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E

, 1) M2 = EX :2 + IR E(IXP) < +*]

PCIR) = "probability measures ouR" =

↓ [N : BC)-To
,+D

,
finite u(ID) = 1]
-

all Bol measures on IR withCIRI = 1

There If REPCIR) ,

there existe (2
,
F , 11) a

probability spece (Not UNQUE) and a random

variable X : R - IR sch that

M = 2x
PCIR) = Flaws of all rondom variables taking values

in IR3



-Pz1

Pp(IR) = GMEPCIR) wah retSIPdr(xal
↓

PCIR) = (laws of rondor varables X with

E(X/Pc + o Y
#(IX(P)
=SkPdL()

By Jensen inequality
PCIR) E CIR) [P(IR) 1.

if EIX1P + o => EIX1"C + o FREP



Pp(IR) = U Slows of XEM,el]
- (2

,
10)

-

-

me

(every etPp(IR) is the law of some X : (R , GIP)- IR

with ECMIP) (to
,
XEMP (

X
,
Y = MP
(2)

· op(X, Y) = (1X-y1Yp
⑫

dz (X , 4)=)=-d, y)

*,Y) : 2+ IRXIR

wre ((W) , Y(w)
[(,4) = (X,4)#



Definition (COUPLING BETWEEN MEASURES)

M , v = P(R) [ M,U : B(IR) - 10 ,+o

M(() = 1 = v(IR)

A coupling betwee M , U is a BOREL MEAURSURE

On IRXIR

IT : B(IR) XB(IR) -> [o ,+
A
,
B -> it (A, B)Y

such that the first marginal of it ise
and the second marginal is 0-

VAEB(IR) i (AXIR) = M (A)
#(rXA) = r(A)



The sinplest possible coupling is-#= mQu #(AXB) =M(A)u(B)
--

M ,
V + @CR) it is a coupling between M ,

r

-> It is possible to prove that there existe

at least one (mar than one)) probability pace

EF , 1P) and X , Yandom variables

X : 2 - IR
,
Y : R -IR such that

M= 2x , v = Ly , (= 2(x , y)
S



M ,
v= P(IR)

#(M ,v) = Gall couplings between p ,
U that is

all A : B(IR)XB(IR) -> [0 ,ta] such that

I π(AX(r) =u(A)
#(IRXA) =V(A) J

=Gall possible joint lams of rando
variables with

I
X
,Y2y=M,

2y= ry
=
U U 42(x ,y)]

X :2+ IR
(2
,
7
,1) Yin e ID

2x= M/ 2y=4



Among all couplings thereoe

22) the coupling associated with the joint
Caw of X , Y independent-
#
= Mar #(AXB) =M(A)v(B)

(2) DETERMINISTIC COUPLINGS CNOTA
↓

4 : IR- IR MEASURABLE With respect tov

auch Hot
(for example PONTINUOU2 , or NMONOTONE)
-= v IR

,
MIR, v

u

V AE B(IR) v(A) = MExc(R
, 4(x)-A]

-
-



This meas that if M= 2x v=2
X : 2- IR

Y : + IR

teer actually ·y = y(x)

Y : - IR

N X ↑
R- IR - IR
-
↑(x) = Y M -

IR-IRXIR
m = (2)M C ,4) : x 1+(x ,4(x)



It is a deterministic coupling if4 :IR -IR

A
= (Id,) #u

S A(A XB) = MGXEIR (d ,4)(x) = (x,u(x))tAXBY
I

↑ = uEXEIR
,
xEA

, Y(x)EBY
I
= M(XtA , 4(x)EBY

&
(x
,4(x))

(AXB)=We AutA , 4(X(w))EB]

= MEXIR XtA
, 4(x)EBY



OBSERVATION

Deterministic cauplings between pr and

dos not exist always

ex =D M = 0 . M() = 40 OEA

=
1 Ot A

V = 1 + 153 O 13 A

S 2 1 - A
,
34A

V(A) = =

↑ : IR - IR
NOT A I E

1EA, 3EA

0 - 1
-> 3

FUNCTION I 1tA
,
3EA

it Does NOT EXISt A DETERMINISTIC COUPLING

BETWEEN M and V-



Problem of optimal transport .....-
g· Y

M ,
r EPCIR) c (x ,y) :/RxIR-> To

,
tro]]

"cost"

X , yeIR
·C(X

,y) meures the↓ cost of
I

moving-X to y

c(x , y) = (xy/p P = 2

find inf
er)[xy)]
-

6) it (x , y) "amount of mass "peld" moving to "ly)"



Example c(x , y) = (x-y)'o(x -y(= c(x(y)
2 -

↑ -
M = 1x+ 18xz+ 75x3+4 1

*-
-

-

H**
-

v= 18x1+ + 8y+ +543 + 70y=

AnIN
i2s

u



S
4 : X1 -> 4 /

X2- 42
V = 4 #M
Call possible y seeding

X3+ Y3
Xi to Yji one-to-one

* - Yy
one all deterministre

copling)
4 : Xi + 45 ↓ i = (d

,
4) +r ex,

o inf
-

inf -4=

#et(m ,r)-yo
,y)

↑
~

one-to-one

u



How to interpret IT- /M ,
2) copling between

Mandv as a cort of "TRANSPORT PLAN"

betweenand V.

i : BLIRXIR) = B(RIXABLI) -> Io ,
+@]

Fix t -> To , 17
-

I : IRXIR- IR Pt "LEGGE ORARIA
(x ,y) +>(1 - t)x + + y

di : IRXIR- IR P2 : RXIR -> IP

(x , y) -> x (x ,y) - y

"ietime O I am in X

time1 I am in y



#
to To

,
1] FIXED IRXIRF

=

(x ,y)m ( -t)x + ty
&#

At B(IR)

##π (A) = π((n ,y)Erp(x ,y) +Az
=((x ,y)IR (u + tytx]

↑ #(A) = + ((y ,y)EIR nzAy =

= i(x(R) = M(A)

P2 # A(A) = i((x , y) t IR yzAy =
= (IRXA) = V(A)



Given M ,
U EPCIR)

,

the problem is find

"FET(u
,
r)Cif it exists) an "optimal capling

such that

Cr ,y) de ,y=C
,yot a



((x
,y) = (x- y/p

Fix ret(M ,
v) + 7 @ ,&P) and X

,
4 : /-R

arch that 2x = M &
y=
V & (x ,y)

=E

Sk-y(Pdi(x , y)
=SIn-yoxy-IRXIR

iresimeryd ,y inX-YEIX-y(P)*
H+ π(M ,V) 2 ,

7
, (P)

X
,
Y

X : 1 + IR2X=M
& I * deIR2y=V

-

m

V



the optied tromport problem between two

meanusu , ve PCIR) With cost Ix-ylP is

actually finding amany all possible
rondom variables (defined on whatever

probability spece) X , Y With 2x=MLy =r,

the couple X
,
4 with minimal distence

(in the MP sense
,
that #CNX-yP) has to be

minimal)



2 inf
FEITIMIV) Sexim

-yRd( ,y)

M ,v
+ Pz((r)-

↓

= inf EIX-YR
= EY +E-2PE(X-Y)Er ,F, IP)

( Y :R -IR 2x= M
: nelp2y=V

#(X-yP = E(X +y= 2X -Y) = EIX" + EMP - 2E(X -Y)

I
= inf -2 E(X .Y)
Cr

,
J , (P) ↓ -

X 2x = M fixed fixed
Y 2y = 0 S(12du(x) Sp(xdr(x)IR



inf Skydiy
#- IT(m ,v)

=Sidu +SlyPor up E(X - Y)
(+7, IP)

-- X +2+ 122x= M
↓d y: + IR2y=

fixed fixed

minimizing SixyRoxy) among all possible
IRXIR

coplings between M , V is equivalente to maximizing
the covoriance between X ,

4
, for X roudour variable

with law pr and y random variable with lawr,

Cobviously X , Y defined on the someprobability spece,
which is NOT FixED APRIORI)

·


