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MEASURE THEORY

X set P(X) = GAX Arbsets of XY
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Smallest
po
stible Folgebra (0 ,X]

biggest possible or-algebre P(X).

ceP(X) C = family of subsets of X

ECC)
=
Wallest --algebra which contains

all the elevents of C

↳ -algebra" generated" by C

X= IR ( = G(a ,b] , alb a, b + IR]

(a
,b) =4xt(axx = by

it contrins all positeE(C) = Bool 5-algebra ( intervale of IR)
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X set 5-algebra of X
we reyu is a Measure or (X

,
2) if

M : 2 - To , to]
Atz -> M(A)
-

and more over M(P) = 0 and

pr
is S-additive : if AitE iEN ARAj= d
- S

t ta + j

M(i) = EiM() = emMA-

N + to i=
1



Ex X = IR E = P(X)
-

DIRAC-DELTA MEASURE

CENTERED AT X=0M = 00 : P(x) -> To
,
to)E

· (A) = 47 OfA

I OtA

Dina c delta centered at v =2

Gz(A) = 0 2-XA

E I 27A



EX R = set of events

T = filtration EU-algebr) =
= subset of PCR) which is the

events related to sore experimente

(M=) = probability meanne

1 :Fr To , 13 To
, to]

AtF-> (P(A)



Def M : 2 -> To
, to] defined on (X , 2)

-

(every mobbligRe is finite if M(X) <to -

manue if finte P())
-JoCIR)=1 finite

Xiz[

Me is -finate if X=Xi M(Xi) < +-
-

(maybe M(X) = to but pe(Xi)+)
Property of measures (deduced by the definition).
-

2) ALB ABEE M(A)EMB) CMONOTONICITY

A
,
BEE -BlatEB

= (B) = M(A)+A)
-

An(BA) = q ~10



2) SUB-ADDITIVITY AitE (notasking Aintj = a)

in (i) 1 *M(i)

3) CONTINUITY

-

⑨-> AitE AidAit VieN

Ao A , E Az [tyC --

LAi= An↑ (Ail = Im MAI
->
BitE BieBitt Bo?Bi?Be ?.. - ⑳N

Bi = BN Mr(, Bil = lin pe (Bn)Meta

If 7 :0 EX &Ch TAAT M(Bio) <+a -



-BOREL MEASURES On IR
-

-

↓

measures defined on the Borl o-algebra B

B = E((((PIR) C=G(a , b] acbRY

Every meache u : B+ To ,to] is a Ball

weekeLeva
Boll measure is ASSOCIATED to a function

which is colled the CUMULATIVE DISTRIBUTION
-

FUNCTION
-

-



Det F : IR+ IR

-> is monotone NON DECREASING
-

S if acb = F(a) (F(b)

u

- ishtcontinuous if
FaEIR line F(a +1) = F(a) a +1>a

n-+0

1

livr F(x) -
X- at

Given a moustone non decreasing right cont.

functionI I want to construct a Bol no

NF (F-ME)



- (a
,b]t (B= (C)

MF (a ,b]20

b]i= F (b) - F(a)
a<b= #(b) = Fla)

(by MONOTONICITY ofF)

! MF is not a measure still /becausetis defined(
a C

ECIR E lubset of IR

ME(E)= E s F(bi) - F(a) I Ebis]
= nu

D-R
= t



Vi Cai
,bi] m

# 03 da
*

-b,
1 ↳z

to

MFabi MFlaibij = E F(bi) -F(a))i=0
-

ME (ai ,bij =F (bi)
-F(ai)

-#Vilaibi]
MFCE) = ME (Vitibi]=MFlai , bi]
↳

Treinf SoMflaibite Vitibi]



KEIR MICE) : inf &Malibi]
OUTER
MEASURE

CNOTA MEASURE) EsilaibijY

SRE
is defined on RCR).

&

EiI

but it isNot A MEASURE Eine ; = I

ME( ViEi) EMELED
CCAATHEODORY Criterium - beginning of900
Im a 5-algebra BCMC PCIR)Tape that pre is a measure wher restricted

to M-



F(x) = Y MI (G ,b] = b-a = length of the interval

MICE) = infi bi-4 : EC VileibiJY
↓
- S-algebra = M(D-algebra of meanrotle

=

sets
sich that prected to M is a MEASURE

ME(A) ="length of A" .

Atm
It is not possible to define a NOTION of
LENGTH in a CERENTWAY on all subsets
of IR-



Thorne (CHARACTERIZATION Ofy BOREL Measures
-

on 1R) S-fimile

1) Given F : IR-IR urondone non dacreasing
audi right continuous
there existe a UNIQUE Boul measure

Mr: B -> To
,
+o]

rich that pf (a , bj=
F(b) -F(a)

CACTUALLYF is DEFINED on a biggen Volgebra
m =B)

2) Given MiBB-IR Boul meme which is
-

definite (02 finte) S
thereexiste F : IRSIR

L- -

I= UBi M/Bi) <tro ↓MCIR) <to



montare nor decreatingend right continuale
rich that M= MF (M(a ,b =F(b) - F(a)
F IA UNIQUE Up to ADDITION of CONSTANT

TKEIR Ek
M = MF = MG Ef- EXERR · F(x) =G(x) +1
--

(F is called CUMULATIVE DISTRIBUTION FUNCTION

ASSOCIATED to ME

or Borel #
F : IR-IR

meane woustone non decu.S -

-39 3either freile right continuass
or 5-finle



·

Ex F(x)=22x F3 X 20

F monatore nou dace
reasing

right continuous livr F(x) = F(d) = 3S X+ot

M= (qb] = F(b) - F(a))
= 0

it0 +2-2
ifO +B - 3

- -
- Y

= 1 if
EEIr 1 EdVilai

,bi]
02 (e ,b]

MECE) = 40 = inf4f(bi-re) 4
1 Of E



ex f(x)= (5xz2 i↓ X2

M = (x) = 24
2tA

Ma (23 =400
O 24A Il

↑ (2-liver F(x)
MF = 4 - 0423 X+2

-

EX F(x)= X MFi c
->0

,
+N]

=

MF is colled LEBESGUE MEASURE
-

Cassociate to every Att the "length" of A)



Observe that the labesgue isw- forate
to

IR = U (-u, +m]x)
M = 0

M = (m ,n] = F(u) -F(m) =
2m4+

2~

COMMENTS ON PART 1 Of the theore-

F : IR-IR right cont Imoustone nor decreasing
--> (7 ! MF : B + ID (MF (a ,B F (31-F(e) ·
-

MF (a ,+o) = Ma( ( ,
b+m]) = emu(ab
-

b+1 b+ 3b+2
,-xx (a , b+m] = (a , b + m + 19



MF (c ,
to) = lim MF (c , b+rj =

m+o

= lim (b) -Fa) = limF
X++d

MF (- 0
,
b] = lin MF (a - m , b] = live F(b) -F(a-u)

m+to
u++-

I ( - a ,b)= (a- m , b) a-2a
-d b

-I

(a -m , b) [ (a -(u+1) , b]

= F(b) - line F(x) live F(x)-lim Fly)- X+ - N
X++N

= me(o , to) = Ma0 ,0 (a ,+



MF is finite E Live F(x) < to
X+ +g =

liner
x+ -
F(x) -- a-

Ingenerali
ese

M m
,
n] =F(m)-F(m) <to

~

Ma, b] = F(b) - F(a)
(a ,bla]

MFb)=( ,
b- t]) = by (06 -

(a) =in MF ,b-in-) - F(a)



MF (a , b) = lim F(x) - F(a)6I X- b-

M+for

by os .

I m
Rime
- b+
F(x)=F(b)

line F(x)[F(b)
X+ b-

If FIS CONTINUOUS inb (limF(x =F(b
MF (a ,b) = M= (a , b] => M= ( by = 0



M= 5 b3 = F(b) - liv F(x)
X+ 6-

---

part 2 of the theorev

-> given M5-firite/finite Boll meanne

FF right continuous + montare nor
decreas

Me : B + [0 ,ta] I-finite
O X = 0

F(x) =1 M (0 ,X70 Xx0
=

M(x , 0]10 Xo



&
b> a = F(b) = F (a) ( I wont to prove

Fis
Conotone
non decreasing

-a10 bo

↓ ↓
F(a)10 F(b) = 0

a 100DE (60]
-

-

- M,0] = M (b, 0]

F(a) = - M (0 ,0] =- M(b .0]=



·a < b

-
(0 ,
a) =(0 ,

b]

↑ (0 , 07 = pe (0 , b)

F is mordove nor decreasing

I have I right continuous
↓
liv #(x)

=FF(x)einXe aut

o F(d= 0
Xe ot



= live
me+ 0 R(0 , 1] = M [* (0,T =M() = 0

live F(x) = 0= #(0)-X -> 0t
10 , 17 210 ,12 10 , 172...

=m
+

x +
i (0 ,m]oXh
M= N

Dm]0x11



a) 0 liveF) = Fa

20 F(a) = M(0 , a] !
tine F(a) = liv u(0 ,+

=m(
,
(0 , a +1)) = p(0 , a)
mu

m 1

o-X(a +1 F(a)

a Lo
- - -



If MF =MG for F , G right cant and

↓
monot wou deneing

# REIR such that ExeR F(x)=G(x)+R

alb

MF (a , b] = F(b) -F(a)=Mg(a , b] = G(b)-G()

#mibF(b) - F(a) = G
.

(b) - G(a)

Fix a= 0 F(x) - F(0) = G(x) - G(0)

#(x) + G(0) -F(0) = G(x) FXER
-

"R



Mr is finte G,X
X

O

F(x) = GM(o ,x]x0
u X,0] x
↑ XX -

- G(d) = 0 +M+0j]L(x)=Fo
consheut

X30M(- 0 , x] = M(0 , x] + M(0, 0] =M(- 0, x]

X20 ME ,X](X, 03 +M( 0, 03 =M 70 , X]


