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Connectedness and spanning trees

Given: undirected connected graph G = (V,E)

with weight/distance we = wij on edge e = {i, j}.

A tree T is a connected subgraph T = (VT , ET ) of G (hence
VT ⊆ V and ET ⊆ E) which has no cycles.

Weight of T is

W (T ) =
∑

{i,j}∈ET

wij .

Search for tree T with minimal W (T ) which spans G, i.e. VT = V .
Spanning tree is formed by dropping cycle-generating edges while
maintaining connectivity.

If G is disconnected, repeat with components – spanning forests.



Greedy algorithm (Kruskal)

Initialize: E1 = {e1} where we1 is minimal among all e ∈ E.

Iterate:

Ek+1 = Ek ∪ {ek} if ek has smallest we across all e ∈ E \ Ek ,

if no cycle is generated; otherwise, retry with next smallest we.

Stop if only cycle-generating edges are left.

Efficient in sparse graphs (m = |E| small): O(m logm).



















Prim’s MST-algorithm

Basic idea: add nearest neighbor to current partial tree;

use shortest edge to connect it to current partial tree;

Label all remaining vertices v by distance to current subtree;

update labels after updating partial tree.

If m large (≈ n2/2), then O(n2), better than above.





Discrete Problems – iconic examples 1

General form: min {f(x) : x ∈M} with M finite/discrete.

Problem here: |M | is huge.

The knapsack problem (KP)

max
{
p>x : w>x ≤W , xi ∈ {0,1}

}
.

Is an LP with additional constraints that xj are binary, not frac-

tional, an Integer LP (ILP).

For n = 10 have 210 = 1024 ≈ 103 choices.

For n = 100 have ≥ 1030 ...
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Solvable in l Hour 

With present With computer With computer 
computer 100 times faster IOOO times faster 
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N2 IO N2 31.6 N2 

N3 4.64 N3 IO N3 

N4 2.5 N4 3.98 N4 

Ns Ns+6.64 Ns+9.97 

N6 N6 +4.19 N6+6.29 

Figure 1.3 Effect of improved technology on several polynomial and exponential 
time algorithms. 

nomial time algorithms with "good" algorithms and conjectured that certain 
integer programming problems might not be solvable by such "good" algo­
rithms. This reflects the viewpoint that exponential time algorithms should 
not be considered "good" algorithms, and indeed this usually is the case. 
Most exponential time algorithms are merely variations on exhaustive 
search, whereas polynomial time algorithms generally are made possible 
only through the gain of some deeper insight into the structure of a prob­
lem. There is wide agreement that a problem has not been " well-solved" 
until a polynomial time algorithm is known for it. Hence, we .shall refer to 
a problem as intractable if it is so hard that no polynomial time algorithm 
can possibly solve it. 

Of course, this formal use of "intractable" should be viewed only as a 
rough approximation to its dictionary meaning. The distinction between 
"efficient" polynomial time algorithms and "inefficient" exponential time 
algorithms admits of many exceptions when the problem instances of in­
terest have limited size. Even in Figure 1.2, the 2n algorithm is faster than 
the n 5 algorithm for n .:::;; 20. More extreme examples can be constructed 
easily. 

Furthermore, there are some exponential time algorithms that have 
been quite useful in practice. Time complexity as defined is a worst-case 
measure, and the fact that an algorithm has time complexity 2n means only 
that at least one problem instance of size n requires that much time. Most 
problem instances might actually require far less time than that, a situation 

3 
POLYNOMIAL TIME ALGORITHMS AND INTRACTABLE PROBLEMS 

l. 
9 

that appears to hold for several well-known algorithms. The simpl~x a~go-
'th for linear programming has been shown to have exponential time 

ri m 973) · h · · complexity [Klee and Minty, 1972), [Zadeh, l . , but 1t as an 1mpress1ve 
record of running quickly in practice. Likewise, branch-and-bound al~o-
'thms for the knapsack problem have been so successful that many cons1d­

~1r it to be a "well-solved" problem, even though these algorithms, too, 

have exponential time complexity. 
Unfortunately, examples like these are quite rare. Although exponen-

tial time algorithms are known for many problems, few of them ~re :egard­
ed as being very useful in practice. Even the successful exponenlla~ t1~e al­
gorithms mentioned above have not stopped re~earchers from contmumg to 
search for polynomial time algorithms for solving those pro?l~ms . In fact, 
the very success of these algorithms has led to the susp1c10n that they 
somehow capture a crucial property of the problems whose refinement could 
lead to still better methods. So far, little progress has been i:na.de t?ward 
explaining this success, and no method~ are ~nown fo: pre~1ctmg ~n ad­
vance that a given exponential time algori thm will run quickly m practice. 

On the other hand, the much more stringent bounds on execution time 
satisfied by polynomial time algorithms often permit such predictions to be 

. h . . 1 't 100 1099n2 made. Even though an algorithm avmg ttme comp ext Y n or . 
might not be considered likely to run quickly in practice, t.he. polynom1a~ly 
solvable problems that arise naturally tend to be solvable w1thm polynomial 
time bounds that have degree 2 or 3 at worst and that do not involve ex­
tremely large coefficients. Algorithms satisfying such bounds can be con­
sidered to be "provably efficient," and it is this much-desired property that 
makes polynomial time algorithms the preferred way to solve problems. 

Our definition of " intractable" also provides a theoretical framework of 
considerable generality and power. The intractability of a problem turns out 
to be essentially independent of the particular encoding scheme and com­
puter model used for determining time complexity. 

Let us first consider encoding schemes. Suppose for example that we 
are dealing with a problem in which each instance is a graph G = (.V,E), 
where V is the set of vertices and E is the set of edges, each edge being an 
unordered pair of vertices. Such an instance might be described (see Figure 
l.4) by simply listing all the vertices and edges, or by listing the rows of the 
adjacency matrix for the graph, or by listing for each vertex all the other 
vertices sharing a common edge with it (a "neighbor" list) . Each of these 
encodings can give a different input length for the same graph. However, it 
is easy to verify (see Figure 1.5) that the input lengths they determine 
differ at most polynomially from one another, so that any algorithm having 
polynomial time complexity under one of these encoding schemes also will 
have polynomial time complexity under all the others. In fact, the standard 
encoding schemes used in practice for any particular problem always seem 
to differ at most polynomially from one another. It would be difficult to 
imagine a " reasonable" encoding scheme for a problem that differs more 



Discrete Problems – iconic examples 2

Optimal partitions/covers of sets:

Given Z = {1, . . . ,m} and system M = {M1, . . . ,Mn} of subsets

Mi ⊆ Z with cost ci, find
{
Mi1, . . . ,Mik

}
⊂M, with Z =

⋃k
j=1 Mij

such that
k∑

j=1

cij is minimal.

Partition: request in addition Mij ∩Mi` = ∅ if j 6= `.

Incidence m× n-matrix

aij =

{
1 , if i ∈Mj ,
0 , if i ∈ Z \Mj .



ILP form of partition and set covering problems

Let e := [1, . . . ,1]> ∈ Rm and A the m× n incidence matrix.

Partition problem:

c>x → min !
s.t. Ax = e

xj ∈ {0,1} , all j .

Coverage problem:

c>x → min !
s.t. Ax ≥ e

xj ∈ {0,1} , all j .

xj = 1 means Mj is chosen. Again 2n choices. But n / 2m ...



Iconic example 3 – the TSP

Travelling Salesman Problem searches for optimal permutation

of n+ 1 stations in round trip: how many choices ?

n! = n(n− 1) · · ·2 · 1 ≈ nne−n
√

2πn .

Graph theory (n+ 1 ↪→ n): search for Hamiltonian cycle

[e1, . . . , en] with minimal weight∑
k

c(ek) where c(ek) = cij if ek = {i, j} .
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Optimal Tours

Home

> Optimal Tours

VLSI 85,900

Sweden 24,978

Germany 15,112

USA 13,509

Information on the largest TSP instances solved to date can be found by following the links given
below.

85,900 Locations in a VLSI Application
Solved in 2006

24,978 Cities in Sweden
Solved in 2004

15,112 Cities in Germany
Solved in 2001

usa13509 A tour of 13,509 US cities. Solved in 1998.

rl11849 A 11,849-hold drilling problem for a printed circuit board.

pla7397 A 7,397-city problem arising in an application at AT&T.

rl5915 A 5,915-hole drilling problem for a printed circuit board.

Home | Optimal Tours Back

Last Updated: January 2007
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ILP form of TSP

n∑
i,j=1

cijxij → min!

n∑
i=1

xij = 1 , 1 ≤ j ≤ n ,
n∑

j=1
xij = 1 , 1 ≤ i ≤ n ,∑

i∈S,j /∈S
xij ≥ 1 for all S ⊂ {1,2, . . . , n} ,

xij ∈ {0,1}, 1 ≤ i, j ≤ n .
xij = 1 means i succeeds j in trip.



A disillusioning observation

A simple knapsack problem:

5x1 + 4x2 + x3 + x4 → max!

4x1 + 5x2 + 2x3 + x4 ≤ 7

xi ∈ {0,1} , 1 ≤ i ≤ 4 .

Idea: relax constraint xi ∈ {0,1} to xi ∈ [0,1], i.e. 0 ≤ xi ≤ 1.
Gives LP with optimal solution

x∗LP = [1, 2
5,0,1]> .

Of course infeasible to ILP, so round down fractional value 2
5 ≈ 0.

Value is 6. Rounding 2
5 to 1 is infeasible !

Is there a better integer solution ? Far away from x∗LP:

x∗ILP = [1,0,1,1]> is feasible with value 7 .



Discrete Problems as decision trees

Master problem denoted by P0 : z∗(P0) = min {f(x);x ∈M}.
Decompose feasible set M =

⋃
i
Mi, consider subproblem

Pi : z∗(Pi) = min {f(x) : x ∈Mi}. Try to solve Pi.

If Mi = {x̄}, no choice, z∗(Pi) = f(x̄), solved.

If |Mi| > 1, then iterate above, replacing M with all Mi’s.

Results in a branching structure, a hierarchy of subproblems,
organized in a tree.

Optimal values are ordered: z∗(P0) ≤ z∗(Pi) as Mi ⊂M (why ?).

Furthermore granularity consistence:

z∗(P0) = min
i

z∗(Pi) as M =
⋃
i

Mi .



Ailsa Land  (1927-2021) 
EURO Gold medal 2021 

Alison Harcourt  
(née Doig, *1929) 





Divide and conquer: branching rules

How to decompose ? Branching rules, e.g. fixing variables.

If x1 ∈ {0,1}, results in two Mi:

M1 = {x ∈M : x1 = 1}
M2 = {x ∈M : x1 = 0}

Binary case xi ∈ {0,1} for all i ≤ n gives binary tree, depth n and

potential width 2n.

Many other branching rules (includes selection of variables to be

fixed): strong branching, pseudocost branching, reliability bran-

ching, most infeasible branching ...
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Branching in the knapsack problem

5x1 + 4x2 + 3x3 + 2x4 + x5 → max!

4x1 + 5x2 + x3 + 3x4 + 3x5 ≤ 9

xi ∈ {0,1}, 1 ≤ i ≤ 5 .

First fix x1, resulting in two Mi:

M1 = {x ∈M : x1 = 1}
M2 = {x ∈M : x1 = 0}

Then decompose both Mi by fixing x2 etc.

Stop branching (prune tree) if all remaining xj are forced to zero

by constraint.
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Wait – just reorganizing feasible set ?

No – branch and bound is not explicit enumeration !

Suppose have bounds

`i ≤ z∗(Pi) ≤ ui

for a subproblem Pi (node in problem tree), and a current upper

bound

z∗(P0) ≤ ucurrent .

Observation: if ucurrent < `i, no optimal solution x∗ can lie in Mi:

f(x∗) = z∗(P0) ≤ ucurrent < `i ≤ z∗(Pi) = min
x∈Mi

f(x) .

Hence discard Pi and all sucessor nodes in problem tree.
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Branch-and-bound: updating and tightening

Further, if some local upper bounds ui ≥ z∗(Pi) are generated,
update

u′current = min {ui, ucurrent}

if possible.

Any (good) feasible value may serve as local upper bound:

ui = f(xi) with any xi ∈Mi ,

the tighter the “better” Pi is (nearly) solved.

Crucial: tight lower bounds `i to discard many Pi early.

How to get these ?



LP relaxation bounds

Had them in knapsack problem already:

relax xi ∈ {0,1} to 0 ≤ xi ≤ 1.

More generally: write latter as Ex ≤ e and consider

M = {x ∈ Rn : Ax ≤ b , Ex ≤ e , xi integer for all i}
by dropping integrality condition, to

F = {x ∈ Rn : Ax ≤ b , Ex ≤ e} .
In case of ILP z∗(P ) = min

{
c>x : x ∈M

}
yields

an LP z∗LP = min
{
c>x : x ∈ F

}
with M ⊆ F , so

z∗LP ≤ z
∗(P )

gives a (relatively cheap) lower bound for P .

Same for subproblems Pi ↪→ `i.



Lagrangian dual bounds are tighter than LP bounds

For ILP, define the ground set

X = {x ∈ Rn : Ex ≤ e , xi integer for all i}
so that M = {x ∈ X : Ax ≤ b}.
Catch: Ex ≤ e easy to handle (e.g., variable bounds).

Lagrange function

L(x;y) = c>x + y>(Ax− b) = (c + A>y)>x− y>b

is easier minimized over x ∈ X for any y ∈ Rm
+, giving Θ(y).

d∗ = sup
y∈Rm

+

Θ(y) ≤ z∗(P ) by weak duality.

In ILPs, Lagrangian dual bound always dominates LP bound:

z∗LP ≤ d∗ ≤ z∗(P ) , strict inequalities possible.
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