
Proposition : Let f : IR-IR monotone wondereasing function"
-

-

(thef-Ll (IR) vince it has a countable number of↓

I jumps). [xy = f(x)2f(y)]
Let Tf(d)fdx .

There (Tf) is a positive distribution
(that is : the derivative in the sense of distributions

of a montone non decreasing function is positive).
In particular (TA)" has order0 FueM(R) (Te) =Tu.
Roof BASIC OBSERV
Let d +2 (IR) line+(+h- x(x) = y'() UNIFORMLY2 +0

9 (x +h) = g(x) +P(x) - h + b"(Ex ,x+a)
(4(x2) - f(x) - y((x)) -114"lla2

him 11 - p(XIla Elly"Ilo = 0h-sot



Let deli (1) Q20 .

we waint to prove that (Tq) (p) = 0.

(Tt)'(4) = - f(x)P(x) +x = -Slim-E
I by unieru convergence/Lebesque dominated Convergence
=

=Dim ( f(xh-P(x)limS f(xP(x) -faxt-
-change of variable

= emr[Sf(x)P(x)dx-f(x-2)d(x)0x] =
XX-h

&

=linxx O
-

D
-

Y
SICe f is MONOTONE NON DECREASING XIX-h



Let C = 1 Cn Canta set

Co = to1] C = for((0 + 23) (n
+ =
= +(U(z(n+ 2) .

&: TO1 + 50 ,D Cauta function (DEVIL'S STARCASE)

f(a = 0 f(1) = 1 I so I can be extended to 1

f(x)=0 x 10 f(x)= 1x21])

& CONTINUOUS
,
MONOTONE NON DECREASING

,
CONSTANT ON

EVERY INTERVAL NOT INTERSECTING O
.

7.C + Tol] write XEC in base 3 -> it can be

Written as 0
,
X
.X2. - Xit 40 , 24

XeC- 0. X ...0 ,
1 · nember in To

,
13 Written in

bese 2)
f()= f(z)= F(y) = f(z)= f() = f()= ---



Another way to construct it

fo : TR+ IR fo(x)=0 x 20 fo(x)= 1 X21

and to linear.
in co.

f : IR-IR Fi = fo on IRI Co
-1

# fi = E im ColC,

f i linear and continuous

fz = f , on 12-1
-

fz(x) =&(2) X
.+(121To , E]

+ offre
-- E +(

2
x+(((( , 1

and so on fu(x) = fu-, (x) on1R1(n -1 C

-
--

(V)m xE (m - 11 m n Tot)]
fu(x) =G+Ex +Cm-12-E+) + office



tm - k fu(x) =fre(X)XtIR)Ck
M

(and they ore constant

Ilfa+ -fullo = & (E)"
+

↓
fux = fu on IRI Cn . by definition

orC just look to [0. In
· I for all the other intervals

-& Is the serve· /(s)
2(E)n

+1
fr (1)- fa+(E (E(5)

In is a couchy requence in Co , 1
,

11 . 110
.



fr -> f Counter fuction . (fECTOM ,
movolone non
decreasing,

Constant : O intervals not

I intersecting C(i

IRIC is union of intervals and 121 = 0

f(x) =0a -

e-

Nonetheless (Te)' 70 Since if (TE)= 0 =
0 = (f)' (d) = - (fp'dxFqtej (1) + Cavallery of

DB-R

PR f = constant a .
e

-

(NOT TRUE ! ) -

So f' =0 a .e but (Tf)'+ 0 (Tq) = Te Ja Since

(TE) is positive and so has order 0.

Votegu)f(xdx= Pxdu



pe is supported on C (Tris apparted. on C).

Let AEIR open set such that Anc = d = take de(IR)
sach that app[A .. fdx = -Pdx = 0 since fi

constant on

Suppy = C every connected

component ofA
R = MICUC ICO MCRICI=0

-> M + 2 Mis singular but it is not a sure of
Airac dettas

Me is the derivative in the sense of distributions of the

↓ Contor function .

( measure supported oa set of meane o ,
which is

Cantorian measure the derivative in the sense of distribution of a function
- f continuous with fl = 0 a . c)
More generally it is possible to prove the following :
LetI be a montare non decreasing function in R.



The the derivative in the sense of distributions of f
is a Rodon measure i such that

M = Mac + Mj + Mc

Mac <L and the desity of Mac is fl (derivative
a

.
e goff) + fac(x) = (A'(t)dt + fac(d)

Mj + Mc = singular part
Mj= E(x) - f(x)] Oxn where hXr) one the jumps

fi(x)=E (f (xxt) - f(xi)) off (COUNTABLY MANY
K, XK=. X

Mc = Cantonian port= derivative in the sense of
distribution of fc

,
continuous nor decreasing function fl =0 e .

+
.[

f-fj is a continuous function , still non decreasing
-

"Fact fo fe continuous



PRODUCT Of CONVOLUTION

TE D'lu)
,
PeCIrn) + =x+Rip

*

(y) : = P(x- y)

= open set in = EXEIRL X-yet ye sppoy

XEVpE X-Suppo (Vp can also be
empty !)

3 Vp+9, if x+ Vp =) supp¢*v Ir the definition
XEVa ↓ of Vol

ytupppYE) X - y + ippEyeX-appyeu

&fx + Vp = appYU ¢*-eg(0)
We define Txq(x) := T(PY) XxE Vp .

-

if U= Irm =>Vp= IR]Txd : Vp- IR it is a function ! [ PEe(RY)
X+T(PY)



obs
. feLexIU) T= Te
T *P(x) = T(dY) = Te(pY) = G f(y) p*y)dy =
= G f(y)d(x-y)dy = f x d(x) Tkd = A *d if T=Ty

Proposition

1) T4pte(Vp) Xn->X im Vp = px-> D" in 2(0)
=> T(q

*)+T(PY) => Txd(xu) +Txq(x)

2) So is the mit of convolution

doxP(x) = do(pY) = Go(p(X-)) = q(x-) = q(x)

3) &ENE Da(TkP)(x) = (T)kq(x) = [T * (
<P)](x)

=>
T* te* (Va)

·



proof c= es XtVpXthe , -Up h small

Ther-T(p) =T ->T(PY)
E+o

⑪ Vy (P)=-Alt

lim(X**)- TAPT(EPfex

=(T * EP)(x)
So for every ader d . Dd(TkP)(x) = / * D

&
P) (x)

(T) * P(x)=T(P) = -T(d) =-T(fX-
= T(zb(x-) = T(E) =[xG(x)


