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Givem f : /Nk
+
-- I partial)

· tionf(
, y) &

- primitive
C

recursion

define h : NK = N BASIC
·

h() =

My . f( , y)
= "least y st

. Fly) = 0
"

two problems : - such a y
ot

. Frey) = 0 might not exist

- free ,
z) could be t for zxy St . fkiy) = 0

=% If y
io such that fray = 0 and Vzy free e

to compute My. Fray

fre ,d = o ? Es out o
Ino

f(t , 1) = 0 ? I out 2
S

frä ,
2) zo

--
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Eample :

ifx = 0

frau =( if x = 0
ux .

/ f(x) - y) T

not y + 1 since frost

&position : Class e is closed under rumbounded) minimalisation

prof

Let fink - IN im C

and let9 a program for f (im standard form)



and we construct a program for h =

my . Fly

1 K

(x ... xk) mih metke s
m + k+ 1

m = max(p(p) , k+1)

T11
, m + 2) ↑ Save s

+ (k , m ++

LOOP : Pfm + 1
, -- ,

m+ k
, m

+ k + 1 - 1) f(
,

i)

J(1 ,
M + k+ 2

,
END) ↓ f( ,

i) = 0 ?

5)m + k +1) ri= i + 2

3) I 1, 1 ,
LOOPS

END : T(m++ 1
,
1) ↑ output i

#

Emple : f:N +N

f(x) = pa
s even

otherwise
o if = zy

-

f(x) =

my .

(x - zy)

=

my . (x - (y + y) computable

Empe :

g : /N2 -N

gray) =( If y70 and y divides a

oherwise

* uz . (zxy - x)

"20 ,
x = 0

weget
Na

we want T

=

Mz . ((zxy - x) + (y))



OBSERVATION : Every finite (domain) function is computable

proof

Let O : N -> N be a finitedomain function

Ys if x = x

S(x) =
Yz if x = x

dom (1) = Pas,mY↑ in ifx = xm

T otherwise

8 = ( (x , ya) , - -(am , ym)] O ifae dom
↑ otherwise

it is computable
-

MZ . -si
-

·

= o if edom (n)
otherwise

=0

O olherwise

Example

F : N = In

f(x) = 1 if co and P = NP

computable
if x = 0 P = NP8 -& T otherwise (dom(f) = 50s)

g : N- N
,
fixed program

P

if x = 0 and Pro) &

greet = i if= and Pros ↑
computable

I otherwise

OBSERVATION : Let f :N -N be computable and injective total

Then f (y) = (
St

. Flas = y , if it exists

otherwise

is computable



Prof

f+ (y) =

Mx . ( f(x) - y)

Not working for mon-total functions

f : N =N computable
↓

f(x) =(fo = (x = 1) + Mz . Gg(x)
otherwise

f- (y) = y + 1=med

The result is true also for mon-total functions

stepo - 2 3 ----

fry) =

· ↓

find as S
.

t
. f(x) = y

f computed by P

↓

check P(x)

- for any x
-

any number of steps



PARTIAL RECURSIVE FUNCTIONS

computational models : URM ,

TM
, -calculvo, -

Church Turing Thesis : A function is computable by on effective procedure

iff

it is computable by var-machine

Program
-> class R of partial recursive functions

- R = 2

Def : The class of partial recursive function R is theertcoe
of functions which

contains (a) Zero and is closed by (2) composition
Cas successor (2) primitive recursion
( projections (3) minimalisation

im detail :

-> we call a class of functions a mich if it

contains (a) Zero and is closed by (2) composition
Cas successor (2) primitive recursion
( projections (3) minimalisation

-> I is rich

-> R is a rich class and fot ot rich RE A

-> Note : Rich classes ore closed by intersection Ai il rich

=> Nati which

-> R = L A
A rich



Equivalently : & is the class of functions which you can obtain from

b using (1)
,
1, a finite numbera

of times

Theorem : 2 = Q

(R = e) T is rich
,
R is the smallest rich class

n R = C

rec R) let fee fink- N

there is p URM program

/1--- xm) 00 .....

PS
I fra)) -----

: Nk
+1

- N

(
,
t) = content of Re after t steps of computation of (i)

Jp : Nk+ = N

instruction to be executed after t steps of P()& Jp(c ,
t) = ↑ O if Pro terminate in tor fewer steps

let seIN

-> If fot then P(5) terminates in ut . Jp( ,
t)

flö) = /
, ut . Jp ,

t)

-> if fl) T then PE) T nence ut . Jo,t) +

fr) = <( , ut . Jp ,

t)) ↑



Henc

fl) = <1),t . Jpt) for all EccINY

If we can show (p
, JpeR we conclude that feR

NEXT LESSON

TO BE

CONTINUED


