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Single-objective optimization problem

min {f(x) : gi(x) ≤ 0 , all i = 1, . . . ,m}

Extension: view gi(x) = G(x, i) ≤ 0, all i = 1, . . . ,m

Instead of number/index i now any symbol u, look at

G(x,u) ≤ 0 , all u ∈ U

leads to semi-infinite optimization.

Quite general, allows for many approaches, see later.



Quick outlook on soft constraints

They come in many flavors, e.g. in last context:

G(x,u) ≤ 0 for sufficiently many u ∈ U

leads to probability/chance constraints (service level guarantee).

Or pricing constraints gi(x) by pi:

consider new objective

L(x;p) := f(x) +
m∑

i=1

pigi(x)

leads to duality, pi are multipliers or dual variables.

Again, a cliffhanger ...



The workhorse of optimization ...

. . . is the Linear optimization Problem (LP):

a single linear objective, cost coefficients ci:

c>x = c1x1 + · · ·+ cnxn → min !

subject to m linear constraints

Ax =

 a11x1 + · · ·+ a1nxn
...

am1x1 + · · ·+ amnxn

 =

 b1
...
bm

 = b

plus sign constraints x1 ≥ 0 , . . . , xn ≥ 0 (x ∈ Rn
+).

. . . an LP in standard form.

Alternative representation: LP in canonical form:

min
{
c>x : Ax ≥ b , x ∈ Rn

+

}
.

Why workhorse ?



Why is LP figuring so prominently ?

• A simple formal structure

• Efficient scalable algorithms available

• Powerful interplay of different contexts:

algebra/computing vs. geometry/interpretation

Crucial: role of (single) linear equation, e.g.,

p>x = p1x1 + · · ·+ pnxn = b ,

geometrically describing a (hyper-)plane H =
{
x : p>x = b

}
,

separating the (decision) space into two parts (half-spaces),

H+ =
{
x : p>x ≥ b

}
and H− =

{
x : p>x ≤ b

}
.



Example from Bomze/Grossmann 1983
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Optimal solutions to LPs at vertices

Consider LP min
{
c>x : Ax = b , x ∈ Rn

+

}
.

Special role of vertices of the feasible set M :

if there is an optimal solution, it must be attained at a vertex

(extreme point) x∗ ∈M , which means that

x∗ is not midpoint of any line segment in M .

Geometry: see next slide.

Algebra: for no x,y in M different from x∗, have x∗ = 1
2 x + 1

2 y.

Why ? Suppose c>x∗ ≤ c>x < c>y ...



Example from Bomze/Grossmann 1983
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How to decide extremality ?

Theorem. x∗ is vertex of M =
{
x ∈ Rn

+ : Ax = b
}

if and only if

there are linearly independent columns a1, . . . am of A such that

m∑
j=1

x∗jaj = b , (+)

and all other x∗k = 0.

Above equation (+) has a unique solution x∗, which is sparse,

i.e., many (n−m) coordinates x∗k = 0, a few (m) may be nonzero.

Resulting x∗ is feasible if and only if all x∗j ≥ 0.



Idea of Simplex Algorithm for solving LPs

Iteratively pass from vertex x∗ to neighboring vertex y∗, to im-

prove objective, c>y∗ < c>x∗.

x∗ and y∗ have almost same sparsity pattern, typically

one non-zero x∗j > 0 gets zero y∗j = 0, and

one zero x∗k = 0 gets positive y∗k > 0.

Caution: most remaining nonzeroes change too, 0 < x∗j 6= y∗j > 0.

Calculation of y∗ done by tableau step, similar to solving lin.eq.s.



Invention of the Simplex Algorithm for LP ...

... independently in two hemispheres ≈ 1940 ...

IFORS’ Operational Research Hall of Fame

Leonid Vitaliyevich Kantorovich

Co-inventor of linear programming.

Born: 19 January 1912 in St. Petersburg,
Russia.

Died: 7 April 1986 in USSR.

Education: D.Sc. Mathematics, Leningrad
University, 1935.

Key positions: Professor of Mathematics,
Leningrad University, 1934–1960; Chair of
Mathematics and Economics, Siberian branch
of the USSR Academy of Sciences, 1961–
1971; Director of Research, Moscow’s Insti-
tute of National Economic Planning, 1971–
1976.

Awards: State Prize, 1949; Lenin Prize, 1965;
Nobel Prize in Economics, 1975; Silver Medal
of the Operational Research Society, 1986.

Leonid Vitaliyevich Kantorovich (1912–1986) invented linear programming and published his
initial results in 1939. This was eight years before its independent re-discovery by George Dantzig.
For this and related work Kantorovich received (with Koopmans) the Nobel Prize for Economics
in 1975.
He was born in St. Petersburg (soon to be Leningrad). His father Vitalij died when he was 10,

and he was brought up by his mother Paulina, nee Sachs. His exceptional talents were recognised
early. By 14 he was enrolled in the Faculty of Mathematics and Mechanics at Leningrad
University; on graduating at the age of 18 he already had 11 scientific publications in major
mathematics journals on descriptive and constructive function and set theory; by 22 he was a full
professor at Leningrad; and at 23 when the USSR restored such degrees he was awarded his DSc.
His spheres of interest were remarkable for their range, and included functional analysis,
topological vector spaces, and computing and computer architecture, as well as optimisation and

Intl. Trans. in Op. Res. 10 (2003) 665–667

INTERNATIONAL 
TRANSACTIONS

IN OPERATIONAL
RESEARCH

r 2003 International Federation of Operational Research Societies.

Published by Blackwell Publishing Ltd.

George Bernard Dantzig

(Portland 1914 – Stanford 2005)



Inventors of the Simplex Algorithm met ...

https://www.math.spbu.ru/user/jvr/LVK html/70 dkk.html (cut out)

Photo taken 1970 at IIASA, Laxenburg, Austria
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Example, continued

Write LP in standard form: enrich z> = [x> | s>] by slacks s ∈ R4
+,

x1 + x2 + x3 + s1 = 4

x1 + s2 = 2

x3 + s3 = 3

3x2 + x3 + s4 = 6

In matrix form Az = b with

A =


1 1 1 | 1 0 0 0
1 0 0 | 0 1 0 0
0 0 1 | 0 0 1 0
0 3 1 | 0 0 0 1

 , b =


4
2
3
6

 .



More generally ...

A = [N |B ] and z =

 x
−−
s

 feasible implies Az = b

which means (block multiplication is like ordinary multiplication!)

Nx + Bs = b or Bs = b− Nx or s = B−1b− B−1Nx

which gives for a cost vector (objective) c> = [ c>N | c
>
B ]

c>z = c>Nx + c>B s = c>B B−1b + (c>N − c>B B−1N)x .

If current vertex is z>old = [o>|s>old], value c>zold = c>B B−1b.

Alternative feasible znew has c>znew = c>zold + (c>N − c>B B−1N)x.

Improvement if 0 > c>znew − c>zold = (c>N − c>B B−1N)x.

No improvement if (c>N − c>B B−1N) ≥ o> because x ≥ o ...



Stopping criterion/updates for simplex algorithm

At current vertex zold, if the reduced cost vector

cred := (c>N − c>B B−1N)> ≥ o

then stop: z∗ = zold is optimal solution to LP.

Otherwise, select i with credi < 0 and update to neighboring

vertex znew with znewi > 0 = zoldi .

Back to example

min
{
c>z : Az = b , z ∈ R7

+

}
...



Example, continued

... with, say, c> = [−1,2,3 |0,0,0,0] (recall: last four are slacks)

A =


1 1 1 | 1 0 0 0
1 0 0 | 0 1 0 0
0 0 1 | 0 0 1 0
0 3 1 | 0 0 0 1

 , b =


4
2
3
6

 .

Start with vertex zold = [o>|s>old], so here sold = b and cB = o.

Calculate cred = (c>N − c>B B−1N)> = cN = [−1,2,3]> 6≥ o.

Hence zold not optimal, pass to next vertex with znew1 > 0

Only such vertex is z>new = [2,0,0 |2,0,3,6]. Compare

with previous vertex: z>old = [0,0,0 |4,2,3,6].

New reduced cost vector is crednew = [1,2,3]> ≥ o, so stop:

x∗ = [2,0,0]> is optimal (first part of znew).




