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fu(t)i te -15

I m(t
-1) ( t =t+
I t = E + thu
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JENSEN INEQUALITY (imIR)
-

7 :-11 conve
XI

A convex means F (X , XzEIR the segment
im IR2 connecting (X, f(x) (x2, f(xz) is

I above the groph of f #&
"
10

EXEIR F PER (p1 = f'(xz))#(42)+ 4(x -(1) XXEIR



n(P=Df(x)scolar product in IPh

--



Jeuser inequality
f : IR-IR convex

MEPCIR) M probability measure (M(IR) = 1)
eIR

↑

-

↳SEMd) i SxA

=
Pote

(b) =po f(x) = f(0) + po . (X - 0)

f(x)du(d)da+ poXdu = f(d + poSXdu



If Po = 0 -> we change point
take XLEIR Pefo D.Do

f(x)2 f(x) + p , (x -Y1)

(f(x)du <fpxIR
-

= f(x) + Pxdl - PeX

-



↓f(IA(Xdut(Pxi(X-Xo
Xo = Sydr(y)

Il IRE

pf(x)0u(x) - f(x) +po[SXdu(x) - x
(f(x)du(x)- f((ydm(y)) +po[y



F
,

F
, 1) probability space

MP = 3X : & -> IR
,
redom variables

P21

we that EIXIP
=SIPXCumu

-Crollary of Jeuseu inequality :

37 X- MP pc 1 ther X-MP F10 < P

(8P)+o => EIX1" to E10p

M22MCM3 > MYc .
-



proof pc 1

1 = q14 f(x) = (x)&
f is convex

[=
+o EIX1P = SWdy() =Sf(9) da l

IR L

(x(9)%= (x)P
f(x(*) f( + 4 (*- XX Y

=

po depende de zo zo
=f(gi2y(y)+



E() =(P2y(y] + po .(TXP-Sly102x)
integrate w . r

.

to Lx

dy() = Sf(x)d2y(x)
&

IR

ly19dLx(y]+ Pony)-Syx(y)02x(x)
0

lydx(g)]E(--



mora** (M)* +p

MP =(X :2+ IR E((XP) < + 04

(lXIlp = (((X(P))**
&
Set check it is a nover

(2) /IY Il p=0Es
X EIR

X =0
(2) /1 x XII0 = #((XX(

P ) * = with probability I

= (E((P(X(P)"* =(P)** E (IXIP)
% CALMOST SURELYE

=((((X19" = WII XIIp



③ I X ,YEMP
↓#+41 =E + NYP

[
in order to prove this

,
we prove before the so

called Holden inequality-

obs X , Y +M* => X+YE MP (why this is true? ) I
-

S

f(x) = pel" is convex P2

f(f(x ↳



1->
*

#Pe
X
,
Y roedo V

(x + y(
P <2P+ (X(4 + 1414)
E(x+y(P)" (P**) +EY)

"P

X ,
YEMP-> X +YEMp



YOUNG INEQUALITY P : 1 q= conjugate of P
9 (

↳P + 5 =1 (p = 2 - a = 2

(p , i) p=
4+ y =4

#b con

p =2 + q = 3

INEQUALITY)

p = q=2a .b +b (a-b)2 = a +62 -2abzo

Fix ab: Zob> 0 p , g coniugate

/
a-ab O

a20



f(a)= f(d) =1
line f(a) = to

- a-to
I

P

I ap(p+-
↓ ↓ ↓
too o 0

I has aminimum
1

f'(a) = ap
+

- b + ba = bp
-

IS the PONT Of
MINIMUM

↑ 9 =I7(b)=by p - 1

p ↑* = 1



1

& (1) = minf=bu

L MINIMUM

POINT of f

of MINIMUMflako
=

Folderirequality
.

XEMP
,YtMP+E = 1

#(X-y) = E(IX(P)+.((1Y(9))"
p=q= 2 X

,
YEM2 E(X . Y)=R



poof a b=
↓

apply Young
ab=Eyp+

ap bi
COMPUTE EXPECTED T -

VALE

Eya)=>+



#(X. y) = E(X . Y1 = (E(X1P) ". (E141 %)

XtMP YeMi . = XYEM
2

-
-
COROLLARY

: X , Y =MP+Y11p = ((X+ y10)
**
- (EIXIP)EC)L

Il
-

& Il . Ilp this is a nove 11x11p + 1141lp
-

-m (x+y /P-> mo
-

Ix+y =I



HöldenEX+Y1P =EapplyinequalitaL

P
- 1

↓ + E = 1

1(X+y1lp=Ex+ y(P)* = ((X(
* )
"
*

+#(14(9)*



Recap

1) p21 = [X : - IR roudam V

#(IXIP) 1+ay

M22 ME 1.

2) ou MP I may define a nome
Il .XIIp := [E(IX/P)J* this is a nome

d Yp
distance dp(X , y) = E(1X-y(P) = 11X- Y11p

convergence Xm-X inMp #(Na-X10) -> 0



P = 1 Xn-X in MEAN # (Xn-X) = 0
M+ +0

MEAN
p= 2 Xn-X im

SQUARE #IXn-X1 -> 0
M- to

(MP, 11 . (6) is a BANACH SPACE .

Cevery couchy sequence is converging)
(3) Hölden inequality

X+MPY- M9 f + 5 = 1

#(X . 4) = #(IXY1) - (IXIP)(IIP))" = IIXp11 4110
,



X
,
YEM E + E = 1 p = q = 2

E(X . 4) = 11 X112 (14112=ER =

=2 ECMR)

[E(X -y)]2- (E(1) ECY12)
Yn-> X in mean square #(a-X12)- 0[ (im M2)

=> Xn -> X in mean (in M.) #IX-X1+

[ (XX) · y]= ( (Xn-X(2)) . ELIYR)



y= (=X). Y = (Xu-X)(y)=

E (In-X1) =-X1 . 2
&

O



= X #IR) <roY

Hölden irreq i it makes sense to compute the

product X . Y with X
,
YGM2Gua

acsim

wheX(n)Y (w)

X
,
4 EMR -> X-Y - m1

a scolar product M2xM-
=

X
,
y->(X

,47

< X
,
y) = E(X . Y)



IR" we lave the scolar product

<... Xm),(y , -. yn)) = X
,y1 + X 242 . -

+ XnYm

(y
,
- - Yn) -IRM

(X , - - (n) - (RM

·
(X .. X2 .. Xn) EIRM
: CY .... In) EIrh

on arthoganal if the
scolar product is 0

&



Also in M2 we have a scales product
crelated to the nome

↓ ( ((X
,
x) = #((() = 1X11

< X
,
YD = E(X .Y)

Definition
TY (X , Y one 2 othogonal rondou

vombattes if
#f E(X . Y) =0 (y= 0)
-
e

If X
,
4 are independent

(X-E(X)) 1 Y X + (4-(y))



Def SEM2 Ssubspece of M2
-

-

St
= arthoganal subspace =

=EXEM2 such that X is enthogonal

I to every element in SY
= [XtM2 such that FYES

~y =03
in IR2 S = line possing through O* St= perpendicular liva to S

possing through O -



Ex
.

S = [XM2
,
E(X) =0]

Sis a subspace of M2
X

,YeS #(X +y) = E(X) + #(4) = 0+0=0

Ot S #( .X) =x =X . 0 = 0

St = EYEMP Y is othoganal to every
#sY

YESte) EXES (* X #(x)=0)
#(X . y) =0



If Y is constant Y(w)=cG

# (y . X) = E(c . X) = c E(X) = 0

YX E(X) =0

Konstant rondou vainables are in St

Assume [4+SL==E(y@=0
-

⑫(Y)ES #(Y-E(Y)) = E(Y) - ECE(Y) =
↑

E(Y.(4) =0
= E(y)-E(y) =0



0 = E(YTY - #(4)) =

= E (1412 - YE(Y)) =

= E(MP) - ELY) =
= E((YP) - ((Y)) .((Y)

[E(4)= 0
E((-E(4) = E(42-2GE)+E(4))2) =
= E(141)+1 = ECMI -[#(y= 0



14 - E(Y)) =0 with probability 1

=> Y = #44) Y is content

S
= [XEM2 E(X =oY
St
= & constant rordom variables ?

Barachspace with a scalar product
is colled HILBERT SPACE

(M2 is a Hilbert spece)


