
COMPUTABILITY /28/10/2025)

* Classofartial recursive functions R

least rich class of functions ie .
least class of functionsI

-> including the Basic Functions

-> closed under

1. COMPOSITION

2. PRIMITIVE RECURSION

3. UNBOUNDED MINIMALISATION

Theorem : R = C

Proof

(R = e) 2 is rich

(e = a)

Let f : N" - N be a funchon in C

and let P a URM-program for F

Define

:
Non

/ ,
t) = content of register Ra after t steps of PC)

Jp : NNK+
-- N

G
Jp ( ,

t) =

instruction to be executed after t steps of P(C)
G ⑧ if Play halts in tor fewer steps

Them

fre)= / , ut . Jpk ,
t))

We conclude by proving C ,
Joe R



program P in sta form (

Il

Iz

- !

Is

memory
12345 ---

/enlolo-- #20/0 ! ---

= i= c = p2424344 · 43 --

= 22 . 30 . 52-

Ci = (4) :
= 20

(2013 = 1

& <p
: Nk+ 1

-- N

/ ,
t) = content of memory after t steps of PC)

G Jp
: NNK+

-- N

instruction to be executed after t steps of P(c)
Jp (5 ,

t) = G ⑧ if Play halts in tor fewer steps

define <p , Jp by primitive recursion

# &
(0)= locale--(ak(0) ---

Jp( ,
0) = 1

iteration cases

we define (p(5 ,
t +1)

, Jp( ,
t +1)

by UsingCpk ,
t) and

Ent-

C



if 1 = j = e(P)

pt/ pun, ) and Ig = z(m)

f 1 = j = 2/p/

C(c ,
t + 1)

=Cone
at (pre,

and Ig = S(m)↑ f 1 = j = e(p)

and Fy = Tim
,
me

C otherwise

(j = 0 01= je(p) (and Ij = J(m ,m ,
u)

all ----
"pass..... pr ....

2n = (C)n

if 1 = j
= epp)

or Ig = Jim , m
,
v)

#
J + 1 and If I Jump

Jp(c ,

t +1) =

f and (Cm(c)m↑

U If 1 =j e(p)

and Ig = Jim ,
m

,
u)

, (c)m= (P
m

and u = erpf

O otherwise

Hence <p , jp e R

thus free) = ((( , ut . (p( , t)))
there fore fe R

#



* Primitive Recessive Functions

PR least class of functions
-> including the bosic functions

-> closed under

② composition

② primitive recursiono for loop

③ malisation o while loop

PR E R n Tot

↑ ? j
2 for C

for
,
while

N U

Y Y

Ackermann's Function (a) 4 total

(2) y = 2 = R

4 : N2= N (3) YOR

↑
P(o , y) =

y + 1

P(x + 1
,
0) = p( ,

1) (e + 2
,
0)

ex
(1)

Y( + 2
, y + 2) = 4(,+ z

, y) (x + 1
, y + 1) Ex (x+ +

, y)

U- (x+ 1
, y + 1) = (,

u)
ex

(IN?ex K
,y) eu ky) if (ex) or

(x = x' and y =y'

19
,
10000000) = 110

, 0
ex

120
,
10000000) = (10

, of
ex



f : z + z

frz) = ( Piz
- 1)

If z = 0 fl- 2)

if z = I

fr - 2)
I

f( - 3)

* partial order

(D, / * reflexive x = x

antisymmetric x y and y
= x then x = y

Transitive = y and yez thenez

:·
↑ -

7 minimal Vyy(x = y= x

D = & (pear ,
m)

, rapple ,
n) I men)

:
spear ,

2) rapple ,
z (, y) = (x)

, y)
↑ ↑

Spear ,
1 rapple ,

e If = c'
and y = yl

↑ ↑

/apple, of#r,orminimal
* Well founded portal order

↑

(D
,
I) is well founded if every X = 4 X# has a minimal

element

E.
N well-founded

E not well-founded



(D, / well-founded iff there is no infinite descending chain
-

↑

up
to

To Th = <2 -2

foundational -----

roetals"

* (IN2
, Fes well founded

let XeN2 x = 0 xo = min(x((y(xy) = x)

yo = mim(y)(x , y) = x]

Ko
, you = mine X

Induction : Prm) Fmei P (m) == M

Pro) and for all mein if pim) then piate

N
for all mein Prmy

·transtrductioe with heigth M has at most In leaves

n -X

mmmm M2
,

Mz = M

need inductive hypothesis
for all M' = m

For all m
, assuming P/M') for M'=m I con deauce Prm

H

for all meIN Pimy

Well-founded induction

D , ) well founded order

Pac) property of elements of D



If for all deD , asuming Vd'ed Pra's

I com conclude pros

N

VoleD Pro

② 4 is total

Vay)e N P(ay)d

by well-founded induction on IN
,
sex

Prof

let (x
, y)-

2

assume V (a
, yıkek/ayı Play'sd

and we show ↑ ley Pro , y) =

y + z

↑ P(x+ 1
,
0) = p( ,

1)

We distinguish 3 cases Y(+ 2
, y + 1) = y(x , p(x + 1

, y))

(x= o Y(oy) = p(0, y) = y+ 2 t

Kato
, yea) T(y) =

Tenence prezza
kzo

, yo Play) = 417 , 4 ze) =

Te
fex(,y)

~ Play - 1) = ut vo P(x- 2
,
u)d

T
/2 en
-

relaasrani.....orae
re

N



② per = 2

Pra ,
1) =

Pro
= Pz

11
,
1

,
3) (0

,
2

, 3) (20
,
2) (0

.
1

,
2)

valid set of triples S : informally
(

,y ,
z) = N3 -> z = P(x , y)

-> S includes all triples needed to

compute 4 on (a
, y)

formally : SIN3 valid if
P(ay) = y + 1

Prata) = P(x,
1)

② 10
, 4 ,
2) es => z =

y+1 d
P(x+ a

, y+ 1) = 4(x ,p(x + 1
, y)

-

(2) (a + 1
,
0

, z)es = (
, 1,

z) = U

(3) (+ a
, y + 1

,
z)es = Even at (a+ 1

, y ,
u) es

(x , u , z) = S

you can prove Flesy ,
z)e

Pay) = z iff ESCIN3 a Fate valid set of triples s
.

t.

( , y ,
z) = S

thes Tresyl =

"Mamite
set of tapef

encode os anumber

- = ((x4y ,
z)

, (2, y2,
zz)

,
---

,
(xm

, ym ,
zm)]

(m(( ,ya) ,
z), - --T((m , ym) ,7}

k1
----

km

X

p

n 4 = R = 2



③ YEPR

successo

+ y)+
E successor iteratad y times

(xxy) +
↓

"
+

" iterated y times

(exx F "
* x" iterated y times

i

Idea : I brings the above to the "amit"

#
4(0, y =

y + 1

↑
Yo(y) = y + 1

Y(x + 1
,
0) = 4(x ,

1) Yat(0) = Ya(1)

P(x +1
, y + 1) = 4(x , p(x+ 1

, y)) Yaty (y+ ) = Tx) Tati(y))

consider s as fixed parameter --
-

Yx(y) = 4(xy)

Yty (y +1) = Tx)Tati(y)

= Tes Tor (Tot (y-1)

= Ta Te Te (Tot (y-2)) -.

i

-E
=p

roughly : Increasing a to e + 1 requires iterating the funchom Yo

=~ increases the number of rested primitive recursion



=> the full function would require infinitely many
mested primitive recursions

Some more ideas...

concretely :

Yo(y) =

y + 2

Ya(y) = yy
+

+(1) = y+ 2

Na(y) = 4
+ (2) = 2(y + 1) + 1 = 2y + 3 vzy

2
es : 40 (1) = 2

42(2) = 5

Pa (1) = 13

Y4(1) = 21

Y4(2) =22 E 206400

One CANPROVE : Given a funchon FINAN E PR and a program P

computingf using only "For-loops" (primitive recursion

If J is the moximum level of resting of for-loops

f() Yeta/moxbocib)

Now
,
ossume Pe PR &

Set I be the level of mesting of
for-loops(of primitive recessive deft)
for computingY

f(ay)

Play) Yatz (maxkyd



let x = y = j + 1

↑ (j +1
, j +2) = 4j+2(j +1)

= y(j + 13+2)

controdiction

=> pePR


