
COMPUTABILITY (14/10/2025

* Generation of computable functions

T is sed under

- composition

- primitive recursive ⑧- unbounded minimalisation

A BASIC FUNCTIONS 2 = (x1
,
-

,
ak)

① constant zero z : Nk = N e) = 0 VeNk

② successor - :N + NS(x) = + 1 VEN

3 projection U : NYeN Ug/) =

ag VENk

They ore in I as they are computed by

② zre)

② Sre

③ T(j ,
1)

* Notation

given a program
P

-p(p) = max(m/ regeter Rm is referred in PS

- e/p) = number of instructions im P

- P is in standard form if whenever it terminates
,
it does

at instruction index e(p) + 1

-

catenator
: given,

Q program
P

Q
u & ve Jim , m

,
t) me Jim , m

,
t + esp)



-

given a program P

Pfis
,
i2

,
-in - i) (x)

·program taking the imput from Ris
,
- , Riv and outputs in Ri

without osuming that register different from imputare O

T(is
,
1)

T(ik
,
k)

z/k+ 1)

i

i I (A)

z/p(p))
P

T(1
,
i) we want

aly .... ma y(x ...

problem P [2 .
1 - 2)

T(2
,
1)

we get y/y/
u

T(2
,
2)

P

ExERCISe : solve the problem !
-

* COMPOSITION

Given F : /N - In
, 81 , 78K : -N

you define 4 : (Nm = N

flgetel , -gk()) if gellt ,, gest
h() = & f(ga(e) ,

-

,
gk())

↑ otherwise

E
.g . z(x) = p Vx

z((x))+ Xx

P()T Ve

(2/py) = x U, /ys) ↑ Vogy



&position : C is closed under composition

of

Given F : IN"-IN
, 97, gK

: /M- IN computable functions in E

them
n : N - in

h) = figat , y jaker) is in 2

Let F
,

Gz, ..,
Ok be program (otal form) for figh < In

m + m + K

i ~mmente lek
m = max(g(f) , p(a) , -

, p(ak) ,
k

,
m)

T(1 ,
m + 2)

"(m
, m + m)

6) fin + 1 ... m + m --m + n +2)

i

Gk(m + 1
..

m + n --m + n + k)

# Impre +1 --man + -- 1j

Is the program for h
,
hence he 2

E

Example , fleee) = extaca is known to be in 2

g(2 ,
(2

,
(3) = x

, + x2 + x3

g(a,2
,
x3) = f(f(x ,

x) ,3)

- :
S

-

#
= f(f(u) ,

wk))
,
Ul)



Example : Let f be computable and total

Qf(y) = "f(x) =

y " decidable ?

We know

Tea : N - N

T (asy) = (1ife computable

hence Qf is decidable since

Taky)=e (flas) , y) computable by composition

* Primitive Recursion

0 ! = 1

Timtis! em+

known

Fibro) = 1

fib (2) = 1↑ fib/m+ 2)=Per

Def . Givem f : Nk= N

define U : INK+
- N

g : Nk+ 2
- N

h() = f(e)

& h(
, y + 1) = g( , y ,

h(
,y)

take EIR

Eleg - is there a solution?
- is it unique ? Camonical

?

↑
(

,
/ complete partial order ) -o exstence of a fleat/ solution (continuous

unique solutions ------
induction



Examples :

= h : -N

h(x
, y) = x + y

f
ato =

2
exy + 1

f(x) = x
=WE(x)

x + (y +1) g(x , y ,
z) = z + 1

* h = = - in

h'(x
,y) = xxy

f
xx0 = 0

f(x) = 0

xx(y+ 1) = (xy) + x g(x , y ,
z) = z + x

&position : The class & is closed under primitive recussion

Ezoof

Get fik-IN , g : NK+
- IN be in 2

and let F
,

G program (stol form) for f and
g

Define h : /Nk+ -> I

ha = fra

h(
, y + 1) = g(e ,y ,

h(
, y)

1020 ho = fref use F

hl
,
1) = ga ,

0
, hesor) u G

!

h(
,
i) = g( ,

i - 1
,
ht

,
i - 1)) + -

i = y ? if so-o output

otherwise increment i= it and continue



- mmMme /y
m = max (p(f) , p(f) ,

k + 2)
Mak+ m+ k+ 3

T(1
,

m + 1)

"

T(k , m +k)

T(k+ 2
,
m + k+ 3)

FfM+ 1
,
--

,
m + k = m + k + 2) ↓ ha = flö

Loop : J) m + k + 1
,
m + k + 3

,
REs) Vi = y ?

6 M+ 1
... m+k + 2 --m+ k +2) Xhk

,
i +z) = g( ,

i
,
h(

,
i)

-(m + k + 1) Vitt

J(1 ,
1

,
200p)

RES : T(m + k + 2
,
1)

E

Examples :

= h : -N

h(x
, y) = x + y

f
ato =

2
exy + 1

f(x) = x
=WE(x)

x + (y +1) g(x , y ,
z) = z + 1

* h = = - in

h'(x
,y) = xxy

f
xx0 = 0

f(x) = 0

xx(y+ 1) = (xy) + x g(x , y ,
z) = z + x



- exponential

2 (2) x

- predecessor y
= 1 = (

0 otherwise

y- 1 y = 0

4 y

x = Y
-difference c =

y
= (

x-yx + y

x = 0 = x

f x = (y + 1) = (x= y) = 1

-

sign -g (y)
= 12 it

Sg(0) = 0

↑ 5g(y+1) = 1

solution

- (a) = (2 if x = 0
exercise ↑ =gr = 1= Sg())otherwise

x

-
- xy

- min(x , y) = x = (x= y)
-

x - Y
-

a = y
x - (x- y) = y

SOLUTION
- max(xy) exercise ↑ max(a

,y) =
x + y = x)

- Im(x
, y) = remainder of a divided by y

=Symad if x = 0

Y if x = 0

~ em/
,y)

if .

- .
D

-

&
-

pt(3 ,y)

- · -
· ⑨ ↑ ↑ ⑨

↑ 2 2 3 4 s 6 "y



zm(
,
0) = o

em(x
, y) + 1 if 2m(y) + 1 = xf em(x

, y +a) = 10 otherwise

= (embay) + 1) Asg(x = (em(x ,y) +1))

something
1 if em(

, y) +1 =x

- o otherwise

* quotient

pt(x , y) (convention at (0, y) =o

sexercise SOLUTION :

↳ at(x , 0) = 0

at(y +1) = jat1
if emyt

otherwise

=

atkayl +g) em( , y +1)


