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Lagrangian dual bounds are tighter than LP bounds

For ILP, define the ground set

X ={xeR":Ex<e, x; integer for all i}
so that M ={x € X : Ax < b}.
Catch: Ex < e easy to handle (e.g., variable bounds).
LLagrange function

Lix;y)=c'x+y' (Ax—b)=(c+A'y)'x+y'b

is easier minimized over x € X for any y € R, giving ©(y).

d* = sup O(y) < z*(P) by weak duality.
yERﬁ

In ILPs, Lagrangian dual bound always dominates LP bound:

2l p < d* < 2"(P), strict inequalities possible.




Gaps example

X ={x€R?: 21 +215 <1, binary} = {o,[1,0] "}
and
M = {XEX L x1 + T2 Z%} = {[170]T}
with ¢'x = 221 + 25 has obviously z*(P) = f([1,0]") = 2. And
Lix;y) =2—-yz1+ 1 —y)zx+ 2
so that

©(y) = min {L(x; y) X € {o, [1,O]T}} = min {%,2 — %} :
We find d* = m>a(3< ©(y) = 1 attained at y* = 2 so that

& =1<2=2P).



Mind the gaps !

For LP relaxation,

FZ{XER?FZx1+2$2§17$1+$22%}

has vertices
( l O 1
— 2
v=118) 1) o)}

SO zf'p = Minc'v= min|[2v1 4+ vy _mln{l
LP veVp veVp ]

,%,2} = 1. Hence

Bp=3<d =1<2%P)=2.



When is there no gap ...

... for LP relaxation 7

Easy answer: if zﬁp = min {CTX I X € F} has an integer solution
x*, then 2*(Py) = 2{ p.

Yes, but when ensured 7

Know: feasible and bounded LP has solution at a vertex x* of F'.

Write in standard form: Ax = b, x > o. Then either z7 = 0
(nonbasic var.) or else (basic var.) part of unique soln. to

m

x
Z ria; =b
j=1

for m lin.indep. columns a; of A. Write Agp = [a1,...,am].



Inverting the basis matrix

At a vertex, we have

%
XB
(9]
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Obviously this is integer if b and Agl have only integer entries.

Recall: if (Ag,b) have integer entries and |det(Ag)| = 1, then
also xp = Aélb has integer entries; indeed, Cramer’s rule says

CB; = det(AB|b)]/ det(AB)

where (Ag|b); is the matrix where b replaces column a;.

And then x* is integer, implying that LP relaxation is tight.



Unimodularity

An integer m x n matrix A is called unimodular, if for all m x m-
submatrices Ag of A their determinant satisfies

|detAB| c {O, 1} .

If in an ILP
min {ch Ax =b,x € RQ"_ integer }

(A,b) are integer and A is unimodular, then
the LP relaxation

min {CTX :Ax =b,x € ]RZ’_}

IS exact, if feasible and bounded.




Important cases of unimodularity

Incidence matrices A of directed graphs are unimodular;
incidence matrices A of undirected bipartite graphs as well.

more generally, the following matrices are unimodular:

any matrix with {—1,0,1}-entries with at most two nonzeroes
in each column, such that there is a partition of all row indices
{1,...,m} = I1 U I satisfying

(i) if two nonzeroes of a column have same sign, one sits in a
row in Iy, the other in a row in Ip;

(ii) if two nonzeroes of a column have opposite sign, they sit in
two rows either both in I; or both in I».
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And if LP solution is fractional ?

Also for fractional optimal LP solution x* we have

—1
ASD
o

k
XB
(9]

x* = — .

And for all feasible LP solutions x have with A = [Ag|Axn]

Azt(b— Anxn) | -
XN ’

XB
XN

X =

indeed, b = Ax = ABXB -+ ANXN gives Xp = Aél(b — ANXN)
Rewrite xg = Az'b — Az Anxy = x% — Zxy with Z = AZtAy.
Consider a fractional z7 with ¢ € B (all 7 =0 if i ¢ B), then

.k .k %
JEN JeEN



Enter integrality ...

Use integer part [t] = max{m integer : m <t} of any t € R:
JEN JEN
Now if x € R?l_ is integer with Ax = b, get more:
zi+ ) lzijle; < 7] <z,
JEN
since left-hand side is now integer and x,j IS not.

Replacing x with x* violates above inequality:
i =x; +0=ua + > |zjlz] < |z7] <z
jJEN
IS a contradiction !



Gomory’s cut

Summary:
Y Ralph E. Gomory

(* 07 May 1929)

If x* vertex of LP relaxation, then

i+ > |zijle; < =7
JEN
for all feasible solutions x to ILP.
If x7 is fractional, x* violates above

inequality, if replacing x.

http://www.ralphgomory.org/

New constraint cuts away x* but keeps all ILP-feasible x.

Retry LP relaxation, adding this constraint — tighter bound !


Bomze
Schreibmaschinentext
http://www.ralphgomory.org/


Finiteness of iterative Gomory cuts

After finitely many Gomory cuts, either an optimal solution
to ILP is detected or else infeasibility of this ILP is certified.

But finiteness is not efficiency in general ...




Many other cuts possible ...
... for instance optimality cuts:
start from feasible incumbent % (integer) with value f(X) = c'x.

If & > 0 desired improvement, add linear constraint
c'x < f(X)-§.

LLP-relaxation better than incumbent, but feasible improvement
may be impossible (observe that, e.g., ILP-feasible X is cut away).

Does not cut away fractional LP-solution in general.



Cut-and-branch vs. branch-and-cut

Cut-and-branch: (Gomory) cut at root node, then branch-and-
bound.

Branch-and-cut: tighten LP bounds at every processed node by
cuts.

See example by John Mitchell

6x1 + 5xro — Mmax
3r1+ o <11
—r1 + 222 <5

1, xo > 0,integer.



A Branch-and-Cut Example
John E. Mitchell

The integer programming problem

min z = —6x; — bxq
subject to 3z, + z, < 11 (Eg0)
—I + 21‘2 S 5
x1,22 = 0, integer.

is illustrated in the figure. The feasible integer points are marked. The linear programming relaxation (or LP relaxation) is obtained by ignoring the integrality
restrictions and is indicated by the polyhedron contained in the solid lines.

A branch-and-cut approach first solves the linear programming relaxation, giving the point (2?—, 3% ), with value —33% . There is now a choice: should the LP relaxation

be improved by adding a cutting plane, for example, z1 4+ T2 < 5, or should the problem be divided into two by splitting on a variable?


http://www.rpi.edu/~mitchj/
http://www.rpi.edu/~mitchj/

If the algorithm splits on X1, two new problems are obtained:




min z = —6x; — bxq

subject to 3z, + T, < 11
-z + 2z, < B (Egl)
X1 Z 3
x,7, = 0, integer.
and
min z = —6z; — bxo
subject to 3z, + o, < 11
-1 + 2z, < B (Eg2)
X1 S 2
z,z, = 0, integer.

The optimal solution to the original problem will be the better of the solutions to these two subproblems. The solution to the linear programming relaxation of (Egl) is

(3,2), with value —28. This solution is integral, so it solves (Eg1), and becomes the incumbent best known feasible solution. The LP relaxation of (Eg2) has optimal

solution (2, 3.5), with value —29.5. This point is nonintegral, so it does not solve (Eg2), and it must be attacked further.

Assume the algorithm uses a cutting plane approach and adds the inequality 2x1 + x2 < 7 to (Eg2). This is a valid inequality, in that it is satisfied by every

integral point that is feasible in (Eg2). Further, this inequality is violated by (2. 3.5), so it is a cutting plane. The resulting subproblem is

min z = —6x; — bxq
subject to 3z, + T, < 11
-z + 2z, < B (Eg3)
I S 2
2x; + X £ 7
zy,z, = 0, integer.

The LP relaxation of (Eg3) has optimal solution (1.8, 3.4), with value —27.8. Notice that the optimal value for this modified relaxation is larger than the value of the

incumbent solution. The value of the optimal integral solution to the second subproblem must be at least as large as the value of the relaxation. Therefore, the incumbent
solution is better than any feasible integral solution for (Eg3), so it actually solves the original problem.



The progress of the algorithm is illustrated below.

Notice that the cutting plane introduced in the second subproblem is not valid for the first subproblem. This inequality can be modified to make it valid for the first
subproblem by using a /ifting technique.

e Bibliography
o About this document ...

John Mitchell
2009-03-16


https://homepages.rpi.edu/~mitchj/handouts/bc_eg/node1.html
https://homepages.rpi.edu/~mitchj/handouts/bc_eg/node1.html
https://homepages.rpi.edu/~mitchj/handouts/bc_eg/node2.html
https://homepages.rpi.edu/~mitchj/handouts/bc_eg/node2.html
http://www.rpi.edu/~mitchj/
http://www.rpi.edu/~mitchj/

Mitchell example: various cuts

LP solution x* = [+f = 23,28 = 32]T with ¢'x* = —232 = —331,
For optimality cut round x* to x = [2,3]" with ¢'x = —27.
Try 6 = 1 for optimality cut and add

—b6x1 — b < 27 —-1=-28 or 6x1+ 5xr > 28.
Gives an LP with still same x* as optimal solution.
Note: for ¢ = 2 get cut 6xq1 + 5xo > 29,
cutting away all ILP-feasible points, for 6 = 7 even LP infeasible.

Other cuts ? Mitchell suggests

r1+x2 < 5.

Nice, as new LP gives optimal ILP solution
(although LP has also fractional vertices).

But how to get there?



If the algorithm splits on X1, two new problems are obtained:




Mitchell example in standard form

LP at root node in standard form needs slacks (s1,s5):

31 + x» + 57 — b= 11
so |

—r1 + 220 + 5
has solution (x*;s*) = [, 22;0,0]T with basis/nonbasis matrix
31 _[10
Ap=1 _4 2]’AN_[o 1]
SO
2 —1 2 1
11 _a-lp |7 7
A =3 and Z=Ap'Ay=| 1 3
13 7T 7

Remark: all above is delivered by any simplex-based LP solver,
only here done by hand.



Gomory cut for Mitchell example

o= |3 3 0 -1
. =A," Ay = rounded down: |Z]| = .
B NN % % |_ J [O 0 ]

Recall that Z links basic variables (here x1,z>) to nonbasic ones
(here s1,s2) via x+7Zs = x*. Gives Gomory cut for fractional x7:

v1+0%51 — Lxsp =ax1 + [211)51 + [212)50 < |2]] = [E] =2,
and so =54 x1 — 2x>, which gives
20> — 5 =21 — (5421 —225) <2 or a5 <

But we know that ILP has integer x5, so can round down % again,
SO we add cut

NI~

o < 3.

If we use Gomory cut for x5 instead of z7, get zo, < 3 again.



If the algorithm splits on X1, two new problems are obtained:




New LP relaxation with Gomory cut for Mitchell example

Arrive at LP relaxation

6x1 + 5o — Mmax
3rx1+ 0 < 11

—r1+ 222 <5
o < 3
T, xo > 0.

New optimal solution to this LP: [$,3]" still not integral,
so iterate: Gomory cut on fractional value a:’{ = %.



Second Gomory cut for Mitchell example

Now only z7 = % = 2% is fractional. New Z:
-1 1 - ] ]
3 73 0 -1
/=10 1 rounded down: |Z]=| 0 1
1 7 _
| 3 T3 0 =3

Gomory cut added: z14+(—1)*s3 =x14+20—-3 <2 0r x714+x5 <5,
leads to ILP solution

[3,2:0,4,1,0]"  with slacks sq,...,s4,

already seen with Mitchell’'s suggestion.

No more branching needed here.



If the algorithm splits on X1, two new problems are obtained:




Overview

1. Growth transformations and convergence principles

2. Baum/Eagon growth transformations for posynomials

3. Convergence for Standard Quadratic Optimization Problems

4. Convexity and power method for posynomial optimization

5. Application: spectral hypergraph bounds for the clique number
6. Multi-Standard Quadratic Optimization Problems (multi-StQPs)

7. Variants, extensions and possible improvements



A familiar example ...

If Q = [qz-j] is @ symmetric n x n matrix and x € R"?, the problem
YQ = max {XTQX x'x=1,x¢€ Rn}

is easy [Rayleigh]: solution x = X, an eigenvector to Amax(Q@). If

moreover ¢;; > 0 for all 4,5, then an eigenvector x € IR{"}l_ exists:

max {XTQX x'x=1,x¢€ R?F} =g [Perron/Frobenius].

A convergent iterative method is the power method (assuming
Amax(Q) is simple, otherwise slight complications):

- 1
@0l

X¢ Q'xg — X ast— .



... behaves nasty !?

For some instances (Q, power method is not monotone:

Xt—l—lTQXt—l—l #x: ' Qxy,

e.g. for n = 4,

and  xy

= e

Q =

o001 OO
o O 01O
o O 01O

© OO N

we get
XtTQ3Xt — (XtTQQXt)(XtTQXt) = 1343 x4 — 199 %27 = —1 ...

found after some time trying to prove monotonicity :-(



Maximization of posynomials under /P-constraints
Typical problem: for x € R" let ||x[|7 = > 1 [x;|P and put

St ={xeR% :|x|p=1}.
Generalized monomial: x¥ = | x,’fz with real exponents k; > 0.
Posynomial is linear combination of such xK with oy > 0:

f&) =Y axk= 3 o [] =},

keK keK =1
where K C R"} is a finite set of exponent vectors k = [k;];.

Degree of f is d(f) = max {2?21 k; - ke K}.
Optimization problem:

max{f(x) X E Sﬁ_} .



(Homotopic) Growth Transformations for maximization

Continuous function f : A - R on compact set A C R",
consider growth transformation (GT) T : A — A:
f(T'(x)) > f(x) forallxe A unless T(x)=x.

Examples: any ascent direction-based (exact) line search;
f convex: even inexact line search;
f concave: T is even homotopic GT:

f(L=X)x+M\T'(x)) > f(x) forallxeAand 0<)A<1,

unless x € Fix(T) ={x e AN : T(x) = x}.

For general f, first-maximum line search yields homotopic GT.



Principle of line search

Unconstrained case min{f(x) : x € R"}.

Repeat until stop criterion is met

1) at an iterate x°?, decide a search direction d € R";
2) search for optimal step length t* > 0 by looking at
min {f(XOld 4+td) :t> O} — one-dimensional search:

3) update x"eW = x0d | t*d if f(x"eW) < f(x°9).

output last x"€% as (tentatively optimal) solution.

Constrained case: similar, restrictions on d and step size t.




Convergence principles for Growth Transformations (1)

Choose xg € A and generate iteratively sequences (x;)72

Xpp1 =T(xt), t=1,2,....
gives increasing objective values f(x;) " v(xg) = sup; f(xt).
Step size is s;(xp) = ||x;4+1 — %¢||, the set of accumulation points

Acc (xg) = {z € A1 x¢; — z along some subsequence t; * oo} :

Theorem [Baum, Sell '67]: Let T be a GT for f over A.

(1) x is isolated in Fix (1) and a strict local maximizer of f if
x local attractor under T'; converse true if T' is homotopic GT.
(2) T continuous = stepsize s;(xg) — 0 and Acc(xg) C Fix(T).

(3) If stepsize s;(xg) — 0 and Acc(xg) C Fix (T), then
Acc (xqg) is connected subset of level set {x € A : f(x) = v(x0)}.



Convergence principles for Growth Transformations (2)

Corollary [by now trivial]: Let T be a continuous GT for f.

(a) If Acc(xg) is finite, then x; converges,
most probably towards a strict local maximizer of f.

(b) If Fix (T) is finite, then all trajectories x; converge, and
almost all such trajectories to strict local maximizers of f.

Remark: not every GT is continuous, classical example: Rosen’s
projected gradient.

Recent example: Infection-Immunization Dynamics for StQPs
[Rota Buld, B. '09]: discontinuous, but convergent (even in finite
time plus solving a final linear system).



Baum-Eagon transformations for posynomials (1)

... formulated in [Baum, Eagon '67] for positive polynomials over
A= @]~ A; where A; = S C R™ are standard simplices.

For simplicity just casem =1, i.e., A = {x < R1 relx = YT = 1}.
Consider posynomial f(x) and put X = diag (x).

Theorem [Baum et al. '67]: Assume x' Vf(x) > 0 over S% .

Then the transformation
1
x 'V f(x)

is a continuous homotopic GT for f over Si.

T(x) = XV f(x)

Proof for homogeneous posynomials (i.e. e 'k = d(f), all k € K)



Baum-Eagon transformations for posynomials (2)

Proof ... uses inequality between geometric/arithmetic mean;
Holder’s inequality; Euler’s identity

x'g(x) = d(f)f(x) for all x € R";
as well as the inequality implication for positive a; b , Cj

a,j 1 CLj 1 1
J <L Jo<L
Zb-_Pand Zc-_Q = Zb —I—CJ_P—I—Q

g g

In general, homogenize f by replacing xK with xK(eTx)d(/)—e'k
Nowhere needed: integrality of exponents k;. Therefore true not
only for polynomials but also for posynomials.

Corollary [repeat from above]:
If Acc(xq) is finite, then x; converges, most probably towards a
strict local maximizer of f over S%.



Baum-Eagon transformations for polynomials

Observation: we even can relax positivity of oy if all k; are
integer: just add monomials 2|ak|(eTx)eTk to f and subtract
23 kek || after optimization.

Since 2|ag|(eTx)® K = 2|ay |xK+ g (x) with g posynomial, we get

F)+2 T Jol = &)+ T 2al(eTx)e 'k
keK keK

= Y [og+2leqlxf+ ¥ (%)
keK keK

for all x € S_lk, and coefficients of xK are now positive.

Seems to work only on Sj_ and with polynomials.



Convergence for Standard Quadratic Problems

Special case of above: f(x) = x'Qx, Q a symmetric nxn matrix.
Here convergence holds even for infinite Acc (xg):

Theorem [Lyubich et al., '78]: Any trajectory converges, i.e.,
for all xg € S1 there is a z(xg) such that Acc (xg) = {z(xg)}.

Further, convergence speed is sublinear in the worst case:
Ix; — z(xg)|| < Ct~Y/2  for all ¢,

where C = C(Q) > 0. To be more precise, convergence is linear,
i.e., ||xt —z(xg)|| < Cexp(—t) for all ¢, if and only if

(Q2); #z'Qz whenever 2z, =0 forz= z(x0) .

If the latter condition holds for all z € Fix(T), then Fix(T) is
finite and convergence for all trajectories is easy from above.



Convexity transformations for posynomial problems (1)

Back to optimization problem studied in [Baratchart et al.’98]:

max{f(x) X € Sﬁ_} ,

where f is a posynomial of degree d(f) < p. Given p > 0, we
always can homeomorphically transform the problem into

max{fp(y) 1y € SL},
where y; = [¢p(x)]; = = and f, = fo ¢, is again a posynomial,

now of degree d(fp) < 1. Therefore

Lemma [Baratchart et al.’98]:
fp is concave if f is a posynomial of degree d(f) < p.



Convexity transformations for posynomial problems (2)

Proof: If x; > O for all ¢z, then also y; > 0 for all 7, and X and Y =
Diag (y) are nonsingular. Then Vf,(y) = 1 Y__1Vf(gb]§1(y)) and

Y ID2f(y)Y = ]; [X D2f(x) — (p — 1)Diag (Vf(x))].

Now use Gershgorin's disc theorem and positivity of oy, as well
as Euler's subhomogeneity inequality for %(x):

n 82

D iy g G S 0

1=1

for all 7,

to get negative-semidefiniteness of D2fp.



Generalized power method for posynomial problems

Suggested in [Baratchart et al.’98]; abbreviate gradient map by
g(x) = Vf(x) and put
1

T(x) = —1 x)], xest.
N P e [ DA

Case p = 2 gives for f(x) = x'Qx the usual power method
T(x) = HQ H @x which converges to the Perron/Frobenius vector

of positive matrix @, if spectral radius p(Q) is simple eigenvalue.

Empirically good [Baratchart et al. '98/Rota Buld, Pelillo '09].

Attention: T is in general not a growth transformation for f !



Wilf’s spectral bound for the clique number

Undirected graph G = (V, &) with #V = n vertices and £ C (g)
Cligue S CV is maximal if S is not contained in a larger clique.

Cliqgue S§* is a maximum clique if |S*| = max{|T'| : T clique in G}.

Finding the clique number w(G) = |S*| is an NP-complete
combinatorial optimization problem.

Theorem [Motzkin, Straus '65]: For adjac. matrix Ag of G

max {XTAQX X € S_1|_} =1-1/w(3G).

Wilf's ['67] bound: w(G) < p(Ag) + 1 with spectral radius of Ag.



The k-clique hypergraph and the clique number

A clique T = {v;} with |T| = k+ 1 < w(G) generates k4 1 cliques
S; = T\ {v;} with |S;| = k; shrink S; to vertices s; of k + 1-
hypergraph:. with YW all shrunk k-cliques, put

H, = (W, F) with hyperedge F = Fp = {s; : v; € T} € F C (km)
Theorem [So6s, Straus ’'82]: Lagrangian polyn. of H = (W, F)

Lyx) =Y [z, xerRW.
FEFicF
Then w=w(g) encoded in maximum of Ly, over ST

max{LHk(X) X € SI_?_} — <ki 1>/(c]:> (k—l—l)/k‘

k = 1: Motzkin/Straus; hard forall kasd=k+ 1 > k = p.



Spectral hypergraph bounds for the clique number

Ly, is given by supersymmetric n*+1-tensor Ay, , the adjacency
tensor. Now use Qi's ['05] definition of H-eigenvalue to define

p(Ay,) = (k+ 1)! max {Lﬂk(x) X € sk+1} .
Since A”Hk > 0, generalized Perron-Frobenius holds:

. 1
p(Az,) = (k+ 1)t max{Ly, (x) 1 x € ST,
which is a concave maximization problem by above (d = p).

Hence Sos-Straus theorem yields

Theorem [Rota Bulo, Pelillo '09]: For any k£ < w(G) we have

p(Ay,)

w(G) < o

+ k



Multi-Standard Quadratic Optimization Problems

. are of the above form with max{f(x) =x'Ox:x¢€ } where
={x=(xi g’;leR”:XieAi, iE[l:m]}

with A; = S CRY and n = Y% n;.

+
Block structure according to x = (x*)™ ;.
Then
[ 17 xt _ =1 x| L (Ox)t
X = P : P = : | = :
] || x™ | _ g x - (Qx)™

Copositive programming approaches to MStQP [Burer '08] may
exhibit complications in dual attainability [Schachinger/B. '09].



Baum/Eagon iteration for multi-StQPs

Suppose has no negative entries and a positive diagonal;
Baum-Eagon growth transformation on

T(x), =t ), all k,i,
with enhancing/inhibiting factors such that T%(x) € A, still:
>1 = T(x)! >az!, frequency increases with ¢,
while balance is kept: Ypat =1 = Y, T(x)L =1, all 4.

'Steepest ascent’: I/ = o', with g’ from gradient (Ox)°.

. . -1
Keep balance: o = [ka}g ] .



Gradient variants for Baum/Eagon dynamics

Synchronous/simultaneous update: all ¢’ = (0x)".

If A; = A, dynamics is relaxation labelling [Hummel, Zucker '83].

Asynchronous/sequential update: use block structure;
first ¢! = (Ox)! as above, update T'(x)?!:
for ¢ use already updated T'(x)1! in gradient etc. a la Gauss/Seidel.
General principle:

Xi41 =T(x;) with T =Tpno---0Ty
where map T; : A — A only updates i-th block of x = (x");.

Two variants for sequential update: symmetric and asymmetric.
Asymmetric version straightforward but more difficult to analyze.



Details for sequential variants T),o0---01}

Asymmetric updates: map T, : A — A with
X1Q;(x)x!
(x) TQi(x)x"

where Q;(x) are n; x n;-matrices with Q;(x)x! = (Qx)* :

0i(x) = Qi+ QiDL ..., 1 # [0:x)]

(T;x)" = while (T;x)! =x7 if j £ 1,

il
Symmetric updates: map 7; : A — A with
T, x) = —*2 - while (T;x)!) =xJif j#£1,
( (/] ) (XZ)TQ,L(X)XZ ( 1 ) .] # [

T :
] — Q;i ... Symmetric n; X n;,

where Q;(x) = Q;(x) + [@z‘(X)

so the Baum/Eagon theorem applies to T; and thus to T.



Regularity and genericity

Consider m x n matrix such that A = {x S bel_ AX = e}:

(1.1 0.0 --- 0..0 [ 1 ]
0.0 1.1 --- 0...0 1
A= _ _ _ and e=| | eR™.
 0..0 0..0 --- 1..1 1

If A; denotes a face of A, denote by @ restriction of Q) to Ay,
similarly, Ay is obtained from A by dropping columns not in I.
Theorem [B., Schachinger '09]: Abbreviate by F = Fix (7).

If detQr # 0 and det(A;Q;tA]) # 0, then |Fn relintAf] < 1;
if above holds for all I, then F is finite.

... satisfied for all matrices @ in an open dense subset of the set
of all symmetric n X n-matrices. Hence regularity is generic.



Variants of Baum/Eagon; applications of MStQP

Alert: possibly different basins of attraction in three variants |

cl) Cl)] and Qij = !100 1oO
build Qo = [Qi;] for MStQP on A = (8})3 C R®. This has 6
global solutions; pick one x*, perturb Qo to Q* = Qg+ ¢ Diag x*.
Then x* is the unique global solution of MStQP with Q*. But we
end up in different points if starting from xg~ (0,1,0,1,0,1):
simultaneous: switch in last block, f:3 743, (0,1,0,1,1,0);
asymmetric sequential: switch in middle block, (0,1,1,0,0,1);
symmetric sequential: switch in last two blocks, (0,1,1,0,1,0).
By perturbation, any of three variants may miss global solution !

Example: Let Q;; = for ¢ = j, to

Applications: supervised and unsupervised learning, relaxation la-
belling, pattern recognition, image processing, game theory ...



Beyond QP: first-order method with inexact line search

Interpret increment = step-size a% X search direction d;:

T(x)t — (x)% = ol (dp)l, all k,i,

with o! = [Zk(a:t)}'C ; } " a scaling factor constant across k,

)
t

and (dt)}:C = (xt)z( ) — i), with (¢;)! from gradient V /(x;).

This extends to general non-QP problem max{/(x):x € N}.
Instead of above o' get step-size by (inexact) Armijo line search:
for largest feasible step size a? > 0 choose constants 8,0 < 1.
Then used step size a; is largest a € {8¥a? : k € Ng} satisfying

(Xt —|— Oédt) 2 (Xt) —|— (o)8} tTdt .



Parametric deflection of the gradient

Instead of di = a:'}f( — é) now further deflection of gradient:
let N\ = {X € Rf‘l_ D AX = e}, choose parameter v > 0 and put

(d)f, = [0 (Py(x)ed'), @l ki,
where [Tseng et al. 09]

Py(x) =T — AT (A(X)*7 AT ThA(X)?T
For v = %: Armijo search unstable, replicator dynamics better.
But v =~ 1 seems to work well (inexact line search, even StQP).

Similar theory (conv.rates), good experience (n = 1000).
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