soap bubbles are free to change to decrease
their energy form the basis of a mathe-
matical model of soap-film-like and soap-
bubble-like configurations of surfaces. By
mathematical analysis alone one can then
show the existence of such soap-film-like
and soap-bubble-like configurations corre-

sponding to various frames and enclosed
volumes and prove that they must precisely
obey the three principles, first formulated
by Plateau, that govern the observed geom-
etry of real soap films and soap bubbles.
Indeed, the area-minimizing principle alone
is sufficient to account for the overall geom-
etry of soap films and soap bubbles.

MORE EXOTIC EXAMPLES of radiolarian skeletons also appear
in the Haeckel book. The manner in which the surface tension of the
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liquid in a soap-bubble-like froth can determine such shapes was first
pointed out by the British naturalist D’Arcy Wentworth Thompson.

93



A 2 ¢ STHEENER P00RLEM
Foew 2 pindn N B C €% Pl Ra tune
Howoghh A B C wik Aot Q,Q,mg@\i‘
A

A A
‘ - R .9 AREPIC
\ N V
: \ /6
C
o Wil cunve, 1t .A (7o %




