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NOTION OF CONVERGENCE in BV
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Q fr -f STRONGLY in BV if

Ir-fllp +O and VIfrf . 0 ->

② fr + f STRICTLY in Br if

Ilfr-fIl+o and VIfr
,
U)+ UCf

,
U

(ASSOCIATED TO A DISTANCE d(fig) = 118-91lv + (VA ,
Ul -V ,0)/



Note that VIAr-fiu) < /V(fr ,U) - VIE, 0)/
* fr + f STRONGLY in BU = fr+ f STRICTLY im BU

the Viceversa is NOT TRUE

lobserve that if fr + f STRONGLY in BV and

[ En EWY' (0) = there ffW"(0) since fr is louchy
im W"(r))

E fu =GEX ** t ktNk>

1 EtEXEl Txiz
,2)
= dz

EntW" (0 , 1) fr - XIEd) im L'(0 , 1)
V (fr , (0 ,1) = 11fu'lly=** =2

,
10 ,4)



VIfu
.(0,2))= 1 + 1 = V(X()) ,,1)

fr -> X(E , 1)
in STRICT SENSE BUT NOT In STRONG

SENSE
.

③ fr -f WEARLY STAR in BUCU

if fr-f in (1(0)
,
FEBV(r) and

- Ext weally as RADON MEASURES

-

T

Pt(0) & pdr-dudu-du Fi

(whereT =NN = -M

(STRICT CONVERGENCE= WEARY CONVERGENCE
Criceversa not true



Ex fu = 2x XE En ,Mi)
S

· Fr + >0 in L'(
,i)
I

VIfr,a) = 11 full = &Koskydx=asyldy =

=E Kosyly = 4 > (0 ,0 ,5) fr +o strictly.

pelotin)Ax)dx -> 0 Creman SLebesque

fr to in BV sense



FUNCTIONS Of BOUNDED VARIATION Im diver 1-

obs
-

Let f IR-IR montone vor decrasug Co non mal
=> then ftL(IR) and Ite) is a positive distribution
· (so essociated to reM(IR)

& mondane in 12 =1 ff Breoc(IR) = fEBUle , b) 11% b)
V interval

f monotone (TE)=-M(IR)
V (f , (a ,b)) =M(a,b) <+o V (a ,b) 12 bounded
S

Y

1 f(b) - f(at)
M

&

(lflla = f(b)=it (b)- f(et)
-(at) = SAltholtib -a)



There Characterization of BV function)-
Let (a ,b) IR bounded interval

feBVla ib) Es 791
,92
monotone non decreeing

functions im IR such that

f(t) = g , (t) -92(t) fo a .e + + (e ,b)

Marcoven [0(, b) Ilfllo alle + V (f,Q , b)) =
↳EllB

&

& has RIGHT and LEFT LIMITS EVERYWHERE ,
has a

COUNTABLE NUMBER OF JUMPS (Je = (x+ (e ,b) f(x
+) + f(xt)

if has a RIGHT CONTINUOUS and a LEET Continuous

representative , and t is differentiable a .
c.



PREUSEMLe u =(Tz) ' (M = M+- m- , +,mm(a ,b)
The f(t) = Flat) +uta , t] - M

-

(e ,t] de S Right
cont (

represent
cont.f (t) = f(et) + u

+

(e,t) -u
- (e

,4) al cleft - ufrepresenta
V(f

,
(a ,b)) = MT(a ,b) + m

-

(e,b) = g . (b-g ,(a
+) + gz(b) - g ,(a+ )

= sp i (f(xi) - f(xi +1)↑

9)X< X ,G . XmCb

Moof if f = g .-2 = fe BV(e , b) by the initial wwark
-> det f -> BV(ab) (Tf)' = M+ -M

-

M +,m-M(e , b) (FINite
RADON MEAS.)

O ta
92(t) =Gu(a ,t) tt (0 ,b) 9 (t = [me te la

t(M(e ,b) +2 b Millerb) t=b

91 , %2 one montone non decreasing functions.
(SINCE MT, M- One POSITIVE MEASURED)



Let us compute the derivative in the sense of
distributions of 91-82 in (0 ,

b) .

ht Pepe, b) Tig(4)= -9 D'(t) , (t) -gu(t)]dt =
=- (SpuT-d- (s)]dt = -SHot]du+(s)-di (st=

change order
=-S-(sidut(s) - du

-

(s) = + (p(s)du
+ (s)
-(p(s)bu(s)=

=

=Sp(t) f = T(
↓ Prece ,b) (d'(t) [A(t)-gitI +ot]dt =0 => by He

corollary of the fundamentel luo collus of var.

7 CER f(t) = g ,(t) -gz(t) +c(x = f(at)
=> f has the same structure of moustone fruction



A las a RIGHT CONTINUOUS REPRESENTATI VE

7) (t) = f(at) +u(a
,t) - m (et]

and a LEFT CONTINUOUS REPRESENTATIVE

f(t) = f(at) + u+ (e , t) - l
- (e

, t) -

it hasI

fis differentiable a .c (im generalnot the weak derivative)
f(t) - f(s) = m

+ (s ,t] - i - (s ,t] + a c St<b

& (t) - f(s) = - m
+
(t , s] +m

- (t, s] & act /s(b

(f(t)) -> (f(s)) + m
+ (a , b) + m

- (a 1 b) + +
,
st (a

, b)
↓
integrate in as

(f(t))b - a = S lfsols + (b -a) V(f , (a ,b) = (1f((x) + b -a) V(740 , b)
=> Hello = Vallelu + VCe

,
@
, b)) I max (1, Ea) Il flBV

.



feBVle ,b) +" ....

M -
D

ipEilf(xi)-f(xi+1)) < <p & (g ,
(i+1) -g , (xi) - (92(xi +i -g

&(Xi< X2 -. Xm(b acX ... L XuCb

= up i(gxix) - g , (x)) + (gz (x : + 1) - g((xi)) =

acxi . Xud

-
sup 91(xn) -y , (x,) + gz(Xm) - gz(x) =

↑<X,< . <Xm(b

= g . (b-
-

g i(at) + gz(b) - ga(at) = V(f , ( ,b)

: (f(xi) - f(xixi)) + o =It is also true that ifse x... xacb
FeBVb) and V(f

,
(e , b))=SpEile(xi)-ExitSi


