
# U &IRL open bod of class 92 P21 .

B = { f-W"P(0) , Kellw - 24

In which spece this set is COMPACT ?
---

· Answer for p = 1 never compact

for 1 < p
< n
-> B is compact in (

*
(0) qt [1 , 44)

f p = ~ -> Bis compact in (1(r) +p + [1 , +a)

g p > m + Bis compact in 19(0) fatte , +o]

↳ is compact in C(t)
B is compact in 29%) fa<1-



moof by GNS P M BC(9(r) =pe[1 , p
+]

p =m B = (9(r) + p + (2 , 00)

by Money P > n B < 90 , 1-For)

(20 B[(v)
,
BEL
* (V) pe[2 ,to))

by corollary of Rellich-Kondra chav

EneB => up to subsequence fre -f strongly in
Le (v) Facpif pch , Focto if p = m , Vgtopn .

Monover if pc1 F-W"P(U)
(wheres is p = 1 fEBVIV) but in general few" (r)
so fB + Ris NOT CLOSED in L'/Y



plftWYP(u) and Dfr-Df weakly inn LP
fr -> f strongly in LP

=> fre -f weekly in "P/U)
the home is

11f1lwp I living Il fullwip = 1 C LSK . Wirt
. (k weak convergence

-
f-B

.
So Bis closed in (9(r)Facp * (pcal

Fac +a(pEm)

p > m by Money fuEB- > Ente(0) and

Il fullgo,=C
=> A. A . Fr -f unformly (so in C(U)

fr -f in09/v) = a < 1 -m



&2 B = <FEWIP(RM) /A1wip-1}.

↓
im which spaces it is closed ?

ANSWER p = 1 no spaces

1<pcm it is closed in L9(r) PEq = P
*

P = m i in L9(U) pLP < too

p > m it is closed in (PI) , 11 . 11 a)
it is closed in 19/0) posta
+

proof In + B IR" = U B10
,
N)

N= 1

we
&
epoliy the previous in every Blo,N

and then extract a subsequence by diegonaization



up to subseg

In locally④ In
Pfr-Df locally weakly in 1 (r)

f WIP(in) &E B

↑
How to contro that a set is closed in (X, 11 . 11x) ?
CEX if In is a sequence of elements in C

Cr+ ceX /(c -C1(x + 0

TherC

(if En +E strongly in L9(IM) fuEB there is also
1 -

the local limit of obtainedi => JEB
.

f= E



93 geE(u) U open bod class
el

Gg(x)dx =0

C = <A -wh0) Sexisx = ob
E(f) = SIDAR + f -gdy

Show that mim Elf) exists in C , the minimizer i unique
-

and write the equation satisfed by the minimizer.

answer VfEW (r) E(f) = IIDAIII-Ile/1g1z
-

by Hölder inequality



for feC by Poincare
E (f) < 11 IDEIll2 -11 /Elle = 11 IDEI - Co /IDeli
tet F(a)= a2-CIlg d F(a) : To , +a) => IR

#' +(
·

E(f) - inf IlIDell- Cllg12 /I I DEIllz =
f+ C

- inf F (Il IDfIlz) = infF (c) > - a
feC 220

so ECf) is bold by below

Let C : = inf E(f) - (2imfF(a)
ftC 220



Let for be a veirizing sequence
c E(fr) < c+E = by Poincare & Hilder

=> #fulli- < 11812//IDFallin = c+1
-

"F(111full(2)
=> F5 Il ID falli [ => Poincate = I fullwip

=> Cavallery of R.K => Up to obsequence

En +E in E E-W1 (0
Dfr DE in 12

since free in2> fa +E in => Sudx- Geox
= fEC



since fr +Fin Syfudx + SgFax
N

moreover & IDAuR dX =SIDER ox+ 2 DE . (DAnDE)o
S

=> by weak convergen cr liveir) SIDAudx IDEPo
TECE) < Liming E(ful = T

R

=> is a minimizer ECE) = mine E(f)
.

f- C

E is unique &

&
by contrediction let A , fr minimizers

x(0 ,1) E(xf : + (1-x)f2) = G (xDf i+ ( -1)Df2(+ X7
,
9 + 1 -118g



< SXIDAK+ X fig + (1- x)
.

(DfzR + (1-x) Ezg =
by S

convexity
= XE(fi) + 11 - x)E(f2) = c

=> E(Xfi + (1-1)) < c= min Elf) contrediction

the minimizes is UNIQUE.

Let Peeslu) p = P(x) -Hyy - C*N)

Gdx =0
Ecc = f+etCVEEIR
linE(EtE) =0 (by minimality of F)
+0



= (E +3) -E(E) = J IDf +sDpR-IDf+g +ag +

Da = Da

Se
= SIEDE .DP + 5 IDdl + agddx -

OvFODD
-
=-2DTE(a)

-P + e(U) ·

+ IXTECP) = Sgpox
U

=>I solves in the sees of distr.= g.



(94) Poincare inequality in diver 1.

1) #f - Wa,/
,
b) withf(x)dx

1lfll- C1f'lle =>SIPox CPlEx
2) Fft W&

"
(a

,
b) (f(a) =0= f(b))

Il - C18'llp
⑦ (2-is analogous)
To trove it we just use the felt that feWiPla ,b) -> fis

absolutely continuous = f(x) = f(a)+Il
ORDERjf(x)dx = 0 = f(a)(b -a)+

CHANGET

Of INTEGRALS
0

= f(a)(b - a) + bb(b - t)f'(t)dt



f(a) = -f(t)d
f(x) = f(a) + 1Yf'(t(s)t=S f(t)[1- o-S

b dt= sf') (ad o
u ~

0 ockt [1
b -a

If(x))
-

> S"It'(H)(dt + (f'(t)(dt =S1t')lot
1f(x)IPc [S1f'Hildt]"= -a) [ (blot] JENS

= b-a) Pot =-al



=> f(x)(PdX [] (b-a)P-SAPd
= (b -a) S(f'(t))Polt

=> IIfIlia
.b)
= (b-a) Il flp(b)

G so 2 -Wille
,b)= f(x) = S f'lt) ot

(f(x)(P = ( - a)P- (4'())Pdt
--

...


