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pr Borla- finite measure on IR

=

M = Mac + Ms

Mac
Ms +

2

Mac -> for density fr 20

F BEB Mac(B)= S fu(xO SfidIN
=

pe>
F cumulative distribution funct
Ap* F'(x) ·m

ChinceF is movrbre - F is differentiable for
almost every Xer that is I is offerentiable
#XE IRIN INI = 0



cumulative distritat

E associated to⑭
-

on function

Fla)
m

Jumpset of F = (atIR F(a) + lim F(y)]=]
(theoren : y + C

(3)= 0 J is at most COUNTABLE
-

Fy(x)= (F(a)-F(a)) = E r([a3))PLEETatJ QES

a[X 9[X

#jis continuous F = 0a .

e
.

fr = ( - Fj)) = F - EX



I
Ms I the jump singular port of M) is

--

assouded with the cumulative

distribution function Fj

Mac has density given by fu = #-Fj)
~

= F

Fac(x)=5 Aulyly (M
is finite)

--

= Mac (-0, x]

In general Fac(x) = F(x) - Fj(x)



It is not tre in general that

F continuous

[(x)= S.
"

(y)dy

fu = F'(x) Fac(x) = S Aulyly E(x) -Fj(x)
(there are continuous functions which

ore differentiable e . C luch that they
are not the integral of their derivative).



Devil staincase (Cantor frection)

F : IR-IR #(x)=0 X 10

f(x)=1X=1

Finoratore wor decreasing / continuous
(NO JUMPS)

#(x) =0for a .e X

-

-estrittim
.te of a mee

SINGULAR



IR2 C-algebra of Ball sets B(IR2) = B(RXBUI)
Il L

IRXIR AEB(IR) A =BxC

BEBCIR)
CEB(IR)

M Boll measure or IR2 M : BR2) -> Fito]
(R , (IRP) ,M)

(2 , F , 10) a probability space
- X:- IR wearable

X
,
Y I rondom vailables

Y :R - IR

#-IR2 (1(X() <Y ()



=measiable(X:- IR2

A- B(IR2) A =BXC

( 4)
"

(BXC) = (w (X (w) +B, y(w) - Ch

() (w)- (X( ,4) - BXC S
=x()+ By +SW/ Y(0)-CF

D

Yz E-
X is mearable Yis meas

X( , S) ER2 (w/Xc) Et
,
Y(w -SY=GwX1w-tyc SWYlwes



Joint law & (X,) = (X ,4)#I is a Barel
woos . Or

IR2)

2xy)(AxB) = 1(w , X(w)tA ,
Y(w) -B]

-

2(x
,y)
(IRX(R) =2(x

,
y)(13) = 1

comulative distribution function (X, y)tI

F(x ,y)(X ,y) = 2(x
, y)((-0, X(-0,y]) =
-

= 1 (0) X( ) [*, Y(0) =Y)



2(x
,y)
(AX(r) = 1 (0) X()+A , Y/Ry =

= I(w(X (witA) = 2x(A)

f(x
,y)
(1RXB) = 2y(B)

the first marginal of f(x
, y)
is 2x

the record marginal of L(x
, 4) is Ly

Mi B(IR) ->To , to] measure

first marginal of M M(· J IR) : B(IR)- To,to]
Second marginal of M M(IRX :) : 23(1) ->To

,to]



PCIR) = probability meanne or IR=
&

= G pe Boul meanues on
IR pe(IR) =17

P - 1 = laws of all possible random variables taking
P(IR) &PCIR)

volvel in IR

P

Pp(1) = <probabily meaninsons IR With

I finite p-moment]

=> pr Bol meaure , p (IR) =1

andSWdry e
Pf(IR) = laws of Mercandom variables X E(X) <tro

B(R) =1 1 Il X ECX"<to



BACK TO ABSTRACT DEFINITIONS

Det of METRICSPACE

* a set : distance on A (metric on A)

d : AxA -> To ,+a)

I a
,
b-d(a

, b) = distance between
a
,
b-

d is a distance if it totisfies :

1) d(a , a) = 0

2) d(a ,b) = d(b , a)[
3) d(a , b) = d(a , c) + d(c, b)



IR2 da ,b) = 1b-al
Ii I engh of the

interval 9 1
b

=by -ax)+ (by-ay

Inb)=
Iby - ay)



&R) M , v +P(R)

( , r) = 2 sp (u(A) -u(A)
↓

AEBLIR)
total variation
distance

d
Tv (M , r) = dir (m , e) + due, v)
Il

2p(m(A)-U(A)l = 2 SP(A)-e(A) +e(a)-V(a))
S

= & p(m(-e(t)l + 1y(A)- r(A))e
- ...

↳ 2 descri (M(B)-e()) +2escale( - r(a)



(A , a) %: AxA +, + o) distance

is a metric space=

CA
,disETif everyCodA#

GIVEN A DISTANCE , I HAVE A NOTION OF CONVERGENCE

⑧ (m)tA an- > a in A if emd(an
,
a) = 0

M =
- Metro

&LEA GetA .. m

(ex MnEPCIR) MnEl if #
linREB(R) IMM(A)-MAI = 0 =



Det of CAUCHY SequeNCE-
M QuEA

(Qm)meN QuEA is a couchy sequence if

line d(am , am) = 0-

M-t
M -> + a

obs if an- a ther (r/n is a louchy
sequence

↓ (am
, am) [d(an ,

a) +d(a,m)

O line dan
,
am) lim (am

,altimeda,aeM+ to MT to

m ++
= O



Ex Q = national nubens

d (a , b) = 1b -a)
b

(Q, d) is NOT complete

90 = 1 az =
1
, 4 92 = 1

,
42 93z= 1 , 414

· an= 1 , 4142 au = 1, 41423 --

- -

E =... -- am = the first n-elevents
of the number2



B be a linear space on IR (vectorial spece

B is a set such that

Va
,
bt B a+bEB
~

(OtB Ora = a(batB)
FatB EXEIR X .aEB

=

* NORM On B is a function B-To , to)
-11b11

sch that Q) Il 011 = 0 Ilb(l = 0 Es b= 0

↓ ② Fer IlXb1l = IIIbIl be

③ Va
,belB Ila + b11 Ellall + 11 bII

a nome INDUCES a Distance on Bd(a
,b) = Ilb-all



Not all the distances comes from nome
Def

- (B ,
11 . 11) is a Barach prece if it is

complete as a metric space

B , Il . 11) + isalo a metric spece
d(a

,b) = 11b -all = Ila -b)

bu B bu-b) 6) (bm
,
b) + 0

line 11bu-b1 = 0
M+ to

Dis a Bewech pace
(Ir2 , (1) (2x , y()1=yd(a ,

b) = 1b - al =
-

=Tbx- ax( + (by -ay)2



(X ,Y)EIR2
IR2
, I -1 (1( x

,y3( = (x) + (y)

↓ (a ,
b) = (l(ax , ay) - (bx ,by)/k=

Ai
= (ax - bx) + (ay - by)



Ex (2 , 7 , 1)
X : 1 + IR Ludom variables

E(X
=S+ (2xtPz((r)

M1 = & X :R+ IR roudar variable or (R
,
%
,
11)

with ECIXD <+o]<+o E) ECIXD)o

M1 is a linear proce X
,
Y + M1 X +YeM1

NIR XXEM1 #(XX) =NE(x)<+ #
(X+Y) =E(X) +

#(7)



on M1 11 XI) = E((X1)=S()
↓ &

Il. Il is a nome

2) Il x Il =0 = E((X1)E) X = 0 X(w)=0
with probability1

X(w) =0 for wer

↓ P(r))= 1

X = 0

2)((xXI) = E(XX() = (E((X) = (x)((x)

3) ( x+y(1 =E((X + y)) = E(X) + 141) = ((xx + 1141)



9) (X , y) = 11X- y(1 = E((X-y))
is a distance an M1

Xn-X in this sense if

limE-XD = 0 (Xn- in mean)

(M2 , 11 . 11) is Benack-


