
COMPUTABILITY (20/10/20259

Class & of urm-computable functions

* contains the BASIC Functions

(b) Successor

Cal Zero "1) projections

* closed under
-

1)generalised composition
2) primitive recursion 3
(3) cumbounded minimalisation

OBSERVATION : Definition by cases

Let fe , -ifm : NK- In computable total

Pabl
, _,
Qm() &IN decidable predicates V 7 !

j Qykf

and let f : N- IN

feb If Qefüg
flä) = # !

fakij if Q2 k

fn() if Qm/c)

Them f is computable
assumed computable

Hoof Mari--X
fr= fr .Fai f

---

+ f) -Kark

-
D otherwise

proved computable

computable total

by composition.
⑰

Emple : M = 2 far= E Q1(x) = " even "

fe() Yx Qa() = "CC15 odd"



and them

fros=
if Q

, (a) i
.

e . even

if Q2 (2)
,

ie. odd

* ferer . Kank f fab) · Kaz) ↑ Ve

-

↑ Xx

Algebra of decidability

Let Q)
,Qa() CINK decidable · Them

1) 7Q1/

2) Que 1Qu are decidable

3) Qu()VQe
Qik) is false

Roof #

if LQef) is tre If Xa ,

() = 0

19 Traukr= otherwise

=I oherwise

=g(Xa ,
())

*

computable by composition

& Kanaal) = Kall. Kaly

3) Kavank) = Gg(Ka s
/f + Kan(e) &

* Bounded Sum/product

Givem fla ,
z f : Nk+ 2

- N total computable

define h : Nk+ -> N [0
, y)

hk
, y) = f(a,0) + f( ,

2) + - - + f(x , y- 1) total computable

= Ey frze

primitive recursion

&ho ki,y) + fre
,y ↳ h computable



-
y
flz) t f(a ,

z) = 1

yFyt=yf(z)) * f(x , y)

* Bounded Quantification

Grem Q
,
e) EINK+

decidable. Then

② Ekyl = Yzy . Qzf EXERCISE

decidable

②( , y) = zxy . Q(
,
z)

* BOUNDED MINIMALISATION

Given F : Nk - N total computable

define ( : NK+ - N

hk
, y) = "search for minimum zy st

. F ,
z) = 0

"

= (z
minimum z = y st

. Fl ,
z) = o

= Mzxy · fre
,
z) *0

y if no such z exists

Them h is computable (and total

Af
Y

-
di
frozo ? fre) = o?...

primitive recursion
h

,y = Z

h(0) = o r --- y ----y
L

/
↑ y + 1

f( , z) = 0

y) x y wo h(
, y + 1) = by

h(c
, y +1) =

hk
,y)

Il4.
niy) = y Wa

&F+

-

-
-

h(, y) + 1



= hky) + ogfy = hky) · G/fk , y))
T
2 if heyl = y and frad, ye +o

O otherwise

is computable by primitive recursion.
E

OBSERVATION : The following function are computable :

* div : N2= N

dir (ay) = (1
If a divides y

⑧ otherwise

=og (em(x
,y)

* Dk = mumber of divisors of a

= E divry, /
y[x

↑

y= x + 1

* Per
if a is pume

otherwise
--

/ is prime iff the only divisos of are 1 and a

↑ (and+ 1)

↑ iffs has exactly two divisors

-
=g)(dk) - 2))

↑
(x - y) = (x= y) + (y = x)

* Px =
th
prime number

Po = 0 P = 2 Pz = 3 13 = 844 = 7 p = 11 -

by primitive recursion



Po = 0

Pytz = smallest number 75 py and I prime

=mzy) ·P

↑ If e prime

if E = Py

we claim Pyte) + 1

Y
let p a prime factor ofpi + 1

them p + pi Vi = 1
.. y otherwise p divides Pi

P - Pi + 1

↓
p divides a

=> p = 1 not a prime
Them P = Py> P = Py + 2

number.

hence

i

* Ky = expoment of by in the pame factorisation of

x= 20 = 22 . 30 . 22 . 7° . -- - (28z = 2

= p · 4 -.. (202 = 0

(203 = 1

(204 = 0

i

(x)
y

= mox

zvide----

= max Z

=
mim z .

St
. diV /Pgzte , a) =

= Mzx . dir (pyt ,
x) computable



#ERCISE : All functions obtermed from bosic functions by using

composition and primitive recursion is total

OBSERVATION : Pamitive recursion is more general thom you would

think

Fibonacci

Flor = 1

not pamitive recursion↑ f(1) = 1 stactly speaking (

f(m + 2) = fib(m) + fib(m +2)

g : N -an

gims = (fim) , finta

D = NE

I : N2 - N bijective "effective"

: N + N2 effective

T" (m) = (Ty(m)
,
Tz(m)

Ta
,
Te : N - N computable

π(x , y) = 2x . (2y + 2) = 1 computable

T
-

(m) = (2(m) , πz(m))

Ty(r) = (m +1) m = 2
*

(zy + 1) =
I

Tim =m

-4
computabe

m + 1 = 2x(zy + 1)

g : N -= N

g(m) = it (f(m) , f(m +1))



gros= /flo) , flota)) = T(1
,
1) = 24

. (2 . 2 + 7) - 1 = 0

&
g(m+2) = #( fim+ 1) , fim +z)) = /(g(m)) , Te(g(m) +[12(g(m))

↑ E
fimi + fim+ ip

↑

T2(g(m))
= Ti(g(m)) +Ta(g(m))

hence G is computable

Thus fims = Talgine) is computable by composition.


