
COMPUTABILITY /13/10/2025

EXERCISE : URM
:

machine : variant of uRM
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12 = 29 det fee finden me fee

let P be a URr-program such that F = Fir

by a previous exercise(2 = e) there is 'UAM-program
without Gransfer instructions such that fait fik

but I'is also a URM- program and therefore f = F = fite e

(e = e) Take fe 2
-

f : N"-N and fet ↑ a URME program

such that F = Ep. We want to "Transform" ↑ into a URM program

say
I'
,

such that

for = Erik
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A URME-program I can be tranformed into P'ver-program

such thort Fi = Spir

We proceed by induction on h = number of to instructions in P

Ch = 0) P is already a URM-program ,
hance P1 = e



(n - h +2) Let P vant program with h+ 1 is instructions
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assuming :

-> I assumed to be well-famed ( if it halts ,
it does at sta)

-> register I not used by P

i = max(Gy) Ry is used by 43u(k3) + 1

Then t" is such that

far = Epike
and it contains h swap instructions . Hencebynductive byp.

there is p' val-program such that fiik = fishe

Summing up

f = fi = fa = fik
and thus fee .

The proof is wong : I am using the inductive byp . On I" which is

not a URM
T

program

Solution : prove a stronger essertion

"Every program P which uses both scap Ts and transfers T

con be transformed into a URM-program P S
.

t
. Fi = filk ."



Exercise : Consider URM
= without jump instructions

Show car e= 2 and (b) characterse the shape of
funchomo in E

=

Proof

of An URM = program

#
Is esp) = - length of program

P

Pi P terminates after erp) steps

~ all functions in 2- ore total un 2= C

eg . F : NeiN fe 2 J(1 ,
1

,
1)

fra ↑ Ven FC
=

because is not total

I saying "the program uses jumps"

Is not sufficient for FAC
=

e
.g. Is : J (1 ,

1
,
2) P

fp (x) = x

but free
=

(by
shape of functions in

2- ?
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conjecture :

f(x) = c constants
CEIN suitable

comto itor

flex = x+c incament by a constant

demote en(a
,
k) = content of register 1 after K steps

storting from /od---

We prove by induction on k that elek) CEN

x + C



(k = 0) (2(x
,
a) = x = x + 0 c =0

(k - k +2) By induction hyp a(ak) = 19
- x + C

I- -
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different cases according to the shope of Ikt

* Inte Zimy two subcases

(n = 1) 2(x ,
k + 1) = 0 ok .

1

(m = 1) E(k+1) = 2x , k) ok by ind . hyp.

* Inte Simp two subcases

(m = 1) + 2)
=e C+1

ok !
-x + (+ 1)

(m +1) & (ak+ 1)=(a ,
k) ok by ind . hyp

1

* Ikte Timim) (M = 1 orm = 1) zikta) =zo, k) ok,

by ind. hyp.

(m = 1 and m = 1)

M=1

↑-
not working ,

no info on Rm m = 1 ...

The key observation is that the same property holds for all registers

2 (k) = content of Ry after K steps of computation
starting from roro-

show by induction that UK Vy /induction on k)

C

zj(xk) = 1x
+ c

The proof now works smoothly. TRV !



EERISE

for h-ory functions

2x j = hfra ,
-

,
en) = 1 + a

ce N constant

* Decidable predicates

div/x
, y) = "es divides y"

div E NXIN

div = &(m ,
mxk)(m

, kemN]

or

div : NXIN -a Stace , folleo

k-azy predicate Qleca
, yk) & NNk

Q : Nk -> 20 , 13

Sec Tus

Def.decidable predicate

Let Qla
, <ak) = N

*

a predicate· It is decidable if

Ta : N" = N

Ta ross
, y
eks pe

if ale
,
are holder

otherwise

Is UR-computable

Example : Qua
,
e) e In

& (
,
(2) =

"
x = xzi decidable

19 : NN2 = in

if x =2

Kala
,
ses = 12 otherwise

computable



#
output

J11 ,
2
, ves

No : J11 , 1, RES

VES : 5(3)

RES : T13
,
1)

Example : Q(a) = "evem" decidable

EXERISE

123

/o/op EVENi J11 ,
2
,
TRUE)

↑ f S(2)
↳ result

DDD : J11
,
2
,

False

5/2)

J/1 ,
1

, EVEN
TRUE : 513

FALSE : T13
,
1)



* Computability on other domains

D countable

a : D - IN bijective reffective

/inverse 2-1 effective (

At
, Q ,

2
,
-
-.. #

Givem f : D-D function is computable if

DF X D

a
f
+
= Gofo " : N -N

Empte : computability on Z 108h-comportable2 : E -* N

a (z) =(i
R

N
·
soh sth

⑨ Boo

20 -11 -22 +3 -4 ...

a " : N - Z

a
-

(m) = Nz m even

&
-M M odd

2

f :z + z

computable
f(z) = 1z)



f* : aofod" : N = N

form) = a fa+ (m) = G
mevem a) = 4() = 21 = m

Mood Gf( -m) = a() = 2 = m

↓ e n evee
URM-computable

=> f is computable


