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F right continuous
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non decreasing : IRIR

(cumulative distr
. function)

of mislint NoI
(d=0(x) = -u(x ,0]x0

G(x) = F(x) -u(0 , 0]

Lebergue measure > F(x)= X

obs u(ay) = F(a) - F(a) = F(a) .- tim F(x)
-
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Def MEASURABLE FUNCTION

(A, E,r) meaure space A set

E is a W-algebra on A

M : 2 -> to
,to] is a mean.

f : (#E M) -> IB CIR,
a -> f(a) - IR

Fis meaurable if the pre-image of everyb
set in IR is our element of E.
-

↓
L FIB)=+A , FalEBY = primage of B
m

f
- (B) + E-



fis mearable Es tet
E

f (t)
Observation
-

M Borelmeure on
IR

f : IR-> IR Continuous => f : (IR
,
B
,
M) - IR is

f-
⑤
Fx+12lim fly) = Al

masrable

The preiveage of an interval is always an interval

for controus functions

So f continuous is mearable with respect to every
M Ball on IR



f : (#, E, M) - IR mearable function
- 2
-

Det PUSH-FORWARD- of M by f (f+u)
-

Far is a Borl medure or IR

ABE B

(B) = M(A ,
f(a) +By)
2

U(B) p-(M)=v V is a Ball meanne

f : A - IR messure on IR

ateß

Since fismees . GetA)fleitibly EE

V(B) = Au(B) BER - GatA flaieB3



(fr)(B) = M((B))
-.

Ex
.

RANDOM VARIABlE

->
set -is a 5-algebra orS

Co
,
y filtration

X : (G
,
F , IRD-> IR measurable function

↑ CRANDOM VARIABLE

X is a raudam voubble [wIX(w) < Eyt F

XtEIR



law of the random variable X (distribution)
2x is the Ball meaure on IR

given by the push forward of I by X

2x = X+ 1
⑭

XX : 1-> IR
- El --

↓ BEB BEIR

&(B) = (+) (B) = 1 (we+ /X (0)+B3)↑

2x is a Bol measure sulR , which is finate

2 (IR) =PIXEIR) = P(r) = 1
-



#CIR)= "probability measures ouR" =

= 5 M Bol measure on IP M : B - Io , to]

↓ Will that CIR) = 1]

theorem If -PCIR) (M is a Borel meanne o IR

pe(IR) = 1)
7) (2

,
7
, 1) ,

7 X : 1 + IR roudow variable

sich that =X#1
If X : 1 + IR is a nodom variable YxCIR).



Integration in IR with respect to a Bol measure
-

-

-

N Boul meeure on IR -> E cumulative distribut
m function
FIR- IR continuous

k- 1

a ib E (him f) .[F(xi + 1) -F(x ,)Sf(x) qu= supX- - -

a [X ,EX <Xz .. EXuEb
-

F(x) = Y ↑(xi+1) -F(xi) =

#ma Xit1 - Xi

F(xi+1) -F(xi) =
-

= M(-N, Xi +1) - M (0, Xi] =
= MEXi , Xi+1]



Equivalently (f continuous)

Sf(x)du(x lin [) (F(xit) -F(xi) , 7Ex ot
-

Q EX1 X2 -- & XuEb

·EXi-Xi-1 E

I #il
a

= inf " (tmoxt) (E(xi+i - F(xi)= 1

& X , <X2--XuEb



Ex Xroudou variable X : (2
,
F
, 1) -> IR

↓ waerable

Lx law of X (Boelmeanre ouR Lx(R) =1
2x PCIRI)

-

f : IR - IR Continuous function

(f(ulpLx = ECCE I
#(IX1") = n-moment
I of X

#(A) = mean of X=
(xdLx =No



Ex X : (Outcome of they
,
1)-> X (0)dice

S

- ↓

2 =p(r) 142] = 1
↳

2x = X# 1 = B - [o ,
+o]

weh X (c) E (1
,

2
,
3
,
4
,
5
, 6) 2x(iy = 1BEB

&(B) = G (1 X (0) -> By =
i= 1, e

= num2008 41
,
2
,
3
,
4
,
5
. 63 im B

6



&

a

↓ 1i4 56
3 k - 1

S
--L

-N(X,LX2 .. (YRE3

== 1 . [F(x)-(1)] + 2 .E(3) -F(2)) = 5 + E = 2



In particular we may define the

Ibexdx (Riewome intepel for FireIR
-

Continuedus
T
Debesque measure F(xzX

Obs flo Controus

f(x) = 1 VX
BER -> Mg(B)=

Sf(x)o I ME ,33
B = 50 ,b] -> Myto ,b) = Sf(x)dx

My is actually a Bol measure onR

he fix f :-IR positive and we
Il

movei-
DOMAIN Where we integrale f



Ex fa =e
N+(a, b)= sbdx = area

It is possible to prove that F :DIR -20 and

continuous then Me : -f(x)bx is actually
a Ball measure on IR (which is 5-finte)



DefinitionM Borl meaure on IR-

M is ABSOLUTELY CONTINUOUs with renect to Lebegue

(M(2) ifBER IB1=0 (Lebesque meceue
=

Of B
,

" length of B") thenu=0
-

An is SINGULAR With respect to Lebeggue
(M + 2) if IR= B, UBz B

,
BaEB

BilBz= d
,
IBil=0 M(rz)=o

-



Ex 2x X "auching of a dice
"

2x(1] = 5 = 242 % =.. = 2xb6]

IR
= (1-41,2 , 3 , 4 ,5 , 63) 042 ,23, 4 .5, 53)

Lebesque meane of 21 , 2 , 3, 4 ,
5
, 67 = 0

-o

14 1 ,2 , 3 , 4 .
5
, 6y) = (1Y1 + 19231 + 13331 +.. + 1964) =0

2x (IR242 ,2 ,3 , 4 , 5 , 64) = 0



Obs #20 continuous Mette ,S =C f(x)dy

ZircafBEB IBI = 0

MqL
·⑫~

Megay =S f(x)dx =0

#
f = 0 If(xdx = area ofthe
L region

With bese

B and Under the
I =

groph of f



Theorever of (Lebesque-Rodon-Nikodym (

M S-finite Borl meaure on IR.

then there existe a UNIQUE ABSOLUTEL CONTINUOUS

MEASURE Na<l and a UNIQUE singular
I

MeasureMst L ruch that

M = Ma + Ms (m(b) = Ma(B) +Ms(B)
= -

(ifuL M=Ma Ms=0)( if M + L M= s Ma = o
I



Moreover
Ma com be written as the

integral with respect to Lebesque of a
Junction fr (called the DENSIT ofM)

Ma(B)=(d fr =0
-

#(x) = Radon-Mikodym derivative of M =

= live
= I

reot AirsXt)
for a.ex Trebesque reasure of

+ (x-r
,
X+r)
x+r



M Borel meaure ->
F cumulative distribution fraction

-

Cu giunte fr(x)= live
- - o+MX

I M(x,-ut
-

F(x) = M(- 0 ,X]

F(xt) = M) - 0 ,x)
line

y +(+1)
-
F(y)

= Rim F(y)
y+ X

-

fu(x) =lex S

#



-in [F-F(x) +x]

↓ F is differentiable at X-
= E(t'(x) + F'(x)) = F'(x)

fu(x) = #'(x) at the points where F is-offerentiable



If h is a Bal meaure (M finite

- (x) = M(- 0 , x] cormulative distribution functionI
di

by RADON NBRODYM

M = Ma + Ns Ma Ms + L

Ma(Al = Sfmdx = #'(x)dyS -
what is Us ?

-

.jumpsofFemIl
y+a

-

MS(B) =a M&aY) ·Gay (B) Jay(B) =90



· (
O Xc - 1

- S X+ 2 +1X10
-

↑ 1 1 X= 0

--⑪
->

M(a, b) =F(b) - F(a)

#( = 22 Xc - E' is not defined in
-1X0 X= - 1

,
X = 0

O X > 0

-m = (a + IR F(a) > =(a+3= 3 - 1 , 03

= zax Ma (0 ,3)=StaxonMaCA S
m

+1[ 1 , 0]
Ma (-] ,) =Sdx = E-



us 3 = 4 - 1
,
04

g

F(- 1) -() = 1 - 0 = 1

F(0) - F(0) = E - 2 = 1
-J

· (4 - 13 = 1
... Ifi M403 =1
-
-1

Mhay = F(a) -line Fly) = F(a) -F(a)
bea-

IB(B) = 1 · G2 -1y(B) + z8(03(B)
C1(B=20
&201 (Bl=SBB



MS(B)= 1
. 02

- 1y(B) + 10409(B) =

O if-1
.
0 e/B

- E 1 if - IEB ,
OfB

E if - IB OtB

I 1+ b=2 if -
1
,
0 +B

M312 IR=(R--1 ,09) 04-1 ,07
16-1 , 031 = 0 MS(IR--1 , 0y) =0



F(x)= 40
Xc- 1

X +2 +-X0

↓ 2
·

X20

M(A) = I 1 . dX + 1 - Gy - 1y(a) + 15203(A)
&

+El ,0] --
Ma (A) MS (i)
-

--

Actually the singular part of M is not only
the jump part but may contain come other
--

very strange singular weare (CANTORIAN MEASURE)


