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effective procedure / algorithm S Wa existence of mon-computable
3 functions
computable function

* Effective procedure

sequenceofmentary steps

imput data ma output data

~
determistic

function f : Gimputsd -- ( outputs)

/ partial

Lef: A funchom f is computable if mests an algorithm
such that the induced function is f

* GCD (a
, y) = greatest common divisore / Euclid's algorithm

* fim) = 15
n 15 prime

otherwise

* h/m) = mt digit in

* fim) =

1 if in it there ore exactly in consecutive digits -

d
O otherwise

if i = 3
,
145

...
-

755554
-

f(4) = 1 exactly 4 digits s

D
-

goo
TFRIThM

Idea : - compute all digits of it Nog-

- check whether there are exactly i digits S in a zow



gims = 11 ifI
includes at least m digit s io ore

if i = 3
,
145

...
-

755554
-

↓ exactly 4 digits s

lat least 3
,
2

,
1

,
0

g(4) = 1

g(3) = 1

g(2) = 1

g(2) = 1

g(g) = 1

more generally

grm) = 1 Vm'em gim') = 1

take

K =

sup (e/ there are m digits s in row in it]

two possibilities

- X fimite grms =( in
1 function g(m) :

if ne k :

1

--x

Return 1

else :

K

Return o

- k 1s infinite gims = 1 Ve

1 ↑
↑ X funchom g(m) :

return 1



Con't I play the same tack for f ?
S

fim) = 11 ifnt
thre ore etlyn consecutive diite

A = (m/ there are exactly in digits s in a low in it]

and define
function f(m) :

If MEA :

return 1
not an algorithm

else :

T
return o A might be infinite

* Existence of mon-computable functions

* characteristics of a "good" algorithm
- finite length
- there is a computing agent which executes the algorithm

- memory unbounded

- discrete steps
,

deterministic
,
not probalistic

- finite limit to the number and power of instructions

- the computation can

-> terminate after a finitenumber of steps -- output

-> diverge /never terminate) -- no output



* Math motation

* N = 20 ,
1

,
2

, -
-

- 3

* A
,
B sets AxB = Gra ,

b) /acA
,
be By

An = AxAx . - xA
W

(a2
,
82

,
-

-

,
am)

* relations 2 = Ax B

m divides M divides = ((m , Mak) 1 m
,
ke)

l

NXN

* funchoms f : A -0 B

Spartial)
special relation F = AxB

Vaet Vbib'eB (a
,
b)

,
la

,
b) ef = b = b

*
dom(f) = (acA) -b .

(a ,
b) + f)

instead of lab) of we write frot = b

If at domfy fratt
adom/f f(a) T

* Cordinality

If A
,
B sets /A) = /B) if there is f : A- B bigective

↑

Comit



IA//B) if there is f : A - B injective

⑪
Equivalently" if there is a sorjective function g : B-A

B
A

-8 s
-

* A countable (denumerable)

(A) /(N)

sujective function F : N - A

FfinFrento
* A

,
B countable =o AxB countable

Idea : A Q0 Of Q2

B bo b, be
- - -

-

Qo 01 ar
---

bo

lapCat, bot lan
,
bog -

-

bi las
,
bil Sez

,
bil /az

,
bi --

Yba lao
,
bat las

,
bat las

,
ber--

i :"

* Ao
,
As

,
--

.,
An

,
--a countable seto -e Tanti is countable



* Existence of mon computable function

we restrict to
umory functions f : I -- IN spartial)

E = (f) f : --N] set of all functions

Fix a model of computation wo set of algorithms a

for each At c ne fa : -N

Funchons computable by the model

= < fe g) there exists At a such that fa = f)
= ( ft) Act}

Clearly
I

* An algorithm At ot is arequence of instructions from

an instruction set I
e Frite

A = IuIxI u IxIxIve -.

& U Fi
i = 1

↑ countable union of countable sets = countable

(d)(IN) +

Now

A - Ta
sorjective

A to fa
v

(E(x(c) = In



* the set G of all functions is not computable

in fact ,
assume 171 = /IN

i
.

e

. we can list the elements of I

fo fe fa -------

P

-:&
---

i i i
L

define d : N-N by changing systematically the diagonal

d(m) =

0 if filmsf ↑ if fn(m)d

Since def it must be in the lot
,
there is meIN S

.

t
.
d = fr

-> if filmst = dims fm(m) contradition

-> if farmst dimsofu(m)

=> absurd

↳ not countable 191 In

↓ Summorising

I G

( + (n) = (2)) = Ja = T

* How many non-computable funchons

(y ,%1) = 1)


