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Exercise 1. .
i) What does it mean that F = F(¥) : D ¢ R — R™ is differentiable at point X € D?
ii) Let f = f(x, y) be defined as

x3—yx?

x2+y2

. (x,y) #0,

fx,y) =
0, (x,y) = 0.
Is f continuous at (0,0)? Is f differentiable at (0, 0)?
Exercise 2. Let
D = {(x,y,z) eR3 : )cz+yz+z2 = 1+xy}.
1) Show that D # 0 is the zero set of a submersion.

ii) Is D compact?

iii) Determine, if any, points of D at min/max distance to 0.

Exercise 3. Let
D :={(x,y,2) eR® : ¥*+y* <z<1-y?}.
i) Draw D N {x = 0} and D Nn{y = 0}. Is D invariant by some rotation? Justify your answer. Draw
D as best as you can.
ii) Compute the volume of D.

Exercise 4. Let
> ax* + by? Xy
T (x2 + y2)2’ (x2 + y2)2
on D = R?\{(0,0)}. Here a, b € R are constants.
i) Determine all possible values for a, b in such a way F be irrotational on D.
ii) Determine values of a, b, ¢ in such a way F be conservative on D, in this case determining also
all the possible potentials.

Exercise S. .
1) What are the Cauchy—Riemann equations (or conditions)?
ii) Let f = u+iv (u = Re f and v = Im f) be a C differentiable function on the entire plane C.

Assume that also 7 =u—iv =u+i(—v) is C differentiable on C. What conclusion can you draw
on f?
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Exercise 6. Let D := {(x,y) e R> : 0<x<3,0<y<2}and
Fx,y) :=x% = 2xy +2y.

Determine min/max points of f on D (if any). Justify carefully.

Exercise 7. Let
D = {(x,y,z) eRY: P+ )<z 2—x2—y2}.

i) Draw D N {x = 0} and deduce a figure for D.
ii) Compute the volume of D.

Exercise 8. Consider the differential equation

’_ e¥
Y S oot

i) Determine the domain D of local existence and uniqueness.
ii) Determine all the stationary solutions (if any) and plot the regions of D where solutions are

increasing/decreasing.

Let now y :]a, B[— R be the maximal solution of the Cauchy problem y(2) = 0.

iii) Show that y is monotone and deduce that @ > 1.
iv) Determine the concavity of y. Is 8 = +o00? Justify carerully.
v) Plot a qualitative graph of y.

Exercise 9. Let
v(x,y) :=e (ycosx +xsinx), (x,y) € R>.

i) Determine all possible u = u(x,y) in such a way that f(x +iy) = u(x,y) + iv(x,y) be
C—differentiable on R?.
ii) Express the f found at i) as function of complex number z, that is f = f(z).

Exercise 10. .

1) State Green’s formula.
ii) Let f € C*(R?). Prove that

3%90 NI =0
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Exercise 11. Let
fy) =P+  —xt 4y (xy) e R
i) Compute, if it exists, lim(y y)—co, f(X,¥).
ii) Discuss existence of min/max of f on R? and find the eventual min/max points of f. What about

f(R?)?

Exercise 12. Consider the equation
’r_ e¥
Y e
i) Determine the domain D where local existence and uniqueness applies.
ii) Determine the constant solutions and regions of D where solutions are increasing/decreasing.
iii) Let now y :]a, B[— R be the maximal solutions of the Cauchy problem y(2) = 0. Determine
the monotonicity of y. What can you say about a?
iv) Determine the concavity of y. Is § = +o0? Justify carefully.

v) Plot a qualitative graph of y.

Exercise 13. Let D := {(x,y,2) € R® : 22 +2y? < z<4-3(x*>+2y%)}.
i) Draw the set D. Is D a rotation volume with respect to the z—axis”?
ii) Compute the volume of D.

Exercise 14. Let
u(x,y) =x>+y>%
i) Determine, if any, v = v(x, y) in such a way that f(x+iy) := u(x, y)+iv(x, y) be C—differentiable
on C.
ii) For the f you found at i), write f = f(z) as function of z € C.

Exercise 15. State the Lagrange multipliers theorem. Then, consider a curve y = f(x) defined by a
function f = f(x) : R — R, f € €' (R). Let P = (a, b) a point in the cartesian plane not belonging to
the curve y = f(x). Prove that if Q is a point of the curve y = f(x) where the distance to P is minimum,
then the segment P — Q is perpendicular to the tangent to f.
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Exercise 16. Let
D:={(x,y,2) eR’ : X>+y*-22=1,y>+z=1}.
i) Show that D # @ is the zero set of a submersion (g, g2).
ii) Is D compact?
iii) Determine, if any, points of D at min/max distance to 0.

Exercise 17. Consider the vector field

F(x,y) :=(

ax+by cx+dy
N e

1) Find all possible values of a, b, ¢, d € R such that F is irrotational.
ii) Find all possible values for a, b, ¢, d such that F is conservative. For such values, determine the

potentials of F.

, (x,y) € RA\{(0,0)}.

Exercise 18. Consider the system

X =y(? - y?),

Y= (=D =)
1) Find stationary solutions, and dhow that the system has a non constant first integral.
ii) Draw the phase portrait of the system. Are there periodic solutions? Are there non constant and
non periodic global solutions?
iii) Find the x solution of the Cauchy problem x(0) =2, y(0) = 1.

Exercise 19. Let v(x,y) := y* — 3x%y + 4xy — x, (x,y) € R%. Determine all possible u = u(x, y) such
that

fx+iy) =ux,y) +iv(x,y),
be holomorphic on C. What is f(z) as a function of z?

Exercise 20. .
i) State precisely the formula of change of variables for multiple integrals.
ii) Let a, I;, ¢ three linearly independent vectors of R?, @, 8,y > 0 three positive constants, and let
Eopy = {f€R3 c0<d-X<a, 0<b-¥<B,0<E-X< y}. Prove the formula

_ (aBy)?
"~ 8detM’

where M =

o) Sy

J (@-3)(b-%) (%) d¥
E

a.By
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Exercise 21. Let I' ¢ R3 the set described by equations
X2+ y2 =1,
r:
X242 =xz+1.
i) Show that I # 0 is the zero set of a submersion on I'.

ii) Is I' compact? Justify your answer.
iii) Determine points of I' at minimum/maximum distance to (0, 0, 0) (if any).

Exercise 22. Let D := {(x,y,z) € R? : 1 - (x2+y?) <z <1 - (2+y2)).
i) Draw D N {y = 0} and deduce a figure for D.
ii) Compute the volume of D.

Exercise 23. Consider the equation

y" = (log y)(log(2 - y)).
i) Determine the domain D of local existence and uniqueness, constant solutions and regions of D
where the solutions are increasing/decreasing.
Let y :]a, B[— R be the maximal solution with y(0) = 1/2.

ii) Discuss monotonicity and concavity of y.
iii) Is @ = —00? Is B8 = +00? Determine limits of y(¢) when t — a+, B—.
iv) Plot a qualitative graph of y.

Exercise 24. Solve the following equation in the unknown z € C:

1
sinh — = 0.
Z

Exercise 25. .

i) What does it mean that a set C ¢ R< is closed? What is the Cantor characterization of closed
sets?
ii) Given a set S ¢ R?, we define the boundary of S the set

3S:={feR? : Vr>0, BErInS+o, BXrInS +o}.

Is 0§ always closed? Justify your answer providing a proof if yes, a counterexample if no.
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Exercise 26. .

i) Provide a precise statement of the differentiability test says? Is this test a sufficient or necessary
condition for differentiability? Justify your answer.
ii) Let
fx,y) := x?log(x® +y?), (x,y) # 0.
Is it possible to extend f at point (0, 0) in such a way that f is continuous at (0,0)? If yes,what
about the differentiability at (0, 0) of the extended function?

Exercise 27. Let
fx,y) =3xy+x’y+xy%, (x,y)eD:={(x,y) €R* : x>0,0<y<1-x}

i) Draw D. Is D closed? open? bounded? compact? Justify carefully.
ii) Discuss the problem of determining min/max (if any) of f on D.

Exercise 28. Leta, b,c,d € R and
- ax+by cx+dy
F(x,y) = )
() (<x2 22 (24 )
i) Determine a, b, ¢, d € R in such a way that F be irrotational on D.
ii) Determine a, b, ¢, d such that D be conservative on D. For these values (if any), determine all
possible potentials of F on D.
iii) Let y = y(#) C D be the segment joining (1, 0) to (0, 2). For (a, b, c,d) = (2,0,0,2) compute

) , (x,y) € D :=R*\{(0,0)}.

Exercise 29. Let D := {(x,y) e R? : x> 1, x> < y < 3}.
1) Draw D.

ii) By using the change of variables u = y — x*

, v =y +x>, compute the integral

I x2(y —x3)ey+x3 dxdy.
D

Exercise 30. Let f = u + iv be holomorphic on D C C. Define
g(z2):=f(),zeD:={weC : we D}

i) Express real and imaginary part of g in terms of real and imaginary parts # and v of f.
ii) Use i) to discuss whether g is holomorphic on D or not.
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Exercise 31. Let D := {(x,y,z) e R®: x*=y>+7%, x*+y2=xy+1}.
1) Show that D is the zero set of a submersion on D itself.
ii) Is D compact? Justify your answer.
iii) Determine, if any, the points of D at the min / max distance to the origin.

Exercise 32. Consider the system
X =y 4y,

y = x(x*+y?).
We accept that local existence and uniqueness holds.
i) Find stationary solutions, and show that the equation admits a first integral.
ii) Plot the phase portrait of the system. Are there periodic solutions? Are there non constant and
non periodic global solutions?
iii) Solve the Cauchy problem x(0) = 1, y(0) = 0.

Exercise 33. Let

1
D:={(x,y,2) €eR® : 0<z< —— .
{(X »,2) ¢ cosh(x2 + yz)}

i) Draw D N {x = 0} and deduce the figure of D. Is D closed? Open? Bounded? Compact? Justify
your answer.
ii) Determine the volume of D.
iii) Determine for which values of a the following integral has a finite value:

J @) dxdydz.
D

Exercise 34. Let
u(x,y) := X+ axy?, v(x,y) =bx>y -y, (x,y) € R%.
i) Determine a, b € R in such a way that f(x +iy) := u(x, y) +iv(x, y) be holomorphic on C.
ii) For values of a, b found at i), express f as a function of the complex variable z.

Exercise 35. Letdy,...,dn € R? be N fixed vectors, d; # djfori # j. Define

N
FGE) =) IR =ajl.
=1

J

Discuss the problem of determining, if any, points of min/max for f on RY. Justify carefully, state all
general facts you use.
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Exercise 36. Let
D :={(x,y,2) eR’ : P +y* =74 ¥+ (z-2)7 = 1}.
i) Show that D # () and it is the zero set of a submersion.
ii) Is D compact? Prove or disprove.
iii) Find points of D at min/max distance to 0.

Exercise 37. By using the change of variables x = u? and y = v?

= (x+y)
e

—— dxdy.
‘[[0,+oo[2 e

Exercise 38. Let f(x +iy) = u(x,y) +iv(x,y).
i) Which properties of u,v characterize C—diffentiability of f at z = x +iy? Write a precise

statement.
ii) Let

, compute

u(x,y) = ax’ + bxy +cy*, v(x,y) :=xy, x+iy€C.
(a,b,c are real constant). Determine all possible values for a,b,c in such a way f be

C—differentiable on C.
iii) For the values of a, b, ¢ at ii), determine explicitly f(z) as a function of z € C.

Exercise 39. Consider the differential equation
1
y—logt’
i) Determine the domain D of local existence and uniqueness.
ii) Find stationary solutions (if any) and plot regions of D where solutions are increasing/decreasing.

7’

y:

Let now y :]a@, 8[— R be the maximal solution of the Cauchy problem y(2) = 0.

iii) Show that y is monotone. What is the lim;_,, y’(¢)?
iv) Discuss the concavity of y and say if 8 = +oo or less justifying carefully your argument.
v) With all the previous informations plot a qualitative graph of y.

Exercise 40. What does it mean that a set § ¢ R? is open? Let F : RY — R™ be a continuous function
on R<. Prove that the following property holds:

S c R™ open, = F! (S) open.

(recall that ﬁ‘l(S) ={¥eR? : ﬁ()?) € S}). Hint: suppose that for some S open, . (S) is not open. . .



CaLcuLus 2 — FinaL Exam

PrompT #9

Exercise 41. Let D = {(x,y,2) €R® : x> +y> =1, x+y+z=1}.
i) Show that D is the zero set of a submersion.
ii) Is D compact?
iii) Determine, if any, min/max points for f(x,y,z) = x> —x +y?> + yx+yz—y on D.

Exercise 42. .
1) What does it mean that a vector field F:DcRY—RA (d € N, d > 2) is conservative? And

what does it mean that it is irrotational?
ii) Consider now the field
ax+b cy+dz ex+ fz
Y , Y , > fz 5 ,(x,y,z)eD:=R3.
T+x2+y2+22 1+x2+y2+22 1+x2+y2+2

ﬁ(x,y,z) ::(

Determine all the possible values for a, b, ¢, d, e, f € R such that F is irrotational on D.
iii) For which values a, b, c, d, e, f is F conservative on D? For these values, if any, determine the

potentials of F.

Exercise 43. Let
D = {(x,y) eR? : x?+y? <2x—1/x2+y2}.

i) Is D closed? open? bounded? compact? Justify carefully.
ii) Compute the area of D.

Exercise 44. Let f : C — C defined as

Z, z#0,
Z
f(2) =
0, z=0.
i) Show that u = re f and v = f verify the Cauchy-Riemann equations at (0, 0).
ii) Is f C—differentiable at z = 0?

Exercise 45. Let f : D ¢ R — R, differentiable at X.
i) What is the directional derivative d; f at X along the direction ¥? What is the relation between
this derivative and the gradient vector V f(X)?

ii) Determine
max d;f(X).

$20 : [|¥]1=1
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Exercise 46. Solve the following equation in the unknown z € C:

coshz+4=0.

Exercise 47. Let
F(x,y) = (axy +eP xe¥ + 2y) , (x,y) e R%.

i) Determine a, b for which F is irrotational on R?
ii) Determine a, b for which F is conservative on R2, determining also its potentials.
iii) For the values of a, b such that F is irrotational, compute the path integral of F along the curve
y(t) = (2,2 =1),t € [0,1].

Exercise 48. Let
D :={(x,y,2) € R3 : xy+z2 =1/2, xz+y2 =z}
1) Check that D # @ is the zero set of a submersion on D.
ii) Is D compact?
iii) Determine (if any) point(s) of D at minimum and maximum distance to the z axis.

Exercise 49. Let D := {(x,y,2) € R® : x> +y> - 22 <1, x> +y*+ 72 <9, z > 0}.
i) Draw the figure of D in the plane xz (that is, D N {y = 0}), and deduce a figure for D.
ii) Compute the volume of D (hint: use appropriate cylindrical coordinates)

Exercise 50. Let f(x +iy) = u(x, y) +iv(x,y) : C —> C be a C—differentiable function on the complex
plane C.
i) What properties must verify 4 and v? Provide a precise statement (no proof is required).
ii) Assume that u is constant. Show that f is constant.
iii) Assume that |f| = Vu? + 12 is constant. What can be drawn on f? (hint: |f|> = u® +v? = &,
then 0, (u? +v?) =...)
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Exercise 51. Solve the following equation in the unknown z € C:

sinhz +2i = 0.

Exercise 52. Let
Flxy) = (ve* +x.axy +¢™), (x,y) € R

i) Determine a, b for which F is irrotational on R?
ii) Determine a, b for which F is conservative on R?, determining also its potentials.

iii) For the values of a, b such that F is irrotational, compute the path integral of F along the curve
y(@) = (2 +1,1%),1 € [0,1].

Exercise 53. Let
D :={(x,y,2) € R3 : xz+2y2 =1, x2+7> = 2y}.
1) Check that D # @ is the zero set of a submersion on D.
ii) Is D compact?
iii) Determine (if any) point(s) of D at minimum and maximum distance to the y axis.

Exercise 54. Let D := {(x,y,2) € R® : x> +22 -2 <1, x> +y*+ 72 <4, z > 0}.
i) Draw the figure of D in the plane xy (that is, D N {z = 0}), and deduce a figure for D.
ii) Compute the volume of D (hint: use appropriate cylindrical coordinates)

Exercise 55. Let f(x +iy) = u(x, y) +iv(x,y) : C —> C be a C—differentiable function on the complex
plane C.
i) What properties must verify 4 and v? Provide a precise statement (no proof is required).
ii) Assume that v is constant. Show that f is constant.
iii) Assume that |f| = Vu? + 2 is constant. What can be drawn on f? (hint: |f|> = u® +v? = &,
then 0, (u? +v?) =...)
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Exercise 56. Let
u(x,y) = x> — 10x°y? + 5xy*.
i) Determine all possible v = v(x,y) in such a way that f(x +iy) = u(x,y) +iv(x,y) be
C—differentiable on C.
ii) For the f found at i), determine the analytical expression of f(z) as function of z € C.

Exercise 57. Let
fony) =xt 4yt =2 -y)% (xy) € R
i) Compute, if it exists, imx y) e, f (X, ).
ii) Determine and classify the stationary points of f.
iii) Discuss existence of min/max of f on R? and find (if any) min/max points of f.

Exercise 58. Let

D:={(x,y,2) €R® : z21-(2+)), P +y*+7°

i) Draw D N {x = 0} and deduce a figure for D.
ii) Compute the volume of D.

<3

Exercise 59. We consider the differential equation

y' =log(1 - ty).
i) Determine the domain D c R? where local existence and uniqueness applies.
ii) Determine any constant solutions and the regions of D where solutions are increasing/decreasing.
Let now y :]a, 8[— R be the maximal solution of the Cauchy problem y(0) = ¢ with ¢ > 0.
iii) Determine the monotonicity of y.
iv) Is B = +00? Determine lim,_,g y(¢). Is @ = —c0? Determine lim;_,, y(?).
v) Plot a qualitative graph of y(¢).

Exercise 60. Let @ € RY\{0}. Determine
max  (ad-%)>%
ZeRd : ||%||=1

(here: a - X = 2?21 ajxj, |IX] = x3+ - +x3)



SoLuTIONS

Exercise 1. i) See LN for the definition.
ii) To check continuity, we have to check if

lim x,y) = £(0,0) = 0.
o oy (6 9) = £(0,0)

For (x,y) = (pcos b, psinf) # 0, in polar coordinates we have

_ 0> (cos® 6 — cos? @sin 0) 5 3 o
f(pcosB, psinf) = =p (cos 6 — cos 931n0),
Jel

from which
|[f (x,y) =0l = | (x, )| = p*[cos® 6 — cos® @sin 6] < 2p> — 0, p = 0, & (x,) — (0,0),

from which lim(, y)—(0,0) f(x,y) = 0, so f is continuous at (0, 0).
For differentiability, we start computing partial derivatives. We proceed by the definition:

3

1
0 (0.0 — lim L(OO+HLO) = FO.0) 0 f1.0) =700 Vo
t—0 t t—0 t t—0 t—0

Similarly
f((0,0) +1(0, 1)) - f(0,0) _ .. f(0,7)-f(0,0) .. 0

lim lim - = 0.
t t—0 t t—0 1t

8y/(0.0) = lim
t—
Therefore, f is differentiable at (0, 0) iff
. SO+h) = f(©) - (0.0)-h _

lim = 0,
h—0 Al
that is
h
lim & =0.
h=0 |||
Setting h= (u,v), we have
3,2
fu,v) hm T

i = —_— .
W) —=(0,0) V2 + 2 (u)—=(0,0) u? +v?2
Setting (#,v) = (p cos @, p sin ) we have

w —vi?|  p? 3 2
—| = —!cos 6 — cos Qsin9| <20—00,p—>0 = (u,v)—(0,0).
uz+v2 | p?
This shows that f is differentiable at (0, 0) and V £(0,0) = (0,0). O

Exercise 2. i) For instance (0,0, z) € D iff z> = 1, thus (0,0, +1) € D and D # 0. D is also the zero
set of g(x,y,2) := x>+ y> +z> — xy — 1. This is a submersion on D iff

Vg # 6, onD.



‘We have

. 2x —y =0,
Vg=0, 2y —x =0, = (x,y,2) =(0,0,0) ¢ D,
2z =0,

from which it follows that g is a submersion on D.
i) Certainly, D = {g = 0} is closed (g € %). Is it also bounded? We may see this by using spherical
coordinates:
X = pcosésing,
y=psinfsing, p’=x’+y"+2" = ||(x,y,2)|.
Z = pCos .
Then, if (x,y,z) € D we have

1 2
p?=1+p?cosOsinf(sing)’ =1+ Epz sin(20) (sin ) < 1+ %,
from which

= < I, &= p*=|(xy*<2.

Thus, D is bounded, hence compact.

iii) We have to minimize/maximize f(x, y,z) = v/x% + yZ + z2 or, which is equivalent (same min/max
points), f(x,v,z) = x>+ y? + z2. According to i), we are in condition to apply Lagrange multipliers
theorem. According to this result, at min/max points (x, y,z) € D we have

Vf(x,y,2) 2x 2y 2z
Vf=4Vg, < 1k =r1k < 2.
Vg(x,y,2) 2x—y 2y-x 2z

This happens iff all 2 x 2 subdeterminats equal 0O:
2x(2y —x) = 2y(2x —y) =0,

y2 _ x2 — 0’
2x2z7 —2z(2x —y) =0, = yz =0,
xz=0

2y2z7 —2z(2y —x) =0,
The first leads to y = +x, the second y = 0 (then x = 0) or z = 0. That is we have points (0, 0, z) and
(x, £x,0). Now
e (0,0,7) € Diff z2 = 1, that is (0,0, +1).
o (x,+x,0) € D iff 2x> = 1 £ x2. If +, 2x> = 1 + x%, we get x = +1, that is points (1, 1,0) and
(-1,-1,0). It —, x2 = 3, thus points ( 1 —%,O) and ( L1 ,O).

5 %

Prom these we see that (1,1,0) and (-1, —1,0) are points at max distance to 0 while (\/%, —\/%, ()) and
_L L . . . =

( 5V O) are points of D at min distance to 0. ]

Exercise 3. i) Figures are straightforward. D is not invariant by any rotation because one part of the
inequality (z > x? + y?) is invariant by rotations around z—axis while the second part (z < 1 — y?) is not.



ii) We have

l—y2
A3(D) = [ 1 dxdydz =4 [ J 1 dz dxdy = J (1 -y - (x*+ yz)) dxdy
D x24+y2<1-y? J x2+y2 x24+2y2<1

- J (1 (24 2y2)) dxdy
x2+2y2<1

cv x=pcos€:, \/§y=psin9 J (1 _ pz) % dp do

0<p<1, 0<0<2x

2 1 21p=1 41p=1 5
RE 27 p—p>dp=V2r [p_] _[p_] zﬁ. m]
‘/i 0 2 p=0 4 p=0 4

Exercise 4. 1) F is irrotational on D iff
2 2
ax~+by Xy
Y2 2 o202 2, o2
(x> +y?) (x> +y?)
By computing derivatives, the previous is equivalent to
2by(x% +y?) — (ax? + by?)4y : y(x% +y?) —4x?y
(x% +y2)3 (2]

=0, D.

that is, iff

(2b —4a)yx*> = 2by* = -3x°y+y}, = 2b=-1,-1-4a=-3, = b= —%, a= %

ii) To be conservative, F must be irrotational, hence, necessarily, a = % = —b. Thus,

- 1 x*>—y? Xy
= |- , = V N —
o )

Looking at the second equation,

Xy X 2, .2\-2
) = ) d = — 2 d —_ —
f(x,y) J 472 y+c(x) 2J y(T+yT) dyte(x) = o) 021y
Now, by imposing also the first equation we get
¢’(x) =0, < c¢(x) = constant.

Thus, all the potentials of F are

1

-—————+c. O
2(x2 +y?) ¢

fxy) =

+c(x) = —;ﬂ‘(x).



Exercise 5. About the CR equations see the course notes. Assume that f = u + iv is C differentiable
on C. Then, u, v are R differentiable and the CR eqns hold,

Oxut = 0yv,

Oyu = —0yv.
If also f = u — iv = u +i(-v) is C differentiable, u, —v fulfill the CR eqns,
Oxu = 0y(=v) = =0yv,

Oyu = =0y (—Vv) = +0xv.
But then, combining the two CR eqns, we get
Oxut = =0yv = =0xu, = 20,u =0,

and, similarly, dyu = 0. From this Vu = 0 hence u is constant. Similar conclusion holds for v. We
conclude that both # and v must be constant, hence also f must be constant. O

Exercise 6. The domain D is defined by large inequalities involving continuous functions: by a known
fact, D is closed. Moreover, by the constraints, D is manifestly bounded. Therefore D is compact,
and since f is continuous on R?, itis f € € (D). So, the Weierstrass theorem applies and this ensures
existence on global min/max points for f on D.

To determine these points we argue as follows. If (x, y) is any min/max point then

e cither (x,y) € IntD, so, being f differentiable (polynomial), Fermat theorem applies and
Vf(x,y) =0. Now,
Vf(x7y):(2x_y’_2x+2):(0a0)’ — (X,Y)z(l,z)-

Since (1,2) ¢ Int D, we conclude that there aren’t stationary points for f in Int D. In particular,
any min/max point cannot lie into Int D.
e or (x,y) € dD. Now, since D is a rectangle,

0D ={(x,0) : 0<x<3}U{(x,2) : 0<x<3}U{(0,y) : 0<y<2}U{(3,y) : 0<y<?2}

=FE{UE,UE3U E}4.

We have
f(x,0) =22,
so, on E| the minimum point is for x = 0 (point (0, 0)) while the maximum point is for x = 3
(point (3, 0)). Then,
f(x,2) =x>—4x+4 = (x - 2)°,
so, on E, the min pt is for x = 2 (point (2, 2)), while max points are x = 0 (point (0,2)) and x = 3
(point (3,2)).
On E5 we have

f£(0,y) =2y,
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so the min point is at y = 0 (point (0, 0)) and the max point is at y = 2 (point (0, 2)). Finally, on
Ey,
f(B3,y)=9-06y+2y=9-4y,
so min point is at y = 2 (point (3, 2)) and max point is at y = 0 (point (3, 0)).
From the previous analysis we conclude that:

e candidates to be min points are (0, 0), (2, 2), (3, 2), and since
f(0,0)=0, f(2,2)=0, f(3,2) =1,

we conclude that (0, 0) and (2, 2) are both min points for f on D.
e candidates to be max points are (3, 0), (3, 2), (0, 2), and since

f(3,00=9, f(3,2)=1, f(0,2) =4,
we conclude that (3, 0) is the unique max point for f on D. O
Exercise 7. i) D N {x =0} = {(0,y,z) : +/|y| < z <2 —y?}. Thus, in the plane yz, D N {x = 0} is
the plane region between z = +/|y| and the parabola z = 2 — y? (see figure). Since (x, y, z) € D depends

on (x,y) through x? + y2, D is invariant by rotations around the z—axis.
ii) We have

2—(x2+y?)

RF
A(D) = [ Vdxdydz = [4rms o (o) L AYAZ= Joras ) o) IW 1 dz dxdy
= IWsZ—(x2+y2) (2 — (2 +y?) -2+ yz) dxdy

cv
- J\m<2—p2, 00,27 (VP = (2= p?)) p dpds.

Now, 4/p < 2 - p? might be hard to solve. However, here p > 0; 4/p is increasing while 2 — p? decreases.
Since at p = 1 they are equal, we conclude that \/p < 2 - p? iff 0 < p < 1. We can continue previous
chain by the RF:

RF (1 (2rm 3 32 _ 2=l p_4,D:1_ Fﬂp:l
= Io o 2p-p*-p )d@dp_Zn( [o7Tm0 [4]p=0 312 | p=0
)_7
=1z,

Exercise 8. i) Let f(¢,y) := ef—y_t Then, f is defined on

3

:271(1—

wiro

O

ENT
(=)

D={(t,y) eR* : ¢ —t #0}.

Now, e¥ —t = 0iff ¥ = ¢, thatis y = logt. Therefore D = {(t,y) : y # logt}. Clearly, f,0,f € €(D),
so local existence and uniqueness applies on D.
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ii) y = C is a constant solution iff 0 = eé_t iff e© = 0, which is impossible. Conclusion: no stationary
solutions. Furthermore,
e’ e¥>0
y,/, < 0y = e — e&-1>0, & e’ >t
e —_—

This is always true if r < 0, while, for ¢ > 0, it is true iff e¥ > ¢, thatis y > logr.
iii) Claim: y . This follows once we prove that y(¢) < logt for all . This is indeed true at r = 2:
y(2) = 0 < log 2. If the conclusion were false, there would be a 7 such that y(7) > log?. But,

e if y(7) =logt, (1, y(7)) ¢ D, which is impossible for a solution.

e if y(7) > log? then, by continuity, there would be another 7 such that y(7) = log?, so we fall again
into a contradiction.

In any case, we get a contradiction, so y(#) < log must be always true and the conclusion follows.

a > 1: indeed, if @ < 1 we would have y(a) > y(2) = 0 =1log1 < log @, contradicting y(¢) < log?
always.

iv) For the concavity we notice that

., ( e¥ )' e¥y'(e¥ —t)—e’(e¥y —1) e¥(-ty' +1)
y = = =
ey —t

(v —1)? (¥ —1)?
Therefore,
y, & y'20, & 1-1y>0.
Sincet €]a, B[, > a > 1> 0and y’ <0, we conclude that 1 —¢y” > 1 > O for all 7, thus y”” > 0 for all
t and y is convex.
B = +00? We have two possibilities: < +o0, § = +00. If § < +0co then, defined y () = lim;,5 y(t) >
—oo (the limit exists being y decreasing), we would have
e cither y(8) > —oo: in this case, the solution would remain into the compact box [2, 8] X [y(8), 0]
for all future times, violating the exit from compact sets, impossible;
e or y(B) = —oco: also this is impossible because, by convexity, y would be above each of its
tangents, in particular to that one for ¢ = 2:

Y1) Z2y2)+y @) -2) = y(B) > y(2)+y' (2)(B-2) > —oo,
which is impossible being y(8) = —co.
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In any case, we got a contradiction. This means 8 = +co. O

Exercise 9. i) f = u+iv is C—differentiable on C iff u, v are R—differentiable on R2 and u, v fulfill the
CR conditions. Clearly v is differentiable. Thus we have to look at u = u(x, y) R—differentiable such that

Oxu =0yv=-e"Y(ycosx+xsinx)+e Y cosux,

Oyu =—0xv =—e Y (—ysinx+sinx +xcosx).

From the first equation,

u(x,y) = j Oxu(x,y) dx+c(y) =—e” (ysinx — xcosx) +c(y).
We have
dyu =€ (ysinx —xcosx) —e Ysinx +¢’(y) = e (ysinx —xcosx +sinx) + ¢’ (y)
thus dyu = =0,V iff ¢’(y) = 0, that is c(y) is constant. We conclude that
u(x,y)=—e Y (ysinx —xcosx) +c+e Y (ycosx +xsinx).
i) We have

f =u+iv=—eY (ysinx —xcosx) +ie > (ycosx +xsinx)

e Y (y(—sinx +icosx) +x (cosx +isinx))

e (iye™ +xe™)

XY (iy +x) = Y (x 4+ iy) = €3z, O
Exercise 10. Let F := fVf=(focf, foyf) = (F1, F2). According to Green formula,

iﬁ fVf=¢ F= J (8yFy — 8, Fy) dxdy.
oD oD D
Now, since
ayFl = 8y(faxf) = ayfaxf + fayxf, 8xF2 = ax(fayf) = axfayf + faxyf
we easily deduce that d, Fy — 0xF> = 0 being f € €%(R?). O

Exercise 11. i) Clearly f(x,0) = x6 —x* — +o0 for x| — +00. So, if a limit exists it must be = +co.
We check this changing coordinates and using polar coords:

F(x,y) =p° = (pcos)* + (psinB)* > p® - 2p* — +o0, if p = | (x, y)|| — +oo.

ii) By i) and a consequence of Weierstrass theorem, f has global minimum on R? but not any
global maximum. Since every point of R? lies in its interior, according to Fermat theorem (clearly
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Oxf = 6x(x? + y*)? — 4x> and oyf = 6y(x% + y%)2 + 4y are both continuous on R?, hence f is
differentiable on R? according to the differentiability test), at min we have V f = 0. Now,

R ox(x2+y%)? —4x3 =0, x (6(x2 +y%)? —4x?) =0,
V=0, < —
6y(x>+y2)2+4y3 =0 y (6(x2 +y%)2 +4y?) =0,

Now, looking at second equation, we see that either y = 0 or 6(x? + y?)> + 4y?> = 0. In the second case
we obtain trivially x = 0 and y = 0, thus the point (0, 0). Plugging y = 0 into the first equation we get

2
x(6x4—4x2):(), — x3(3x2—2)=0, — x:O,szi\/;.

Thus we have again (0, 0) and two more points (i\/g , 0). Since f(0,0) = 0 while

2 8 4 28
f(i\/;,0)=ﬁ_§=_ﬁ<f(o’o):0,

we conclude that (i\/g , 0) are global minimums. Finally, since R? is connected,

28
f(R?) = [—E&oo !
Exercise 12.
Exercise 13. ii) We have,
A3(D) = j 1 dxdydz
x242y2<z<4-3(x2+2y2)

RF

1 dz dxdy

J4—3(x2+2y2)

Jx2+2y2<4—3 (x242y2) Jx2+2y2

j 4 (1 g +2y2)) dxdy.
x242y2<4-3(x2+2y?)

Noticed that x? + 2y? < 4 — 3(x? +2y?) iff x> + 2y% < 1, we have

A3(D) =J

x2+2y2<1

4 (1 e +2y2)) dxdy.
Changing variables to adapted polar coordinates

x =pcosé, \/Eyzpsine,

we have

A3(D) ZJ

0<p<l, 0<0<27

1
4(1=p2) £ dpao ¥ B2 —3d=8—"(1—1)=4—”.
(p)\/ip ﬁjo(pp)p\/izél N
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Exercise 14. i) Let u = x> + y>. Clearly, u is R—differentiable on R?. Therefore, f = u + iv is
C—differentiable iff v is R—differentiable and CR equations hold,

Oxu = 0yv, Oxv = —0yu = =2y,

Oyu = —0xv. Oyv = Oxu = 2x.

From the first equation v(x, y) = — f 2y dx + c(y) = —2xy + c¢(y). Plugging this into the second equation
we have d,v = —=2x + ¢’(y) = 2x, thatis ¢’(y) = 4x, which is impossible since ¢ does not depend on y.
We conclude that such v does not exist.

ii) Since there is no v such that f = u + iv is C—differentiable, there is no f to be found. O

Exercise 15. See notes for the statement. We may formally set the optimization problem in the
following way. The set y = f(x) is also f(x) — y = 0. Setting g(x, y) := f(x) — y we see that
{(,y) cy=f()}={(xy) : g(x,y) =0}

Let’s check that g is a submersion on {g = 0}. Indeed Vg = (dxg,d,g) = (f'(x),—1) # 0, whatever is
x. Let now

d(x,y) = (x=a)’ + (y = b)%,
the square of distance from (a, ») to (x, y). At minimum (x, y) on the curve, thatis y = f(x), according
to Lagrange theorem we have
Vd =AVg = A(f'(x),-1).
Since
Vd=(2(x-a),2(y-b)) =2(x—a,y - b) =2(Q - P),
we have A
Q -P= E(f/(x)’ _1)
Now, since the tangent direction to y = f(x) at point (x, f(x)) is (1, f'(x)), and clearly (f’(x),—1) L
(1, f’(x)), we have that
Q=PI (f/(0).=1) L (1 /') || tangentto f,
from which the conclusion follows. O

Exercise 16. i) Point (0, y,0) € D iff y> = 1 and y* = 1, thatis y = +1, so (0, +1,0) € D. D is the
zero set of (g1, 82) = (x> +y> — 722 — 1,y? + 7 — 1). According to the Definition,

Vg | _ | 2x 2y -2z
Voo | | 0 2y 1

Since this is a 2 X 3 matrix, its rank is < 2 iff all 2 X 2 sub determinant equal 0, or

(g1,g2) is asubmersionon D <= 1k l ] —20onD.

{ =0 (0,0,2),

4xy =0, x =0, y=0,
2_x:0, — — x=0
2y(-1+27) =0, y(1+2z) =0. -

— (O’ya_%)'
= 2
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Now,
e (0,0,7) € Diff —z> = 1 and z = 1, impossible;
e (0,y,-%) € Diff y?> = 2 and y* = 3, impossible.

. . Y
Conclusion: at no point of D the rank of the matrix [ Vgl
2
on D.
ii) D is certainly closed being defined by equations involving continuous functions. Is it also bounded?

From the second equation y? = 1 — z, thus y = V1 — z for z < 1. Plugging this into the first equation

} is less than 2, thus (g1, g2) is a submersion

= -(l-2)+1=22+z7=z2(z+1), = x=xV2+zforz<0V z> 1.

In particular, for z < 0 points

(£Vz2+z,+V1—2z,27) € D, V2 < 0.

These points are unbounded because

N(EV2+ 2,2V -2, )P =22 +z2+ (1 —2) + 22 =222+ 1 —> 400, 7 —> —00.

We conclude that D is unbounded.

iii) By ii) D is closed and unbounded. We have to min/max +/x% + y% + z2 or, equivalently, f :=
x% + y% + 72, which is continuous on D and such that lime, f = +00. We conclude f has no max point
on D while it has min points. By i) and according to the Lagrange multipliers theorem, at min point we
must have

Vf 2x 2y 2z
Vf=A4Vg + A, Vg, — 71k| Vg |=| 2x 2y -2z | <3.
Vg 0 2y 1

This happens iff the determinant of the previous jacobian matrix equals 0, that is
8xy(x+2)=0, & x=0,V y=0, V z=-x.

This leads to points (0, y, z), (x,0, z) and (x, y, —x). Now,
e (0,y,7) € Diff y>—z> =1and y*> + z = 1. From these, z> + z = O that is, z = 0 or z = —1, thus
we have points (0, =1, 0) and (0, +12, -1);
e (x,0,z) e Diff x> —z2 = 1 and z = 1, that is (i\/i, 0,1).
o (x,y,—x) € Diff x> +y?> —x*=1and y> — x = 1, thatis y> = 1 and x = 0, from which we have
points (0, +1,0).

Conclusion: min points are among (0, +1, 0), (0, +2, -1), (i\/i, 0, 1), and clearly thos at min distance
to 0 are (0, «1,0). O

Exercise 17. i) To be irrotational, the field must verify

cx+dy

ax+by

V(x,y) € D = R*\{0}.

Ox
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‘We have

byx2 +y2 — (ax + by) —2—

ax+by 2\/x24y2 b(x* +y?) = y(ax + by) 3 bx* — axy
N (x2 + y2) - (x2 +y2)32 T (24232

and, similarly

dy

cx +dy cy? —dxy
Ox =

Va2 +y? (x4 y2)32

Thus, the field is irrotational iff
bx* — axy cy? —dxy -
(24232 - (223 bx* = axy = ¢y’ = dxy, V(x,y) € R*\{0}.

Since the identity is trivally verified at (x, y) = 0, we may say that the field is irrotational iff

bx*> —axy=cy’—dxy, & b=c=0, a=d.

ii) By i), to be conservative F must have the form

Po ax ay
Va2 + v Va2 +y2
Now, such a F is conservative iff F = V f, thatis

—_ ax
8.xf - /_x2+y2 s

-
00f = 2=

From first equation,

ax
flx,y) = J \/xz—Tyz

Plugging this into the second equation we have

dx + k(y) = % J(xz + )7 V2(2x) dx + k() = a(® + y)2 5 k(y).

ay

\/x2+y2’
f(x,y) =ax2+y2 +k, k € R,

are all the potentials for F. O

= k(=0

1 - )
Oyf=az(®+y)7 P2y 4 K (y) =

Thus, we deduce that

Exercise 18.

Exercise 19. In order f = u + iv be holomorphic, we need that u, v are both R—differentiable (and
certainly v it is), and they verify the CR equations,

Oxut = 0yv,

Oyu = —0xv.
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Thus we have to look for an R—differentiable u such that
Oy = 3y% — 3x% + 4x,
Oyu = —(=6xy +4y —1).

From the first equation we get,
- 2 2 _ 2.2 3 2
ulx,y) = j(3y —3x"+4x)dx+ k(y) =3yx —x7 +2x" + k(y).

Plugging this into the second equation we have
6xy+k'(y) =6bxy—4y+1, & k'(y)=-4y+1, = k(y)=-2y*+y+k, keR.
Thus, all the possible u that verify the CR eqns together with v are
u(x,y) =3y’x = x> +2x2 = 2y* + y + k.

Since such u are clearly R—differentiable, f = u + iv is C—differentiable (holomorphic) on R
To determine the analytical expression for f as a function of complex variable z = x + iy, we may
notice that

f o=u+iv=3y2x - +2x2 =2y +y + k +i (y° - 3x%y + dxy — x)

= —i (x +iy) +2 (x? = y* +i2xy) — (x3 —iy? =3y’ + i3x2y) +k
—— —

Z ZZ 23

=2 +22-iz+k. O

Exercise 20. i) See LN.
ii) We introduce the change of variable

X=: MX=:¥PX)

~~~
=
=
=
e
1
~~~
ST
=
S
=
oy
=
N
Il
o SRy

where M is the 3 X 3 matrix made by a, b, as lines. Since @, b, & are linearly independent, M has rank
3, thus it is invertible and the previous is a true change of variable. Moreover, ®’(X) = M so

1 1

det(P~ 1’| = = .
| det (¥ = Taerwr T Tdera|
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therefore, according to the change of variable formula

dudvdw

J uvw
O<u<a, O<v<p, OSw<y | det Ml

g {J, <) () ([

1 2By _ (apy)’

T ldetM| 2 2 2 8|detM|
(clearly, there is a typo in the text of the exercise, det M must be replaced by | det M|). O

J @ -3)(b-%E %) di =
Ea,,b',y

Exercise 21. i) We have (x,y,0) € T"iff x> + y?> = 1 and x> = 1, thus x = =1 and y? = 0, hence
(x1,0,0) e . Now, " = {g; =0, g» = 0}, where g| = x>+ y> — 1, and g5 = x> + zZ — xz — 1. Clearly
21,82 € €' and (g1, g2) is a submersion on I iff

Vgi 2x 2y 0
rank = rank =2, V(x,y,z) €T.
Vgo 2x—z 0 2z—x

This is false iff all 2 x 2 submatrices have determinant =0, that is

2y(2x —z) =0,
2x(2z —x) =0,
2y(2z—x) =0.

Working on the first equation, we have the alternatives y = 0 or 2x — z = 0. In the first case, the system
reduces to x(2z — x) = 0 that is x = 0 (points (0,0, 7)) or x = 2z (points (2z,0, z)). In the second case,
the system reduces to

z=2x,
3x2=0, < (0,y,0).
3yx =0,

Thus, rank is less than 2 at points (0, 0, z), (2z,0, z) and (0, y,0). Now:

e (0,0,7) e I'iff 0 = 1 (first condition), impossible;

e (22,0,7) € Iiff 42> = 1 and 5z% = 2z% + 1, that is z* =  and z? = 1 which are impossible
together.

e (0,y,0) eI'iff y2 =1 and 0 = 1, which is, again, impossible.

Conclusion: none of points where rank is ;2 belong to I', this meaning that rank =2 on I', hence (g1, g2)
is a submersion on I'.
ii) Clearly I" is closed because defined by equations involving continuous functions. Boundedness:

: . . 2 2
from first equation we deduce x?, y> < 1. From second equation, recalling that ab < & ;b we have

x2+72 x2 + 72

+1, = <1,
2 2

x2+z2:xz+l <
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from which, in particular, z> < 2. Therefore ||(x,y,2)|| = V2 +y2+22 < VI+1+2 = V4 = 2, for
every (x,,z) € I'. Conclusion: I' is bounded, hence compact.

iii) We have to minimize/maximize f(x, v, z) = vx2 + y2 + z2 or, equivalently, f(x, y,z) = x> +y2+z%.
By ii), I' is compact and obviously f € &, thus existence of min and max for f is ensured by Weierstrass’
theorem. To determine min/max points we apply Lagrange’s thm. According to i), this thm can be applied
on I'. We deduce that, at min/max points (x,y,z) € I,

Vf 2x 2y 2z
Vf=A4Vg +4,Vg,, & rank| Vg | = 2x 2y 0 =2,
Vgo 2x—-z 0 2z-—x

or, equivalently, the determinant of this last matrix equals 0. We obtain
2z (-2y(2x—2)) =0, < yz(2x-2)=0, < y=0,Vvz=0, Vz=2x.

Thus possible min/max points are among points (x, 0, z), (x, y,0) and (x, y, 2x). Now,
2 = xz+1, or, equivalently, x> = 1 and z> = xz+ 1. Forx = 1 we

liz\/g). Forx = —1 we get 72 = —z + 1, that is

e (x,0, z) eTiffx>=1and x> +z
1+\f

getz> = z+ 1, thatis z = , namely points (1,0,
1+\f

7= , namely pomts( 1,0, _13\6).
o (x, y,O) e Tiff x> + y> = 1 and x% = 1, that is x = =1 and y? = 0, namely points (+1 0, 0)
e (x,y,2x) € l“iﬂr)c2+y2 =1 and x2 + 4x2 = 2x% + 1, from which x% = 1 ,x=+L andy = %

\f
y== thus we get points ((, i\/g, \%) and ( i i\/g, —%) (4 points).

‘We have

2 2
* f(1,0, 1izﬁ):““(lizﬁ) = 10205 f(-1,0, 214%) = 1+(_1 \B) = 10295,
i f(il,(),O):l

1 2 2| _1 2,4 _ 17 1 2 2 | 1 2,4 _ 17
.f(%,iﬁ W)—§+§+§—§andf(—7§,i\/;,—\—r3)—§+§+§—§.

From this we see that (1,0, ”2\6 ) and (-1,0, _15‘5) are maximum points while (+1,0,0) are min
points. O

Exercise 22. ii) D is closed (because defined by large inequalities involving continuous functions) and

bounded (the root imposes x> + y < 1 and, consequently, 0 < 1 — (x2+y?) < z < /1 — (x2 +2) < < VI,
that is O < z 1). Thus D is compact, hence 1p is 1ntegrable on D. Furthermore noticed that, calling

p_'x+y9
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which is always true, thus 1 — (x? + y?) < 4/1 — (x2 + y2) always when defined. Then

RF Y rpere)
Vol D = [, 1dxdydz = fx2+y2<1 C(x2ayy) 1 dzdxdy

= [nye (VIZ GZ437) = (1= (2 +3%) ) dxdy

pol. coords )
= .[0<0<27r, 0<p<l (Vl -p*-1+p )pdpd@

]

ISEN

RF 1 i
= 27rf0 p(1=p)2 = p+pdp=2n [[_ (1- 2)3/2]9 =0 [%]p:0+ [

Exercise 23.

Exercise 24. Let z # 0. Setting w = -, we have to solve
e —e™
sinhw =0, — = 0, = ™ =1, & 2w=Ilog|l|+i(0+k2n) =ik2n, k € Z.
Thus
: ik — : ! ! ke Z\{0}. O
—:W:lﬂ" :—:—:—7 .
z ¢ ikm  krm  knrm

Exercise 25. i) See notes for definitions and characterizations.

i) If0S = @, 0S itisclosed. LetdS # @. To verify that 0 is closed, we use the Cantor characterization.
Let (X,) C 0S be such that )?,, —s X € RY. We prove that X € 9S. Fix r > 0. Since X, — ¥, we have
that for n > N [|X, — X|| < 5. Now, since %, € 95,

B(X,,r/21 NS # @, A B(X,,r/2] NS¢ # @.

Since ||X,, — X|| < &, we have that
B(X,,r/2] c B(X,r],
therefore
B(X,r] NS > B(X,,r/2] NS # @,
and, similarly, B(X,r] N S¢ # @. We conclude that X € 95, thus 45 is closed. O

Exercise 26. 1) See LN for statements.
ii) To extend f at (0, 0) as a continuous function, we need to compute the limit

lim 2 log(x* +y?).
(xy) (Oo)f( ) y) = im0 g(x”+y9)

In polar coordinates
f(x,y) =p*cos’flogp®, = |f(x,y)| <2p°|logp| — 0, p > 0+.
We conclude that

lim f(x,y) =
(x,y)—(0,0) fly) =
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Thus, setting
*log(x* +y%), (x,y) #(0,0),
fx,y) =
0, (x,y) =(0,0),
we get a continuous function at (0, 0). To check differentiability we notice that, for (x, y) # (0, 0),

2
By f(x,y) = x* ==

x2+y2
Clearly 0, f,8yf € €(R*\{(0,0)}) so, according to the differentiability test, f is differentiable on
R2\{(0,0)}. Let’s discuss differentiability at (0, 0). Previous formulas do not allow to compute 9y f (0, 0)
and d, f (0, 0). However, we notice that

f(l,O)—f(0,0) —
t

2x
Oxf(x,y) = 2xlog(x” +y%) + x> 5——,
X +y

2 2
. t“logt
hm_g
r—0 t

A, f(0,0) = lim = lim rlog* = 0,
t—0 t—0

and,

3y£(0,0) = lim = lim - = 0.

t—0t
We can now easily check that d, f and 8, f are continuous at (0, 0) too. Indeed, for example

3 ned
0

[0x f(x, )| =20 cos@logp2+2ﬂ

0

f(0,7) - f(0,0) 0
t

> <2p|logp?|+2p — 0, p — 0 +.

Therefore
lim O, f(x,y) =0=20,f(0,0),
om0 o f (X, y) f(0,0)
thus d, f is continuous at (0, 0). Similarly, d, f is continuous at (0, 0). We conclude that f is differentiable
at (0,0). O

Exercise 27. i) D is closed being defined by large inequalities involving continuous functions of (x, y).
It is not open since D # @,R%. It is bounded because x > 0 and from 0 < y < 1 —x, in particular
1-x>0,thatisx < 1,500 < x < 1 and, at same time, 0 < y < 1 —x < 1. Thus 0 < x,y < 1 and this
implies that D is bounded. Since D is closed and bounded it is also compact.

ii) Since f is clearly continuous on D and D is compact, f admits both global min/max on D. To
determine min/max points, we may argue in the following way. If (x,y) € D is a min/max point for f
then

e cither (x,y) € Int D
e or (x,y) € D\Int D = 9D.
In the first case, since
Oxf =3y +2xy + 2, oy f = 3x +x% +2xy
so 0y f,0yf € €(D), f is then differentiable on D, according to Fermat theorem, at min/max points
3y +2xy+y2 =0, y(3+2x+y)=0,
Vi) =0, e =
3x+x2+2xy =0. x(3+2y+x)=0.
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The first equation leads to the alternative y = 0 or 3 + 2x + y = 0. In the first case, the second equation
becomes x(3 + x) = 0. whose solutions are x = 0 and x = —3. This produces points (0, 0) and (-3, 0).
In any case these do not belong to Int D. In the second case, y = —2x — 3, from the second equation we
obtain x(—3 — 3x) = 0, that is x = 0 or x = —1. This yields points (0, -3), (-1, —1) ¢ D. In conclusion,
no stationary point for f is in the interior of D.

Thus, min/max points for f are on 9D = AU BU C where A = {(0,y) : 0 <y < 1}, B={(x,0) :
0 <x < 1}and, finally, C = {(x,1 —x) : 0 <x < 1}. On A we have

f(@0,y) =0,

thus every point is min/max point for f on A. On B, similarly, we have f(x,0) = 0, thus every point of
B is at same time min/max for f on B. Finally, on C

F,1=x)=3x(1=x)+x*(1 = x) +x(1 =x)? = 3x = 3x% +x? = x> +x - 2% + 1% = —4x? +4x = g(x).
Let’s determine min/max points for g with x € [0,1]. We have g’(x) = -8x +4 > O iff x < % Thus

x= % is max point for g and x = 0, 1 are min points for g. This means that

(%, %) is max point for f on C

e (0,1), (1,0) are min points for f on C.

We can now draw the conclusion:

e for minimum, candidates are points (x,0), (0,y) with 0 < x,y < 1 where f = 0. All these are
min points for f on D;

e for maximum, candidates are points (%, %) (where f = 1) and (x,0) and (0, y) with0 < x,y < 1

(where f = 0). Thus, the max point is (%, %)

Exercise 28. i) Let F = (¢,¥). In order F be irrotational on D we need

Oy¢ = 0xy, on D.

We have
P ¢ — b(x2+y?)2—(ax+by)2(x2+y?)2y — b(x2+y?)—4y(ax+by) — bx?—4axy—-3by?
y (x2+y2)4 (x2+y2)2 (x21y2)2 >
P _ (2422~ (ex+dy)2(x24+y*)2x _ c(x*+y?)—4x(cx+dy) _ —3cx?—4dxy+cy?
Y= (xZ4y2)a = (xZ+y2)2 = (x2+y2)2
Hence,
= —3c,
Oy = 0xy, bx? — 4axy — 3by* = =3cx® —4dxy + ¢y?, = a=d,
-3b=c

from which » = ¢ =0and a = d € R. Thus

Be ax ay
@2+ (22422
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ii) Necessary condition to be conservative is that F be irrotational, thus F is given as at the end of 1).
Now, such F is conservative iff F = V f, thatis

Ocf = x2+y2)2’
Of = (x +y2)2
From the first equation
£ = [ gy de k() = 5 [ 0= (2037 ds k) = =567 400 4 k).
Plugging this into the second equation we have
oS = Zny)z, = (XZ“ K ) = ﬁ = K(y)=0, & ..k(y)=keR.

Thus, F is conservative with potentials

flx,y) = —g(x2 +y) 4k, keR.
iii) By previous discussion, when (a, b, ¢, d) = (2,0, 0, 2), field F is conservative. Thus

- 1 3
F=f0,2)-f(1,0) = — - (-1) = -.
| F=r@2-r00=—3-(n=7 o

Exercise 29. ii) The change or variable is given in the form (u,v) = ®(x,y) = (y — x>,y + x7).
According to the change of variable formula,

J f(x,y) dxdy:J F(@ " (u, v))| det(® Y (u, v)| dudv.
D (D)

We need to determine ®~'. Notice that

u=y-x3, u+v =2y, y =14, y =4y,
— — —
_ 3 — 1.3 3 _ v-u _un1/3
vV=y+x7, vV —u=2x, X7 =55, x:(%) ,
Therefore
v—u\/3 u+v
O (u,v) = ( ) s
(u,v) ( . .
Moreover,
X>1, (T)l/3 1, v—uz=?2
(x,y)e D, — —
2 <y<3, vty <3 V-u<v+u<6
that is



31

Now,tobev —u < v+uitmustbeu > 0,andfrom2 <v-u<v+u<bweget2+u<v<6-u
provided 2 + u < 6 — u, thatis u < 2. In conclusion

O(D)={(u,v) : 0<u<2,2+u<v<6-u}

About f, in coordinates (u, v) we have

Feo ) = (S50 e

while

vou)=2/3 (_1) 1 (vzu)~23 (+1)
(@1 = et (297 2) 505 ) |
2

[SSTI

In conclusion

—u\2/3 —u\—2/3
.[D fdxdy = f0<u<2, 2+u<v<6-u (%) / Mev% (%) / dudy = 5 <u<2, <v<6-u ue” dudy

RF | (2 r6-u 1 (2 6-u 1 (2 v1v=6-u
—602+uuevdvdu—3f0ufue dvdu—gfu[e]_ du

= % 0214 (e6_“ - e2+“) du % (6‘6 f(? ue ™ du — e* foz ue" du)

% (66 (—26_2 - (6_2 - 1)) — 2 (262 - (62 - 1)))
= %f (—262+e4— 1). O

Exercise 30. i) If u(x,y) =Re f(x +iy) and v(x,y) =Im f(x +iy), then

glx+iy) = f(x—iy) = u(x,-y) +iv(x,-y) = u(x,-y) —iv(x,-y),
from which we see that
U(x,y) =Re g(x +iy) =u(x,-y), V(x,y) =Img(x+iy) = —v(x,-y).

ii) g is holomorphic iff U,V are R—differentiable and they verify CR equations. Clearly, sunce f is
holomorphic, u, v are R—differentiable, hence also U,V are R—differentiable. Therefore, we have to
verify if U, V fulfil also the CR equations, that is

o0xU =0,V,

0yU = -0,V.
We have,
0xU = 0x(u(x,—y)) = dxu(x,—y), 9yV =0, (—v(x,-y)) = —dyv(x,—y)(-1) = dyv(x,-y).
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And since dyu = dyv we deduce that also d U = 0,V. Similarly, ,U = -0,V and the check is
completed. O

Exercise 31. i) Let g; := x> — y?> — z2 and g, := x> + y> —xy — 1. Then, g = (g1, g2) is a submersion
on D iff rkg’(x, y,z) =2 for all (x,y,z) € D. Now,

Vg1 2x -2y -2z 2x(2y —x) +2y(2x —y) =0,
kg’ (x,v,7) =1k =1k <2, &= 4§ 2z(2x-y) =0,
Vg 2x—y 2y-x O 2z(2y —x) =0.

Simplifying, we get the system

x4+ y? —4xy =0,

72(2x-y) =0,

z(2y —x) =0.
Choosing the second equation, we have the alternative z = 0 or 2x — y = 0. In the first case the system
reduces to

These points belong to D iff

XT =Yy, y = %X,

4xy =xy +1, 3xy =1.

However, since x? + y*> = 4xy implies that, for y = +x, that x = 0 = y, it is impossible that 3xy = 1, thus
no solutions are in D.
In the second case, namely, z # 0 and 2x — y = 0 or y = 2x, condition rkg’ (x, y, z) < 2 reduces to

y —2x,
x(2y —x) =0,
2y —x =0,

we easily get x = y = 0, that is a point of type (0,0, z). Now,

(0,0,z) e D,
0=1,

clearly impossible. Conclusion: rank of g’ (x, y, z) is never less than 2 on D, that is g is a submersion on
D.

ii) D is clearly closed being defined by equalities involving continuous functions. To determine whether
D is bounded or less, we look first at constraint x> + y> = xy + 1. Writing x = pcos6 and y = psin#,
this reads as

2

2 2
pzzpzcosésin€+1:%sin(29)+l,< %+1, — %<1, — 2+y2<2, Y(x,y,2) €D.
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But then, by the first equation,

2

F=x"—y <x

22?492 <2, = P4y’ +2 <4, = |y, 2l €2, Y(x,y,2) € D.

This means that D is bounded, hence compact.

iii) We have to miunimize/maximize f(x,y,z) = ||(x,y,2)|l or, which is the same, f(x,y,z) =
l(x, y,2)|I*> = x2 + y + z>. The existence of min and max is ensured by the Weierstrass theorem being D
compact by ii).

To determine min/max points, we apply Lagrange multipliers theorem. By i), assumptions of this
theorem are verified. Thus, at min/max point (x, y,z) € D we must have

Now,

Vf Vf
Vf=4Vg +A,Vg, < rk| Vg | <3, < det| Vg; | =0.
Vg Vg2
Vf 2x 2y 2z
O=det| Vg, | =det 2x -2y 2z | =—-2y-2)(-8xz) = 8xz(2y — 2),
Vgo 2x—-y 2y-x O

iff x =0, or z=0o0r2y — z =0. Thus, we have points (0, y, z), (x,y,0) and (x, y,2y). Now:

e (0,y,z) € Diff 0 = y? +z% and y? = 1, and of course this is impossible.
e (x,y,0) € D iff x* = y? and x* + y? = xy + 1. From the first we have y = +x. For y = x, second

condition becomes 2x? = x> = 1, thus x*> = 1, so x = +1 and we have points (=1, =1, O) (same

sign). For y = —x, second condition becomes 2x> = —x2 + 1, that is x> = 3, thatis x = +T from

which we have points ( L \f’ ) (opposite sign).

(x,v,2y) € D iff x2 = y2 +4y? = 5y and x2 + y? = xy + 1. From first equation we get x = +V5y.
In the case x = V5y, from second eqn we have 5y% + y2 =V5y2 + 1, that is (6 — V5)y? = 1, that

isy= \/_ this yielding to points (_‘/_\f \/_ 0) (same sign). In the case x = —\/_y,

second condition yields to 5y? + y2 = —\5y!, thatis y? = - ory = + from which we

1
5+V5 5+V5

. —_ 5 1 . .
et points , & , 0] (opposite sign).
getp (+\,ﬁ Vol )( pp gn)

Previous analysis figured out possible min/max points. To decide which are min and which max it suffices
to compute f at these points. We have:

o f(£1,£1,0) =2;
A \F’)‘ =0.6;
.f( \/6( \/6( ) -~ 1,59,

~0,83.

( \/5+\f \/5+\f ) 5+\F
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From this it is clear that (+1, +1, 0) are points of D at max distance to 0, while (i%, ¢\/l§, 0) are poitns
of D at min distance to 0. m|
Exercise 32.

Exercise 33. i) D is closed because it is defined by large inequalities. It is not open because D # @, R3.
It is unbounded since (n, n, 2)) € D for every n € N, therefore it is not compact.

1
cosh(2n
i1) We have

RF 1/cosh(x2+y?) 1
3(D) = 1 dxdydz = dz| dxdy = —————— dxdy.
(D) jD e jRZ Jo of e JRZ cosh(x? + y?) e

By introducing polar coordinates,

+00
/13(D):J 5P dpd@ZZHJ p 5 dp.

>0, 0<9<2x COsh p o coshp

Notice that ,
p 2p _ 2pe? 0
COShp2 - P 4 o - 1+ e20° = 8p arctan(e”),
thus ,
p=+00
A3(D) =2n [arctam(e‘)z)]p:O =2 (g - ;—T) = %

iii) Proceeding as in ii), we have
1/cosh(x2+y?) a(x2+y?)
Ia - j ea(x2+y2) dXdde R:F J‘ J e(l(x2+y2) dz dxdy — J e— dXdy
D &2 \Jo r2 cosh(x? + y?)
Changing vars to polar coords,

+00 2pe(a'+])p2

J ¢ dpdo =2 f
I = 9 = 427T
“ " )50, 0<o<2x cosh Pzp P 0 1 + e20’

Notice that , ,
2pelatp ela+l)p
“@pe T ~ oo 20

=2 (a-1)p?
1 + %’ e’ pe
and oo
E]J pe @V gy = g-1<0, &= a<l. O
0
Exercise 34. i) In order f = u + iv be C—differentiable on C we need 1. that u, v are R differentiable

on R? (which is true, being u, v polynomials) and 2. u, v fulfil the CR equations, namely
Oxu = 0yv, 3x2 + ay? = bx? - 3y?,
— — b=3,a=-3.
Oyu = —0xv, 2axy = —2bxy,
ii) We have
=2 =3xy)+i(3x%y —y) = (x+iy)’ =2°. O
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Exercise 35. Clearly f € € (R%) and moreover f > 0 (trivial) and

lim f(X) = +oo.

X—ooy

Just notice that f(X) > ||X¥ — @;]|> — +co when ¥ — oo4. Thus f cannot have a maximum but it has a
minimum according to Weierstrass’ thm. Now, f is differentiable on R4,

N
V=) VIE-al
j=1
and
VIE =17 = (11 - @11 all - @11

S0, writing

d d

IE-a;l? =) (e —aj0? = GlF=a17 =6 ) (v —aj)? =20xi - a;),

k=1 k=1

we deduce
VIIE-d,l* = (2(x1 —aj1),2(x2—aj2,...,2(xa —aja)) =2(X - d;).
Therefore, Vf € € and f is differentiable. According to Fermat thm, at min point we must have
_ oo X Lo
Vf=0, ;2()(—61]'):0, — Nx—;ajzo, — xzﬁjzz;aj. O

Exercise 36. i) For D # @ we consider a point of type (x,y,2). Then (x,y,2) € D iff x> + y*> = 4
and y2 =1,thus y ==+1 and x2 =3, thatis x = +/3. We conclude that points (i\/g, +1,2) (four points,
all possible combinations of sign) belong to D.

We have that D = {g; =0, g, = 0} where g; = x*> + y> — 22, and g, = y*> + (z — 2)> — 1. Clearly, both
g1 and g, are differentiable functions (they are polynomials). In order g = (g1, g2) be a submersion on D
we need to verify that

Vg 2x 2y -2z
kg’ =rk =rk =2, V(x,y,2) € D.
Vg 0 2y 2(z-2)
Now, this is false iff all 2 x 2 sub-determinants of the Jacobian matrix g’ vanish, that is iff
4xy =0, x =0, y =0,
4x(z-2) =0, — \%
8y(z—1)=0. y(z=1)=0, x(z-2) =0,

The first subsystem has solutions (0,0, z) and (0,y,1) (x,y € R); the second, (0,0, z) and (x,0,2),
(x,z € R). Now:

e (0,0,7) € Diff z2 =0and (z — 2)? = 1, impossible;

e (0,y,1) € Diff y> =1and y? + 1 = 1, again impossible;

e (x,0,2) € Diff x> =4 and 0 = 1, impossible.



36

Cocnlusion: there is no point on D at which rank of g’ is less than 2, therefore rank of g’ (x, y, z) is 2 for
every (x,y,z) € D, that is g is a submersion on D.
ii) D is defined by equalities involving continuous functions, it is therefore closed. From the second
equation
V+(z=22=1, = y*<1, (z-2)%< 1.
In particular, -1 < 7 —2 < 1, thatis 1 < z < 3, thus z? < 9. Plugging this into the first equation,

2 2

X2+y2=z, < x2+y <9, = x*><0.

In conclusion x> + y?> + 72 < 9+ 1+9 = 19, for every (x, y,z) € D, from which we see that D is bounded.
We conclude that D is compact.

iii) Points at min/max distance to 0 minimize/maximize the function f =x*>+y*+7% Since fis
continuous and D is compact, according to the Weierstrass theorem, f has both min and max on D.

To determine these points, we apply the Lagrange multipliers’ theorem. By 1), hypotheses of the
theorem are fulfilled. Thus, at every (x, y,z) € D min/max point for f in D we must have

Vf Vf 2x 2y 2z
Vf=A4Vg +A, Vg, < 1k | Vg | <3, & det| Vg, |=det| 2x 2y -2z =0.
Vg2 Vg 0 2y 2(z-2)

By computing the determinant we get
0=2x-4y(z—2+7z)—2x-4y(z—-2-7) = l6xyz,

whose solutions are points (0, y, z), (x,0, z) and (x, y,0). Now,
e (0,y,z) € Diff y?> = 22 and y*> + (z — 2)? = 1, from which z> + (z = 2)> = 1, or 27> = 27+ 3 = 0,
and since A < 0 there are no solutions to this equation;
e (x,0,7) € D iff x? = z% and (z — 2)? = 1, from which z = 1,3 and x?> = 1 (that is x = 1), or
x? =9 (that is x = +3). We obtain points (x£1,0, 1) and (3,0, 3);
e (x,9,0) € Diff x>+ y? =0, y?> + 4 = 1 which is impossible.
Since f(%1,0,1) =2 and f(£3,0,3) = 18 we deduce that (£1,0, 1) are points of D at min distance to
0, (£3,0,3) are points of D at max distance to 0. O
Exercise 37. Following the hint, we set (x,y) = (u?,v?) in such a way that, with notations of the

change of variables formula, (x,y) = ® !(u,v). To have a true change of variable, ®, ®~! must be
bijections, that is injective and surjective. Now, as defined, ®~! is not injective on R?. However, since

X = u?, u = ++/x,
(x,y) € [0, +00[2, —
y=v3 v =$y

we see that ®~! becomes injective (and bijective) if also (u,v) € [0, +co[%. Therefore, ®,®~! are a
bijection from [0, +co[? into itself:

(x,y) € [0, +co[?, @~ —
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According to the change of variables formula

J f(x,y) dxdy = J F(@ Y (u,v))| det(®") (u,v)| dudv
D (D)

Here D = [0, +00[2, and ®(D) = [0, +co[2.

—(u2+v2) —(u2+y2)
F@ () = f(u?v?) = —= = .
VutvZ +u2vt Ju2v2(u? +12)
and since
2u 0
—1y\7 _ _
det(® ) (u,v) = det[ 0 2 } =4uv,
we have
—(ul+y?
e ) |[4uv| dudv =

J‘ 67(X+y) dxdy — J € -
[0’+°°[2W [0,+00[2 /u2v2(u2+v2)

_4 e—(u2+v2) d d
a -[[0,+°°[2 Vu2+v? uav

=4 e?’
p>0,0<0<% p

o dpdd (u=pcosh, v=psinb)
R on Joo e~ dp = 271'\/7; =n\r. O

Exercise 38. i) In order f = u + iv is holomorphic on C we need that u,v € €' (true, u and v are
polynomials) and they fulfill the CR equations:

Oxut = 0yv, 2ax + by = x, 2a =1, b =0,
= V(x,y) eR?%,
Oyu = —0yv, bx +2cy = -y, b=0, 2c = -1.
Thus,
1 1
u= Exz - Eyz, vV =Xy,

and f = u +iv is holomorphic on C.
ii) Notice that
1, 2

1 1 1
f:u+iv=§x —§y2+ixy:§(x2—y2+i2xy)=§(x+iy)25%, zeC. O

Exercise 39. i) Let f(z,y) := m. Clearly, f is well defined on

D :={(t,y) €R* : y—logr#0}={(t,y) : t >0, y #logt}.

Clearly f,d, f € €(D), so local existence and uniqueness applies on D.
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ii) y = C is a constant solution iff 0 =
solutions. Furthermore,

1 . . . . . . .
Tologt which is impossible. Conclusion: no stationary

1
y—logt’
iii) Claim: y \,. This follows once we prove that y(¢) < logt for all . This is indeed true at ¢ = 2:
y(2) =0 < log 2. If the conclusion were false, there would be a 't such that y(7) > log?. But,

e if y(t) = logt, (7, y(t)) ¢ D, which is impossible for a solution.

e if y(7) > log7 then, by continuity, there would be another 7 such that y(7) = log?, so we fall again
into a contradiction.

y,/, & 0<y = y—logt >0, < y>logr.

In any case, we get a contradiction, so y(¢) < log¢ must be always true and the conclusion follows.
We have
Ay 0= e S0 —togr
Claim: y(¢) — log . Indeed, we know y(¢) < logt for every ¢, so letting t — a we have y(a) < loga.
If y(a) < log a then

vVt €la, 2], (t,y(1)) € [@,2] X [0, y(@)] =: K compact C D,
so the solution never leaves the compact K in the past. This is in conflict with the exit from compact sets,
so y(a@) = log @, from which y(7) —logt — 0. Since y(¢#) < logt, this implies y(¢) —logt — 0—, so
., 1
th_)n}yy (r) = os = T
iv) For the concavity we notice that

124

_ 1 /__ y/_%
Y T legt) T TG —logn?

1
yhoe= y'20 = y--<0.
Since t €]a, B[, t > @ > 0 and y’ < 0, we conclude that y’ — % < Oforall ¢ > 0, thus y”” > O for all t and

y is convex.

Therefore,
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B = +00? We have two possibilities: 8 < +00, 8 = +00. If B < +00 then, defined y(B) = lim;_g y(t) >
—oo (the limit exists being y decreasing), we would have

e cither y(8) > —co: in this case, the solution would remain into the compact box [2, 8] X [y(8), 0]
for all future times, violating the exit from compact sets, impossible;

e or y(B) = —oco: also this is impossible because, by convexity, y would be above each of its
tangents, in particular to that one for ¢ = 2:

y0) 2 y2)+y' (2 -2) = y(B) 2y2)+y(2)(B-2) > —o,
which is impossible being y(8) = —co.
In any case, we got a contradiction. This means 8 = +co. O

Exercise 40. See notes for definitions. We aim to prove that F! (S) is open if S it is. Suppose this is
false. There exists then a point ¥ € F~!(S) for which

AB(Z,r] c F7(S).

This means that:
Vr >0, BE r]nEF'(S)° £ 2.
Taking r = %
VneN, n>1, 3%, € B 1/n] n F1(S)C.
This means that ||X, — X|| < %, thus X, — X. By continuity, F(#,) — F(%). Furthermore, by
construction of (X,), we have that X, ¢ F~1(S), thatis F(%,) ¢ S for every n. Since F(X) € S (recall that

X e F71(S)), and S is supposed to be open,
3AB(F(¥),p] C S.
And since F(X,) — F(%), we have that
AN : F(%,) € B(F(X),p] € S, Vn > N,

which is in contradiction with the construction of (X,). We deduce that the initial assumption must be
false, that is F~1(S) is open. O
Exercise 41. i) Let (g1,g2) := (x> +y?> =1, x+y+z—1)insuchaway D = {g; =0, g» = 0}. To

check that (g1, g2) is a submersion on D we have to verify that

Vg 2x 2y O

rk =rk =2, V(x,y,z) € D.

Vgo 1 1 1
Now, rank is < 2 iff the two gradients are linearly dependent. This is manifestly impossible because of
their third component.

ii) D is closed being defined by equalities involving continuous functions. D is also bounded: indeed,
by first equation we have x%, y> < 1, thus —1 < x, y < 1, and by the secon

—1>2z=1-(x+y) <3,

thus z2 < 9 and x> + y? + 22 < 11.
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iii) Function f is continuous on D compact: existence of min/max is ensured by Weierstrass thm. To
determine these points, we apply Lagrange multipliers thm. By i), D fulfils the assumption of the thm.
Thus, at (x, y, z) min/max point for f on D we must have

Vf 2x+y—-1 2y+x+z-1 vy
Vf=A4Vg +A,Vg,, < rk| Vg1 | =1k 2x 2y 0] <3,
Vg 1 1 1

that is iff the determinant of previous matrix vanishes. We get the condition
2y(x—=y)+2(y2x+y—-1)=xQy+x+z-1)) =0,
from which, simplifying,
Yy =x)+ (2 -y -x*+x—xz) =0.

Since we are looking for solutions (x, y,z) € D, we must have z = 1 — x — y, and plugging this into
previous equation yields,

1
y2y-1)=0, < y=0, \/yzz.
Thus we get points (x, 0, 1 —x) and (x, %, % —x), to which we have still to impose the condition x2+y?=1.

In the first case x2 + 0% = 1, thus x = =1, that is points (£1,0,F1) (two points). In the second case,

x2 +% =1,thusx?* =3 andx = i‘/;, that is points (‘/75 % %‘;’) and (—\/; % #) We have

From this we see that (=1, 0, 1) is max point, (‘/75, 1, %g) is min point. i

Exercise 42. i) See LN for the definitions and general properties.
ii) To be irrotational, F' must verify

ax+by  _ cy+dz b(1+x2+y%+z2)— (ax+by)2y _ —(cy+dz)2x
Y 14x24y24z2 T U 14x2+y2422? (14+x2+y2+2z2)?2 T (l+x2+y2422)2°

ax+by  _ ex+fz . —(ax+by)2z _ e(14+x?+y*+z2)—(ex+fz)2x
lbxtyiez2 T T2 4y24z2’ (1+x2+y2+z2)2 — (14+x2+y2+z2)2 ’

cyvdz extfz d(1+x2+y2+z2) = (cy+dz)2z _  —(cy+dz)2x
Claxey?ez? Y Tty 2ez?? (1+x2+y2+2?)? T (1+x2+y7+422)2

that is
b(1+x2+y?+7%) — (ax + by)2y = —(cy + dz)2x,
—(ax+by)2z=e(1 +x>+y> +2%) — (ex + f2)2x,
d(1+x>+y2+7%) = (cy +dz)2z = —(cy + dz)2x

We work on the first equation, the others being similar:

b+ bx> —by* + bz* - 2(a — ¢)xy + 2dzx = 0,
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from whichb =a—-c=d =0, thatisb =d =0and a = c. Similarly,a =c = fand e = 0. Thus F is
irrotational iff
ax ay az

F(x.y.2) = : :
T4x24+y2+22  14x24+y2+22 14+x2+y2+ 72

i1) To be conservative, F must be irrotational, so the values of a, b, c, d, e, f are those found in ii). For
such values F = V f iff

Oct = oy e

O] = o

O:f = Tz
From the first equation we get

s =a

Imposing the second equation we get
ay
1+x2+y2+72

X a
m dx+c(y7Z) = Elog(l +)C2+y2+Z2) +C(y’Z).
ay

HOe D = T

O = = dyc(y,2)=0

from which c(y, z) = ¢(z). Finally, imposing also the third condition we get

az az
azf =

1+x2+y2+22+azc(z): 1+x2+y2+7% 0z¢(2) =0

from which ¢(y, z) = ¢(z) = ¢. Conclusion: all the potentials of F are
f(x,y,2) = glog(l +x2+y? 4+ +c. O
Exercise 43. 1) D is closed, being defined by large inequalities involving continuous functions. Let’s
check that D is bounded (hence compact). Denoting by p = \/)m =||(x, y)|| we have
(x,y) €D, = p><2pcosf—p=p2cosh—1), & p<2cosfd—1<1.

Therefore, D is bounded. In particular, D cannot be be open: only @, R? are both open and closed, and
(0,0) € D (thus D # @), and D is bounded, thus D ¢ R2.
i1) The area of D is

A2(D) = J 1 dxdy = J 1 dxdy pol cgords J p dpd®.
D X P

<2cos 01

24y2<2x—\x2+y?
Now notlce that since p > 0, this imposes 2cos 6 — 1 > 0, that is cos 8 > % In one period this means
-4 <6< 5. Thus

_ RF (m/3 (2cos -1 _ 1 (x/3 2
(D) = L)QCOW I -z<o<zP dpdf = /330 pdpdf=3 f_ﬂ/3(20039 - 1)-do

/3 /3
=3 (2—” —4[” cos 6 db +4f:r/3(cost9)2 d@)

Py /3
-z —2\/§+2f_7/r/3(0056)2 de.
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About this last integral we have
/3 /3 _ 2n 3 7/3

J (cos 0)%do = J (cos 8)(sin @)’ df = [sin @ cos 4] z:ff/ﬁj (sin )% do = £— (cos 6)% do,
—x/3 —x/3 = 0 2 Joap

from which f:/r%(cos 0)? do = ?. We conclude that 1>(D) = 5 - %g O

Exercise 44. i) For z = x +iy # 0 we have

(x —iy)®> x — iy _ (x —iy)? _ X3 —i3x%y = 3xy* +iy? _ 23 =3xy? ¥ =3x%y

x+iy x=iy xZ2+y? x2+y2 x2+y? x2+y2

f(2) =

So, f(x+iy) =u(x,y) +iv(x,y) where

3_a..2 3_2.2
o () #(0,0), L, (%) #(0,0),
“(X,)’): V(.x,y):

0’ (-xv y) = (07 0)’ 0’ ('x’ y) = (0’ 0)’

Let’s check that u, v verify the CR equations at (0,0). We need the partial derivatives of u, v at (0, 0).
To compute these we apply the definition of partial derivative:

u(t,0) —u(0,0) o t-0 u(0,1) —u(0,0) _ imw 3

pu0.0) = iy “O O < iy 201, 00000 = i MO < 020 <0

and

9v(0,0) = lim 2LV =V, 0=0_ dyu(0,0) = fim 200 —u©.0) . 1-0_
t—0 t t—0 t—0 t t—0

from which we get
0xu(0,0) =1 =0,v(0,0),

0yu(0,0) =0 =-0,v(0,0),
that is, CR equations hold.
ii) To check the differentiability of f at z = O we should check if u, v are R—differentiable at (0, 0) or,
in alternative, if 3f”(0). We present here both methods (just one of them is sufficient).
Differentiability of u at (0, 0). We already computed Vu(0,0) = (1, 0). So, in order u be differentiable
at (0,0) we need to verify that

~u(h) —u(©) — Vu(O)h
lim = =0
h—0 (Il

Setting h= (a,b), this is

3_ 2
L ula,b) —u(0.0) - (1,0) - (a,b) . @ —0-a . —d4ab?
= 1 _— = 1 e —
(a,b)—(0,0) Va2 + b? (a.b)—(0,0)  (a®+b2)1/2 (a,b)—(0,0) (a? + b2)3/2

‘We see that if a = b this reduces to the limit
3

lim —

140
A PREp T
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according to a — 0%, so we deduce that u is not differentiable at (0, 0), thus f is not C—differentiable at
z=0. i
C—differentiability of f at z = 0. We should verify that

. f(=f0) . f(h) h
EI/IE%)Tz}zLO h _ilzl—>o(h)'

Now, taking i = x + i0,

Taking h = x + ix,

tim [ 2 lim (22 (=Y L iy =L
—_ = = | — = —(—1 - ——
h=0\ h x—0 \ X + ix 1+ 4 2’

from which we conclude that the limit does not exists. ]

Exercise 45. 1) See LN for definitions and general properties.
ii) Since
df (@) = VI -,
it is clear that, if V f(X) = 0, then
max Oy f(¥) =0
520 : [|7]|=1
If Vf(X) # 0, by the Cauchy-Schwarz inequality we get

5*f()?) VEE) -V <IVLENPI = IV,

for ||v]| = 1. Now, since vy = V£ (X) has ||[vo|| = 1, and

INZESI (X) Il

05, f (X) = Vf(X) - Vi )) o= VIR V(R = o (VSO = IV D),

(IIVf( )l IIVf( )l IIVf( )l

we conclude that

max 5 f(X) = VS]]

$20 : ||9]=1
So, whatever is V f(X), the conclusion is
max G f(X) =V o
320 : |5)1=1
Exercise 46. Recalling of the definition of cosh we have
et +e’*

=2 = Frei=4 = e +4e*+1=0.

coshz =-2,

Setting w := e%, we have

w2+4w+1:0, — w= = =
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Noticed that =2 + V3 < 0 and that 2 > \/§, we have
e=-2+V3 z:log(2¢‘/§)+i(3§+k2ﬂ), keZ,
which are the solutions of the proposed equation. O
Exercise 47. i) To be irrotational on R?, F must verify on R?
dy(axy + €)= 0 (xed +2y), = ax+be? =Y. (%)

Fix y, for example y = 0. Thenax+b = 1, iff a = 0 and b = 1. Itis clear that for these a, b, the condition
(%) is verified, so F is irrotational on R,

ii) To be conservative on R?, F must be irrotational on RZ, soa=0andb =1.1Itisa general fact that
an irrotational field on R2 is also conservative, so F is conservative on R? iff a = 0, b = 1. In this case
the potentials are f such that

6xf = eya
Oyf =xe¥ +2y.

From the first equation we have

P = [ e e =xe? sy,
and plugging this into the second equation we get
xed +¢'(y) =xed +2y, = ' (y)=2y, = c(y)=y*+c, ceR.

We conclude that the potentials of f are f(x,y) = xe¥ + y*> + ¢, ¢ € R constant.
iii) Since the values a, b for which F is irrotational are the same for which F' is conservative, we can
use the fundamental theorem of integral calculus for fields to conclude that

jﬁﬁ = fG) - fFO0) = f(1.0) - f(0.0) =1 +c~c=1. O
;

Exercise 48. i) We have (x,0,z) € D iff z2 = 1/2 and x? = z, from which (+1/2,0,1/2) € D. Let
g1 :=xy+2z>—1/2and g, = x*> + y> — z. Clearly, g1, g» are differentiable functions and D = {g; =
0, g» = 0}. The map (g1, g2) is a submersion on D iff

Vgi y x -2z
rank = rank =2, V(x,y,2) € D.
Vgo 2x 2y -1
This is false at (x, y, z) iff all 2 X 2 subdeterminants of the previous matrix vanish, that is iff
2y? —2x? =0,
-y+4xz=0,

—x+4zy =0.



45

The first equation is equivalent to (y — x)(y +x) = 0, that yields the alternative y = x or y = —x. In the
first case we have

y=4x _ _l
{x(1—4z)=0, — x_O,VZ—4,

from which we find points (0, 0, z) (z € R) and (x, x, le) (x € R). Similarly, for y = —x we get

y ==X _ __l
{x(1+4z)=0, — x=0,Vvz= 1

from which we find points (0,0, z) (z € R) and (x, —x, —}‘) (x € R). Now, let’s check if these bad points
belong to D:

e (0,0,7) € Diff 7 = 1/2 and z = 0, impossible.

o (x,x, zlt) e Diff x2 + % = % and 2x% = %, that is x2 = 17—6 and x% = %: impossible.

e (x,—x, —Alf) e D iff —x? + % = % and 2x? = —}‘, impossible.
We conclude that the rank of the jacobian matrix of (g1, g2) is = 2 on D, that is (g1, g2) is a submersion
on D.

ii) D is defined by equalities on continuous functions, therefore it is closed. Let’s check it is also

bounded: we have
1
(x,y,2) €D, = x4y’ =z, = (FP+y)=7= 5Ty

S0, in particular,

1
(x2 +yz)2 = — —Xxy.

2
Now, if (x, y) = (p cos 8, p sin 6) this says that
1 1 1 4 1
pt = 3 — p*cosfsinf = 3 (1 —pzsin(29)) < 5(1 +p?), = ] fpz <5
From this we deduce that p must be bounded: if unbounded, p — +co, we would have % — 400 and

the previous bound would be impossible. Thus, x> + y> = p> < M for some M, and since z = x> + y* we
get 0 < z < M, so D is bounded. Conclusion: D is compact.

2 2
Alternative solution: from the remarkable inequality [xy| < 5%, we get

) 1 <1+x2+y2_1+z
CERTSTT, T Tty
from which
1
272-7-1<0, = —§<z<1.

Therefore, x> + y?> = z < 1 and also |x|, |y| < I, that is D is bounded.
iii) Let f(x,y,z) := x> + y? be the square of the distance to the z axis. We have to determine min/max
of f on D. Since D is compact and f is continuous, the Weierstrass theorem ensures the existence. To
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determine these points, we apply the Lagrange multipliers theorem. By i), we see that the assumptions
of the theorem are verified. Then, if (x, y,z) € D is a min/max point for f we have

Vf 2x 2y O
Vf=A4Vg +A,Vgy, & rank| Vg |=rank| y x -2z |=2.
Vg 2x 2y -1

This condition is equivalent to the determinant of the previous matrix = 0,
—1(2x2 -2y =0, &= (y-x)(y+x)=0

from which we get points of type (x, x, z) and (x, —x, 7). Now,

2, .2_1 2,2z _1 _ 1
XT+z77 =3, m+5 =3, z=-1,3,
(x,x,2) €D, — —
2 _ 2 _z2 2 _z2
2x° =z, x°=3. X =3
is clear that z = —1 yields no solutions while z = ylelds x? = l from which x = % We get points
(+% _2, 2) (two points).
Similarly,
2,.,2_1 2_z_1 1
Tt =g To3=0 —31
(x,—x,2) €D, — —
2 _ 2 _z 4
2x° =z, x°=3. = 3.
Itis clear that z = —1/2 yields no solutions while z = 1 yields x? = % from which x = J_r% We get points

(+—2 2) (two points).
Conclus1on since f(+ % % %) = 2 and f(+ % ¢% 2) = 1, the former are max points, the latter
min points. |

Exercise 49. i) We have
DN{y=0}={(x,0,2) : ¥ -2 <L, X +27 <4, 220} ={x* - < In{x*+7 <4} n{z>0}.

Now, in the upper half-plane of xz plane with z > 0, {x*> + z2 < 4} is a disk centered at the origin with
radius 2, while {x*> — z> < 1} is the plane region delimited by the hyperbola x> — 7> = 1.




ii) To compute the volume we use the formula

A3(D) = J 1 dxdydz = J 1 dxdydz.
D X

24y2-72<1, x2+y2+z2<4, z>0

Using cylindrical coordinates, we get

A3(D) = J

p2-22<1, p?+z2<4, 220, 0<6<2x

o dpdf dz =4 27rj

p?-22<1, p?+z2<4, 220

We do the double integration beginning with p and finishing with z. We notice that
PP-2<, pP+ <4, = pP<l+ 422
Therefore,

1+22, ifl+22<4-72, = 2<3 &
p? <min(1+z%,4 - z7%) =

4-72, ifz> %

Notice also that, since p> > 0, p? =4 — z> > 0iff 0 < z < 2. Therefore,

1+ 272, O<Z<\/§,

p? <min(l+72,4-7%) =

Therefore

32 p V122
/13(D) =2r J

+22 2 V4-22
o dp dz+ J J p dp dz
\3/2Jo

JO

=2 dz

2

V32 p2]P" l+z? 2 pe p=V4-22
5], el
3/2

p=0

3 f 313= 3/2 3:|Z:2
=z +4|12-/Z|+|= - | =
2 ( 2) 3 z=0 3 z=V3/2
3 133 1[ 33 16 3
= 8 —3,4/— —_—— == = — — 4= = — — 34/ =
”( 2732V2 3( 2 2)) ”(3 2)

pdpdz

47
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Exercise 50. i) u and v must be R—differentiable and verify the Cauchy-Riemann equations at each
point (x,y) € R%.
ii) If u is constant, then by the CR equations we get

Oxv = —0yu =0,

Oyv = 0xu =0,

From the first equation v(x, y) = f 0 dx + c¢(y) = ¢(y), and plugging this into the second equation we get
¢’(y) = 0, that is ¢ is constant. Therefore v(x, y) = ¢ so f = 0+ ic = ic is constant.
iii) Following the hint
0 = Oy (u? +v?) = 2udyu + 200,v = 2(u, v) - (Oxtt, yv).
Similarly,
0= Gy(u2 +v%) = 2udyu +2voyv = 2(u, v) - (Oyu, dyv).
These relations say that (dxu, dxv) and (dyu, d,v) are both perpendicular to (u,v). Assume that (u,v) #
(0,0). Since the plane vectors (dxu, dxv) and (dyu, dyv) are both perpendicular to (u,v) # 0, they must
be parallel, so
Oxu = alyu,
Ja : (Oxu,0xv) = a(Oyu, dyv),
Oxv = adyv,
Now, by the CR equations we have
Oxu = adyu & a(=0xv) = —a(adyv) & —a?0yu

that is
(1+a»)0u=0, = du=0.

In the same way we deduce dyu = 0, and from this u is constant. Similarly for v, we conclude that
f = u +iv is a constant function. O

Exercise 56. i) From the general theory, u+iv is C—differentiable on C iff both u, v are R—differentiable
and they fulfill the Cauchy-Riemann equations. Since u is a polynomial, it is R—differentiable. So, we
look for v R—differentiable in such a way that

Oxut = 0yv, Oxv = —0yu = —(=20xy + 20xy*) = 20(x>y — xy?),

Oyu = —0yv, Oyv = Oxu = 5x% — 30)62}72 + 5y4,

From the first equation,

v(x,y) = J 20(xy — xy?) dx + c(y) = 5x*y — 10xy® + ().
Imposing the second equation we get,
5xt = 30x2y2 + ¢/ (y) = 5x* = 30x%y? + 5y, = (y) =5, = c(y) =y +c,
where ¢ € R. Conclusion: the unique possible v such that u + iv be C—differentiable on C is

v(x,y) = 5x*ty — 10x%y° +y° +c.
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ii) We have
Fx+iy) =ulx,y)+iv(x,y) =x> = 10x3y? + 5xy* +i(5x*y — 10x%y3 + ¥ + ¢)

= x7 +i5x%y — 10x3y2 +i10x2y? + 5xy* + iy’ +ic

= (x +iy)’ +ic,
from which f(z) = 2> +ic. O

Exercise 57. We have f(x,x) = 2x* — +co when (x, x) — 00,. So, if a limit exists it must be = +co.
Using polar coordinates

f(x,y) =p* (cos4 6 + sin* 9) —2p?(cos B —sinh)? = p* (cos4 6 + sin* 6) - 8p°.

Now, let g(6) := cos*6 + sin* 0. g is positive valued and continuous on [0, 27]. By the Weierstrass
theorem there exists a global minimum, that is 36,,;, such that g(6) > g(0min) V0 € [0,27]. Let
C :=gOnn) 20. IfC =0, cos* Opin + sin* Omin = 0, that is cos 0,,,;,, = sin0,,;, = 0, which is
impossible. So,
f(x,y) > Cp* — 8p* —> +00, when p = ||(x, y)|| — +oo.
We conclude that Ilim, y) e, f(X,y) = +00.
ii) f is a polynomial, hence it is differentiable on R? and

Vf(x,y) = (4)53 —4(x—y),4y° +4(x - y)) .
A point (x, y) is a stationary point iff
. 43 —4(x —y) =0, x—y=x3,
Vilx,y) =0, =
4y3 +4(x —y) =0, y? = —x3
From the second equation we get y = —x, and plugging into the first one we get

=2y, = x(x*-2)=0, = x=0,+V2.

The stationary points are (0,0), (V2,-V2) and (-=V2,V2). To classify them we compute the Hessian
matrix:

2 [ 1242 -4 4
Vf(xyy)_ _ 4 12y2_4

From this we see that

-4 4 | 20 4

2 _ 2 - —

Vf(0,0)— 4 _4_a Vf(i\/i’+\/§)_|: 4 20:|

The diagonal sub-determinants of V2 £(0,0) are —4,0 so V2£(0,0) < 0 but not < 0. It is not possible
to conclude anything from the hessian matrix. However, we may notice that f(x,x) = 2x*, so (0,0) is
a local min point along y = x, while f(x,0) = x* — 2x? ~,_,o —2x2, from which we see that (0,0) is a
local max point along x = 0. This shows that (0, 0) is a saddle point.



50

Abot V2 £ (+V2, ¥V2) the diagonal sub-determinants are 20, 384, both positive, hence V2 f (+V2, ¥V2) >
0, both points are local min. points.

iii) By i), Amaxg2 f while I ming. f. Let (x y) be any min point. Since R? is open, (x, y) € Int(R?).
According to the Fermat theorem, V f(x, y) = 0, so (x, ) is one of (0,0), (+V2, ¥V2). By ii) the unique
possibilities are (4_-\/_ 2, ¥V2), and since f (V2, ¥V2) = 8, we conclude that both points are global min
points for f. O

Exercise 58. i) We have
Dﬂ{x:O}:{(O,y,z)ER3:z>l—y y+z 4}

In the plane yz, this is the part of plane inside the disk y? + z% < % and above the parabola z = 1 — y?

D is then the rotation solid obtained by rotation of D N {x = 0} around the z—axis.
ii) We have

/13(D) = I 1 dxdydz.
D

Using standard cylindrical coordinates we get

(x,y,2)eD, = zz2l1l-p p +72 ZT 0 € [0,2n].
Therefore
A3(D) = J 0 dpd@dz 27TI p dpdz.
z>1-p2, p2+22<], 0<6<2n z21-p2, p2+22<7

Here we have two possible ways to compute the integral, by integrating first in p and then in z or vice
versa. Here, we choose to do the first integration in p. We notice that

>1-p% p*+22<], &= 1-z<p*<i-2
Notice that 1 — z < ——z 1ffz —Z—— 00r4z —4z -3 < 0. This happens 1ff—% <z< % Actually,
by the sphere constraint, z> < thatls lz| < <%,so —%<z\§. Forsuch z, 1 —z < Oforz > 1.
Therefore,
. “1<z<, VI-z<p<i-2
1—z<p2<z—22, —
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Consequently,

rl %—22 Vi/2 \/%—zz
J pdpdz = ‘[ pdpdz+J J pdpdz
z>l—p2,p2+z2<% J-1/2 JV1-z 0

Ak %—zz Va2 Pale 77

= [—} dz+f [—} dz
J-1/2 2 p=Vi—z 1 p=0
1 1 Vi/2

= J (% zz—(l—z)) dz+J I-2dz
2 -1/2 1
1 Vi/2 1

== J 1 zzdz—J (1-72)dz
2\Joip2 ~1/2

_ 177+ 1 =V72 (3 1 =1

—E(Z -5 3]Z:_1/2—(§—5[12];_1/2))

_ 1

=% (2v1-1)

from which A3(D) = % (2xﬁ - 1) x. o

Exercise 59. i) The equation has form y’ = f(¢,y) where

f(t.y) :=log(l —1y).
The domain of definition for f is

D :={(t,y) €R*> : 1 -ty > 0}.

Now,
>0, y<i,
1-ty>0, &< tty<l, t=0, Vy,
t<0,y>1
On its natural domain f is continuous and also d, f = % is continuos on D. We conclude that local

existence and uniqueness holds on D.
ii) y = C is a solution iff 0 = log(1 — #C), thatis 1 —tC = 1, or tC = 0. Since C is a constant and ¢ is
variable, the previous holds iff C = 0, so y = 0 is the unique constant solution. Moreover

0<y =log(l-ty), & 1-ty>1, & 1y<0, < 1t<0,y>0, ort<0,y>0.

We get the following picture.
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iii) We show that y(¢) > O for every ¢. Indeed, if there exists a t* such that y(¢*) < O then

e if y(¢*) = 0, y would cross the constant solution. By uniqueness, y(¢) = 0 so also y(0) = 0, but
y(0) = ¢ > 0, so we get a contradiction.
e if y(¢*) < O then, by continuity, there would be a r** such that y(#**) = 0, so we fall back to the
previous contradiction.
Since y(t) > 0 for every ¢, by ii) we deduce that y " forz < O and y \ for ¢ > 0.

iv) Since y "\ for ¢ > 0, there exists £ := lim;_,g y(¢). Since y > 0 it follows that £ > 0. We check
that 8 = +co. If B8 < +00, we claim that £ < é Indeed: 1 —ry(t) > 0so, lettingr — 8,1 — B¢ > 0. If
1 — B¢ =0, then

y' (t) — log(1 — Bt) =log 0+ = —o0,
but then the solution would have a vertical asymptote at 8. This is impossible being y(z) > 0 for every ¢.
Thus 1 — B¢ > 0, that is the final point (83, ¢) € D, and this is not possible by the argument of exit from
compact sets. Contradiction.

Since all this follows by the assumption 8 < +oco we conclude that 8 = +c0. We claim that £ = 0. If
€>0,then 1 —ty(t) = 1 — (+00)f = —o0, so for ¢ large 1 — ty(¢) < 0, impossible for a solution.

Similarly, we can prove that @ = —oco and lim,_,, y(#) = 0.

v) Figure: see above. O

Exercise 60. We can set the problem as a constrained optimization problem. Let f(X) := (a - ¥)* =

2
(Z?zl ajx j) . We see that f is polynomial, hence it is continuous. The optimization domain

D:={¥eR? : |X]|=1}={XeR? :

is closed (defined by an equation on a continuous function) and bounded (obviously because ||X|| = 1
on D). Thus, D is compact, so f attains both min and max on D because of the Weierstrass theorem.
To determine these points we apply the Lagrange multipliers theorem. Before we start, to simplify
calculations it is convenient to notice that

D={xeR?: xI+ - +x%=1}.
We notice that D = {g = 0} where g(xy,...,xq) = x% + - +x§ — 1, and g is a submersion on D. This

because g is not a submersion iff Vg = 0. Since Vg(X) = 2X, we have

Vg()?)=6, e 2¥=0, < x=0¢D.
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Now, at any min/max point for f on D we have
VF(X) = AVg(X).

We have
O f () =0k (a-%)*=2(a-%)ox(d- %),
and since
d
Ord - X = 0 Z a;x;j = ag,
j=1

we conclude that
Vf(X)=2(a-X)a.
So,
)d.

=y

VF(X)=AVg(X), & 2@a-X)a=2%, = AX=(a-
This equation for X yields the following alternatives:
e 1 =0: in this case (a - X)a = 0, and since @ # O, this is possible iff @ - X = 0, that is X L a. For
these X we have f(X) = (a-%¥)> = 0.
e A # 0: in this case X = ud (where we set u := % € R). Imposing X € D we have ||ud|| = 1 that
is |u]|l@]| = 1, from which

1 R a
M=Ftr—F, — X==*x—7—.
llall [lall
In this case
s a N (ar\
f&=ld - +—| =[x5=-| =ldll”>0.
llall llall

Conclusion: the maximum is attained at X = iﬁ with value ||@||>.

Alternative solution. This is based on the Cauchy-Schwarz inequality and does not require any use of
differential calculus. We recall that

-

- - - - - d
X -y < XN, vx,y € RY.
So, if ||F]| = 1,
- o - - - > 2 - -2 =12 - -
(k) la - x| < |lalllix]l < |lall, = (a-X)"=la-x|” < |la|l*, vx : |IX]| = 1.

- -

Igll . These X, are well defined because a # 0 and
1

llall

If we take X, := +

llall = 1.

- a
el = =
llall
Moreover,

-n4 =12
lall™ = llal|”.

S \2
a 1
(%) (d-%.)% = (a- T) = ——(d-a)?=—
) llall llall? llal|?
Combining (%) and (*%) we get that
max
IXlI=1}(@-3)*=lall,



54

|m

and the maximum is achieved at X, = +
[|[X*|| = 1, then

Q

. Are there other max points? If X* is any max point s.t.

(@-%)?* = lal’.
If this happens, it means that the CS is actually an equality, and this happens iff X* = Ad. Imposing

[IX*]] = 1 we get |A]||a]| = 1, thatis A = iﬁ’ that is X* is either X, or X_. |

O



