
Let P(t) = 44 Boul meaune uCR) = 13

Let M ,
UEPCR) pETe ,tr

Mange OPTIMAL TRASPORT PROBLEM :

Among all maps 4 : -IR which trasport Intor
quot is 4 #M = V

,
i . e N(A) = MYX +(x)tAY

find the one which has minimal cost

inRTIR Kx/dr(x)Sim
4#M = v cost of moving X to ↑(x) is

given by 1x-4(x)/P



↑
X+ 4(x)PR- IR

er v = 4+ 4
- ->

- UCA) = MEXEI
,
p(x)-AY

v(A) =#(4-(A))
"v(+ (B))= (B

⑬- ⑮
M(B) - r(q(B)



We may also restate the problem as follows

Let MEP(IR) and F :+I GIVEN

t
It is possible to fined 4 : /RTR weh that

&

② YAM= #M

②S(x-dxS(x-
(Among all possible trousport waps ↑ luch that

Y#M Es the same ETM= r)

there is one which is associated to minimal cost
?)



②First case in which this problem can be solved

M = 1 xz
+ 18x+ - + G8xv NEN-

↓
V= dy

,

+ + 5yz + --
+ by

all possible tr :I- IR which satisfy #M=r

one y (xi) = y ; i = 1
... N

j = 1 .. - N

(BISECTIVE) 4 : X.Yn] -> by .
-

.. YaY



-Marge polles m= *x+ y8xz + -
- +by

inf

4
: EX-Y- Sy ...you

BIJECTION
2

-Win & (xn- P(X ,)(
*
+ (x2-(xz)(p + -- +1x -4(xm))

: Sx ... X+by ..
· YN'

BIJECTION

dis solutione Exists Since I a

minimizing on a finite set
(the set of all bijections (x ...

Erb+ Sy . Yo is FINITE3



UNIQUENESS . X1 + Y /
4 / :
xz +> Yz

example (x . xzy + 14 , %2]
: X1 ->Y
2
- Xz + y1-

i
cost ofte IX 1

- % ,
18 + 1x2-YelP

cost of +2 (4-42/* + 1x2- y ,
IP

-

L cost of 41= cost of +2
(x

,
- y ,

) + (xz - yz) = (x + -yz) + (xz- y ,)



pri
cost of 42 = /X1-y ,P + /x2-yel =

= (a +b) + (b + c)2 =
a + 2b2+ 2 + 2ab +2bc

- -

cost of 42 =
/X

1
- yz4 + 1xyR =

= (a +b+c)
2
+ b

=
a + 2b +c + 2ab + 2bc +

Zac
cost of 4,

<cost of 42
4, is the MONOTONE TRANSPORT MAP X1 X2 ↑(x(4(X2)



ESX (BOOK SHIFT) ↑ #M =
U Tr#M=r

M= To , 17
(Rebesque meanue restricted to

- Tol]
↓

O X(0

· Fu(x) = E X o(X1)

1x31

v = 2[1
,
2] Lebesque measure restricted to [1 ,27

- 4x- 1 +
X

↑2 : X + 2-

X



cost of 4 1 C(x-4 ,
(x) du(x)-

P = 1

M= 25017 = St(x-y , (x)(dX = y
,

(x) = X +1

I

M = X201jdx = S'(x- x- 1Pdx = 1

cost of 42 & (x-42(x))du=S'(x-42(x))dx =

R
IY2(x)= 2-X

= S(x-2 + x1dx = 0 2xdx
G

= 2 - [x]) = 2+ =1

= 1 cost +2 =Post e



p= 2 cost+ = 1

cost 2 = S' (2-2x1dx =

= S'4 - 4x + 4x2dx = 4 -2[x)+ [6 =

= 4 - 2 +4
--

So a solution to the Monge problem may not be

unique
Moreover if M ,

r one give
j

44 : /RIR #M =rY COULD ALSo BE EMPTY

ex M= 1 +15 ,
v = LoD



WE RESTATE THE PROBLEM IN A MORE GENERAL SETTING

↑ = r => (id , 4) #0 = i

v(B)= MEXEIR 3 It is a probability meaure4(x)t B
on IRXIR

M -* T

(id
, 4) : IR - IRXIR

X+ (X
,y(x))

#(AXB) = (id ,4)#u(AXB) = M(XXR(x ,y()) + AXB]

=MGX , x +A , y(x)tBY

AXRMX=M



& T :-R
rich that 4HMIU is associated

to a measure it on IRXIR such that (AXIR)=M(A)
#(XB) = v(B)

Instead of considering (U :IR + IR #M =VI
(setwhich wn be empty) I counder the set

5H : B(IRXIR) -+ IO+] #(AXIR) = M(A) (IRXB)= r(B)]
COUPLING BETWEEn M ,

r

44 :R+ I 4H = v3 &Sit coupling between u ,r]
↑

(indeed H = (id , 4)#M is a copling

I copling between M ,
and I is also called a

TRANSPORT PLAN (generalization of the transport&

map + : IR+ IR)



...

-

A(AXB)" J"F(xYXB)" dr(x) = S (Ax(yy)or(y)
A B

AxB = U((xzxB)
XEA

( " DISINTEGRATION OF MEASURES"

vor

MONGE PROBLEM KANTOROVICH PROBLEM

inf S(x-y(x)= ref Im (x-y(Pduxx,y)↑: IR-IR I COUPLINGL
Y#M = 0 #JAXIR) = u(A)--Il ↑T(IR X B) = V(B)

(, 4 M-



the set of all copling is always NOT EMPTY

#(AXB)=u(A) -(B) is always a possible

copling

inf Skx-yPdxy = in ElX-y1P
It copling & prob . space
between 2x =M
r , 2

#(AXIR)=M(A) Ly = v

A(RXBl= VB) X ,y rondomromables

I coupling between M , v no it joint low of someX ,
4

2x=M2y =M

↑: IR-IR transport Map 4 #M= V+
J X

,
Y 2x = 42y = V Y=4(x)



DEFINITION

Let Pe(IR) = (MECPCIR)SMoucto 1
Let u ,

veP
,
(IR)

We (M ,v) = WasseStein Distance = inf SRxin(X -y)di(x , y)BETNEEN M , V
A

COUPLUGM

Between M ,
r

(IP2(IR) ,Wi) is a complete METIC SPACE

Note that W
, (M ,
v) = inf

.

/X-y1
2 . - distence in

& x=M Mr = LX : @ + IR ENXKtoY
2y= V

Colistance between M ,r is the minimal distance

in M2 sense betweenandom variables which have

Laws Mandr).



Let M ,
v = Py (IR)

We (M , r) = inf
in contine [Exim* -&P di ,yi
#(Ax(R) =MA)
I +(RXB)= v(B)I tdistance (O2

,
W2) is a COMPLETE metric spece

= Muf [ (X-412]"2 Wz (M , r) = infine of
S -

all possible distances
↓2x = M distance

In M2 sense of roudour

Ly = v
between variables X

,
4
, 2x=M

* and 4 in M2
Ly = r



Thorem (BRENIER)

1) Fm , rePp(IR) J always at LEAST one It capling
Such that Ixyd(x , y)= inf S txyPdye

I copling
IRXIR

(f every p21)

(7X ,
7 vendom variables &

(x ,y)
= Lx=M

Wp(m ,
r) = [E(X -y10]" 25=r

2)
Et it not unique for p= 1

# is UNIQUE Dop =2 -
eitherif L

(P>1) or if MeLo
e
come

COMPACT
N



3) If ML the optima it is actally
associated to a traeport top
Tr

(v = πM) T = 4(x)

WR(M ,
v) = (S(x-(xd"CEX-Y

wherImonotone



In dim I everything we be computed EXPLICITLY.

by using cumulative DISTRIBUTION FUNCTIONS

Fu : IR-To , 17

MEPCIR) Fu(x) = M(0, x] cumulative

- =
DISTR

.
FUNCTION

Fr is monotone , right cont

> · (FM(x) = I

-

- Fu (-a)= 0 Futa"= 1

#m(t)
-

#To, 1] (PSEUDO INVERSE)
M(- N

,
+ 8) = 1

Filt)=f(xEIR Fu(x) [ t]



--- ⑨ -
= 100+

"m(a) =[ +A
--

[ 10 , 1tA -- -

I

FM() = ↑(- 0
, X] Q

un X0

u = 4 01X1
=

1 XI 1
-

Fr (t) = inf(xxt}

Fu (t) =

O oc + 11 Fu(x)2 +> 0

E2 1 Fu(x)t



Ex
m = X50 . 13

& X = 2 Toi

--
Fu () = + = inf(x Fr(x) t

-

EX3 X(O

Fr = [exx0MatXto
,+(y)dy =S e-by

i Fi (t) = Glt) +-0
,
1)

1-e
-x -t 1 -t = E

- X
- x = (g)1-t)



Deposition pr = Fr#[501]
Cobserve Iol = Xioj dx Lebesque meaure restricted to 501]

Fi : 50
,
13 - IR

:

Il To1~ #201
moof- First of all recoll that

Fült) = inf duty
ther ② Fr(t) e) inflx Fultya) X Fret

,
=X1a

=> Fu(a) It

& Fi(t) > 9E) inf(x Fi(xsty() # X Fu(x) It it hold > a

=> Fu (a) < t

Let us fix XEIR
-

·

Fu (0 ,X = &St FE-x]
= 2 StETOR Filt <XY =

= 24ttTois Fu(xsty = 2 To ,
Fu(x)



FuSto (-0
,x]=Fu]) = Fu(x) = M(-0

,x]
- ~

LENGHT OF THE INTERVAL (To
,97 = a

-1

therefore EXEIR Fi#Co (- 0
, x] = M(- 0

,x]

H
Fu#I TOD =-

-Proposition Let M , VePCIR) auch teat Fr is continuous

Ce .
g. ↑(2) There it holds

& (FroFu#M = r and the map

EroFm : IR-IR

Is MONOTONE
.



proof observation : if Fr is continuous it holds

Fo.(x) <t = (-00
, Xt] where Fa(x) =t

↓

#inTir
INTERMEDIATE VALUE THEOREM for continuous functio

* + + 10
, 13 7 at leastONE X+ Fu(x +) = t

(maybe more than one !
↓ Xt maximal X

in any case (xFr(x)[ty = ( 0
,Xx] with Fu(xt) =+



IninfixxtIR FroFuIR- IR /

(p - Fu)#u(0 ,
x] = M(y - IR Fr - Fu(y)()- c

, x]]

=u(y +IFu(y) =xy = [Fre]
=MEyerFr(y)]

by continuity of Fu by Fuly) < ty = 0,+] Fuly = t

I
=u( - 0

, yFr(x)] where Fr (MFrx) =Fr (x) .

= Fu(y =r(x) = Fr(x) = v)- 0 , x]

X x (ro Fm)H m (0 ,x) = v (0, x) =tu= r



COROLLARY Of The BRENIER THEOREM
.

If ML then EreO(R) pelS

inf (x-y(dx(x)= X-FFu(xPduxI copling mu

between M , r

(this means that the TRANSPORT MAP-which

is MONOTONE - YeFroFu : IR -IR

has uninival cost among all possite

transport plans between M ,
U (also

p

*

among all possible complings)
Fol p = 1 it is not the UNIQUE

: ove-

For p > 1 it is the UNIQUE ONE .



Ex M= e
-*

XTo ,
+a)

¢ X CEXPONENTIAL DISTRIBUTION)
&

X20

Fr(x) = (0X
= 0

Fre(x)= pr(- 0 ,X]Se
-+ot =
~ 1 -e

-XX30

= 1 -e
-Y

continuous !

XETOl] V = x8xz+ (1-1)8xz /BERNOULLI DISTRIBUTION)
X , 4 X2
- -

V (Al= E & X1 , Xz/A

E
O X(XI

X X I f A XytA Fr(x) = X X ,XXzW

(1X XI*A XzEA
1 X

,XzEA
1 X21X

&



-

I--

Fr

P i#
be
Fring(x/Fax +y

Fr(H) = GX1
oct -p Fp(x) t > 0

X2 pct1 Fu(x)2t >P

EroFu(x) =

XI o <Fu(x) =P = X = lg()E
X2 pc Fu(x) = x xlg(ip)

Fu(x) = 1 - e
-*

[p = 1 - p = e
- 4

= lg(1 -p) - X

=>- lg(p) = - X = eg((p) = X



FoFa : IR-Ir -

Feed
EroFu)#p = v

W2(m ,r = if (x-ydxy) = ) Ix-FrFuxTR
copling

M= X10 , p
E-Ydx

= gto (x -Fr:Fu(x))2e-Xdx

_ (x-x+-
eg(fp)



= (can be computed explicitty)

Note that Wa (M ,
vl = We (v, u) Since We is a

distance !

(so it is also the optimal cost to transports to u
- ever if the trasport is a transport plan
not a transport map !)


