
COMPUTABILITY /15/12/2025

1 RECURSION THEOREM

type T = funct/int) int

func succ (f : T) : T

res : = func / : int) : int

return Free + 1

zeturm zes

* functionals /operators

:- (n = N

FIN = ( f) fi mNk = N)

: /N) -- /N
total

recursive

What is a cometable functional ?

Example : successors

succ : J/IN) - I /INa

F t succify defined as

Succ(f)b) = f(x) + 1

Example : factorial

fact : N + 1

1 if x = p

fect(x) = &
&C *-1) ifx = 0



&fact
: Er/IN) - I /IN 2

- ↳fact if

where

fact (f(() = (2
if x = 0

eafla-1) if a = o

them fact : N- IN is a fixed point ,
ie .

a function f : N-I s .

t.

I
fact
(f) = f T

unique in this case

Example i f : N = N

↑ if x = 0

fless = frected if = 0

what ore

fro) = 0

f(1) =?

functional I : (Na) = 3/in2)

& (f)(x) = &
O if x = 0

f(x + 1) if = 0

there are many fix points of
This is what we want !

&
O if M = 0 -

L

fins =

y if M = 0 WHY ?

farms-no
if m

KEIN fixed
ifm = 0



* Ackermanen's Function

P : N= N

#
Pro , y) =

y + 1

Pleta , a) = 4(x ,
1)

Y( + a
, y+ 1) = 4(x , 4( + 1

, y))

functional Fack : J/in2) - J /In

(f)(0 , y) = y + 1

&Ack(f)(x+ 2
,
0) = f(x

,
2)#Pack(f)(+ a

, y+) = f(a f(x+ 1
, y))

↑ (Ackermann's function) is a "special" fixpoint of Back

* What is a computable/recursive functional ?

Ma : Givem : GNK) -I /N)

we ok that for FelN") and for each e i
h

& f) b) is computable

Targ

1) using only a finite amount of information on f
i

. e
. using the value of f on finitely many imputs

- we use a finite subfunction of f

(2) This finite amount of information is used in an effective way



more precisely , for computing /f) re

we use a finite subfunction of in computable way

it . there is a computable function 9 I m the old sense

Elfile = "prat
encoding of t os a number

= pr,

NE : Finite functions can be encoded os numbers

if x = x ,

5()= i# i if x = xm

↑ otherwise

=

given = N

sedomin) iff /(70

if cedom/) them 5) = /olts-1

Ref
.

(Recursive functional) : A functional : /INK) -G/N")

15 eurove if there is a total computable function

9 : Nh + +

- N

such that for all fegrN") ,
FIN" Vyen

(f)() = y iff there exists def ,
o finite

St
. 4/ ,

c) = y

Emples : All the functionals introduced above ore recursive



OBSERVATION : Let E : /N) -> F/IN) be a recursive functional

and lef f :I
*
-> IN be computable. Then Eff) : NeIN is

computable.

OBSERVATION : let : /IN1) + J/2) be a recurve functional

If F : N -> IN is computable them &fr : N-IN is computable

fYa aEN Effi =

Yo ben

Il

"Yo' de In Pb

hence induces a function from program
to
programs

he : N - N

a th(a) = b at Eff) =

Phera

extensional : Vad'en St
. Ya = Ya them Thera 9 nora

Myhill-Shepherdson's Theorem

1) Let : g /N
*
) - I/IN") be a recursive functional.

Them there is a total computable function h : N-IN at

VaEN Il gi = De and he is extensional

2) Let U : IN-o IN be a total computable and extensional function .

Then there is a unique recursive functional

: (Nk) -> I (Nh)

St
. for all a Ein

=



· extensional program transformation

B per
h(p)

E
coll P(x+ 2)

pr = h(pi

T2N : i

Po :
& 8 2

I o ↑ · 1

-
O · ·

0
fN N

1 RECURSION THEOREM

Let : F/) + F/NK) be a recursive functional.

Them has a least fixpoint fe : N" - N which is computable

ie

Er Elfel = Fa /fixpoint

dif Vgeg) st eg) = g them feg

viii) fo is computable

Emple : Ackermann's function

functional Pack : J/IN2) - /In

Pack (f)(0 , y) = y + 1

&Ack(f)(x+ 2
,
0) = f(x

,
2) recusive#Pack(f)(+ a

, y+) = f(a f(x+ 1
, y))



the Ackermann function o the least fixpoint of Pack
M

This exists and it is computable by the sot recursion theoremI
uniquelsince it is total

Example : f : N = N

fles =

0 if x = 0

↑
f(x+1) if = 0

what ore

fro) = 0

f(1) =?

functional I : (Na) = 3/in2)

Erfibr = G
O if x = 0

f(x + 1) if = 0

there are many fix points of
This is what we want !

&
O if M = 0 ~

fins =

y if m = 0 WHY ?
↓
because it

if m = 0 Is the least fixpoint
farm) =( If m = 0

#DISE : Example of a recursive functional withnon-computable

fixpoints
SOLUTION :

: Gin) - Zin)

Eff) = f identity Eff)(x) = f(x) recursive

- least fixpant efp() = ↓ ( always undefined function) computable

-

every fis a fixpoint , eg . f = In not computable.



Example : minimalisation

f : Nk+ 1

= N

My . f( , y) : Nk => N

we can obtain it as a least fixpain of : /INK
+ ) -> & (INk

+ 1)

=
8

if fle , y) = 0

& (g)( ,y # g(x , y +1) if Flyet and to

↑
depends on f ↑ If f(, y)T

recursive

the least fixpoint m : NK+ 1

- N

m(
, y) =

mz = y . f(x
,
z) computable

by 1st recursion theorem

in particular

mo) = uz . f( ,

z)


