
COMPUTABILITY (28/11/2025)

RICE'S THEOREM every property of programs

program property ? Yes/no
which comarms to I/o behaviour

X J

P Is undecidable

P is terminating on every imput

: P has some fixed meIN in output
Il

I has dead code
"

undecidable

i

Il

Il

SP computer function f

"the length of Pis = 10"

&" the
program

I is not using jumps" decidable

What is a behavioural property of program ?

A = N

↑
Set of program
property of program

- = (n1in = y" (m) is terminating on every imput I
= Se /o 10 total

ONE = I m/ Im is a correct implementation of Il
= (n(qu = 1)

- N /program property) is behavioural property if far all programs men

the fact that me A or meA only depends on In



Def / Saturated/extensional set) : ACI is saturated (extensional

if Free
, n

If meA and Cm = In then ne A

#

A = (m) qu satisfies a propertyy
= (m) (m = aY

for suitable of J
↑

property of functions

Examples

* T = (n) In is terminating on every imput I

= (m 1 Po 1s totally

= (m/qu = 5) = = (f) fibte)

* ONE = ( m/ Om is a correct implementation of 1)
=

Smil
* LEN10 = Sm1 im = -im) has = 10 fimesy

Me LEN18

and Om = Io
ME LEN 10

eg . m = u(z(a)) Im(x) = o Va

me LEN10

9m = In

M = z(1)

j zoting Press -o ta

S(z)

ME LEN 18



A NODEAD = (m) in has no dead code y

m= 1 (z(1)
ME NODEAD In =

Im =

z(1)

m = j ↑
END :

J(1 , 1 ,
ENDS ↑-(1) A never executed

* k = (m/an(m) + 3

= (m)9n = ky
where
k = ( + 1 + + 3 apparently not extensional

to conclude k not saturated we need M,
M E

mek Trimst

Mek In(n) +
ad ↑m = In

assume that we ore able to show that there is a program MEN st.

k)

Im(x) = (2
if a = m

otherwise

we have

② mek emim) =1 ↓

② for a computable functions there are infinitely many program
hence there is M+ M S.

t.

Im = In

③ nk Pu(m) = 4m(n)T
↑ ↑

m = n

Im= Im

K not saturated



What about assumption (*) ?

If < = P then I

P
If x+ P them I

def P(x) :

If = "def P() :

If =
-

..

RICE'S THEOREM

Let AEN if Ais saturated and AP ,
AFN

then A is not recursive

of

we prove that k Im A 1 since K is not recursive we

deduce that A is not recursion

o A

K ~

Fumi

Let 80 IN be st
. Gest Va (a program for function

which is always undefined

② Assume A

take eseA( it ecoto because A + b)

define

g(x , y) = ↑ se
if cek

if k



=↓ Gig
if cek

otherwise

= Genry) - 1/9())
=

gen(y)
· I( 4a(x , x)) computable

By son there is a total computable function S : N-IN St
. Vosy

Pray(y) = Gray) = ↑ Pe(y)
if cek

geo(y) if k

I claim that s is the reduction function for KEm A

* if cek them Ske A

Assume cek
.

Then Vy Por (y)
= glogy) = Peg1y)

Hence Gora
= Yey ·

Since eseA and A saturated we deduce Spet

A if cek the Sk A

Assume eek. Them Vy Gores(y) = grapy) = Ge(y) .

Hence for =Ye . Since to A and A saturated we deduce SpeA

So indeed KIm A and since k not excursive
,
we have A not recursive

② Assume e A

if we let B= then

lo E B

&
I

B + /sinc A + ing

by (1) B is not recursive

BN) + A = p) Il

B Saturated (anc A is(

Since B = A not recursive we conclude A not recursive. #



* Output problem

Bre = ex/MEEx]
t

program which has me in output

-> Bu is saturated
, in fact

Bm = (x) E Bm]

where Bm = f / mecod(f))

-> Bm = 0

eg. let eseIN sit . Ye , b) = then Me Eeg = N
,
so teBm

-> Bm = N

eg .
let lo IN St

. Golost Vo then meEg = 0
,
so loeBm

Hence
, by Rice's theorem

,
Be i not recursive.

EXERCISE :

T= (x 1 i hos infinitely many outputsy
= (a) Ex 15 infinitel

* Outreated Since 0 = (x) = OS

where O = (F) codf) is infinitely
*

if es is an index for the identity (as above/ Eeg = I infinite

nence e , e 0

*
or index of the function always undefred (os above

Eco =o not infinite hence es 0

Hence by Rice's theorem
,
O is not recursive



EXERCISE

A = (x(x WelEx]

Is A saturated ?

A = (x)( - A)

A = (f) ? dom) e cod/f)}
*
don't know what to put here

probably not saturated ,
I will notuse Rice's theorem

,
instead I use

Reduction

k=mA

ie . I need a function S : /N-N total and computable s.
t.

Va
Ek iff Sk)EA

#
Spes E Waroc and Pope /Gross

to

and

Se e Espos and by Tera (y) = S/)

[
notnecessarily sta)

We define

grey) = fa if cek

↑

If K

=

y
. (((()) =

yo 1/4(x)) computable

By sme theorem there is S :-I total computable s
i
t.

Va
, y

&ore (y) = presys
= / if

re

- is the reduction function for K =m A



-> ifseek themGsps (y)
=

y Vy = SpeseWeb Espe = N
Il

Il

and thus sett. N N

-> if ek them Gor (ys
↑ Vy => Spee Were & Esp =

Il

and thuseA ↓ O

Hence KEm A and therefore A not recursive


