
Def H IL BERT SPACE

H is a vectorial space on IR (01 on 4)
-
-

Il . Il nome q(X , y) = 1(x-y()+

It is Bonach with respect to the convergence
assocated withdH

On H is defined a SCAR PRODUCT

(1) : HxH-IR

1)(x ,y) = (y ,x) SYMMETRIC
X
,ME IR

2) LINEAR 2xx+Mz , y) =
X , z , yH

= X(x
, y)+ M(z ,y]



3) Continuous if Xn-X in H

-

(du(xy , x) = (xa-X( 0 ann+ to)
M- +

Vy- H (Xm
, y) -> (X , y)

4) CAUCHY-SCHWARTE ((X , y> 1 = 1x1/fillylit

5) it is associated with the nome <X
,
X) = 1xIF

- . v

Ex IR2
=G(X1 ,X2) XIEIRY ·

((x) ,C
= Xy , +X2

P

IRM < (X
. .. Yu) , (y1 - -Yu) = X ,Y . +XeYzt-- +XnYn



1(x,Xz) + u(z,iz) = (XX , +uz ,, XX2+Mzz)- MLo

1)( +ME) , ()) =

-
(((x , xc)., (y ,42k)=

&

= (xyz+ x2yz/+2tyi (x ,xz) -> (X , Xz)
mu

1x
,X2)1 IT2)/ x

2
= Xe

m+ Xz



The nation of scolar product perits to

Introduce the DEFINITION Of ORTHOGONALITY

:
X + y (X , y + HX is attogonal to y

if ( , y) =0 (x
,x)
ID

·
& (x

, xz)
, % , 42)=0 = X , y , + X242

E)p Log P= (x , xz) Q = (y , yz)
0 = (0

, 0)



The main theore in Hilbert seces is the

ORTHOGONAL PROJECTION THEOREM
-

IR2 S

M

-&P = (X , Xz) VCIR
= Vaulpace=⑧ -

le2 = 10
,
u# e2 = ( , 10)

subspace of dive 1
is astraight line

--
Q : 74 - V such that pessing through 0.

IQ-P1 = min IR-PI V= <X (0
,
02)

/
Xt IRY

REL



ORTHOGONAL PROJECTION THEOREM

H Hilbert VEHBSPACE ,
LOSED

(N is a vectorial pece CONTAINED in t)
V
. jezEV *MizEV X

,MER

Nu EV In-X in H N is a converging
CLOSED [

requence in H = XE V

CV contains all the limits of its
Converging requences

There the following Golds :

2)

the eaunasich that

WEV



(there exists a UNIQUE V which has

MINIMAL DISTANCE from h , AMONG
ALL

ELEMENTS In V
<h -v,w) =0

-

(2) I v
+

(so <v-2
,
w) = 0 C

- VwEV

Therefore h = (h- v) +
-

↓ Eut Y
Every element ofH can be written in

a UNIQUE WAY as the ome ofon element of
V and an element of Vt-



No proof.
Just prove of the fact that() => (2)

if VEV is the element atminimal distance

four h Ilh-vil = min Ilh-w/
weV

= h =0 + V (h - v) - V+

re IR wtV v + rwV②
=

2

11h-oll = Ilh-Co+w)lp z
Il

Ch-e
,h-)hew)

,
- +rw) FRER

-



--
& (2)= Ch--( +rw)

,
h- (n+rw))

= -

I P(d) = q(z) ↓ l

↓

p'(0) = 0 (Since r= 0 is a MINIMUM PoiT)
-

P(z)= <h - v - rw h - v-2w) =
-~

-= Ch- v
,
h-v) + c-rw ,

a - v) t
- =

*- rw) +-w ,-w)
=

-

= Ilh-o-22 <a-0, w) + 22 1lw/

↑ ' (2) = - 2 (h-o
,
w) + 22/1WIP

q d) = - 2(h- v,w) = 0 weV = h -01V



Let us fix a PROBABILITY SPACE

-2 get

TJ-algebra or R Chetration)
#P probability meas

M2 = [ X :- IR radom variable such

that EXP) +a y
#(IXR)=Sd2x()

2x = X# 2 (A) = D([w(X(w)+Ay)
AEB(IR)



In M2 /IXIIn = nome=P=dx(n)
d

distance X
,
4 -

11x-4112 = EUR)=N-yPotx ,
ycy

L

X ,
Y + M X : R- IR

(X ,4) : 2 -> IRXIR= 12
: 2- IR whe XIw) ,Y(w)

&
I define the joint Law 2(x

, 4)
a meanre in

IR2

&
(
,y)
= (X ,Y) # 1 ,

ABEBCIR) AXBEBLIRY

& (x ,u)(XE) = 14Wer XIEA YABY
T

& - I



of X and Y are independent

2(x
,y)(x , y) = 2y(x)2y(y) -

e

--

In M2 I define the scolar product

< X ,4) = E(XY)
=Smy dhcy

Note that it setisfes all the "properties listed at the

bepruning
E(X . X) = E(X) = 1IX11



Recell X14 Ef #(XY) = 0

VEM2 = ) V = GYEM2 such feet #LXY70 3
-Xt V

Ex V = GYEM2 EM) =03 V= constant rudau
variables

&

Fix XEM2

What is the attogonal projection of X in V ?

what is theorthophal projection of X in Ut ?
-

X = X -#(x) + E(X)

Note that #(X) is a constant = #(X) E Ut

X -E(X) E V Since E(X-ELX)=#(x)-E(X)=0



By the orthogonal projection theore

X-E(X) is the athoganal projection of X inv

it is the rondom variable with O mean

that is at minimal distance from X
S

that is : it is the best possibleapproximation of X

by a roudo variable with 0 mean

E(X) is the orthogonal projection of X in Vt

(#(X) is the constant which is at minimal

distance from X among all other constants

min E(X-1)2 = #(X-ECX)2.
CEIR



Es M2 = [X : (t , ,P) -IR London vandle

E((P)= toY
Let GEF a s-algebra contained in I

My = <X : (rig .

(P)+ IR roudou varable
S

E(X() +0 y

My are roudour variables G-measurables
Xt My Ef FUEIR IWER"X(wir -> G =E =
X= M2 (M2y = M2) &

My &M2 : Let A-F1G (then alsoA-FIG
&

↑ :th- IR IxIdW thenexM A
&



X- M2 X : (2
,
7
,
1)- IR

↓
athogonal projection of X in My is a

RANDOM VARABLE im M3z (meaurable wirt.G)
Cit is at MINIMAL DISTANCE)

which is the best approximation fX

↓ among G-meaurate sondar variables

#(X(y) conditional expectation of X
m

on G-
(the "least square" estimator of X arag

G-meurable rondom variables)



E(X(G) -> M2y aud

E (IX-E(X(G)/2) = mine (IX-412)
Yey

s if Xt My => # (X (G) = X

X-E(X(G) is othogonal to may
=> FzeMy E(X-#(X(G)z) = 0=E (Xz) -EL(X(g)z)
=> E(Xz) = E(E(X(y)z) ↓ ztMy
Z = c constant - My Since [WE(W) K SM
talle c = 1

E(x) = E(E(X(G))



Ex Let us fix YEM2.

S(Y) = -- algebra contained inA generated
by1w , Y(w)] FREIR

= minimal 5-olgete which makes Y measur.

m2
5(4)
= I radar variables in M2 which ore

I mearable with respect to 5(4) Y
CITIS POSSIBLE TO PROVE)
=

[h(4) hiIR-IR meaurable

arch that h(4) : e-> R

M

W Y(0)h(y(w))
is a random vanable &Fer)IR

and ECh(4))2C+o Y



Example take 7 : tossing a coir
Y(w)= &1 if w is head

O if w is but

5 (4)= 32 , 0 , dw(41) =14 , del y(w=03}
-- - -

For YEM2 we define
#(X(4) = conditional expectation of X

given Y =

= #(X(s(y) Orthogonal projection of
X in MO(y)

#(X1Y) is the random variable h(Y) which

best approximate X.



# (X (4) -> Mircy) 10 E(X(Y)=&(Y)

I 1 ,
- h(y)

.

= E(X(y =y)
-

how to compute #(X(4) ?

win #(X-z)2 = min E (X -f(y))2-ztmz(y) [F : IR-IRY
=> since mees-

~

zeME(y#) z= f(4) f :R+ IR

h : IR-IR such that #(X-h(Y))= min E(X= f(y))2
f ! IR-IR

thee h(4) = E(M(Y) LEAST SQUARE ESTIMATOR of X
given YSolviug the minimization problem is quite

diff cult !



In some cale it is easy :

take X independent of 4 so E(X · f(y))=#(X) #(f(Y)
#f : IR+ IR

Observe that X-E(X) + Miscy) Since
Vz - M2

((y)
z = f(y) f : IR- IR

#(X-E(x) f(y)) = E(Xf(y) - E(x)f(y)) = Ci pend
.

= E(x) E((y)) -E(x)E(f(y)) = 0

Moreover E(X) E Mo(4) Since it is a constant

X = #(x) + X -EX)
->
E(X(y) = #(x)

- H
uf constant !

M3(47 (M2(7))+



In generoff though computing E(X(Y) is officult
-

min #C(X-f(4))2 = # (N-E(X(Y))
2

f : /R- IR I↓ #(X -&(y)) a(y)=E(X(Y)

I restrict the set where I compute ter
Minime

I consider just f : IR-IR f(r) =ar+b

& LINEAR .

V = (ay + b
,
a , bERy [MO(Y)

m t
theorthoganal mojection of X in it



is not #(X(4) but it is just the

best LINEAR APPROXIMATIONOf X given Y
(the LINEAR FUNCTINg Y which is at MINIMAL

:
,
5 IR distance hourX

E9X-EY -5R = mise

a ,b)
IR2#(14-bi)

&

Ex : let us find a ,
5

min E((X-aY-b)4 = min (E(X2) + a (y)2 + b +
a, b a

, b -

· -2a #(Xy) - 2bE(x) +2abE(y)) .



↑ (a ,b) : = E(X2) +a E(y
,

3 + b2 - 2aE(XY) -2bE(X)

+2ab #(4)
↓
compute min (ab s

& (a
.
b) = Ra E (47) -RE(XY) + 2b E(Y) =0

DoE
=p (ab) = 40 - &E(x) + Ra E(y)=0

E
a = E-b=-E
b = F(X) - at(y)



=> Sa11-ECOV(X
,Y)=E(XY) -E(X)E(Y)

( b = E(X) -aE(y) von (4) = E(42) -E(y))

=>a= -> a = CXY
b = E(X) - CXY.E

L(X14) = the linear least square estimator
of X given YI

= CY) Y + EX-Y)



a=Se
Con (X ,Y)= E(XY) -E(X)E(Y)

b = E(X)E(44) - E(XY) E(Y)
Von Y = E(y2) - E(y)2


