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2Md RECURSION THEOREM

LetF : N- IN be a total computable function.

Them there exists etN at Ye = &free

of

let f : N + I be total and computable
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↳dea :

for each h : N- IN computable one can "transform" the enumeration
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Rice's Theorem

Let A IN saturated A + 0 them A is not recursive

A + N

Rof / alternative using and recursion theoree

Let AEN saturated
, A ,

A = N
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A + 0 mateseA

·
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A = N ne lo A
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Assume by contradition that A is recussive and define
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if Ce A
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EA 20 . 1 + 12 . 0 = to

#A 20 . 0 + 2 . 1 = e ,

Since A is assumed recursive
, f is computable

,
it is total but

for all ef ge4fre) .

In fact

· if etA = fre) =A and since A saturated
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· If exA =e fle)-eseA and since A saturated

Ce %e
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This contradicts the and recursion theorem
.

Absurd.

~ A is not recursive F



Proposition : The halting set K = (EN) Perest

Is not recursive.

of /alternative
, using and recursion theorem
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them ese k
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#
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es ifK

= C - Xf(x) + 2 - X(x)

if K
, by contradition ,
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total and such that Vee Get fre)

-> etk we free-to nence gerest and ofies les = cerest
~e lefres
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~ Pe Pfre)

controductsand recursion theorem.

Hence K is not recursive
#



* K is saturated ? No

k = (xN)(a)t}

We want to show that there are e
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formally
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otherwise
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computable

byomn theorem
,
there is 5 : N- In total computable s

.
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Por(y) = gray) = (0 if y = x

oherwise

Since s total computable , by the 2nd recursion theorem
,
there is

eeIN S .

t
. Ge = %res .

Thus

#Gelyr = Pres 1y) = gre , y)=
as desiced

Hema (a) is true , hence K is not saturated.
F

EERCISE : RANDOM NUMBERS / from 14 lessone

-> MEN is om if all programs producing m in output ore

"Corger than n

two questions :

2) there are infinitely many random numbers

2) the property of being candom is not decidable

Try again :

-> size of a program ? IPel = e

-> define a number to be candom if

for all ef St . Gerone it holds e = se



EXERCISE :

Let f : N-N be a function

and consider

BF = Lee I ge = f3

Are Bf ,
B recursive /2 .

e.?

(1) F not computable

Bf = p Bf = N recursive and thus e.

(2) F computable
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. Ge =

g then eBfN

↳ by Rice's theorem By not recursive
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complete the Kercise !


