StocuasTic METHODS FOR ENGINEERING

Exam 1

Exercise 1. Let (W;);>o be the Brownian Motion. For every s,¢ > 0 compute
i) E[W, W]
i) E[W,W?]
i) E[W2W?2]
iv) E[Wge"].
Exercise 2. We recall that X ~ I'(a, ) for a, A > 0 if

fx(x) = %x

(recall that I'(a) = jgwx“_le_/lx dcandT'(n)=(n—1)!forneN,n> 1)
i) Let ¢x be the characteristic function of X. Show that

0e0x(6) = = 0x(©)

a—le—/lxl[o’+oo[(x)‘

and deduce, from this ¢x.

ii) Check thatif X; ~ I'(a;, 1) for j = 1,...,n are independent, then X; +---+ X,, ~I'(a, 4) for a
suitable a.

iii) Let X and Y be i.i.d. random variables ~ I'(1,1) and let Z = X + Y. Show that the following
formula holds:

1 VA
ElW(X)12) = 5 | o a.

) 5. P . . .
Exercise 3. What does it mean that X, 2% X and X, — X? What relationships exist between these
two types of convergence?

Let Xy ~ U([0,1]) and (Y,,) are i.i.d. .4 (0, 1) random variables. For n > 1 define

Xn-1
X, = '; +Y,.

d
ii) Show that X,, — X where X = .. ..
iii) Is X, — X?
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Exercise 4. Let (X,,) be i.i.d. random variables with exponential distribution, X,, ~ exp(1). Let also
N be independent of (X)) with geometric distribution of parameter 0 < p < 1 (namely, P(N = n) =
(1=p)"'p,n>1). Define
Y, :=min{Xy,...,X,}.
1) Determine the cdf of ¥,,.
ii) Determine the cdf of Y.
iii) Compute E[Yy].

Exercise 5. Let U,V be i.i.d. uniformly distributed on [0, 1]. Derive
R=+-2loglU, ©:=2nV.
i) Determine the joint distribution of (R, ®) and the marginal distributions of R and ©.
ii) Set
X :=Rcos®, Y :=Rsin0.

WHat is the joint distribution of (X,Y)? Are X and Y independent? What are their univariate
distributions?

Exercise 6. Let (X,,) be a sequence of random variables such that
1
Xo=1, Xpy1 - X, = EYane
where Y,, is a Bernoulli r.v. with P(Y,, = 1) = % and Y, is independent of Yy,...,Y,—1. We may
interpret X,, as the amount of money an investor will have after n days if he wins or loses half of the
money daily, both with probability 1/2).

i) Prove that X,, 250 (hint: start estimating P(|X,,| > %) for m € N fixed, then use Borel-
Cantelli’s Lemma).

1
ii) What about lim,, E[X,,]? Does X,, — 07
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Exercise 7. Let X € L'(Q).
i) Prove the triangular inequality

[E[X | ]| < E[IX] | Z].

ii) Show thatif X,Y € L'(Q) are such that E[X | Y] = 0, then || X + Y||; > ||Y|]:.
iii) Show that if X,Y € L!(Q) are such that uxy = pyx then

E[XxY|X=FY]=0.
Use this to deduce ||3X - Y||; = || X +Y]|;.

Exercise 8. Let (X,,) be independent with X,, uniformly distributed on [—1 — %, 1+ %]. Let

1 n
Y, = — X k-
- ;
Discuss convergence in distribution of (Y},) identifying also the limit (if any).

(hint: Xi = 22X ~ U[-1, 1]).

Exercise 9. Let (W;),>0 be the Brownian Motion and define

t Wl /t7 t> 0,
Bt =
0, t=0.
i) Check that (B;) are gaussian random variables (determining their distributions), and that the
increments of (B;), namely B, B;,—By,, ..., B;, — B;, ,—B;, are independent random variables.

Check also that B; (w) € €(]0, +oo]).
ii) Check that

B, —0, 1 — 0+.
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Exercise 10. Let X, Y be independent random variables both with geometric distribution of parameter
p €]0, 1] (thatis, P(X = n) = P(Y = n) = (1 — p)"*~!p). Define
Z :=min(X,Y), W:=|X-Y]|.
i) Determine the distribution of (Z, W).
ii) Are Z and W independent?

Exercise 11. What does Borel-Cantelli’s Lemma state?

Let now (X},) be i.i.d. random variables, X, ~ exp(1). For n > 2 define
_ Xn—logn
" log(logn)”

n

Prove that, for every & > 0 fixed,

D P (Uy Nulu <148} =1
i) P(Ny Un{¥n > 1 -8} = 1.

(it might be helpful to know that ), <+ooiffa > 1)

-] 1
n=2 n(logn)®
Exercise 12. Let W be a BM on (Q, #,P). For T > 0 fixed, let #7 := oo(W; : 0 <t < T) and define

)
Q(E) =E [1E€aWT_2T , E e Fr.

i) Check that Q is a well defined probability measure on (Q, F7).
i1) Check that

a2
Eg[X] =E [Xe“WT_2T] )
ii) Let B, := W, — at. Check that (B;)o<;<7 is a BM on (Q, Fr, Q).
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Exercise 13. Let 0 < a < b and set
A={(x,y) eR? : |x—y|<a, |x+y| <b}.
Let (X,Y) have uniform distribution in A, that is

fxy(x,y) = La(x,y),

A2(A)
where 1, (A) stands for the Lebesgue measure of A.

1) Determine fy.
ii) Compute E[X | Y].
iii) Compute the density of E[X | Y].

Exercise 14. Let (W,) be a BM on (Q, #,P) and define

612

X, ="~ T" peN.

i) Check that X,, € L'(Q) for every a € R.
ii) Show that (X,,) is a martingale w.r.t. %, := o0 (W,, : m € N, m < n).
iii) Show that lim,, X,, = 0 a.s.

Exercise 15. Let (Q, #,P) be a probability space, X € L(Q) such that X > 0 a.s.
i) Show that, if X is N valued (that is P(X € N) = 1) then

E[X] = i}?(x > n).
n=0

ii) Show that, in general,
+00
E[X] :J P(X > t) dt.
0
Hint for both cases: P(E) = E[1g] ...
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Exercise 16. Let (X,Y) ~ A4(0, C) where

~[1]

i) For which values of p matrix C is a true covariance matrix for (X, Y)?

ii) Imagine (X,Y) as the coordinates of a random point in the cartesian plane. Let (R, ®) its polar
coordinates (R > 0, ® € [0,2x[). Determine the joint distribution of (R, ®) and, in particular,
the distribution of ©.

iii) Compute E[R | ®] and E[R? | ®].
iv) Under which conditions are R and ® independent? In this case, determine also the density of R.

Exercise 17. Let X,, be i.i.d. random variables with common density

I _
fx, (x) = ¢ I~
Prove that, Ve > 0,
P ( Xnl < 1 + & for all but finitely many n) =1.

logn =

i) P (M > 1 — & for infinitely many n) - 1.

logn

Exercise 18. Let (W,) be a BM. Define
t
W
o u

i) Explain why, for # > 0 fixed and for almost every w, X; is a well defined random variable.
ii) Compute E[X, ] and E[X?] (hint: ([; fu du)® = [} fu du [, f; ds...)
iii) Define B; := W; — X;. Compute E[B;] and V[B;].
iv) Let F :=c (W, : 0 <r <s). Compute E[B; | F] for0 < s < 1.

(if needed, you are allowed to switch E with f(;)
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Exercise 19. Let (Q, #,P) be a probability space, & C F a sub o—algebra.
i) Let X € L?(Q). What is the conditional expectation E[ X | €]? How is characterized? Prove that
IELX | €12 < (X2
ii) Let X,Y € L*(€) be such that
E[X|Y]=Y, E[Y]|X]=X.
Deduce that X =Y a.s. (hint: check that || X — Y||§ =0)
iii) Let X,Y, Z € L*>(Q) be such that
E[X|Y]=Y, E[Y|Z] =2, E[Z|X]=X.
Provethat X =Y = Z as.

Exercise 20. Let N
F(x):=e¢ ,x€eR.
1) Check that F' is a cumulative distribution function.
Let now (Xj,) be i.i.d. random variables with Fx, (x) = (1 — &™) 1[0 o[ ().
ii) Determine the cdf of ¥, := max{Xy,..., X, }.
iii) Use ii) to prove that ¥;, — log n converges in distribution, determining also the limit distribution.

Exercise 21. Show that, if X and Y are absolutely continuous independent random variables with densities
fx and fy respectively, then X + Y is also absolutely continuous and

fxay (%) = fx * fy(x), a.e.x €R. (3)

Letnow X,,, n € N, n > 1 be i.i.d. exponential random variables, fx, (x) = /le"lxl[o,wo[(x).
i) Determine the distribution of X; + - - - + X,, (hint: use FT)
ii) Let N be independent of (X,,)nen, with P(N = n) = (1 — p)"*~!p, with 0 < p < 1. Determine
the distribution of
Xi+ -+ Xn.
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Exercise 22.
1) What is the characteristic function of a random variable X?
i) Justifying carefully the calculations, show that if E[X?] < +co then the characteristic function
¢x of X is twice differentiable, and compute 8; ¢x(0).

iii) Justifying your answer, say if there exists a r.v. X such that ¢x (&) = e ¢ ’

Exercise 23. Let (W;) be a BM.
i) What are the characteristic properties of any Brownian Motion (BM)? And what are the charac-
teristic properties of a martingale? Is the BM a martingale?
ii) Prove that Wf — 3tW, is a martingale.
iii) Determine what terms you should add to W} in order to get a martingale.

Exercise 24. Suppose that (X,,) are i.i.d. random variables taking strictly positive values and such that
E[|log X,|] < +o0. Discuss the limit of

1/k

Y, =

n
[Tx
k=1
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Exercise 25. Let X, Y be absolutely continuous random variables with densities, resp., fx and fy.

i) By using the injectivity of the L' FT, prove that X and Y are independent iff ¢x.y (¢,7) (charac-
teristic function of random vector (X, Y)) coincides with ¢x(&)dy (7).

Let now X, Y be independent and both standard Gaussian ./ (0, 1).

ii) Show that X +Y and X — Y are also independent and gaussian.
iii) Compute the conditional expectation E[XY | X — Y] (hint: (x +y)> = (x —y)>=...)

Exercise 26. Let Ny be i.i.d. random variables with E[Ny] = 0 and V[N?] = E[(Nx — E[N¢])?] = o2,
Vk € N. We define (X}) as

Xo:=x0 €R, Xg =aXg_1+Ng-1, k > 1.
with |@| < 1 and x¢ € R fixed.

i) Calculate means E[ X ] and variance V[Xg].
ii) Let Fx = o(X1,..., Xx). Is (Xi) a martingale w.r.t. F;? Justyify your answer.
iii) Compute E[(Xz4+1 — X1)?]. What can you conclude about convergence in L? of (Xi)?
iv) Assume also that Ny ~ (0, 0%), Vk € N. Prove that X; converges in distribution and determine
the limit distribution.

Exercise 27. Let (W;) be a Brownian Motion (BM).
i) What are the characteristic properties of W,?
ii) Let
t
X; ::Wf—3j W, dr, t > 0.
0

Check that X, is a martingale w.r.t. % := (W, : s < r). (if needed, you are allowed to
.. . . . . t
exchange the conditional expectation with the Riemann integral Io ...dr)
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Exercise 28. Let (X,Y) ~ A4(0, C) where
112
€= [ /2 1 ]

1) Is C a well defined covariance matrix?
ii) Check that Y and 2X — Y are independent.
ii) Compute E[X?Y | 2X — Y] (hint: X = 12X -Y) +1Y...).

Exercise 29. i) What does the Borel-Cantelli Lemma says? Provide a precise statement (no proof is
required).
Let now X,, be independent Bernoulli random variables with

1 1
P(X,=1)=—, P(X,=0)=1- —.
i) Let E := {X,, = Xj,41 = Xus2 = 1, for infinitely many n}. Check that E is an event and prove that

P(E) =0.
ii) Let F := {X,, = X;,+1 = 1, for infinitely many n}. Check that F is an event. What about P(F)?

Exercise 30. Let X; ~ U([0, 1]) i.i.d. random variables, and let S,, := }.7_, Xj. Define
N:=min{n >2 : §, > 1}
i) Compute P(N > n) and P(N = n) for n € N.
ii) Compute E[N] and V[N].
iii) Compute E[Sy].
It may be helpful to know that
1

J =T
(i) vy dvn = Z e

I,Jl. =

.....
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Exercise 31. Let X,Y ~ .4 (0, 1) be independent standard Gaussian random variables.
i) Let
a b
c d

be invertible. Show that (U,V) := T(X,Y) is Gaussian, and determine its mean vector and
covariance matrix. Under which conditions on a, b, ¢, d are U and V independent?
ii) Compute E[X +2Y | X - Y].

T =

Exercise 32. Let X € L?(Q), where (Q, %, P) is a probability space. Let € C F be a sub-c-algebra.

i) Explain how the conditional expectation E[X | €] is defined under the current assumptions, and
list its main properties.
ii) Let Z Cc & C & be two sub-o-algebras. Prove that

VIE[X | g]] > V[E[X | Z]] .
(Here V[Z] = E[(Z - E[Z])?] = E[Z?] — E[Z]? denotes the variance of Z.)

Exercise 33. Let (W;);>0 be a Brownian motion.
i) Prove that E[W;W;] = min(s, t) for all s, > 0.

Define now
]

1
X, = o Z Wi jon, n € N.
k=0
ii) Determine the characteristic function of X, (you may assume that X,, is Gaussian).
iii) Does (X;) converge in distribution? If so, what is the limit distribution?
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Exercise 1. i) If s =1, E[Wf] =t. Assume 0 < s < ¢. Then
E[W,W,] = E[W,(W, - W,)] + E[W.] = E[W,]E[W, - W,] +5 = s.

Therefore, E[W,W;] = s A t.
ii) If s = ¢ then E[W;’] = 0. Assume s < t; then

E[WsW7] = E[Ws (W, = Wy + Wy)?] = E[Ws(W; = Wy)?] + 2E[W (W, — Wy)] +E[W]].
By independence of increments
E[Ws(W, = Wy)’] = E[WJE[(W, - W)’] =0,

and, similarly, E[]W2(W, — W;)] = E[W2]E[W, — W,] = 0. We conclude that E[W,W?] = 0. If ¢ < s,
then

E[W,W7] = E[(W = W, + W)W/]
We conclude that E[W,W?] = 0.
i) If s = + we have E[W}'] = 3¢2. If 5 # ¢, so for instance s < ¢ we have

E[W;W}] = E[WZ2(W, — Wy + W,)?] = E[WZ (W, — Wy)?] + 2B[WZ(W, — W,)] + E[W;]

0.

The middle term equals O while the latter equals 3s>. About the first
E[W; (W, = Wy)’] = E[WSIE[(W, = W) = s(t = 5).

In conclusion
E[WSZWZZ] = s(t — 5) + 35> = st +25°.
iv) Arguing in a similar way, for s = ¢ we have

x2 dx x2-2sx+s2-s2 dx s
E[Wse"*] :J xe¥e 2 :j xe~ 2s =e? | xe I = s’/
’ R V2rs  Jr \2nrs R V2rs
Ifs <1,
X2 dx
E[W eWt] :E[W eWt—WseWs] — E[W eWs]E[eW,—WS] — ses/ZJ eXe ) —
’ * ’ R V27 (1 — )
Now,
J v —x2 o dx HJ L= dx t=s
e’e 2(t-8) —m—— m— — e 2 e 2(t-s) —_—— =¢ 2 R
R 27 (t - ) R 27 (t - s5)
S0,

t—s

E[W,eW'] = seleT = se'/?.
Finally, if < s,
E[W,e"1] = E[(W, — W,)eV1] + E[W,eW1] = 1e'2,
Therefore E[WseV] = (s A t)e'/2. i
Exercise 2. i) We have

— . A9 +00 . P +00 )
— e — i&x _ @ —Ax ji&x _ a-1_-(1-i&)x
¢x (&) = fx(=¢) = JR fx(x)e's™ dx = (a) L x%e e dx = @ Jo x e dx.




Now, being x?~! = 9, %, by integrating by parts we have

+00 x(t i 1 i X=+00 +00 i
J Ox (—) e~ I gy = — ([x"e( ﬂf)x] + (- if)J xPe~ (A8 gy
0 a @ 0

and since [xae‘(”"'f)x]iigw =0 we get

A—iE A [*

ox (&) = @ Jo x%e Y elEX dx.
On the other hand
/l(]/, “+00 . 1
Ocox(e) =i | e dr =i (@) = o ox(®
So,
log ¢x (&) = —alog(¢ +id) +k,
from which

px (&) = K(£+i1)~“.
Now, since ¢x(0) = 1, we have 1 = K(id)~, thatis K = (i1)“, from which we obtain
Ox(&) = (D) (E+i)™ = (1 . %) _ (1 _ é) |

ii) If X; ~ I'(a, 1) are independent, then

~ n ~ n é‘: —aj _ f —(a1++an)
Ix 41, (€) = g%(j(f) = l_l (1 - 1/—1) = (1 - l/_l) :

j=1
From this, and from the uniqueness of the FT, X; +--- + X, ~ ['(a; +--- + @, 4).
iii) We have
E[y(X) | Z] = ¢(2),

where
0(2) = | W)zl d.
R
with P
_ Jxz(x,z2
fX|z(X|Z) = —fz(Z) s

(provided XZ is abs. cont.). Now, (X,Z) = (X, X +Y) =T(X,Y) where T(x,y) = (x,x +y) is clearly a

bijection on R?, so
fxz(x.2) = fxy(T7'(x,2)) | det(T™") (x, 2)].
Now (x,z) = (x,x +y) iff (x,y) = (x,z —x), det(T™!)’ = (detT")! =1, s0

indep

fxz(x,2) = fxy(x,z—x) =" fx(xX)fr(z—x).
Since X,Y ~ I'(1, 1) we have
Sx(x) = e 110 oo
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and, by ii), about fz we have

22 _
fz(2) = T2 121 10,4001 (2) = 17267210 oo (2).
Therefore
/lze_’lxe_’l(z_x)l[o +ool () 1[040 (2 —X) 1
x|z) = . . = —110.4000(2)1 X),
Ix1z(x]2) e 110,00 () Lo [(2)1[0,21(x)

from which we obtain
1 1 (%
¢(z) = JRw(X)gl[o,m[(Z)l[o,z](x) dx = (E L ¥ (x) dX) 1{0,400[ (2)-

So, since Z > 0 with probability 1,
1 (2
2= [ v o
0

Exercise 3. See notes for definitions and relations between convergence in distribution and in proba-
bility.
1) We use characteristic functions. We notice that

1 11 1 o1
Xn—z n—1+Yn—§ EXn—Z"'Yn—l +Yn—?Xn—2+;)2_kYn—k

Iterating, after n steps we arrive at formula

1 1
Xn:z_”XO+ZQ_k n—k

Because of the assumptions on independence

n-1 n-1 2 (ot 1) g2
éx, (&) = ¢2%X0(§) l_[¢217Yn—k(§) = ¢x, (zf_n) e 7(2%) = dx, (i) e’i(Zk:o 4k)§
k=0

Letting n — +oco we have

p—

b3, () — by (O HEE)E L bde b.r(0.4)(&)-

d
We conclude that X,, — X ~ 4/ (0, ).
ii) Since convergence in probability is stronger than convergence in distribution, if (X;,) converges
in probability then it converges also in distribution to the same limit. Thus, the unique possibility is
P P .
X, — X. But then also X,,_; — P, whence, being

X X,
T A = Yy =X, -

X
2

o] <

P d
X, = —_— =, = Y, — #X. O

Exercise 4. i) Let
Y, :=min{X,,..., X, }.



‘We have "
< yb={min(X;,.... X)) <yb=| [ >y Xer >y X < y)
k=1

SO
n n k-1
P(Yy <3)= ) B(Xi >y Ximt > 0. Xe <) = )0 [ [B(X > 5) - B(X < ),
k=1 k=1 j=1

(J).:l = 1. Since X; ~ exp(4), we have

Fx,;(x) = P(X; <x) = (1= ¢ ™) 1[0 4o0[ (%),

with the agreement that [

for y > 0 we have

n n-1
Fy,(y) =P(Y,<y) = Z(e"ly)k_l(l —e W) = Z(e_ﬂy)k(l — e W)
k=1 k=0

1 — (e~ )"
— (1 - o~ — 1 _ p Ay
=(l-e") T 1-e .
Clearly, Fy, (y) =0 fory <0.
ii) We notice that
ry <yb=| [{rn <y, N=n}=| |(¥a <y, N=n}.
n=1 n=1

Thus,
FYN(y) :P(YN < y) = ZP(Yn <y, N= n)‘
n=1

Since N is independent of the (X,,), N is independent of ¥,, for every n, so we have
P(Y, <y, N=n) =P, <y, N=n)=P(¥, <y)B(N=n)=(1-p)" ' pP(Yy <)

=p(l-p)" (1 -eV).

Therefore,
[s6] (o) (s8] l’l—l
Fr(») =Y p(1=p)" ™ (1=e™®) = 3" p(1=p)'™ —pe™ 3" (1= p)e™)
n=1 n=1 n=1

=1

=l—pe_/ly 1 _ -V
I-(1=ple® 1-(1-p)e

For y < 0 clearly Fy(y) = 0.
iii) We have

E[Yy] = L Vi (3) dy,
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where
Jrn (¥) = 0y Fyy (y) = =0y (1 = Fyy (¥)).
Integrating by parts,
+00 400 -y
E[Yn] = [-y(1 - F y:+°°+J 1- Fy,(y) d :J S LTS
[Yn] = [-y(1 = Fry ]2 . WO dy=| T em
=0
Setting u = e~ (thatis y = —/ll log u) we obtain
1! pu du p _ plogp
E[Yn]==| —————=—-—"—{log(1 - (1- ul £ _oF
=3 ], T e Ty e - (P =

Exercise 5. i) Notice that (R,®) = ¥Y(U,V) where ¥(u,v) = (1/-2logu,2av). Since (U,V) €
[0, 1]2, and since P(U = 0) = 0 and same for V, actually (U, V) €]0, 1]?> with probability 1, we consider
¥ :]0,1]> — ¥(]0,1]%) c [0, +c0[x]0,27]. W is invertible and (r,8) = ¥(u,v) iff r = \/-2logu,

r2 r2 . .
0 =2nv,thatisu =e~ 72 and v = %, so W~ (r,0) = (e~ 7,0/2m). According to the change of variable

formula, we have

2

2 —re7 0
fre(r,0) = fuy (¥~ (r,0)|det(¥~") (r,0)| = 1j0,17(e” ) 110,17 (5%) |det
0

2
=|rle™ - 3=1[0.271(6)
In particular,
2 1
Ir(r) =1rle” 7, fo(0) = 5=110,21(6).

2r

i) (X,Y) = Y(R, ®) where ¥(r, ) = (r cos 8, r sin 8) is the usual polar coordinate map. We have
fxr (x,) = fro (W' (x, ) det(P™") (x, ).

Since det W' (p, 0) = p and

arccos %, y >0,
-1 — 2 2 — Xty
Y™ (x, ) (\/x +y ,0(x,y)), where 6(x, y) arccos —=— +7, <0
x2+y
we deduce
x2y2 ] 1 |

fxy (x,y) = [\x*+y%e” 2 2

AN R
from which (X,Y) ~ 4°(0,I) (where I is the identity matrix). Clearly X,Y are independent, each
distributed as a standard Gaussian. O



Exercise 6. i) We recall that X, L% 0iff

vs>o,P(ﬂU |Xn|>g)=

N n>N

According to Borel-Cantelli’s Lemma, a sufficient condition for this happens is
D P(IXa| > &) < +oo,
n

‘We notice that,

Y, Y, Y - Y, -
Xn=(1+?n)xn—1:(1+?n)(l+ nzl)Xn—Zz-..Z (1+?k)X0= (l+
k=0 k=0

For convenience, let £ = ==. So

2
{|Xn|>s}={xn>s}:{ ] (1+ﬁ)>i}
k

Notice that, for n > m,

1 1 = _
X, = 7 1—[(2+Yk) 2 o l_[(2+Yk) > 2"
k=0

k=0
and this happens iff at least n — m of the Y = 1. Because of independence

P(Yy, =1,....Y,_,, =1)=

SO

plx > 1 " r n! 12m
" om | S \n—m|2nm T (n—m)lm! 27

ZP(X m)\m'ZZ”(n—m)'

n

and

Now the last series converges by root test because, if a,, := ,,( TIE then
Ansl (n+1)! 2"(n-m)! 1 n+l 1<1
a, 2" (n+1-m)! n! 2n+l-m 2 '

Thus, we conclude that
Z P ( 2—) < 400,

and Borel-Cantelli’s Lemma applies.
ii) Since
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by the independence of Y we have

(1
w=l ol g - (13- [
so lim,, E[X,,] = 1. We conclude that X,, 7~ 0in L'. Indeed, if this would happen,
1= [E[X,]| < E[IXn]] = IXnlli — O,
which is impossible. O
Exercise 7. i) Recalling of the monotonicity property of the conditional expectation, we have
-1 X< X <|X], as. = -E[|X]|¥] <E[X]|¥] <E[|X]|]|Z],
from which
[E[X | Z]| < E[IX]]|Z].
1) We notice that
E[X+Y |Y]=E[X |Y]+E[Y |Y] =
So,
Y| =|E[X+Y [Y]| <E[|X+Y||Y], a.s
and, by taking expectations,
E[IY]] <E[E[IX +Y[| Y]] = E[|X + Y]],

which is the conclusion.
iii) We notice that if A := E[X —Y | X + Y] then A is characterized by

E[Ap(X +Y)] =E[(X -Y)e(X+Y)] = [, (x = y)e(x +y) duxy(x,y)
= [ (x = Y)@(x +y) duyx(x,y) = E[(Y = X)p(Y + X)]

-E[Ap(X +Y)],
from which
2E[Ap(X +Y)] =0, Vo(X +Y) € LY,

In particular, since A € L; .y We conclude that A = 0 a.s., as desired.
Now, setting Z = X+Y and W insuch away that 3X-Y = Z+W, thus W = (3X-Y)—(X+Y) = 2(X-Y),
being E[Z | W] =E[X+Y | X —=Y] =0, by ii) we get

Wl <1 Z+ W1, = 2IX-Y|I <I|3X =Y,
from which the conclusion follows. ]

Exercise 8. Let Xy := ﬁXk ~ U[-1,1]. Then



So

where

Now, since for & fixed &

and being,

o(n) = 52,

17 cos i7—sin 7
¢ () = Le

B

2 . .
¢”(77) _ —7”sin 17—2(773cos n—sin ) ¢,,(0) — hmq—)O

5

k=1

sin siny

¢(n) = px(n) =

1+ %) — 0, recalling that

$01) = 9(0) + 4 O + 36" O + o),

¢(0) =1,
€os 17— 17 sin 7—Ccos =0,

, . ., H..
¢’ (0) = lim;;0 ¢’ (1) = limy—0 2

.2 _ _n? 2 _n
n-=(n+o(m))-2|n F+o(n?) |-(n-T+o(n?)

n
we have

Therefore,

73

2
B01) = 1= = +o(n?).

n 152 2 1 lfzn s
¢Yn(§)=n(l_67(l+k) +0(;))~(1_67) — 5 e 6%

Therefore

k=1

Y, <5 4 (0,1/3).

Alternative solution. We may notice that

Now, by the CLT

We claim that

If this is true we have Y,

¢y,

n

RIS LA PEEE I3

W, =L ;? L ¥(0,1/3).
=
1 v 1= as.
ZnII— —Xk—>0.
\/—klk

=W, + Zy, -5 #(0,1/3). Indeed
(€) = B/ €Wnel 7] = B | (/€% 1) ¢'€% | 4 B['€M0].

W —
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By dominated convergence the first expectation goes to 0 while the second goes to e 587
To prove that Z,, 2% 0 we notice that, being | X,,| < 1 with probability 1,

1 1 1 kg 1
Zyl < — -< — |1+ —dx|=—(1+logn) — 0. O
12l \/ﬁ;n \n ZJ \/ﬁ( gn)

k=1 7k

Exercise 9. i) We have
¢5,(6) = B[] = 72106 = 0721 — B~ #(0.1).

1

IfO<s<tthen0<1<land

(Bs, By — Bs) = (sWis. tWipe — sWiys) = (s (Wips = Wipe) + sWyyp, (t = )Wy — s(Wy s — Wiye))

=s(1,=1) (Wi = Wyy) + (s, = )Wy,
Being W, independent of Wy, — Wy, we have that

E /(&M Bs:BimBs) | = E [ (£ Wiys=Wige) pi(s£4(t=9)m Wiy |
-E [eis(é:—n)(wl/s_wl/t)] E [ei(5§+(l_s)'7)wl/t]
:e_,(,_l)é(g 77)2e—§;(”7+5(§ 77))2

e 3 S (EMP-28n) o=y (PP (E24m~2Em) 42510 (£~ 1)

— o als(EmP-2&m+in*+2sn(&-n)]
= 3 (5E41=90") Z =358 =3 (1=)7
that, at once, says By ~ A4(0,s) and B, — By ~ A (0,t — s) and they are independent. Finally,
B; € €(]0, +c0[) being W; € €([0, +0[).
i1) We have

P(|B:| > &) =P(|IW1/,|> g)=P(|Wiy|>2)=2- f e 2(1/:) _dx

1
2ny

ﬁdy

ng/\r T = —0,150+. O

Exercise 10. i) Notice that Z, W € N. So, let z, w € N and let’s compute

P(Z=z, W=w)=P(min(X,Y) =z, [ X-Y|=w).



We distinguish w =0 fromw > 1. If w =0,
P(Z=2z, W=0) =P(min(X,Y) =2, | X-Y|=0)=P(X=Y,X=2)=P(X=2z,Y=2)

MEPB(X = )B(Y =2) = ((1- p)'p) = (1 - p)=2p2.

If w > 1, noticed that | X — Y| = wiff X =Y + w we have
P(Z=z, W=w) =Pmin(X,Y)=z, X=Y xw)

=P(X=Y-w, X=2)+P(X=Y +w, Y =2)
=P(X=z,Y=z+w)+PY =z, X=z+w)

LT B = DB = 2 w) + BV = DB(X = 4 w)

=2(1-p)*'p(1=p)*™'p

— 2(1 _ p)22+w—2p2.
ii) Z and W are independent iff
P(Z=z, W=w) =P(Z=2)P(W=w).

From previous calculation we have

P(Z=z) =P \_|Z=z,W=w)=ZP(Z=z,W:w)
w w=0

w=1 w=1

=u—pﬂkhﬁ+§ix1—mkﬂ“hﬁzp%l—pﬂ*20+z§}1—pw)

_ .2 2z-2 1 N
== 12 i)
=P et ),

Similarly,

P(W=w) =P

UZ=z,W=w)=iP(Zzz,W=w)

z>1 w=1
w=0, X2,(1-p)*7?p*=p’ iy = 15

w>1 2p7(1-p)" 22, (1= p)»* 77 =2(1 - p)* L5
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So
w=0, p(l-p)*22=-p) 5 =p>1-p)*72
P(Z=2)P(W=w) =
w21, p(l-p)*22=-p)-2(1-p)"32 =2p*(1 - p)>*=2
=P(Z=2z,W=w).

We conclude that Z and W are independent.

Exercise 11. See notes for Borel-Cantelli’s Lemma.

P(QL’J{Yn>1+s})=O.

To this aim we apply first Borel-Cantelli’s Lemma proving that

1) We prove that

We have

ZP(Yn > 1+¢€) < +co.
n

P(Yo>1+e)=P (X,, > logn + (1 + &) log(log n) = log (n(logn)1+s)) ,

Being X,, ~ exp(1), we have

SO

PY,>1+¢)= ¢~ log(nllogm)**) _

from which

ZP(Yn

P(X, > a)=e 7,

1
n(logn)i+e’

1
>1l48)= ) ———— <+
&) Z n(logn)l+e <

n

ii) According to second Borel-Cantelli’s Lemma, if the events E,, are independent and

ZP(E,,):+oo, — P(ﬂUE,,
n N n

=1.

So, since the Y,, are independent, to prove that

P

we just need to verify that

(QLnJ{Yn>l—s}):l

ZP({Y,, > 1-g}) = +oo.

By a calculation similar to that of 1),

1
P(Y,>1-¢)

and the conclusion follows.

1
= = YPWzl-8=Y ——— =+,
n(logn)l-¢ Zn: (¥ &) Z n(logn)l-¢ «

n



Exercise 13. i) We have

u=x-y,v= 1

L(A) = f dxdy ‘2T —j dudv = 2ab,
[x-yl<a, |x+y|<b 2 Jjul<a.ivi<b
SO |
fY(y) = JR fX,Y(x’ y) dx = m " 1y—a<x<y+a, —y—b<x<—y+b(x) dx
=LJ1 ' ap = MO) —m©y),
2ab e max(y-a,—-y—b)<x<min(y+a,—y+b) 2ab m(y)<M(y)
where

_y_b’ )’<—b%a, y+a,

M(y) = min(y+a, —y+b) =
y-—a, y>-=% -y+b

m(y) = max(y—a,—y-b) =

Returning to fy (y) we have

1 y< _b%a’ = ﬁ IR Li—y-b,y+a] (x) dx,

b- b- 1
fr(y) = _Ta Sy < Ta’ = 2ab JR l[}’—a,y+a](x) dx = %,
y > 4, = 5ap Jp Ly-a,—y+b1 () dx.
Now, -y —b <y+aiffy > —#, and since —# < —b%a we have
0 y <-4,
fr(y) = ] 1 , , ,
w5 yra+b) = Jo(yret), o<y <-bze
Similarly,
b
0. y> a2
fr(y) = . . ,
at. —a +a
E(T_y)’ oS y< &5
We conclude that
" y<-et,
3 b(z}’+a+b)=a—lb(y+a;b), —ath <y < -4
=1 3 _boa oy < boa
a5 (4 -). Bt <y < B,
0 y > 5P

23
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ii) We have

a+b
E[X|Y=y]=0, |y > 5

while, for |y| < %b,

1 1
E[X|Y = y] = JRXleY(x | y) dx = ) ﬁ IRx1max(y—a,—y—b)<x<min(y+a,—y+b) dx.

Denoting by m(y) := max(y —a,—y — b) and M(y) := min(y + a, —y + b), we have

J 11 . g = M)+ M)
M(y) — m(y) ® max(y—a,—y—-b)<x<min(y+a,—y+b) ) s

and since fy(y) = ﬁ(M(y) —m(y)), we have

_my)+ M)

B[X|Y =] .

Here we have the following cases:
e casea = b. Thenm(y) =max(y—a,-y—a) =|y|—a, M(y) =min(y+a,-y+a) = —|y|+a so
E[X|Y=y]=0, |yl<a, = E[X|Y=y]=0.

e case 0 < a < b: if we have

—y—b+y+ - -
y 2y a :_bza, _a42-b <y< _bza’
_ _ y—atyt+ta _ b-a b-a
BIX |V =y]={ 22—, bl gy < B
y—a+(=y+b) _ b-a b-a < < b+a
p) =72 7 SYVST
e case 0 < b < a: if we have
+ +b -
y-a ( y+b) _ 2a’ _a; <y< _bz_a’
— b+ +b - -
E[X|Y=y] = y- (y ) —y _b2a<Y<b2a’
-y—-b+(y+ — —
y- (y a) _ bza’ b2a <y< b;a

iii) Since in all cases take constant values with positive probability, E[X | Y] is not absolutely
continuous, so there is no density for it. O

Exercise 15. i) Let X > 0 natural valued. By monotone convergence,

ZP(X > k) = ZE Ixsk] = Z 1X>k‘ .
k=0

Now, assume X () = n. Then

.
Z Ix(w)>k = Zl = X(w),
k=0

From this the conclusion follows.
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ii) We have
+00 +00 +00 X
J P(X > 1) dt:J E[lxs;] dt = E I x>, dt :EU dt| =E[X]. O
0 0 0 ~—— 0

=1j0,x((¢)

Exercise 16. i) To be a true covariance matrix C must be symmetric and positive definite. Clearly, C
is symmetric. To be positive definite we need that

C(x) : (x) >0, v(x) £0.
y y y
A quick condition for positivity, if you remind, is that all the k& X k sub-determinants on the diagonal are

positive. These are 1 and 1 — p2, so the condition is 1 — p> > 0, thatis —1 < p < 1.
Equivalently,

C(x) : (x) = (pr)(x) = (x+py)x + (px +y)y = x* +y” + 2pxy
v/ W) \ex+y/y

If x = +y we have x? + x% + 2px? = 2x*(1 £ p) > 0iff 1 £ p > 0, thatis —1 < p < 1. For such p,

x? +y2 +2pxy > 2+ y2 =2|x|ly| = (|x]| + |y|)2 > 0, V(i) # 0.
ii) We know that (X,Y) = (Rcos ®, Rsin®) = (R, ©), so

Jre(r,0) = fx,y(®(r,0))| det @' (r, 0)]

where
fxy(x,y) = ;e—%c“(ﬁ)(_ﬁ) _ ;e‘il-l;ﬁ[ _lp _1p }(}C)'(i)
- mez(lfpz) (x*4y?-2pxy)
Thus,
fre(r,0) = 1 T (12 o Osin ©) 710400 () 110,271 (6).

V(2m)2(1 - p?)
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For the distribution of ® we have

mw>=kh@mmm=

_l-psin(20) 2

e 20-p%) dr - 1[0,2,,](0)

1 J+oo
r
2r4/1 = p? Jo

L 20 [ e
2741 = p2 1 — psin(26)

1 +1-p?2
) L10,271(6)

T 2rl- p sin(20
iii) R and © are independent iff fr @ = fr fo. It is evident that this can happen iff p = 0O, that is iff X and
Y are independent. In this case we have

110,271 (6)
r=0

1
fo(0) = 7 110,221(6),

and o (r.8)
r0(r,0 2
(r) = =—=——=re 2 1[p+o0[ (7).

Jk fo(6) [0+l

iv) We have
2 1 - i 29 1 oo _ l-psin(20) 2
E[R|®=6] = J rfrio(rl6) dr = 21 —P5in(26)) J e =y
R V1 - p? 2n/1 = p2 Jo
u 1 - p2
— ule™ T du= 7 ‘p ) .
1 — psin(26) Jo 2(1 = psin(26))
Similarly,
1- n(20 +oo _1-psin(20) 2
E[R?|© = 0] :j#h@mmW=—4@3}3J Pe 3 dr
R l-p 0
1— 2 +0o 2
= —p we T du.

1 — psin(20) Jo

Noticed that
+00 2 2 e 400 2
j we T du = [uz(—e_Z)] +J 2ue” 7 du=2
0 r=0 0

we deduce

R[R?|®@=6] =2 -

T 71— psin(20)°

Exercise 17. i) We have to show that

X
P(' nl < 1+8forallbutﬁnitelymanyn) =P U m
logn N n>=N

| X5
logn

<1+8):1,
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that is, taking the complementaries,

(ﬂ U {logn g }) =0

N n>N
We apply first Borel-Cantelli’s Lemma. Notice first that

X,
P(' | 1+a):P(|Xn|>(1+s)logn).
logn

Now, for @ > 0,

1 +0o0
P(|X,| > a) = ‘[ —e M gx = J e Xdx=e"7,
]—c0,—a]U[ oo

o7

S0
1

P(|X,| = (1 +&)logn) = e~ (1+&)logn _ —.
n +&

X 1
ZP(' nl >1+8):Z—<+oo Ve > 0,
~ logn nl+e
so the conclusion follows.

ii) We now have to prove that

v X,
P (llognl|1 > 1 — & for infinitely many n) (ﬂ U {1|ogr|l g 8}) -t

N n>=N

Therefore

Here we can apply the second Borel-Cantelli Lemma: since the X,, are independent, the conclusion will

follow once we prove
X
ZP({' | >1_g}):+oo.
logn
n
X,
P({ | X5l > 1 —8}) =P (|Xn] > (1 —&)logn) = e~ (1-&)logn _

logn nl-¢
| Xl _ I
anp({logn>l_8 _an_£_+oo, .

n

As above,

SO

Exercise 19. In L2, conditional expectation is the orthogonal projection ITX. In particular X — ITX L
I1X so, by Pythagorean’s theorem,
IX15 = ITIXI3 + [1X = TIX|I3 > [ITX13,
that is
IELX | 1115 < IX15,
from which the conclusion follows.
i) By the Pythagorean theorem,

IX15 = IELX | Y15+ 11X =E[X | Y15 = VI3 +1X = Y13, = IX =YI5 = IXI5 - 1Y]I5.
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For the same argument, from E[Y | X] = X we have
1Y = X115 = 1Y 115 = 115,
and summing these identities we get
21X -Y|3=0, = X =Y as.
ii) Arguing as in i) we get

IX = Y13 = 1IX1I3 = IYII3,

IY =ZI3=1YI3-1ZI3. = IX-YIE+IY -ZIZ+1Z-X|3=0, = X=Y=Zas.

1Z = X115 = 12113 = I X113,

O

Exercise 20. i) Clearly F is well defined, increasing, F(—o0) = ¢~ **) = 0 and F(+) = ¢70 = 1.

Moreover F € € (R), so F is a cdf.
i1) We have

Fy,(y) =P, <y)=P(max{Xy,..., Xy} <y)

=

iii) Let Z, := Y, —logn. Then
Fz,(z) =P(Z, < z) =P(Y, < z+logn) = Fy,(z +logn).
For z € R fixed and n large enough, z + logn > 0 so

e—Z

n

n
Fz,(2) = (1 - e_(z+10gn))" - (1 - _) — e =F(z), VzeR.

. . . d
Since F is a continuous cdf, we conclude that Z,, — Z where Fz = F.
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Exercise 21. We notice that

P(X+Y € E) = ij 15 G+ ) fier (6, y) dxdy = JRZ Lo Gx + ) fx () fy (3) dxdy

usxEY, vex J Le(w) fx) fy (u —v) dudv
R2

-| (LR S ) fi(u—v) dv) du

:J Fex fy(u) du.
E

This says that fx.y (1) = fx * fy(u).
1) By induction,
Ixioax, = Ixp %00 fx,, -
Applying the FT,
Forxn &) = (&) -+ T ().
Notice that

+00 +oo
@ = [ foetra= [ aetet e ama [ e
R 0 0

e~ (A+i&)x X=t00 1 1
Ty 0 :/l(o_—(/l+i§))=/l+i§'
So,
T _ A n_ A" n-1 -1
Ixi4ax, (€) = (/l+i§) = i) (n = 1)!a§ (A+ié).
Applying the FT,
—— An o -
27 x4 X, (%) = fXrax, (X) = maf HA+if)~1(x)
_ (_1\n-1 n-1,7 . ;-
=(-1) TR (A+it) 1 (x).
Now, since
AA+ig)™" = e~ Mg 4o (£),
we have

/l(m‘l (x) = Ae—H1 [0,400[ (X) = 27r/le/lx1[0,+oo[(—x),
from which, finally,
(=)™
(n—=1)!

Fxirx, (x) =2 110 oo ().
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ii) Let S, := X1 + - - - + X;,. We compute the cdf of Sy: forx > 0,

P(Sy < X) :iP(S xN—n)—ZIP(S <x)(1-p)"p
n=1

=Ap ZI (__1), e Y(1-p)"dy

o -1
mon.:conv, /lp Jox Z (_(] —P)/b’)n e—/ly dy — /1p Jox e—(l—p)/lye—/ly dy
n=1 '

that is .
FsN(X)=/1pJ e Y dy, = fs\(x) = Ape P g 4o (x). O
0

Exercise 22. 1) See notes.

ii) Let ¢x (¢) := E[e?¢X]. To show that ¢ is differentiable we apply the differentiability under integral
theorem. Formally

g px(€) = E[iXe'*¥].

Notice that |iXe'$X| = |X| € L'(Q) being, by Cauchy-Schwarz inequality, E[|X|] < E[X?]'/? < +oo.
Thus differentiability theorem applies. Then,

0z ¢x(€) = B[(iX)%e'*X].
Again, being |(iX)?e¢X| = X? € L'(Q), because E[X?] < +co. In particular,
9%¢x(0) = E[(iX)*] = ~E[X"].
iii) Notice that dgpx(£) = —c4§3e‘c§4 and aégbx(f) = e‘c§4(16c2§6 — 12¢£?), so, in particular,
9z¢x(0) = 0. By ii), E[X?] = 0, thus X = 0 a.s., from which ¢x(¢) =E[1] = 1 = et iffc=0. O

Exercise 23. 1) See notes.
i) Let # = oo(Wy : s < t). We have to verify

E[W] - 3tW, | F,] = W3 = 3sW,, Vi > 5 > 0.
We have
W} = (W, = Wy + W) = (W, = W)+ 3(W, = Wo)> W, + 3(W, = W)W} + W),

so, recalling that W, — W independent of #; and Wy is F;, by the properties of the conditional expectation
we have

E[W? | F1 =E[(W: - W)’ +3W,E [(W, — Wy)? | F| + 3W2E[W, — W, | F] + W
=0+ 3WE[(W, — W)?] + 3WZE[W, — W,] + W}

=3W(t —s)+ W?
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SO
E (W} =3tW, | F| =3W(t—s)+ W3 = 3E[W, | F] =3W,(t —s) + W] — 3tW,
= W3 - 3sWj,

which is the conclusion.
iii) We start noticing that

Wi = (W = Wy + Wy)* = (W, = Wo)* + 4(W; — Wy) W + 6(W; — Wy)> W2 + 4(W, — W) W3 + W,

SO
E[W} | F] =3t —s)? +6(t —s)W2 + W?
Now, notice also that

E[W? | Fl=t-s+W2, = E[W>-t|F]=W—5s,

SO

61w = 61 (E[W,2 —t| F]+ s) = E[6:W? | F] - 61(1 — 5),
from which

E[W} — 6tW2 | F] = Wi —6sW2 +3(t —s5)> - 6t(t —5) =

= Wi —65sW2 - 3(1? - 52),
so, finally,
E[W, — 6:tW? + 312 | F] = WH — 6sW2 + 35,

that is, Wi — 6:W? + 3¢ is a martingale. m]

Exercise 25 i) Assume (X,Y) are independent, so fxy = fxfr. Then

dxy (&) =BE[e/E ] = j

el fyy (. ) dxdy = f eSO £ () fy () dxdy
R R

- jR X fy (x) dx JR e fy (y) dy = E[e"*X]E[e"""] = ¢x(&)py (n)

this for every (&,7) € R2.
Vice versa: assume ¢x y = ¢x¢y. The previous calculation shows that
fxy = fxfr.
and since both fx.y, fxfr € L'(R?) because they are probability densities, by the injectivity of L! FT

we conclude that fx y 4= fx fr as claimed.
ii) We can use the characteristic functions:

bxey x_y(Em) =F ei(X+Y,X—Y)-(§,n)] R [e(§+n)X+(~f—n)Y] -E [ei(§+n)X] B [ei(f—n)Y]

— o2&t =5 (E-n)? _ =387 _ =& -
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On the other hand
2

dx.y(t) =E [ei(XiY)t] =E [e”X] E [eiity] —e Te

2
—t 2
2 = e_t

We can conclude that ¢x.y x-y = dx+yPx-v, thus X + Y, X —Y are independent and that they are both
Gaussian (0, 2).
iii) As suggested, (x + y)? — (x — y)? = 4xy, so
1
E[XY | X -Y] = ZE[(X+Y)2— (X-Y)|X-Y|
By independence,
E[(X+Y)? | X-Y]|=E[(X+Y)*] =2,
while
E[(X-Y)*|X-Y]=(X-Y)~
Therefore ]
E[XY | X —Y] = Z(2—(X—Y)2). O
Exercise 26 i) We start noticing that
Xy =aXp_1+Ny_1 = CL’((XXk_z +Nk_2) + Ny = aZXk_z + Np_1 +aNg_s.

Iterating this we get

k-1 k-1
Xi = a'kXO + Z a-iNk_l_j = akX() + Z a'ij_l_j.
j=0 j=0
Clearly,
k-1
E[Xk] = akxo + Z a-’E[Nk_l_j] = a/kxo.
Jj=0
About the variance we have
k-1 2
V[Xi] = BIX;] - B[Xc]? =B |[o¥xo + ) o/ Ny | | - g,
j=0

Noticed that E[a*xga’ Ni_ - ;] =0, and being the Ny independent, we have

k-1 -1 o
VIXi] = @ + E @¥E[N{_y_j] = a*xo = o E (a?)! = o? 1—a2’
Jj=0 j=0 4
because of the formula Zk‘l Jj = 1=d"
j=0 9" = 1=¢ -

i1) We have
E[Xit1 | Fx] = E[aXy + Ni | Fi] = aXi + E[Ny | F].
Since F = 0 (X1, ..., Xx) =0 (No, ..., Nr_1) and Ny being idependent of N; for j < k, we have
E[Nk | k] =E[Nk] = 0.

Therefore, E[ X+ | k] = Xk, so (Xy) is a martingale w.r.t. F iff @ = 1.
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iii) We have Xp,1 — X3 = (1 — @)X + Np. Ifa = 1,
I Xks1 = Xicll3 = E[(Xir1 — Xi)?] = E[N{] = 02,
whereas, if @ # 1,
1 Xis1 = Xiell3 = E[(Xge1 — Xa)*] = E[(1 — @)* X7 + N +2(1 — ) X Ni ]

1 — a2k
=(1-a)?
(1-a)=

-

ol ol = ((1 —a)(1-a*)+ 1) o2

In each case, || Xk+1 — Xk||2 7 0 when k — +co, and this must happens to have L? convergence. Thus,
X} is not convergent in L.
iv) We have

L k=1 '
6x,(€) =E [e/€%] =E [eif("k"°+2§=5 "’Nkl-f)] =ciéa' ]2 [eifa”kal*f] .
j=0
Let ¢ be the common characteristic function of the N;. We have ¢(¢) = e 207¢ 2, SO

k-1 "
i & ak 1 2052 ce ko1 2 z2xk-1 2j ce ok 1 21-a 2
dx, (&) = eléaxo l_le 207 (a/8)7 _ pifatxo=5078 Xin @Y _ elfa Xg=y 00 & ‘

J=0

k

Letting &k — +o0, @ — 0 being |a| < 1, so

_lifZ
¢x (£) — e 21?7,
that is
2
d
Xk—>/V(O,O-—). 0

Exercise 27. i) See notes for the definitions.
ii) We start noticing that

t N t
X, :Wt3—3j0 W,dr:(W,—WS+WS)3—3L Wrdr—3J W, dr
S

S
= (W; = W) +3(W, = We)> W, +3(W, — W) W2 + W3 — 3J W, dr
0

———————
=X

-3 Jt(Wr —Wy) dr = 3W,(t — 5).
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We now apply the conditional expectation w.r.t F;. Notice first that X € F;. Then
E[(W; = Wy)® +3(W; = W)? Wy + 3(W, = W) WS | %] =

= E[(W, — Wy)?] +3W, E[(W, — W,)?] +3W2 E[W, — W]
N ——— ———— N————
=0 t—s =0

=3W(t—s).
Finally,

E “t(wr —W,) dr | fz] = J‘tE[W, —~ W, | %] dr =0.

=E[W; - W;]=0
Therefore, in conclusion,
E[X; | Fs] = X5 +3Ws(t —5) = 3W,(t — 5) = X,
that is, X; is an %; martingale. O

Exercise 28. i) To be a well defined covariance matrix, C must be symmetric (evident) and strictly

positive definite. This last follows from positivity of £ X k (k = 1,2) sub-determinants that are 1 and

L_3
l1-7=13.

ii) We use the characteristic function:
dyox-y(&,m) =E [ei(‘f””'(Y’ZX_Y)] =E [ei(fh”ux‘y))] =E [ei(Zﬂ,f—n)-(X,Y)
= e 1CQ@nE-m) @ é-n) _ -3 (4P 2320(E-m)+(£-1)) _ ,~5(377+&7)
= ¢ 0,1)(E)dr0,3) (M)
and since Y ~ #(0,1) and 2X - Y ~ #(0, 3) we have that

by 2x-v (€,1) = ¢y (£)pax-y (1), V(&,1) € R,

from which we deduce the independence.
iii) Since X = %(ZX —-Y)+Y, we have

((2X Y)Y +202X -Y)Y2 4 Y3)

ET

X%y = 1(2x Y)+1Y2Y—
= (3 5 =
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and since Y and 2X — Y are independent

E[X?Y |2X -Y] = % (E[(2X—Y)2Y |2X — Y| +2E[(2X - Y)Y* | 2X - Y| +E[Y? | 2X—Y])
= % ((2X —Y)’E[Y | 2X - Y] +2(2X - Y)E[Y? | 2X - Y] +E[Y3])

- % ((2X —Y)2E[Y] +2(2X - Y)E[V?] + E[Y3])

2X-Y
R

Exercise 29. 1) See LN.
ii) Let Ey := {Xi = Xp41 = Xpyp = 1} € F (X} are random variables). Then,
E = ﬂ UEk =limsup Ey € &.
n kzn
Moreover, since

indep 1

P(Ep) "EP P(Xy = DP(Xpss = DP(Xpup = 1) = :
(Ex) (Xk = DP(Xis1 = DP(Xps2 = 1) ACESICES)

and
1

1
P(Ey) = ~ D) 5 <o,
; ; Vek(k+ D (k+2) ; ke
by the first Borel-Cantelli lemma we deduce that
P(E) = P(limsup Ex) = 0.
k

iii) As in ii), let Fy := {Xx = X1 = 1} € F and
F = ﬂ U Fi =limsup Fr € &.

n kzn

Notice that the events F} are not independent, while F;; are independent. Since,
F> (ﬁ L,J}bk = Hnlsuplbk,
n kzn

we are led to assess P(lim sup;, Fox). As in ii),
1 1

1
> =—,
2k(2k +1)  Vak2 2k

indep

P(Fr) = P(Xix=1DP(Xgp1=1) = = P(Ex) =

1
Ve(k+1)

;P(sz > ; oo =+

By the second Borel-Cantelli lemma we conclude that P(lim sup, Fox) = 1, so P(F) > 1 from which
P(F) = 1. |

SO
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Exercise 30. i) Since 0 < X; < 1 withP = 1, we have that S,,;; = S,,,soN > niff §; < 1,...,5,
that is §; < 1. In other words
{N >n}={S, < 1}.

Therefore,
= 1
P(N>n)=P(S, < 1) =P(X;+--+X, < 1) = J [ ] o) e dvy = —.
xXpte+xn <L n!
From this we have

1 1 n-1
(n-D! n' n’

P(N=n)=P{N>n—-1}\{N>n})=P(Nn—-1)-P(N >n) =

i1) We have
E[N] = ) nB(N=n)= ) n— :Zm:Zm-
n=1 n=1 n=2 n=0

Recalling of the exponential series >3 37 = e* we have

E[N] =e.
iii) We have
E[Sn] = ) E[Suln=nl.
n=2
We notice that
{N=n}={S,,-1 <1,85,>1}
SO

E[Suln=n] =E[Snls, <ils,>1] =E[E[Snls, <ils,>1 | Su-1]]

=E[ls,_<1EB[(Sn-1 + Xn) 1x,>1-5,_, | Sn-1]]
Now, if s = 5,1 < 1,
E[(Sn-1+ Xn)1x,>1-5,_, | Sn-1 = 5] = sE[1x,>1-5 | Sn-1 = s] +E[Xnlx,>1-5 | Sn-1],
and by the independence of X,, from S,_; = X; +--- + X,_1, we have
E[(Sn-1+X)1x,>1-5,_; | Sn-1=5] =sE[lx,>1-s] + E[X;1x,>1-5]

=s(1-(1-9))+ Ll_sx dx

=s2+[§]1 =s2+1(1-(1-9?)

x=1-s

2
—
—2+S.

Therefore
1 1
E[SnlN:n] =E [(

1
2 n-2)n+1)  (n-2)n’

2

1 1
2 ) 1
Sn—l +Sn—1) ISHIQI} = Eln—l +In—l = 5



From this

Sw] ZZ(n—Z)‘(n+l) Z(n 2)n

To compute the exact value of the sum we notice that

N 1 n-—1
;(n—Z)!n:; _Z((”—l)'_n!) e-1-(e-2)=1,

while
00 1 _yoo nmn=1) _ s [(n+l)(n-1) 1 2
=) o) = Zn= rznrim =2 2( n(n+1r§! ~ Gyt t (n+1)!)
_ v -1_ 1 2\ _ v 1 2 2
= Yo (nn_!_n_ (n+1)')_zn:2 (W—WW)
=e—-1-2y>,L42y> L=¢-1-21=¢-2.
Thus,

|
E[SN]:E(e—2)+1:§. 0

Exercise 31. i) The characteristic function of (U, V) is

duv (&) =E [ei(f,n)T(X,Y)] _E [eiT*<§,r7)~(X,Y) = o ITHEMTHE M) = (~3TTH (&) (€m)

from which it follows that (U, V) ~ A (6, TT*). Now, U and V are independent iff
du.v (&) = du(§)gv(n).
If TT* = [ml-j], then
TT*(é.7) - (£.7) = mu € + 2mpén + mon’,
so independence holds iff m |, = ac + bd = 0.

i1) We have
E[X+2Y | X-Y]=E[X+Y | X-Y]+E[Y | X -Y].

)=l 516

we see that U, V are independent. So

E[X+Y | X-Y]=E[X+Y]=0.

U Y 0 1 X X
= = =77,
W= ()= 2= ()
ufu,v(u,v)

R Sv(v)

Noticed that

Setting

we have

E[U|V=v]= du.

37
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By i), | | | |
S E———1C A N S TS A R
fow) = e MOV ) = T ()
1 u u
e [EXN e
2n

= ﬁe_%e_(u*‘%)z
About U we have
oy (&) = E[e € XV = B[ X|E[e167] = ¢ 287716 = €7

2
thatis V ~ (0, 2), from which fy(v) = % ~*7 . Therefore

— — 1 - - ry2 ﬁ _ _ v2 d
E[U |V =v] —fRuﬂe 4e (Wt3) " \Are's du—\/EIRue (u+3) \/Tin

L \/_JR —3)e e’ dt = VJR ,r_ 3V
Conclusion:
E[X+2Y | X-Y]|=E[Y | X -Y] :—%(X—Y).
|
Exercise 32. i) See LN.
ii) We have
VIELX | €11 =E [E[X | $°] -E[ELX | G]]* =E[E[X | €]’] ~E[X]*,

and, similarly,
V[E[X | #]] =E [E[X | #Z]*] - E[X]*.
So the conclusion follows once we prove that
E[E[X | 9]*]| > E[E[X | #]°]
We remind that, if X € L?, E[X | €] is the orthogonal projection on L?(Q,%,P) and similarly for
E[X | Z]. Since Z C & we have that
L*(Q,9%,P) c L*(Q,%,P),

and they are both closed subspaces of L2(Q). Now, let Y := E[X | €]. Then

Y-E[Y |Z] LE[Y | Z] =E[E[X | 9] | #] =E[X | Z].
by sub-conditioning. By the Pythagorean theorem

Y117 = IBLY | Z17. +1IY —E[Y | Z107, > IE[Y | Z1II3.

that is
E[E[X | €]°] > E[E[Y | #]*] =E [E[E[X | ¢] | #]*| =E [E[X | #1*],

which is the conclusion. ]



Exercise 33. i) For s = 1, E[W,W,] = E[W?] = 5. For s < t we have
E[W; W] = E[(W; — Wy)W,] +E[Ws]2 =9,

from which E[W, W] = min(s, t).
ii) Since X, is Gaussian,

¢x,, (€) = eimE=107E?,

where .,
1 2
m=E[X,] = 37 > ElWi] =0,
k=0
and
1 1,
o =V[X,] =E[X;] -E[X,]*=E > (Z Wk/zn) = 2 Z E[Wi/2n Wi on].
= k,h=0
and, by 1),
(k=h) =E[W},.]=4%.
E[Wk/anh/Zn] = ( )
min(k,h
Therefore,

S0 EIWiyzn Wijn] - = SEL0BIWE 0] + 2 Zpan EIWijon Wiyon] = 50 9 + 2 235" Siigsr 20

1 2"(2”+1)

S e —k)

_onyl @t @ -1)2m 2l -1)
=5+ 5 (2" 3 )

Sty o (- Za)

=2l
Therefore
(,zzL(ZJrlJrﬁ):LJr;Jrl
2 2 6 3 ontl - 6.2n 37
iii) From ii),
4, () = e HTrr)E e

and this implies that X,, - (0, 1/6).



