CaLcuLus 2

ANSWERS TO LN EXERCISES

1.8.1. By proving the triangular inequality for the Euclidean norm, we got the formula

= =2 =112 =12
1%+ 517 = IFI7 + 1517 +2 ) %7y
J

From this,
1% =512 = IRI7 + 11 = F12+2 )" xp(=y) = IFI2 + 1717 =2 > xp,
J J
Therefore,
1%+ 31 + 1% - 512 = 2 (1912 + 1512) .~ ©
1.8.2. We start with || - ||;. We have to verify positivity, vanishing, homogeneity and the triangular
inequality.

i) Positivity: ||X]|; = X |x;] > 0 because it is a sum of positive numbers.
ii) Vanishing: [|X||; = 0iff X; |x;| = 0. Since this is the sum of positive numbers it can be = 0 iff
x| = 0 forevery j = 1,...,d, that s iff x; = 0 ¥}, so iff ¥ = 0.
iii) Homogeneity: we have

IAZl = D 1l = > 1l = 141 ) el = JalliEh.
J J J

(notice we used homogeneity of the modulus, that is |ab| = |a||b])
iv) Triangular inequality: we have

IE+501= )"l +y;l.
J

Now, because of the triangular inequality for the modulus, |a + b| < |a| + |b| we have
bxj+ vl < lxjl+lyjl, V.
So, summing up on j, we get
I+ 300= > byl < D (bl +1il) = D bl + >yl = IEI + 151
J J J J
Let now discuss the case of || - ||. We have to verify the same properties as done above.
i) Positivity: [|X[|le = max; |x; > 0 (maximum of positive numbers is positive).

ii) Vanishing: ||X||le = 0 iff max; |x;| = 0. Since the maximum is made on positive numbers, it is
clear that it can be = 0 iff [x;| = 0 Vj, thatis x; = 0 Vj, so iff X = 0.

iii) Homogeneity: we have

A%l = mj@tx |Ax;| = mjz;lx [A]x;].

Now, it is clear that max; c|x;| = ¢ max; |x;| for every ¢ > 0. So [|AX|| = [A][|¥||co-
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iv) Triangular inequality: we have

X+ ¥lleo = max [x; + 5,

Now, since

e+ 51 < g+ Iy < max el +max [ye] = l1x]leo + [15lleos ¥/,

we have
1% + ¥ lloo = max i+ vl < ¥lleo + VMl O

1.8.3. i) Let X, := (e, 1). Since e —> 0 and 1 —> 1 we conclude that X, —> (0, 1).
ii) Let X,, := (n, n?). Here we notice that ||)?n|| = Vn2 + n* — +00, 50 X,, — ©00,.

iii) Let X, := (,11, L sin —) Since l — 0, —2 — 0 and sin% — 0, we conclude that ¥,, — (0,0, 0).

2
iv) Let X, = (1, 1+ l,n). Here, ||X,|| = \/1 + (1 + l) +n* > Vit = n? — +00, 50 X, — 003.

v) Let %, = (tanh log" 9”,‘1”) Notice that tanhp = S22 ~ % =1, so tanhn —> 1. Moreover,

log n sinn

since log n =, 0(n), — 0 and clearly 2 — . Therefore, X, — (1,0, 0).
vi) Let X, := ((-D)", (- 1)"+1). Here we have thatJ?Zk =(1,-1) — (1,-1) while xp441 = (-1,1) —
(=1, 1) so we conclude that there is no limit for X,, when n — +co. i

1.8.4. =. Assumption: X,, — { € R, Thesis: Xnx — {x forevery k =1, ...,d. By definition

Ve >0, 3N : ||xn—€|| g, Ynz=N.

Now,

. d

1w = €11 = y| Dk = €02 > ) Gonke = )% = [nic — €l Ve =1, d.
k=1
Therefore,
[Xnx —Ckl < I Xn =€)l <&, Vn=N,Vk=1,...,d.

and this means that x,, , — ¢ forevery k =1,...,d.
<= Now the Assumption is: x, x — {; forevery k = 1,...,d. The thesis is: X,, — { € R9. From the

assumption we can say that,
Vk=1,....d, Y& >0, ANy : ||Zn, — &l < & Vn > Ni.

Notice we wrote Ny because the initial N will depend on the sequence (X, k), so on k. Now, let
N :=max(Ny,...,Ng). Thenifn > N > Ny forevery k = 1,...,d, so

|xnk—€k| &g, Vk—] d

Therefore,

d
||)?n—£7|| = Z(xn,k—fk)z <Vel+-+e2=+Vde2=Vde, Vn > N

k=1



This is exactly the thesis (if you like you can replace € by \%). O

1.8.5. i) True, it follows by that proved in 1.8.4.
ii) False: for example X,, = (0,n) —> o0y butx,,; =0 — 0.

iii) True. Indeed, we may notice that
d
2 2 _ .
an,k > ,/xn’j =[x, ;| — +o0.
k=1

iv) False: take X,, = (0, (=1)"), Xox = (0, 1) — (0, 1), X2441 = (0,—1) —> (0, —1), in particular lim,, X,,
cannot exists. However x,, ; =0 — 0. O
1.8.7. #1,2,4,6 done in class (see slides).

#3. Let f(x,y) = We have f(x,0) =0 — Owhenx — 0, £(0,y) = y—2 =1— lwheny — 0.

1%l =

x+2
#5-Letf()C,y):nyr%;z11 We have f(x,0) = ——0—>Owhenx—>0 f(0,y) = ‘1";y 1—>%

when y — 0, this because of the fundamental limit lim,_, (ltht# =« (here @ = 1/2).
1.8.8. #1,3,5 done in class (see slides).

#2 Let f(x,y) = . The limit is a § 9 jndeterminate form. Introducing polar coordinates we have

p° cos2 0sin’ 6

(p?)?

f(x,y) = f(pcosh,psinf) = = pcos® @sin’ 6,

o)
|f (x,y) = 0] = p| cos® ]| sin* 6] < p =: g(p) — 0, p =0,
from which we conclude that 3lim =f=0.
(x,y)—0

#4. Let f(x,y) = ;}% When (x,y) — 0, the limit of f yields to an indeterminate form 8. Let’s

write f in polar coords:

pcosOyp|sind]  p32 cosf/|sind)|

C/p4(cos4 6 + sin* 9) P Jeost 0+ sin 0

f(x,y) = f(pcosé,psinf) =

1/6 cos 0+/] sin 4|

Vcos* 6 + sin 9

Since p'/® —s 0 when p — 0, we bet on the limit exists and it is equal to 0. To show this we notice that,

1/6 | cos 8]+/| sin 0] 1
<pl/

Jcos? 6 + sin* 0 Jcos* 6 + sin* 0

|f(x,y) = 0] =

Let K(6) := Vcos? @ + sin® . This is a continuous function on [0,27], so by Weierstrass’ theorem there
exists a minimum achieved at some ,,,;,, € [0, 2], thatis K(0) > K(0,nin) =: Ko > 0. Notice that Ky >

0: if Ko = 0 we would have K (8,,;,) = 0, so \3/0034 Omin + sin* Omin = 0, that is cos® 0, + sin* Omin = 0.
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Since both terms are positive, this is possible iff cos* 0, = 0 and (simultaneously) sin* Omin = 0, that
is €08 Oip, = Sin O, = 0, which is impossible! Therefore, K(0) > Ky > 0 for every 8 € [0, 2], so
1
|f(x,y) - 0] < p”6fo =1 g(p) — 0, p > 0.
From this we deduce that 31im =f=0. O
(x,y)—0

1.8.9. #3. Let f be the function of which we aim to compute its limit at 0. The limit is an indeterminate

form %. ‘We notice that
x* x*
f(x,0,0) = — = = =x2—0, x > 0.

\/F

So, if a limit exists it must be = 0. Using spherical coordinates
x =psingcosf, y=psinpsinf, z = pcosgy,

we get

(p?sin® ¢ cos? 6 + p? sin ¢ sin 6 cos ¢)? 2 (sin® ¢ cos? 6§ + sin ¢ sin 6 cos )2
= p .

\/(p2 sin (cos? 6 + sin® 0))2 + p* cos* ¢ /sin* ¢ + cos* ¢

From this we can prove that the limit exists and it is equal to O: indeed,
(1+1)?

\Jsin? ¢ + cost

Let F(p) = +/sin* ¢ +cost . Clearly F € %([0,2n]), so, by Weierstrass’ theorem, there exists
K := min F[o ). Since the minimum is achieved at some ¢,,;, if K = F(¢;u;n) = 0 we should have

COS Pmin = SN @iy = 0, which is impossible. We conclude that K > 0 and
(1+1)? 54

<p Z =g —0,p—>0 O
A/sin® ¢ + cost

K
#5 We start noticing that (x,y) — (0, 1) iff (u,v) := (x,y — 1) — (0, 0), so we are reduced to the limit

fx,y,2) =

|f(x,y,2) = 0] < p?

|f(X,y,Z)_O| <p2

x3sinh(y — 1) _ x3sinh(y — 1) _ u? sinh v _ ~
im = m — = m ———= lim f(u,v).
)= 0,1) x2+y2 =2y +1  (xy)=01) x2+(y - 12 (uv)—(0,0) u?+y2 (u,v)—(0,0)
The limit is an indeterminate form (9). In polar coordinated for (u, v) we have

3 3 . .
~ - cos’ B sinh(p sin 0)
Flu,v) = pz

From this, we guess that the liumit exists and it is equal to 0. Indeed,
| f(u,v) = 0| < p|sinh(psin6)]|.

Reminding of sinht = ¢ + o(t), we have

= p cos® @ sinh(p sin §).

sinh(p sin8) = psin 8 + o(p sin H),



SO
| sinh(p sin )| = |psinf + o(p)| < p +0(p),
from which
() =01 < p (p+0(p)) = p* +0(p?) =t g(p) — 0, p — 0.
We can now conclude that hm(u,v)_@ f (u, v) = 0, hence the same holds for the limit of f. O
#6 Since (x,y) — (1,1), (u,v) :=(x -1,y —-1) — (0,0), so

27

lim X, lim @ —
(x,y)—>(1,1)f( Y = (u,v)—(0,0) (u2+v2)5/2 (uv)e(om

flu,v).

Clearly, the limit is an indeterminate form 2 g- Let’s pass to polar coordinates u = p cos 6, v = psin@
9 2 cin?
~ p° cos“@sin’ 4 9. .7
fu,v) =————— =p“cos“fsin’ b,
()
o)
|f (u,v) =0 < p* — 0, p =0,

and from this it follows that

fey) = dimo ) =0 o

(x. y) (1 y)

1.8.10 #2 The limit does not exist: indeed, f(x,0) = x* — x> — 400 is |x| = +c0. f(x,x) =0 — 0
when |x| — +o0.

#3 We have f(x,0) = x> — +co when |x| — +co. Let’s look at f under polar coordinates: we get
f(x,y) = p*cos? @sin? 6 + p> — p* cos O sin 6.

Apparently, the first term is the strongest one. However, if one of the two coords vanishes, the first term
is constantly = 0. This suggests that this term is not particularly determinant. Being also positive, we
may notice that

1 1
f(x,y) > p?— p*cosBsind = p (l—isin(29)) >§p2—>+00, p — +oo,

This is sufficient to establish that I1im(y y) e, f(X,y) = +00.

#4. We have f(x,0,0) = x* — +oco when |x| — 400, s0 if a limit exists it must be = +c0. To compute the
limit, an idea could be to use spherical coordinates. This, however, does not simplify the term x* + y* +z*.
We might expect that this term is somehow correlated to (x* + y* + z2)? and indeed

2)2 4

2y + 222 =xt oyt 2y 1 22+ 292 e a4+t

This is an upper bound for x* + y* + z*. To get a more useful lower bound we remind of the elementary
inequality 2ab < a* + b2, s0
Py + 222 =xt oyt 2+ 2x%y? +20°722 +2y%22 <30yt e Y,
—— S~ ——

4

<(x2)24(y2)2=x44y? <xt+z <ytazd



SO
4 a4 V(a2 )2
X +y' 4z >§(x +y +z) .
Now, with this we can say that, in spherical coordinates

14 3
—p" = p° — o0
3 3P TP
when p — +oo. This shows that I1im .y ;) ey [ = +00. O

1 2 1
flx,y,2) > 3 (x2+y2+z2) —Xxyz = —p4—p3sin2gocos<psin6?cos9 >

#5 Notice that f(x,0,0) = x> — +0c0 when |x| — +co. So, if a limit exists, it must be equal to +co.
Before applying the spherical coordinates, we write

f(x,y,2) :x2+y2+zz—xz+z4—z2.

Let’s focus on the first part x> + y* + 72

— xz. Using spherical coords, we have
1 1
x*+y? 4+ 72 —xz=p? - p*singcosfcosp = p? (1 - 3 sin(2¢p) cos 0| = pzi.

On the other side, we notice that there exists a constant C such that z* — z2 > C for every z € R. Indeed,
if h(z) = z* — z2, for z > 0 we have

W(z)=47-22=2z222-1) 20, & 272-120, = z>

5

1

This means that 2 \, on [0, \/%] and & " on [\sz’ +oo[,s0 7 = % is a minimum for /4 on [0, +oo[. Since

=

h(—z) = h(z) we have that it is also a minimum for all z € R. Thus,

1 11 1 1
h(Z)>h(—2)=———=—— = f->--.

V242 4’ 4
We can now put the pieces together. Combining the two bounds we have

2
fOy,2) =x>+y?+22 —xz+t =7 > %_Z =: g(p) — 400, p — +00.
—_— . Y——

2 >
>5 z

2

1
P
From this 31imy y ;)—eo; f = +00. -

#6. Also here we have £(0,0,z) = z2 — z —> +00 when |z| — +co. So, the possible candidate limit is
+00. Before applying spherical coords, we notice that

FO3.2) = 232l + (= 2= )

Now, let h(z) := z2 — z — |z]. As in the previous exercise, / is bounded from below. Indeed: for z < 0,
h(z) =z%,s0h > 0;forz >0, h(z) =22 =2z, W' (z) =2z -2 =2(z - 1), 50 z = 1 is a global minimum
with 2(1) = —1, so h(z) = —1 for every z € R. On the other hand, by using spherical coords,

X2+ 92+ |z] = +/p2sin® ¢ + p| cos @] = p (| sin @] + | cos ¢]) .
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The coeflicient C(¢) := | sin ¢| + | cos ¢| is continuous for [0, 7], so by Weierstrass’ theorem there exists
the minimum of C. Since C(¢) > 0 for every ¢, we deduce that C(¢) > C(¢min) =: K > 0, Therefore,
merging the two arguments,

f,y,2) =x2+y2+ |z|+(z2 -z- Izl) >Kp—1=:g(p) — +o0, p — +0o.
— ————
<Kp >-1
We conclude that 3lim . y 7)—e0; [ = +00. O
#7. Here we might have some suspect about the existence of the limit. The root term is positive and of
size p?, while the xyz is or order p* with variable sign. Take

—00, X — +09,

2

Flx,x,x) = Vaxd 4 x4 - x3 = Vox2 -3 —

+00, X — —o00.

We conclude that Alim .y, z)—sc0, f- O

1.8.13. i) We have a double implication.
= Hypothesis: ¥ € R N Acc(D). Thesis: Vr > 0, (B(X,7] N D)\{X} # @. We argue by contradiction.
Suppose the thesis is false:

(%) Ir >0, (B(X,r] N D)\{X} = @.
Now, since X € Acc(D), by definition there exists (X,,) € D\{X} such that X,, — X. In particular,
||X, — X|| — 0, so AN such that ||X,, —X|| < r foralln > N. Butthen X,, € (B(X,r] N D)\{X} forn > N,
and this is in contradiction with (x).

&= Hypothesis: Vr > 0, (B(X,r] N D)\{X} # @. Thesis: X € R N Acc(D). Take r = %:
VneN, n> 1, 3%, € (B 1/n] N D)\{Z),

from which: X,, € D, X,, # X and since
e o 1 o -
X, -X||<-—0, = X, —X.
n

This shows that X € Acc(D).

ii) We have a double implication.
— Hypothesis: ooy € Acc(D). Thesis: Vr > 0, B(X,r]ND # @. We argue by contradiction. Suppose
the thesis is false:
(x) Ir >0, B(X,r]°NnD = @.
Now, since ooy € Acc(D), by definition there exists (X,,) C D such that X, — ooy. In particular,
||X.]| — +o0, so AN such that ||X,|| > r for all n > N. But then X,, € B(X,r]° N D for n > N, and this
is in contradiction with (%).

<= Hypothesis: Vr > 0, B(X,r]° N D # @. Thesis: coy € Acc(D). Take r = n:
Vn e N, 3%, € B(F,n]° N D,
from which: X,, € D, and since

[Xnll > n —> 400, = X, —> o0q.
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This shows that co; € Acc(D). O

1.8.14. Let A, A; be open sets and let’s prove that A; U A and A; N A, are both open. LetX € A; U A;.
For example, X € A;. Since A; is open,

AB(X,r] CA] CAjUA,, = X eInt(A; U A,).

So, A UA, CInt(A; UAy) C Aj U A; from which Int(A; U Ap) = A U Aj.
Let’s now prove that A N A; is open. Let X € A} N A,. Since Ay, A, are open,

33(}?,7‘1] C Ay, EIB()_C),IQ] C As.
Let r := min(rq, r7). Then
B()_c’,r] C B(f,rl] C Ay, B(f,r] C B()_C),l”z] C A, = B(f,r] C A NA,.

So,X € Int(A;NAj), from which AyN A, c Int(A1NAy) € A;NA,, from whichInt(A;NAy) = A NA,.
Let now Cq, C; be closed, thatis A; := Cf and A, := C2C are open. Then

(CIUG) =CiNCy =A1N Ay,
is open by the first part. Similarly,
(CiNGCy) =C{UCs =A1UA,,
which is open by the first part. O

1.8.15. # 1,2,3,5,8 done in class.

#4. D is defined by large inequalities involving continuous functions, it is closed. It cannot be also
open because it should be either D = @ (but, for example (1,1) € D) or D = R? (but (0,0) ¢ D). Let’s
check if it is bounded. We first notice that if (x, y) € D then x > 0. If x < 0, then 2x < x so there would
be no y such that x < y < 2x. Since x > 0, dividing by x the second constraint we get 1 < y < 2, hence
0 < x <y < 2,s0both x, y are bounded, we conclude D is bounded. Being also closed, D is compact.

#6. D is defined by large inequalities involving continuous functions, it is closed. It cannot be also
open because it should be either D = @ (but, for example (0,0,0) € D) or D = R3 (but (1,1,1) ¢ D).
Let’s check if it is bounded. From the second constraint we have that x> + z> < 1, so in particular
Ix],|z] < 1. Plugging this into the first constraint, y> < z — x> < z < 1, so x%,y%,z%> < 1| and
l(x, v, 2|l = Vx2 + y2 + z2 < V3, so D is bounded, hence compact.

#7. D is defined by large inequalities involving continuous functions, it is closed. It cannot be also
open because it should be either D = @ (but, for example (0,0,0) € D) or D = R? (but (0,0,2) ¢ D).
Let’s check if it is bounded. Since x> — y? + z? is not the sum of positive constants, we cannot conclude
that each component must be bounded. We may imagine that, for example, if x = y, so if we consider
a point (x,x,z), then (x,x,z) € D iff z2 < 1. So, for example (x,x,0) € D for every x € R. Then,
(n,n,0) € D for every n € N, and since ||(n,n,0)|| = V2n —> +co when n — +oo0, we conclude that D
is unbounded. In particular, it is not compact. O

1.8.16. The solution to this exercise requires to know properties of compact sets not introduced in the
Course.



2.9.1. #1. Let f(x,y) :=log(1 +xy). We have

IS 1) =}i_1)1(1) f((1’1)+t(‘/§’1)) - f(1,1)

i FA+eV3,1+1) - f(1,1)

t—0 t

i log(1+ (1+V31)(1+1)) —log?2
t—0 t

log(2 + (V3 + Dt +V312) - log?2

= lim
t—0 t
_ mlog(1+%t+‘/7§t2)
t—0 t
V3+1 V3.2
=1+ 51 1 1
=lim—2— 2 hmwzl
t—0 t u—0 u
i L V3, V34
Ts0 2 2 2 7

#3. Let f(x,y) := Lyz for (x,y) # (0,0), £(0,0) = 0. We have

T lxl+y

@uﬁmﬂ>=g3“@®+“tm—f&m

i L0 = £(0.0)

t—0 t
2t
. ez T ) 2
=lim — =lim ——.
-0t 10 |t] + 12
Notice that > = |¢|?> so
2 2
. t . t . t
lim lim i lim i =0

=0 [t| +12 =0 |t| + |1]2 =0 L+]t]

Therefore d(1,1)£(0,0) = 0.



#5. Let f(x,y) = Y(T;ylj for (x,y) # (0,0), £(0,0) = 0. We have

Wisres
d-1,-2f(0,0) = lim f((0,0) +1(-1,-2)) - f(0,0)

I3
cte-1) _ o
o f(=t,=20) = f(0,0) . T2 T
= lim = lim = lim
1—0 t t—0 t =0 4/5]¢]
Here we notice that since lim,,_, euT‘l =1, we have
lim L~ e l-e®-2t 2
m = l1um _— = -,
1—0+ /51| t—0+ =2t /5 5
while
T -2t lim l—e2 -2t 2
1 =1 _—
t—0— \/§|t| r—0- =2t —\/gt 5
‘We conclude that the directional derivative does not exist. ]
2.9.2. #2. Continuity at (0, 0): We have to check if
2, .2
. . X“+Yy
lim (x,y) = f(0,0), = lim =
(x,yw(o,mf =7 (x,y)=(0,0) x| + ]y

Using polar coordinates,

p* 1
Fxy) = p (|cos6| +|sind]) p|c0s9| +|sing|’
Now, since g(0) := | cos 8|+ sin 6] is continuous on [0, 277], by Weierstrass’ thm it has a global minimum
point 6,,;, € [0,27], so g(0) > g(Omin), for every 6 € [0,2r]. We notice that K := g(0in) > 0,
otherwise, if 0 = g(0,in) = | COSOpin| + | Sin O |, necessarily | cos 0,5, = | 8in O] = 0, that is

€08 Oin = sin 6,,;, = 0 which is impossible. Therefore
0< f(x,y) < % 50, whenp =0, = (x,y) — (0,0).

We conclude that 3lim ) (0,0) f(x,y) = 0= f(0,0), that is, f is continuous at (0, 0).

Partial derivatives: to compute d f(0,0) and 9, f(0,0) we need to invoke the definition of these
partial derivatives as directional derivatives:
f((0,0) +1(1,0)) - £(0,0) _ .

lim
t t—0

lim - =0,
t—0 t

0./(0.0) = 910 (0.0) = lim JED SO _ iy 7

and similarly d, f(0,0) = 0.
Differentiability: f is differentiable at (0, 0) iff
- - _ - _ V > >
lim Jf(O+h) fEO) fOr _,
h—0 llAll
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Since V£ (0) = (8x/(0,0),8,£(0,0)) = (0,0), and £(0,0) = 0, setting /2 = (u,v) the previous limit
boils down to

f(u,v) . u? +v? . Vu? +v2
im ————= Ilim = lim —FF.
@) =0.0) VyZ 42 @)=0.0) (Ju| + |[v]) Va2 +v2  @v)=(0.0) |ul+[v]
R ———
=g (u,v)

This is suspicious and indeed

V2 |ul V2lul 1 1
gw,0)=——=—==1—01, g(u,u) = =— — —
|l ful 2l N2 A2

when u — 0. We conclude that lim,,,)—(0,0) & (1, v) does not exist, so f is not differentiable at (0, 0).
#3. Continuity at (0,0): We have to check if

2,3

. . X7y

lim (x,y) = £(0,0), = lim ————==

(x.3)=(0.0) Jeen =1 (x.3)=(0.0) (x2 +y2)2
Using polar coordinates,
5 an<2 O <ind
0 0
flx,y) = w = pcos®@sin’ 6,
P

o)
|f(x,y) —0] = p|cos®Osin* 6] < p — 0, p — 0.
We conclude that 3lim, ) (0,0) f(x,y) = 0= £(0,0), that is, f is continuous at (0, 0).
Partial derivatives: to compute dyf(0,0) and dy, f(0,0) we need to invoke the definition of these
partial derivatives as directional derivatives:

10,00 = 310,/(0,0) = i FU0.0+£(1,0) = £0.0) _ . f(1,0) - £0.0) . 0

lim - =0,
t t—0 t—0 1
and similarly d, f(0,0) = 0.
Differentiability: f is differentiable at (0, 0) iff
fO+h) - f©) - VO _

lim - =0

h—0 ll7]]
Since V£(0) = (8x/(0,0),8,£(0,0)) = (0,0), and £(0,0) = 0, setting & = (u,v) the previous limit
boils down to

f(u,v) . u?y? ) u*y?
m —_— = m —_— = = lim —_— .
Wv)=0.0) V2 2 @r)=0.0) (1?2 +v2)2+/2 (u,v)—>(0,0) (u? +v2)5/2
N e’
=g (u,v)

This is suspicious and indeed
5

u 1
g(u,u) = W = W sgn(u)

which has not a limit when u — 0. We conclude that lim,,,)—(0,0) g(u, v) does not exist, so f is not
differentiable at (0, 0). |
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2.9.4. We start computing the partial derivatives at (0,0). Because of the definition of f, we must
proceed with the definition:

Bxf(O,O)=3(1,0)f(0’0)=}£r(1)f( ) tf( ):}E)I(l) " =0,

and

£(0.1) —tf(0,0) im0 o

8,1(0,0) = 90.1)(0,0) = lim lim —

We notice that, for y # 0,
2

X 1
Oy f(x,y) =——cos—,
Y vy

so, in particular, dy f(y,y) = —cos %, and since lim,_,o dy f(y, y) does not exist, we conclude that 9y, f
is not continuous at (0, 0). This means that differentiability test does not apply to this case. To check
differentiability we must proceed with the definition: f is differentiable at (0, 0) iff

lim fO+h) —fEO) — VIO _
h—0 Il

Introducing coordinates h= (u, v), this limit becomes

y fu,v)
im —
(u,v)—(0,0) V2 412
We notice that, if v = 0,
flwv) 0

0,

Vu2 +v2 Vu? +2
while, if v # 0,

2 . 1
f(u’ V) MZ Sin(l/v) pol coords p~cos 6 sin (p sin 9) . ( )
= = = pcos@sin - .
Vu? +v? Vu? + 2 p psinf
Therefore,
f(u,v) .
——= — (0| = p|cosBsin <p—0, p—0.
Vu? +v2 p psin P p
From this we conclude that lim,,)—(0,0) % = Om whence f is differentiable at (0, 0). O

2.9.6. iv) Let f(x,y) = xe” + ye*. We have
Oxf(x,y) =€’ +ye*, 0,f(x,y) =xe’ +e",

from which 8, f, dy f € C(R?) so, by the differentiability test, f is differentiable on R?. Now, (x, ) is a
stationary point for f iff
. e +ye* =0, y=-e’"",
Vilx,y) =0, < =
xe¥ +e* =0, x=—e*7,



In particular, both x,y # 0and y = —e¥ ¥ = - - = % Therefore, x must verify

ex~y
x=—e" VX — e Urix=o.

This is a non trivial equation. We may notice that there is no solution for x > 0 (e-- > 0). For x < 0 let
g(x) == e*~1/X 4 x. We notice that g(x) — —oo for x — —oco while g(x) — +co for x — 0—. Since

1
g (x) =X 1/x (1 + —2) +1>0,
X

we have that g is strictly increasing, and because of previous limits, g(x) = O for a unique value of x.

Finally, since g(—=1) = e !*! + (=1) = ¢ — 1 = 0, the unique solution is x = —1. Therefore, the unique
solution of V£ (x,y) = 0is (-1, L) = (-1, -1). O
2.9.7. We have

axf(x’)’) =2x _4$ ayf(X,y) = 2/ly +2.
Clearly, . f, 0, f € C(R?), so f is differentiable on R%. A point (x, y) is a stationary point for f iff

. x-2=0,
Vilx,y) =0,
Ay+1=0.

In order (2, —1) be a solution, we need A(—1) + 1 = 0 thatis 2 = 1. In this case
Fly)=x?+y? —dx+2y=(x =22+ (y+1)? -5,
from which it is evident that (2, —1) is a global minimum point for f. O

29.9. Let D := {(x,y) € R? : 1 <x <4, |xy| <1}. We notice that D is closed (being defined by large
inequalities). Since 1 < x < 4, x is bounded and being

I<x<4 1
<1, &= [lyI<l, & Pl<=<],

x|

we get that also y is bounded. Thus, D is compact.

1

Since f € C(D), by Weierstrass’ theorem f has both global min/max pts on D. Let (x,y) € D be any
min/max point. We have the following alternative:



e (x,y) € Int(D): since

Ocf =€ (y = (x3)?), Opf = e (x = (xy)%),
we have dx f, 8, f € C(D), so f is differentiable on D (differentiability test). Therefore, Fermat’s
thm applies and

; e (y - (xy)?) =0, y(1—yx?) =0,
Vflx,y)=0, < —
e (x — (xy)%) =0, x(1-xy?) =0,
The first equation yields the alternatives
y=0, Xty =1, Xty =1,
\Y —
x=0, x(1-xy?) =0. xy? =1,
. [T . 1 1 . _
In the last system, x, y # O (otherwise it is impossible), so xy = © = 3 from which x = y, and

plugging back into the equations we get x* = 1, y3 = 1, that is (x,y) = (1, 1). Conclusion: the
stationary points are (0,0) ¢ Int(D) and (1, 1) ¢ Int(D).
e (x,y) € 0D: We have
0D =5,US8US3US4,

where
Si={(l,y) : 0<y<1} S :={(x0) : 1<x<4}

S3:={(4,y) : 0<y< JT} Sy ::{(x,%) o1 <x<4}
On Si: f(x,y) = f(1,y) = ye™ =: g(y) for y € [0,1]. We have g(0) = 0, g(1) = e,
g(y)=eY(1-y)=20iffy<1. Sog / on [0, 1], the min pointis y = 0, the max point y = 1.
From this, the min point for f on S; is (1, 0), the max point is (1, 1).
On Sy: f(x,y) = f(x,0) = 0. Each point (x, 0) is min and max point for f on S,.
On S;3: f(x,y) = f(4,y) =4dye ™ = g(4y) fory € [0, %] with g the same function introduced
above. So, the min (max) are attained at y =0 (y = ‘—11), thus for f at point (4,0) ((4, %)).
On S4: f(x,y) = f(x, %) = ¢!, every point at same time min and max point for f on Sj.
We are now ready to conclude.
e Candidates minimum point are (1,0) with f =0, (x,0) (x € [1,4]) with f =0, (4,0) with f =0,
(x, %) (x € [1,4]) with f = e~!. The minimum point of f on D are (x,0) with x € [1,4].
e Candidates maxmum point are (1, 1) with f = e~!, (4, ?11) (x € [1,4]) with f = e, (x, %)
(x € [1,4]) with f = e~!. The maxmum point of f on D are (x, %) with x € [1,4]. O

2.9.10. i) f € C(R?). We check that
lim  f(x,y) = +oo.

(x,y) 002
In polar coordinates,

fx,y)=p* (cos4 0+ sine) — p?cosOsinf.



15

Let C(0) := cos* 6 +sin* @ > 0. We notice that C € C([0,2x]). By Weierstrass’ theorem there exists
6* such that C(8) > C(6*) for every 6 € [02,x]. If C(6*) = 0 then cos* 6* = sin* §* = 0, from which
cos 8" = sin " = 0, which is impossible. So, if K := C(6*) > 0, we have

f(x.y) > Kp* = p* — +00, if p — +o0.

From this the conclusion follows. Since the domain R? is closed and unbounded, there exists ming. f
(but not maxg2 f).
Let (x, y) be any min point. Since R? is open, (x, y) € Int(R?). Moreover, since

Onf =dx> -y, dyf =4y°—x,

we have dx f, 0y f € C(R?), so f is differentiable on R?. By Fermat’s thm, at min point (x, y) we must
have V f(x,y) = 0. Now,
. 43 -y =0, y = 4x3,
Vilx,y)=0, =
4y3 —x =0. 44x% —x = 0.

We notice that 4*x? —x = x(4*x8 — 1) = 0iff x =0 orx® = 4i4 = 21—8, from which x = i%. In the first case

3
y= 4x3 = 0 while in the second y=4 (i% =+
Since £(0,0) = O and f (J_r (%, %)) S Ll

11
+ (E’ E)

ii) The domain D is open and unbounded. We notice that f(x,0) = x(logx)> — +co when
(x,0) — o0,. Therefore, Amaxp f. We also notice that £ > 0 on D. Moreover f(1,0) = 0 so, (1,0) is

definitely a min point for f on D, so 3minp, f. Is there any other min point (x, y)? If yes, being D open,
(x,y) € Int(D). Now, since

SIS

+=. The stationary points are (0,0) and + (%, %)

oo —

1
3
- }L = —% we conclude that the min points of f are

1
Ay f = (logx)* + y* + 2281 (logx)? + y* + 2log x, Oy f = 2xy,
X
we have 0, f,0yf € C(R?), so f is differentiable. Then, for any min point (x,y), by Fermat's thm
Vf(x,y) = 0, that is

(logx)? +y* +2logx = 0, y =0,

(x,y)eD=]0,+c0[ XR
—

2xy =0, (logx)? +2logx = 0.
Now,
(logx)?> +2logx =0, <= (logx) (logx+2)=0, & x=1¢"

Therefore, (x,y) = (1,0), (e"2,0). Now, f(1,0) = 0 and f(e~2,0) = 4e~2, so we conclude that the
unique min point is (1,0).

iii) f(x,x) = 2x3 — o0, according to x — *oco. Therefore Aming> f, maxg: f.
iv) The domain D = R3 is closed and unbounded. Notice that

flx,y,2) = (x—y)2+z2+2xz
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so f(x,x,z) = z2 + 2xz. In particular
flx,x,x) = %2+ 2x% = 3x% — 400, if |x| = +oo,
while
Flx,x, —x) = x* = 2x% = —x? — —oo0, if |x]| - +o0.
From this we see that Alim(y y ;) f and, at the same time, supgs f = +oo and infps f = —co, thus
Amaxgs f, mings f.
v) The domain D = R? is closed and unbounded. We compute

lim  f(x,y,2).

(x,y,z)—003

In spherical coordinates

fx,y,z) =p* (0054 6 sin* ¢ + sin* 6 sin* ¢ + cos* go) —p> cos 0sin 6 sin? ¢ cos .

=:C(6,¢)

We notice that C(6, ¢) > 0, C is a continuous function of (8, ¢) € [0, 2x] X [0, 7], which is a compact
set of R?. By Weierstrass’ thm, C has a minimum on such domain, that is C(6, ¢) > C(6*, ¢*). We claim
K =C(6%, ¢*) > 0. If =0, then being C sum of positive quantities, necessarily,

cos* 0" sin* ¢* = 0, cos* 0* =0,
sin* 6* sin* =0, — sin* 6* = 0,
costo* =0, = ¢ =3, ¢* =7,

which is impossible. Therefore K > 0 and
f(x,y,2) > Kp* = p? — +oo, if p — +00.

From this we conclude that limy y ;) e, f (X, y,2) = +00. Being f € C(R?), we deduce that Aming; f
but Amaxgs f.
To determine the min points we apply Fermat’s thm. We start noticing that

Ocf =42 —yz, Oyf =4y’ —xz, 0.f =42’ ~xy,

from which 0, f, 0, f,0.f € C(R?), thus f is differentiable because of the differentiability test. So, if
(x,y,z) € R? any min point, noticed that R3 is also open (thus (x, v, z) € Int(R?) = R?), we necessarily
must have V f(x, y, z) = 0 (Fermat’s thm), that is

43 — vz =0,
4y3 —xz=0,
473 —xy =0.

To solve this system we argue as follows. If one of the coords is = 0, say x for example, the system boils
down to

yz =0,

43 =0, & (x,y,2)=(0,0,0).

473 =0,



17

The same happens if y = 0 or z = 0. We can therefore assume that x, y, z # 0. Then, by multiplying each
of the equations by x, y, z respectively, the system is equivalent to

xXyz = 4x4,
xXyz = 4y4, — = y4 =7+
xXyz = 474

From this we get y = +x, z = +x with all possible combinations of signs. Plugging these into the first
equation we have, fory=z=xy=z7=—x

0 1
x3=4x4, ;} dx =1, x:Z.

This yields points (}‘, }‘, }t) and (%, —%, —}T). Fory=x,z=—-xory=—-xand z = —x we get

—x‘=4x4, — 4dx=-1, x=—Z,

this yielding points (—%, —%, %) and (—%, %, —i). Now, since
1

111 1 1 1 11 11 1 1 1 1
s Ty | = D E R e e =, T, = T e T T =3__ = = T i
f(444) f(444) f(4 44) f(44 4) 44 43 44
we conclude that all the stationary points are global min pts for f. O
2.9.13. i) We have f(x,x — 1) =0 — 0 when (x,x — 1) — o0y, that is |x| — +oco. On theother hand
f(x,0) = x*>(x = 1)> — —co when (x,0) — oo, that is |x| — +co0. We conclude that the limit of f at
ooy does not exist.
ii) We have
Ocf =20y = (x = D) +x7(=2(x = 1)), 9y f =2yx°,

from which 0,0, f € C(R?), so f is differentiable on R2. So, (x,y) is a stationary point for f iff
Vf(x,y) = 0, that is

2x(y* = (x = 1)) +x>(=2(x = 1)) =0, x =0, y =0,

2yx? =0, 0=0, x(x=1)(2x-1) =0.

The second equation of last system yields x = 0, 1, %
(0,),y €R, (1,0) and (%,0).
To understand if they are local extrema, let’s compute the Hessian matrix. We have
Oxxf =2(3* = (x = 1)%) —4x(x = 1) = 2%,
Oxyf = Oyx f = 4xy,
Oyy f = 2x%.
From this, Oxx f, Oxy f,0yy f € C(R?), so f is twice differentiable. We have

2 _

We conclude that the stationary points of f are
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so V2 £(0, y) is not strictly positive/negative and the Hessian matrix test fails. To determine the nature or
(0, y) we need to proceed with a direct inspection. Since y is fixed, let call it yg. We have f(0, yg) = 0.
Since, for x ~ 0, f(x, yg) ~ xz(y% — 1), this suggests to distinguish cases yg # +1 from yg = +1.

e If yo # =1, then since f(x,y) ~(x,y)—(0,y0) xz(y(z) — 1) we guess that (0, yg) is a local minimum
if y% —1 > 0, a local maximum if y(z) — 1 < 0. Here is a precise argument for y(z) —1 > 0 (the
other case is similar). Since for (x,y) — (0, yo) we have y> — (x — 1)> — yg — 1> 0, by the
permanence of sign we can say that in a sufficiently small ball B((0, yg), r], we have

2
2 2 Yol
-—(x-1" 2 ——.
y - (-1 7
Then

-1
fy) =20 - (-1 > x2y°2 > 0= f(0,y0), V(x,y) € B((0, y0),7]-

This shows that f has a local minimum at (0, yg).
o If y(z) = 1, that is for yy = %1, the previous argument does not hold. In this case, we may suspect
that (0, +1) is not a local extrema. For example,

FfOo,£) =x2(1-(x-DH) =x?(-x*+2x) = =x*+2° =3 2 +x).

Recalling that (0, 1) = 0, we see that, for x > 0 we have f(x,+1) =x*(2+x) > 0= (0, £1)
while for -2 < x < 0 we have f(x) < 0 = f(0,%1). We conclude that (0, 1) is not a local
extrema.

Next,
V2£(1,0) = [ _01 8 }

In this case, V2 f is already diagonal with eigenvalues —1 and 2. This means that (1, 0) is a saddle point.
Finally,

14 0
sz(1/2,0)_[ 0 1/2]

so V2 f is already diagonal with eigenvalues 1/4 and 1/2. This means that (1/2,0) is a local minimum
point.

iii) We already noticed that infp, f = —co, so Aming. f. Noticed also that f(1,y) = y?> — 400
when |y| — +oo, we deduce that supgz f = +c0, so Amaxg: f. Thus, even if Fermat’s thm applies, the
stationary pts are not global extrema. About f(R?) =] — oo, +0o.

iv) Let now D := {(x,y) € R?> : y <0, 0 <x < y+ 1}. Since D is defined by large inequalities
with continuous constraints, it is closed. Plugging the first constraint into the second one, we get
0<x<y+1<1,s0xisbounded, and since y > x —1 > -1, we have -1 < y < 0, so also y is
bounded. We deduce that D is compact, and since f € C(D) Weierstrass’ thm applies and f has both
global min/max on D.

Since f is differentiable, Fermat’s thm applies, so to determine these points we have the following
alternative:
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e (x,y) € Int(D): then (x, y) must be a stationary point for f. However, since none of the stationary
points of f lies in Int(D), this case simply does not happen.
e (x,y) € dD: in this case we notice that

0D ={(x,0) : 0<x<1}U{0,y) : -1<y<0}U{(x,x-1) : 0<x <1}

We have
f(x0) =x*(=(x = 1)*) = = (x(x = 1))*.
Since x(x — 1) is minimum at x = 0, 1 and maximum at x = %, we deduce that f in minimum at
point (1/2,0), maximum at (0, 0), (1, 0).
Next, f(0,y) = 0, so all points (0,y) y € [-1,0] are min/max points for f on this part of
boundary.
Finally, f(x,x — 1) = 0 so, again, so all points (x,x — 1) x € [0, 1] are min/max points for f
on this part of boundary.
Conclusion. Candidates to be min points for f on D are (1/2,0), (0, y) and (x,x —1). Since f(1/2,0) =
—1—16 < 0and f(0,y) = f(x,x — 1) = 0, we conclude that the min point of f on D is (1/2,0) with min
value = —1/16.
Candidates to be max points for f on D are (0, y) and (x,x — 1). Since f(0,y) = f(x,x = 1) =0, we
conclude that all pts (0, y), (x,x — 1) are max pts for f on D, with max value = —1/16.
Finally, being D a connected set, f(D) = [-1/16,0]. O

2.9.14. i) f(x,0) = x* — 8x> — +o0 if (x,0) — 05. So, if a limit exists it must be = +co. In polar
coords,
fx,y) =p* (cos4 0 + sin* 0) - 8p.

As discussed in many othe exercises, cos* @ + sin* 6 is a continuous function of 6 € [0, 2], so, by
Weierstrass’ thm, it has a minimum value. Being the function > 0, the minimum value will be > 0.
If = 0, there should be a @ such that cos* 8 + sin*6 = 0, but this is impossible. We conclude that
cos* @ +sin* 6 > K > 0 for every 6 € [0, 2]. Therefore

f(x.y) > Kp* =8p> — 400, p = 400, & (x,y) - .

Conclusion: F1im(y,y) 00, f = +00.
ii) We have 0, f = 4x> — 16x, dy f = 4y> — 16y, s0 3, f, 8y f € C(R?), whence f is differentiable on
R2. Point (x, y) is a stationary point for f iff

R 4x3 — 16x =0, x(x2—4) =0,
Vf(x,y) =0, = =
4y3 — 16y = 0. y(y?—4) =0.

Both equations yield x,y = 0,+2, and since the two equations are independent, the solutions of the

system are (0, 0), (0, £2), (£2,0), (£2, +£2) with all possible combinations of sign (9 points in total). To

classify these points we compute first the hessian matrix. We have 92 f = 12x? — 16, agx f=0= 8)%y £
2 £ _ 1942 : 2 2 2 2 T :

05y f =12y~ - 16. From this we see that dy, f, 95, f, 0y, f € C(R?), so f is twice differentiable and the

hessian matrix is

2 [ 1222 - 16 0
Vf(X,Y)— 0 12y2—16 .
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We have
) -16 0 . . . .
e V-£(0,0) = 0 —16 | point (0, 0) is a local maximum point.
2 32 0 . . . .
o V-f(£2,0) = 0o —16 |’ points (+2,0) are saddle points. The same conclusion for points
(0, £2).
o V2f(£2,+2) = [ 302 3 }: points (£2, +2) are all local minimum points.

Let’s discuss global min/max for f. We notice that f € C(R?), R? is closed and unbounded: by i) and
a known fact, f has global minimum on R? but not global maximum. Let (x,y) € R? be any minimum
point. Since R? is open, (x,y) € Int(R?). Being f differentiable, Fermat’s thm applies: necessarily,
(x,y) must be a stationary point for f. Since (x,y) is a global minimum it is automatically a local
minimum so (x,y) is one (or more) of (+2, +2). Since f takes the same value at these four points, we
conclude that they are global minimums for f on R?. Finally, f(R?) = [ f(£2, £2), +oo[= [=32, +0o].

iii) The domain D := {(x,y) € R? : x?>+y? < 9} is clearly closed and bounded. Since f is continuous
on D, by Weierstrass thm f has both global min/max on D. Let’s determine these points. Let (x,y) € D
be any min/max point. We have the following alternative:

e cither (x,y) € Int(D) = {x> + y> < 9}: in this case (x, y) is an interior point and Fermat’s thm
applies, so (x, y) must be a stationary point for f. Since all stationary points of f are in Int(D),
(x, y) is one or more of (0, 0).(£2,0), (0, £2), (£2, £2). We notice that since (2, +2) are global
min points for f on R?, they are global min points for f on D. So we can say that the search is
limited to global max point for f on D.

e or (x,y) € D = {x* + y*> = 9}. Points of the circle can be represented as (x, y) = 3(cos 6, sin §)
with 6 € [0,2x]. On these points,

f(x,y) =3 (0054 6 + sin* 6) -8-9=281 (0054 6 + sin* 6) - 72.
So, f is maximum iff g(#) := cos* 6 + sin* 6 it is. We have
g’ (0) = —4cos® Osin 6 + 4 sin® 6 cos § = 4 sin 6 cos § (sin2 6 — cos® 9) .

We notice that g’(6) = 0iff 6 = 0, r, 27, 7, 37”, 57”, Z. 37”, 57", %’. We see that g(0) = g(n) =

g(2x) = g(n/2) = g(3n/2) = g(5x/2) = 1, while g(x/4) = g(3x/4) = g(5n/4) = g(Tn/4) =

1/2.
Candidates max points on D are then: (0,0), (£3,0), (0,+3) and since f(0,0) = 0 and f(£3,0) =
f(0, +£3) = 9 we deduce that max points for f on D are (£3,0), (0, £3). O

2.9.15. #1 See slides.

#2 See slides.

#3 Existence. Let D := {(x,y) : x> +y?>+xy—1=0} = {g(x,y) = 0}. Being g continuous, D is
closed. Is it also bounded? We notice that, if p = ||(x, y)||,

(x,y) €D, = p*+p’cosfsind—1=0, = p?>(l+cosfsinf) =1,



21

that is

2 1
p= 1+cos@sinf’
Since
I +cosOsind = 1 +2sin(20) > 1 — = = X
cosfsinf = — sin >1—-==-—,
2 2 2
we get
1
2<—=2
Pz =2

that is p = ||(x,y)|| is bounded for (x,y) € D. This says that D is bounded, hence compact. Since
f(x,y) = xy is continuous on D compact, there exist both min/max of f on D (Weierstrass’ thm).

Determination. We apply Lagrange’s thm. Since D = {g = 0}, let’s check first if g is a submersion on
D. This happens iftf Vg # 0 on D. We gave Vg = (2x +y, 2y + x) from which we see that d, g, d,g € G,
so g is differentiable. Moreover,

. 2x+y =0, y = -2x, x =0,
Vg=0, < =
2y+x =0, -3x =0, y =0,

Therefore, there is a unique point where Vg = 6, that is (0, 0). However, (0,0) ¢ D because 0> + 0% +0 -

0—1= -1 # 0. We can then conclude that Vg # 0 on D, that is g is a submersion on D. Since clearly
also f is differentiable, Lagrange’s thm applies: at any min/max point for f on D we have

y X
2x+y 2y+x

y X
2x+y 2y+x

Vf=4AVg, < rank <2, & det

This yields the equation

y2y+x)—x2x+y)=0, = y2—x2=0, — y=x, Vy=-x.

Thus we get points (x,x) and (x, —x) with x € R. Now (x,x) € D iff x> + x> + xx — 1 = 0, that is

3x% = 1, from which x = -, so we get pts + (\/% \/%) On these pts f = % Similarly, (x, —x) € D iff
x2+x2—xx—1=0, from whichx2 = 1, orx = +1. We get points =(1,—-1), on which f = —1. We

vg’
conclude that + (L L) are max pts, (1, —1) are min pts.

V3’ V3

#4. Existence. Let D = {x> + 4y? = 4}. D is clearly closed and bounded, hence compact. Since
f € &, both min and max of f on D exist because of Weierstrass’ thm.

Determination. We apply Lagrange’s multiplier thm. Let’s start checking that D = {g(x, y) = 0} with
g asubmersion on D. Clearly, g is differentiable and since Vg = (2x, 8y) = 0 iff (x,y) = 0 ¢ D, we have
that Vg # 6, so g is a submersion on D. Therefore, at min/max points we have

2x—-% 10y-3 2x-% 10y-3

Vf=AVg, & rank 2% 8y <2, & det o 8y

=0.

This yields the equation
8y(2x — %) —2x(10y — %C) =0, & x*-4y>—4xy=0.
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This last can be also written as

X2 —dxy+4y? =8y?, = (x-2y)?=8y}, = x-2y= i2\/§y, — x=2(1% \/E)y
We get points (2(1 + V2)y, y) with y € R. Now, such point belongs to D iff
1

J1+(1 J_r\/§)2.

(2(1ixfz)y)2+4y2=4, = (1+1£V2)y’=1, y=2

Thus min/max points are among

! (2(1 ix/i),l).

+ L
J1+(1+42)2

Notice that + in front of the two V2 is the same sign (both + or both —), while the + in front of everything
is independent of the first one. So we have in total four points. Now, since f depends on x2, y> and xy,
the value of f is independent of the front +, and

2(1+V2), 1)) = AUVDR 5 120V))

1+(1+V2)2  1+(1+V2)2 2 1+(1+V2)2

e

= 5H3014V2)? _ 743D _ 4 \f
T 1+(1+V2)2 24V2

while

_ _ 4(1-V2)? 5 _1.201-V2)
f(\/m( (1=V2), 1)) T 1+(1-V2)2 * 1+(1-v2)2 2 1+(1-V2)?

_543(1=v2)? _ 7-3v2 _ — 44 xf
To(1-V2)2 T 2-V2

from which we conclude that
+———(2(1 + 1) s f D,
* 1+(1+\F)2 ( ( \/_) are min points for f on

\/(7 T)Z (2(1 V2), l) are max points for f on D. O
1+(1

2.9.16. #1 See slides.

#2 Existence. Clearly, D is closed and bounded, f is continuous, therefore 3minp f, maxp f.

Determination. We apply Lagrange’s thm. Since D = {g(x,y,z) = 0} where g = x> +y? + 22 — 1, we
start checking that g is a submersion on D. Clearly g is differentiable. We have Vg = (2x,2y,2z) = 0 iff
(x,v,2) = 0¢D,so g is a submersion on D.

Therefore, at any (x, y, z) min/max point for f on D we have

yzzexy xz2eXY  DzeXYy

2x 2y 2z <2

Vf=4AVg, < 1k
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Now, this happens iff all 2 X 2 sub=determinants of this matrix vanish: we get the system

[ 2 ,xy 2 ,xy
yz-e xz%e B
det] "oy 2y =0 Xy 2002 _ 2
2¢*Yz5(y* —x°) =0,
[ 2 ,xy 27eXY
yz-e ze _ Xy 2 _
det oy 52 ] =0, = 2¢*z(yz7 —x) =0,
, Xy 2 _ —
o x2e® 2ze% | . 2¢x(xz7—y) =0.
2y 2z |

Let’s work on the first equation. We have
2072 (y? -x*) =0, & z=0,Vy=x, Vy=-—x.
Case z = 0: the system reduces to
xy=0, < x=0,vy=0.

So, we get points (x,0,0), (0,y,0), with x,y € R. These points belong to D iff x2 = y2 =1, so
x =y = =1, we get points (x1,0,0) and (0, 1, 0).
Case y = x. We can also consider z # 0 (otherwise we are in previous case). The system reduces to
x(z22-1)=0,
— x=0, Vvz==+I.
x2(z2-1)=0,

We get points (0,0, z) with z € R and (x,x, +1), x € R). Now, (0,0,z) € D iff z> = 1, that is z = *1,
so points (0,0, +1). We have (x,x,+1) € D iff x> + x> + 1 = 1, that is 2x?> = 0, so x = 0, and we get
(0,0, +1) again.
Finally, case y = —x. As above, we may assume also z # 0. The system boils down to
x(2+1) =0,
— x=0.
x2(2+1) =0,
So we get points (0, 0, z) and as above this yields points (0, 0, +1).
We can now conclude. The unique candidate min/max points are (+1,0,0), (0,+1,0) and (0,0, £1).
We have

f(£1,0,0) =0 = £(0,%1,0), f(0,0,«1) =1,
so (+1,0,0) and (0, =1, 0) are minimum points, (0,0, +1) are maximum points. O
2.9.18. See slides.

2.9.19. i) We have (x,0,0) € D iffx* = 1,50 (+1,0,0) € D and D # @. We also have D = {g(x,y,z2) =
0} where g(x,y,2) = (x> + y?)z?)> —xyz — 1. Clearly g is differentiable and

Vg(x,y,2) = (416(962 +32+2%) — vz, 4y (P + Y  + D) —xz,dz(P +yP + 2P) - xy) :
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To check if g is a submersion on {g = 0}. we have to determine if Vg # 0 on {g = 0}. Let’s start
determining points where Vg = 0: we have

dx(x?+y*+75) - yz =0,
Vg(x,y,2) =0, < 4y(x> +y?+7%) —xz=0,
4z(x®> +y2 +7%) —xy =0.

To solve this system we may argue as follows: either x # 0, or x = 0. Let’s discuss first x = 0: the system
reduces to

yz=0,
4y(y?>+7%) =0, = (x,y,2)=(0,0,0).
4z(y* +7%) = 0.
In the case x # 0, the system becomes
47 +y*+2%) = 4,
yz

yy —xz=0, & 2> =x*) =0, = z=0,Vy=x, Vy=—x
2ZE—xy=0 = y(Z-x})=0.
Now z(y*> —x?) =0, iff z=0or y = x or y = —x. In the first case the system reduces to
z=0,
+y?=0, &= (x,,2=(0,00)

xy =0,

In the case y = x we have

=x=0,
{ el e (530 =(0,0,0,(0,0,1/4)

y=x y=x#0,
e ) = 2 2=, = (52 =0/12,1/12,1/12)
x(22-x?)=0. 12x" = x,

y=x %0,

= —x, — (x,y,2)=(-1/12,-1/12,1/12)
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In the case y = —x we have

{ y=-x=0, (x,y,2) = (0,0,0),(0,0,~1/4)

4Z2:_Z7
y=—x y=-x#0,
4(2x2-|’-zz)=—z z:;c, = (x,y,2)=(-1/12,1/12,-1/12)
—x(z2 —-x%) =0. 12x7 = =,
y=-x#0,
7=—X, = (x,y,2)=(1/12,-1/12,-1/12)
1242 = x,

Let’s now check which of these points are in D:

e (0,0,0) € D iff (0,0,0) = 0. However, g(0,0,0) = —1 # 0, so (0,0,0) & D.
e 3(0,0,£5) = =5 —1<0,50(0,0,1/4) ¢ D.
1 1 1y _ 1 1 1y _ 1 1 1y _ 1 1 1y _ 9 1
¢ mn =8¢Cnmn =8¢ nnn=8n "B =m -1 <0s0
none of these points belong to {g = 0}.

—|

Conclusion: none of points where Vg = 0 belongs to {g = 0}, so g is a submersion on {g = 0}.
ii) D is defined by an equation g = 0 with g € &, therefore it is closed. Let’s check that it is also
bounded: indeed, if p := ||(x, y, z)|| we have that

(x,y,z2) €D, & p*—pcosBsinfsin’pcosyp =1,
o)
p* =1+ p3cosOsinfsin® pcosp < 1+ p°.

It is now clear that p must be bounded. Indeed, if p is unbounded it means there are points in D
with p arbitrarily large. However, when p — +oo, the inequality p* < 1+ p? is impossible because

1+ p° = 0(p*). We conclude that p must be bounded, whence D is bounded, and being also closed, it is
compact.

iii) We have to determine

- 2 2 2
min/max(x- + + .
D/D( Y +z°)

Let f = x> + y? + z2. Clearly f is continuous, D is compact and Weierstrass’ thm applies: this ensures
existence of both min/max of f on D.

To determine these points we apply Lagrange’s multiplier theorem. We already proved that g is a
submersion on D. Since f is clearly differentiable, at any min/max point it must hold

vf B 2x 2y 2z

Vf = /lVg, — rk Vg = rk 4xp2 —yz 4yp2 —xz 4zp2 —xy
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(we wrote p? = x> + y> + z2). From this we get the system:

2x(4yp* — xz) — 2y(4xp* — yz) = 0, 2(y? —x%) =0,
2x(4zp —xy) = 2z(4xp> —y2) =0, &= | y(x’-2%) =0,
2y(4zp> — xy) — 2z(4yp* —xz) = 0. x(y?-2%) =0,
Working on the first equation, we get the alternatives
z=0,
yx2=0, < (x,0,0),(0,y,0), x,y €R,
xy? =0,
or
y =X -
{ X2 = 22) =0, — (0,0,2), (x,x,x), (x,x,—x), z,x €R,
or, again

x(x> =72 =0,

We have now to determine which of these points are in D:

e (x,0,0) € D iff x* — x3 = 1 which has two real solutions —0, 81, +1, 38.

e (0,y,0) € D iff y* — y3 = 1 which has two real solutions —0, 81, +1, 38.

e (0,0,7) € Diff z* — 7 = 1 which has two real solutions —0, 81, +1, 38.

e (x,x,x), (x,—x,—x) € D iff 9x* — x3 = 1, which has real solutions —0, 55, +0, 60

e (x,x,—x), (x,—x,x) € D iff 9x* + x3 = 1, which has real solutions +0, 55, —0, 60
Computing distances of these points to 6, we easily see that (1.38,0,0), (0, 1.38,0), (0,0, 1.38) are
points of D at maximum distance to 0, while points (-.81,0,0), (0,-.81,0), (0,0, —.81) are those at min
distance to 0. O

2.9.22. See slides.
2.9.25. Let D := {(x,y,z) € R® : 2 +y>+ 7% =1, x>+ y> = x}. We have to determine

{ y=-X, — (0,0,2), (x,—x,x), (x,—x,—x), z,x €R,

: _ — i 2 1242
min/max [ (x, . 2) = (0, 1,0)| = min/max \[x2 + (y = 12 + 22

Since min/max points of yx2 + (y — 1)2 + z2 are the same of x> + (y — 1) + z2, we solve for

. 2 2 2
+ -1 + X
mln/max (X (y ) Z )

We start with the existence. We notice that D is closed being D{g; = 0, g» = 0} with g; = x*+y>+z> -1
and g, = x4+ y2 —x continuous functions. Moreover, D is bounded, because if (x, y, z) € D, in particular,
x2+y2 4+ 72 = 1, that is ||(x,y,z)|| = 1. Therefore, D is compact, and since f is clearly continuous,
existence of minp f and maxp f is ensured by Weierstrass’ thm.

We now move to the search of extrema. To this aim, we wish to apply Lagrange’s multipliers thm. We
start checking that (g, g») is a submersion on D. We notice that g, g, are differentiable and

Vg1 = (2x,2y,2x), Vgo=(2x-1,2y,0).
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The map (g1, g2) is not a submersion at (x, y, z) iff

w2y 2z 4xy —2y(2x—1) =0, y =0,
rk V = -1 2v 0 <2, = 2z(2x—-1) =0, —
82 Yy 4yz:0_ Z(Z)C— 1) =0

We get points (x,0,0) and (1/2,0, z). Now, we have to check whether these points are in D or not. We
have

x2= 1,
(x,0,0) e D — (£1,0,0),
x? =x,
and
T+22=1,
(1/2,0,2) e D impossible!
1_1
4= 72

From this we get that the unique points of D where (g1, g2) is not a submersion are (+1,0,0). So, if
D := D\{(£1,0,0)}, (g1, g») is a submersion on D and Lagrange’s thm applies on D.
So let (x,y,z) € D be any min/max point. We have the following alternative:
e cither (x,y,2) = (£1,0,0); _
e or (x,y,7) # (£1,0,0), in particular (x, y, z) € D. Therefore, Lagrange’s thm applies and

Vf Vf
Vf=A4Vg +A;,Vg,, — r1k| Vg | <3, < det| Vg |=0.
Vg2 Vg2
Now,
Vf 2x  2(y-1) 2z
det| Vg = det 2x 2y 2z
Vg 2x -1 2y 0

= (2x = D(4z(y — 1) —4zy) = 2y(4xz - 4xz) +0---

=-42x-1)=0, & x=1.

Therefore (x,y,z) = (%, ¥, z) which belongs to D iff
1,22, .2 _ _ 1
Z+y +z7=1, y_ii’ (1 1 1)

2 _ 1 _ 1

IR

(four points).

Conclusion: the candidates min/max points are (+1,0, 0) and (% %, i%) Since

1 1 1 1 1 1 1 1 9 1 12
+1 2 +— | ==+ —-4+-=-=1 —_— +—] = Z — —
ret00 =2 r(ggeg)eprae =t s (poaeg) i i
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are those

we conclude that (% +%, i\/lj) are points of D at min distance to (0, 1, 0), while (%, %, i\/lj)
at maximum distance. m

2.9.26. Existence. Let
D={(x,y,2) €R*: z=x*+y%, x+y+2z=0}={g =0, g» =0},
where
gy, 2) =22 =y, @y =x+y+z.
Clearly, D is closed (defined by equalities involving the continuous functions g1, g». Let’s discuss if D is
also bounded. We notice that, if (x, y, z) € D, then

2 2
2=x2+y?, = O=x+y+x’+)?, = (x+§) +(y+§) =7

from which |x+%| < %,that is —% < x+% < L

3> 0or =1 < x < 0 and, similarly, -1 < y < 0. Sox, y are

bounded, and since z = x* + y? we also have 0 < z < 1+ 1 = 2, thus also z is bounded. We conclude that

D is bounded, whence compact, and since f(x, y, z) = z is continuous, by Weierstrass’ thm f takes both
min and max on D.

Search. We apply Lagrange’s multipliers theorem. To this aim, let’s first check that (g, g2) is a

submersion. Clearly, g1, g» are both differentiable. Notice that

Vg —2x 2y 1 2(y —x) =0,
11
rank = <2, 2x+1=0, — E’E’Z .
Vgo 1 1 1 2y+1=0,
Now,
_1
1 1 Z_fa
=y =< ED’ — ,ﬂZ
2°2 11
z+§+Z:0,

We conclude that (g1, g») is submersive on D. According to Lagrange’s thm, at min/max points we have

Vf 0 0 1
Vf(x,y,z) =AVgi(x,y,2) + uVgar(x,y,z), <= rank| Vg |=rank| —2x -2y 1 | <3,
Vgo 1 1 1
that is, iff
l-det[ _fx _fy } =2(y-x)=0, & y=nx.
This yields points (x, x, 7). We have
7 =2x2, +x=0, = x(x+1)=0,
(x,x,2) €D, —
7 =-2x, z=2x2,

which yields x = z =0, orx = —1, z = 2. We obtain points (0, 0,0) and (-1 -1,2). Since £(0,0,0) =0
and f — 1 —1,2) =2 we see that (0,0, 0) is the min point while —1 — 1, 2) is the max point. ]
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2.9.27. i) Define
G:R*>R  Gxy,2)=(21(x,5,2), &2(x,5,2)) = (x* +y* + 2% = 1, 2z = 3x).

To show that G is a submersion on D it suffices to show that the Jacobian matrix of G has rank 2 for
every (x,y,z) € D. We have

2x 2y 2z 6y =0,

2
rank G’ = rank <2, dx+6z=0, < (x,0, _§x)'
-3 0 2 4y =0,
Now,
2 x2+3x2:1, x=0,
(x,0,-=x) e D, — impossible!
3 4 —
—3X = 3x 0=1,

Therefore, rank G’ = 2 at every point of D, thus G is a submersion on D. Finally, to see D # @ note e.g.
that the point (x, y,z) = (0, 1, 0) satisfies x> + y? + zZ = 1 and 2z — 3x = 0. Hence D is nonempty.

ii) The set D is closed and contained in the unit sphere S> = {x? + y> + zZ = 1}, so it is bounded, thus
D is compact.

iii) Existence: f(x,y,z) = xz is clearly continuous on D, D is compact, the existence of min/max
points for f on D follows from Weierstrass’ thm.

Search. We apply Lagrange’s multipliers thm. By i), G is a submersion on D. Therefore, at any
min/max point (x, y, z) we must have

vVf z 0 «x z 0 «x
rank | Vg [ =rank| 2x 2y 2z | <3, & det| 2x 2y 2z | =z4y+x6y =0,
Vg -3 0 2 -3 0 2

that is y(2z + 3x) = 0. This yields y =0or z = —%x, that is points (x, 0, z) and (x, y, —%x). Now,

aien ol g es
(x,0,z) e D, = —
22—3)6:0, Z:%x’
; 2 0 3
We getpomtsi(\/ﬁ,o, \/E)
3 x2+y2+%x2:1, yr =1,
(x’y’_EX)ED’ — — (0,%1,0).
-3x-3x=0, < x=0, x =0,

Conclusion. The function f attains its minimum value 0 at (0, =1, 0), and its maximum value 6/13 at the

two points ( +2/V13,0, +3/V13).
2

2.9.31. Since minimizing ||¥|| is the same of minimizing ||X||*> = Xy o+t xfl = f(x1,...,xq), we
discuss the problem
.,
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where D = {¥ e R? & -X = 1}. Clearly, D is closed and unbounded, and since

1im f(F) = +oo,

X—o00g
we conclude that f has global minimum on D.

To determine the minimum, we apply Lagrange’s thm. Since D = {g(X) = 0}, where g(X) = a - X — 1,
we start checking that g is a submersion on D. This happens iff Vg # 0 on D. Since Vg=a+0by
hypothesis, we conclude that g is a submersion. Therefore, if X is any minimum point for f, it must be

Vf=AVg, & 2X=1d, < X" =.Jd.

Now, Xx* € D iff dla-a =1, thatis A = ||le||2‘ Therefore X* = ”5’”2. O

34.1.#1 F = (x,y — 1) is irrotational iff dyx = 0, (y — 1), thatis 0 = 0, which is true. It is conservative
iffF=V f, that is, iff there exists f such that

oxf =x,

oyf=y-1

‘We have 5

O f(ry)=x, = flr.y)= jx dr+e(y) =5 +e().

Imposing the second equation

2

, y
oyf=y-1, = d(y)=y-1, C(y)=3—y+c,

from which we obtain

X2 +y?
flx,y) = 5

It is now easy to checl that this f is a potential for F.

—y+c, ceR.

3.4.2. The field ﬁ(x, y) = ax> + by + 3x%y?, ex* + 2x3y + 1) is irrotational on R? iff
(9y(ax3 +by+3x2yY) = 0 (ex* + 203y +1), &= b+6x’y=4ex® +6x%y, & 4ex’ —-b=0.

This is possible iff ¢ = b = 0, so F = (ax® + 3x2y2, 2x3y + 1). This field is conservative iff F = V £, that
is

O f = ax® +3x°y?,

Ay f =2x3y + 1.

From the first equation we have

flx,y) = J (ax3 + 3x2y2) dx = %xA' +x3y2 +c(y).

Imposing the second equation we get

23y +c(y) =23y +1, = (y)=1, & c(y)=y+k, keR,
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from which we see that, if a potential f exists, then
flx,y) = %x4 +x°y2 4y +k.

It is now a straightforward check to verifdy that this f is a potential of F. O
3.4.6. Let F(x,y,2) = (a(x,y, 2),x2 +2yz, y* — 22) for (x, y,z) € R®. The field F is irrotational on R iff

Oya = Ay (¥ +2yz) = 2x, Oya = 2x,
d.a = 0 (y* -2 =0, — 0,a =0,
az(yz +2yz) = ay()’2 - Zz), 2y =2y, v

From dya = 2x we get
alx,y,z) = I 2x dy + c(x,z) =2xy + c(x, 7).
Imposing d,a = 0 we get d,c = 0, that is ¢(x, z) = ¢(x), so
a(x,y,z) =2xy +c(x).

This is the form of @ in order F be irrotational. If we add the extra condition a(x,0,0) = 0 we get
c(x) =0,s0a(x,y,z) =2xy, which is unique.

For such a the field is F = (2xy, x> + 2yz, > — z%). This field is conservative iff 3f such that F = V£,
that is

axf = 2xy9
oy f =x2+2yz,
0. f = y2 - 2%

The first equation yields,

Flry.2) = f Dxy di+c(y.2) = Py +e(y.2).

Imposing the second equation we get

x4+ Oyc(y,z) = 2 +2yz, = Oyc(y,z) =2yz, & c(y,2)= J 2yzdy +¢(z) = y*z + ¢(2),

SO
fuy,2) =2y +y 2+ ¢(2).
Finally, imposing also the third equation from the system F=V f, we get

3
2
V() =y -7, = d@)=-7* = c(x)= 37 k,
where now k € R is just a constant. We conclude that the potentials of F are

3
f(x,y,z)=x2y+y2z—%+k, keR. O

3.4.8. 1) F is irrotational iff
ax* + by?

=0 cxy
y (xz + y2)2 -

* (x2 + y2)2’

on D = R%\{0},
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that is, iff
(2by) (XZ + )’2) - 4((1X2 + byz)y _ Cy(x2 + yz) — 4cx2y

= L V(x,y) #0,
(2 +2)3 (2 +2)3 (x.7)

which is equivalent to

(2b — 4a)x*y = 2by* = =3cx?y + ¢y?, V(x,y) € R%.

This is possible iff
2b —4a = -3¢, 4a=2b+3¢c=2b-6b=-4b, — a=-b
—
-2b=c, c=-2b.
Therefore, F is irrotational iff
2.2
- V- —x —2xy
F(x,y)=b - (%)

(2 +y2)2 (a2 + y2)?

i1) To be conservative, F must be irrotational, so F is given by (x). Now, this field is conservative iff

there exists f such that
2_42

Ocf = by

yf h——2Xy -2xy

(x2+y2)2

From the second equation
—2xy
flx,y) = J bm dy + c(x)

and noticed that

[ 2, 21 _ 2, .2y-2 _ 2y
aym =0y(x"+y°)" =—-(x"+y) (2)’)——m,
we have
flx,y) = 5 +c(x).
Imposing the first equation,
bx y? —x? b(x? +y?) — 2bx? y2 —x?
O [ + ()] = b5, P P et
" (x2+y2 c(x)) (2 +y2)2 ey Wy

that is ¢’ (x) = 0, from which c¢(x) = k € R. Therefore, in order f be a potential we have

fey) = 54k keR
+)2

It is now easy to check that these are potentials of F. O



3.4.10. #1 We can describe y by ¥(t) = (t,1?), t € [0, 1]. Therefore

rl 1
Jﬁ =| FGQ®) -7 dt:J F(1,£2) - (1,2t) dt
Y 0 0

rl
= | (C+1,-Vr)-(1,21) dt
0

rl t=1

7
= t6+t—2t3/2dt:[—
Jo 7

2

2

t=0

#2 We describe y by ¥(1) = (¢,+/|t — 1|), t € [0, 2]. Therefore

r2
[ F =] #Fow -7 a- jm Vir=Tp ( sn(t ~ 1)
Y JO |t—1|
r2
= (lt—1|,2t\/|t—1|+1),(1 sgn(r — ))
JO o) |l—1|
r2
= |t—1|+(2;,/|t__1|+1) sgn(t 1)
JO 9 | 1|

t-1=u ! sgn(u)
L L jul + (2Ca + DTl + 1) N du

1 1 1 2 qu=1
We notice that du=2 du=2("ud :2[“—] — 1. Next,
e notice tha f_l lu| du fo lu| du fo u du ol I ex

1 1
J 2u\/|u|Sgn(u) du = I lu| du =1,
-1 2+/|u| -1

while
1 1
I 2\/|u|sgn(u) du = J‘ sgn(u) du =0
-1 2+/|ul -1
and
1
J sgn(u) du =0,
1 2+/|u
o)

W &~

t=1 5/2 t=1
t 1
t=0 5/2 t=0 7

33
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#6 We have
N v-271' N
J F = F(rcost,rsint, kt) - (—rsint,rcost, k) dt
5 Jo
P27
= (rsint + kt,rcost + kt,r(cost +sint)) - (—rsint,rcost, k) dt
Jo
P2
= —r?sin’t — krtsint + r> cos® ¢ + krt cos t + kr(cost + sint) dr.
Jo
Now,
2n 2n
J cost dt = J sint dt = 0.
0 0
Moreover,

2r 2n 2n
J —sin’rdr = J sint (—sint) dt = [sint cos t]zg” - J cos® t dt
0 S—— 0

=(cost)’

2r 2r
—J l—sinztdt:—2n+j sin’ 7 dt
0 0

from which — fg "sin?t dt = -n. Similarly, f(? "cos?t dt = 7. Finally,

2 2
J tsint dt = [~tcost]'S" - j —cost dt = -2n,
0 0

and
2n 2n
J tcost dt = [tsint]' 5" - J sint dt = 2n.
0 0
Merging pieces we finally have

j F = —r’m — kr(=2n) + r’m + kr2m = 4zkr. O

Y

3.4.14. i) In order F = (F1, F», F3) be irrotational, we must check the crossed derivatives:

8yF1 = 6XF2,
0.F = 0xF3,
8ZF2 = 8yF3.
that is
5y (% + 1+);2y2) = ax (% + 1+;2y2) , ay(l—l(1+x2y2)_2ya+lx2 _ (1+x2y2)_2x2y2
1 y | (1+x2y2)2 - (1+x2y2)2
0, (;+ 1+x2y2) = 0x3s = 0=0,
1 — 1 = U.
O (§+ 1+;2y2) =0z 0=0

B
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The first condition is equivalent to

ay® T (1 +x%y?) =22 %% = (1 +x%y%) - 2H?, = a=1.

ii) For @ = 1 the field F is conservative iff there exists f = f(x,y,27) such that
y

1

Oxf =3+ e
1

Of =5+ e
1

6zf:z

The third equation yields, for z > 0
flx,y,2) =logz+c(x,y).

Imposing the first equation we get

1 y
OyC=—+ ——— |
T (xy)?

from which

1

c(x,y) = J I dx+c(y) logx+arctan(xy) +c(y).

x 1+ (xy)?

Thus,

f(x,y,z) =logz+logx +arctan(xy) + c(y).

Plugging this into the second equation we get

x x
EAS—— Y = = ’ = O, — =k eR.
1+ (xy)? <) 1 +x2y? <o) c)

We conclude that, if f is a potential then, necessarily,

f(x,y,z) =logz+logx +arctan(xy) + k. (k € R)

It is now easy to check that thes f are potentials of F. O
5.7.1. #1 23567seenotes
#4 Let f(x,y) = . Clearly, f € €(R*>\{y = x}) and since D = [0, 1] x [2,4] is closed and

bounded and contalned in RZ\{y = x}) we have that f € € (D), so f it is integrable on D. To compute
the integral we apply the reduction formula
I S 1
} dx = J ( — ) dx
A ) o \x—4 x-2

L)f :J‘OIJ; (JC—IY)2 dy e = 01
S———

Ay (x=y)~!

3
= [log|x — 4| —log |x — 2|]x0—10g3—(10g4 log2):10g3—10g2:10g§.

#8 Let f(x,y) = xy/y? — x2. This function is well defined and continuous on its natural domain,
{(,y) €R? 1 2 =x* > 0} = {(x,y) € R : x> <y} ={(x,y) : Ix[ <|y[}.
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Since the integration domain D = {(x,y) : 0 < x < y < 1} is contained in the natural domain of f, we
have that f € € (D). Furthermore, D is clearly closed and bounded, therefore f is integrable on D. To
compute the integral of f we apply the reduction formula:

1 py 1 pl
J f=f J xwlyz—xzdxdy=J J x+/y? —x2 dy dx
D 0 Jo 0 Jx

It seems easier to integrate first in x: we notice that

32 3
0 (7 =) =507 =) 2 (=20) = 3xy 2 -
from which

Yy 1 x=y 1 1
J X [y2 —x2 dx = __(y2 _x2)3/2 _ [0 (y2)3/2] | |g y>0 y3
0 3 3 3

x=0

1 y=1

1 3y [ ] 1

Zy dy= ==
7=, 3 T

#9. Let f(x,y) = m Clearly f is well defined and continuous on R?. About the integration

domain D = {(x,y) : |xy| < 1} we notice that it is closed but unbounded (for example: (0,y) € D
for every y € R). We need to check integrability. We apply Tonelli’s thm: we notice that since f > 0

|f1=fso
Jﬁe@J x|f| & a’x:JDX#@ Dxfa’y e

Now, notice that (x, y) € D iff |x||y] < 1. For x = 0 this means y € R, for x # 0 this means |y| < %I
that is —

Therefore,

| S Y Sy | Accepting that % +co we have

+oo p1/|x| 2
fdydx= I J dy dx.
JD ;e@j 1)x] 1+ (xy)2

Now,
1/]x| x26—x2 5 /x| X
——dy=xe™”* J —— dy=xe ~x* [arctan(xy)]y_l/lx| .
J—l/lxl 1+ (xy)? “1ylx) 1+ (xp)? il
—_——
dy arctan(xy)
We have
X 2arctan1:2§:%, x>0,
[arctan(xy)]i zl—/1|7||x| = arctan( )—arctan(——) = 2 arctan — =
el x| &l 2arctan(-1) = 27 =-7, x<0.
From this we obtain
2
VIxl j2,-x Fxe™™, x>0, .
j ———dy= = —|xle™™
—1/|x| I+ (xy) . ,—-x? 2
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Going back to the iterated integral of | f| = f, we have

B¢ 2 +oo 2 1 P
I J fdydx= J —|xle™ dx = nj xe™™™ dx=nm [——e‘x ] =—.
D,#2 JD, -0 2 0 — 2 x=0 2

ZBX—%E"ﬂ

From this, at once, we get that f is integrable on D and ID f=7 O
5.7.2. #1. See notes.
#2. (Warning: this exercise contains a typo in the integration domain) Let f(x,y,z) = xyz.
Clearly f is continuous on R?. The integration domain D = {x > 0,y > 0,z > 0,x+y+z < 1} is clearly
closed. It is also bounded because, being x, y, z > 0 from x + y + z < 1 we must have x, y, z < 1. Indeed,

if one of x,y,z > 1, say x > 1, we would have 1 x+y+z > x> 1, which is impossible. Therefore,
the integration domain D is compact, so f is integrable on D. To compute the value of the integral, let’s

apply the reduction formula:
J f= J J xyz dz dxdy.
D Dy y#@ JDx

To describe the proper parametrization of the integral we notice that
(x,y,20eD, & 0<z<l-(x+y),x>20,y>0.

Here we may notice that these inequalities hide a condition on x, y: indeed, in order there can be a z such
that 0 < z <1 - (x+y),itmustbe ]l — (x+y) > 0, thatisx+y < 1. So,

1-(x+y)
J f= ‘[ J xyz dz dxdy = J j xyz dz dxdy.
D x20,y20,x+y<1 JO<z<1 - (x+y) x20,y20,x+y<1 JO

1-(x+y) 1-(x+y) 2 z=1-(x+y) 1
J xyzdz=xyj zdz=xy [—] = xy (1= (x+))%,
0 2 2=0 2

SO

J‘D L —xy (1= (x+y))? dxdy.

>0,y>0,x+y<1 2
To compute this integral we apply once more the reduction formula. Notice that
20,y20,x+y<1l, & x20,0<y<1-x.
The last condition needs 1 —x > 0, thatis x < 1, so
1-x
J xy (1= (x+y))? dxdyzj J‘ xy (1= (x+y))? dy dx.
x20,y>0,x+y<1 0 JO
Starting from the inner integral
(1-x)*
12

1-x ) 1-x 5
L xy (1-(x+y)) dy=XL y(l-x-y)"dy=x
therefore

1 (!
xy (1= (x+y))? dxdy = EL x(1-x)*dx =

Jx>0,y>0,x+y<l 360
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from which
1
/=75
#3Let D == {(x,y,2) € R® : 0<x,y <1, 0<z< x?}. Clearly D is closed and since, for
(x,y,z) € D wehave 0 < x,y < 1 and 0 < z < x* < 1, D is also bounded. Moreover f(x,y,z) :=
z2y2\x2 + zy € €(D), so f is integrable on D.
To compute the integral we apply the reduction formula:

x2
J f=J J 2y* X2+ zy dz dXdy:J
D 0<x,y<1 JO 0

We notice that

)

2
X
y J zyJx2 + zy dz dxdy
<x,y<l1 0

2
yyx2+zy =y + )2 = ézg(x3 +2y)°?
S0, integrating by parts

2 2 32 z=x2 x2 ) 3/2
J X2 +zydz = [gz (x2 + zy) ] - ‘[ 3 (x2 + zy) dz
0

z=0 0

2 2
=31+ -

2 5 5/2]Z:X2
= (¢ +2)
3y

5 z=0

2 4
=01 +y)*? - — [xs(l +y)3/? —x5]
3 15y

Therefore,
2 4
J f:J y(—x5(1+y)3/2——[x5(1+y)5/2—x5]) dxdy.
D 0<x,y<1 3 15y
We have
2 2 rE 2 (! : 2
J —yx5(1 +y)3/ dxdy = —J X dxj y(1 +y)5/ dy,
O<x,y<l 3 3Jo 0
: 1 5 _ [ x® x=l _ 1
and since Io x> dx = [F]X:O =g.and
1 y=I1 1 9/2 y=1
2 2 2 212
J y (1+y)3% dy = [5)’(1 +)’)7/2] -3 (1+y)"?dy= - 3 [5(1 +)’)9/2}
0 — =0 0 y=0
=0y 2 (1+y)72
29/2 211/2 4
AR,
we obtain

1 29/2 211/2 4
7 63 63)°

2
J 2931 +y)¥? dxdy = ~ (— e
0<x,y<1 3 9



By similar calculations we finally obtain
2
=—(11-4Vv2). O
| r=sza1-4v)
5.7.3. The barycenter of D is the point (X, y) defined by
1
(D) Jp

Clearly, D is a quarter of disk with radius r, so 1,(D) = %rz. About the integrals we have

1
X = x dxdy, _:—J dxdy.
Y, Y (D) D)’ y

r 7
J xdxdy = J (pcos)p dpdd 4 J pZJ cos 0 db dp
D 0<p<r, 0<O<x/2 0 0

r /2 31P=r 3
:J 0> dpj cosf db = [p_] [sine]gfg/zzr—.
0 0 3 p=0 - 3

Therefore ¥ = 25 % = <L r. Swapping x and y we immediately get y = == 7.
23 " 3n pping y g in

%
To calculate the integral, we still use polar coordinates:
+ cos 0 +sin 6
J ); y2 dxdy = j p(—Z)p dpd6
DXty 0<p<r,0<0<n/2 Y
= J (cos 8 + sin 0) dpdb
0<p<r,0<0<m/2
RF

/2 r
= J (cosO+sin0)J‘ 1 dp do
0 0

=r ([sine]ng/2+ [—cose]z:g/z) =2r. O

5.7.4. #2 We have
A3(D) = ‘[ 1 dxdydz.
D

Here it is convenient to introduce adapted spherical coordinates:

X = ap cosfsin g,
y = bpsinfsin ¢,
Z = CpCos .

(I)—l

a,b,c

In this way (5)2 + (%)2 + (5)2 = p%. We notice that

C
, V((D;;b’c)l
) = V(@ )
V((I)_’b’c)3

a

oc

a,b,c

39
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where (@, 1h .); are the components of CD;lb o+ Now, if @~ ! is the standard spherical coordinates map
we have

, [ av(@)
(GD;,lb,c) =| bY@ ), |, = |det(®]}, )| = labe det(®7')'| = abep sing.
V(@ )3
Therefore
cv RF 1 2n b/g
A3(D) = j abep? sin ¢ dpdfdy = abc‘[ p? dp‘[ d@J sin ¢ dy
0<p<l, 0<0<27, 0<p<7 0 0 0
p3 p:l o= 471,
=abc [? o 27 [—cos ¢] o0 = ?abc.

#4 Tt is convenient to use cylindrical coordinates: we notice that (x,y,z) = (pcos @, psin8, z) € D iff
22 p, pr+ <,
and since there is no condition on 8, this means 0 < 0 < 2x. Therefore

< o dpdbdz ™ 2nj o dpdz.
z2p, pr+72<1,

/lg(D) =I ldxdydz = J
D z2p, p?+z2<1, 002

To apply RF, we notice that

220 PP+ <], &= z2p <1-pt = p<z<Al-p2 p<AJl-p2

Now,
>0 1 1
p <A/l - p2, & pP<l-p? = p’<=, & 0<p<—.
2 V2
Therefore,
r RF 1/V2 p\1-p?
j pdpdz = p dpdz = J J p dp dz
z2p, p?+z%<1, Jo<p<1/V2, p<zs\1-p? 0 p
r1/V2
= p(\/l—pz—p) dp
Jo
r1/\2 1/V2
= p/1 - p? dp—f p* dp
Jo 0
=p(1-p?)! 2=, - § (1-p?)3/
= [-1(1 - p2)3]Y [p_z]":”ﬁ =1 (1 - L) _1
3 P p=0 P P 3 i) P

from which we deduce that A3(D) = 2 (1 — \/Lg) -z
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#5 By using cylindrical coordinates,

A3(D) = J 1 dxdydz < 0 dpd@dz 277[ p dpdz.
D 9(1-p)2+422<1

J‘9(1—p)2+4z2<1, 0<0<2n
Now,
1-9(1-p)?
9(1 —,0)2+4z2 <1, < 2 < %
which is equivalent to

V1 -9(1 - p)? 1 1
IZIS#, provided 1 -9(1 —p)? >0, = (1-p)*< <y = |l—p|<§
that is for —% <p-1¢ %, or§ <p < %. Therefore,
4/3 p\1-9(1-p)2/2 4/3
A3(D) = ZNJ pa’zdp:47rJ‘ p+/1=9(p - 1% dp
-V1-9(1-p)2)2 2/3
S3(p-1) 4 [} dr (1 (! !
u=3 l)gj (g+1)\/1—u2du:§(§f uVl—uzdu+J \/l—uzdu).
-1 -1 -1

Now, f_l LUVl - u? du = 0 (integral of an odd function on a symmetric interval w.r.t. 0) while
Ii1 V1 —u? du = 5 (half area of the unitary circle), so A3(D) = 4%% = 277’2

#6. Using cylindrical coordinates,

(D) = J 1 dedydz € o dpdodz ™ 2nJ o dpdsz.
D

L2<4,4p2+z2<64, 0<0<2m P2<4,4p2+22<64
Now, notice that
p=0
2<4,4p7+2 <64, & 0<p<2 72 <64-4p°

provided 64 — 4p? > 0, which is true with these conditions becuase 4p> < 4 - 4 = 16 < 64. Therefore

64— 4p 2
A3(D) = 27rj J p dz dp =47rj P64 —4p? dp
—\f64-ap? 0

Bp— 15 (64-4p?)3/

__T [(64 4p2)3/2] g (483/2 _ 643/2) _ %83/2(83/2 _6%2).

p—O
#7 This is far more complicated, the main difficulty coming with the parametrization of the domain.

Moreover, here the use of cartesian is more simple:

(x,v,2) €D, &= x*+y*<1,22<1-x% 2<1-y?, & x*+y? <1, 22 < min{l1-x% 1-y?}.

Now,

1-x*<1-y}, = y'<xt, = |l<h.
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Therefore,

A3(D) = J 1 dxdydz = J 1 dxdydz +j 1 dxdydz
D x2+y2<1, |yl<|x], 22<1-x2 x2+y2<1, |x|<]y|, 22<1-y2

= 2J 1 dxdydz.
x2+y2<1, |yl<|x], 22<1-x?
Now,
V1-x2
J 1 dvdydz '€ J j 1 dz dxdy = 2J V1 - x2 dxdy.
W42l ylslal. 2 <l x4yl [yl<lxl VI x4yl Jyl<lx|

For this double integral we have

ey <l Pyl <], = yP<1-2% y?P<x%, = |x| <1, |y| < min{|x|, V1 —x2}.

Notice that

1 1
x| < V1-22, &= x*<1-x% = x2<5, = |x] < —.
2
Therefore
x| Vi-x?
J V1 —x2 dxdy R:FJ Vl—xZJ‘x dydx+j Vl—xzj ’ dy dx
x24+y2<1, y<|x] lx|<1/V2 || 1/V2<|x|<1 -Vi-x2
1/V2 1
=ZJ 2xV1 —x2dx +2 VI —x22V1 - x2 dx
0 1/V2
x=1/V2 1
[ e W R ECr™
x=0 1/V2
- 1 1 4
41| -4 (1-5)+1
It is now easy to draw the conlcusion. O

5.7.5. #1,2,3. Let f(x,y,2) = Vx2+y2. Clearly, f € €(D) where D = {(x,y,z) € R® : x*?+y? <
16, -5 < z < 4}. The domain is clearly closed and bounded. Therefore, f is integrable on D. Changing
variables to cylondrical coordinates,

4 4
J f & j p - pdpdfdz 4 ZNJ pzj dz dp = 384n.
D p?<16, -5<2<4,0<0<2n 0 -5
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#5 Since f > 0, we check integrability of | f| = f and, if true, we also get the value of the integral.
We change variables by using spherical coordinates

+00 Ve
J lfl = J f g J pe_p2 02 sin edpdfde RE 27rJ p3e_p2 J sin ¢ dy dp
D D p>0, 0<0<27, 0<p<n 0 0

+00 ) 2 5 ,1P=+ +00 )
= 27TJ p 0,(—e ") dp =2n [—p e’ ] +J 2pe™ " dp
0 p=0 0
| —
=0

> p=+0co
=2 [—e_p ] =2mr.
p=0
#6. Since f > 0 on D = [0, +oo[?, which is closed but unbounded, we check integrability of | f| = f
and, if true, we also get the value of the integral. Adapting spherical coordinates in such a way that
x? +2y% 4+ 372 = p?, that is, setting

X = pcosfsing,
@' { V2y=psinfsing,

V3z = pcose,
we have _
V(@)
det(®")’ = det V(E)‘l)z = ——p’sineg.
V@, | V2V
Therefore,

J‘ 7 j pcosfsing 1
= 55 =P
D 030, 0<0<n/2, O<p<n/2 1+ (P*)? 6

rF 1 +00 p3 Jﬂ'/Z . Jn/2 1 Jv+oo p3 jﬂ'/2 .
= — 0dodydp=— d do] .
\/Ejo Tept )y M)y FE=B e Tt PN, TP

2sin ¢ dpdfdy

[

Since
+00 3
P 1 4\ 10=+00
dp = - |log(1 + = 400,
Jo T o =g lloele Dl =0
we conclude that JD | f| = +00, so f is not integrable on D. O

5.7.6. #3 This exercise contains a mistake in the integration domain.

5.7.7. The domain D, is closed being defined by large inequalities with continuous functions. It is
also bounded: from the second constraint, y > x> > 0, so % > y > 0 impleas also x > 0. Therefore
¥ <y< % implies x*> < 1 thatis x < 1, so y < ax? < a. This proves that (x,y) € [0,1] x [0,a], so
D, is bounded. We may also notice that x # 0 for (x,y) € D, otherwise also y = 0 but (0, 0) cannot
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verify the constraints. In particular, D, C]0, 1]x]0, a], so f is definitely continuous on D,. Since D,
is closed and bounded we conclude that f is integrable on D,,.

To compute the integral IDa f, we apply the change of variable formula. Let u := xy, v := %
(warning: the suggested change of variable is not the more appropriate one!). Since x,y > 0 for
(x,y) € D,, we have that u, v > 0. Denoting ®(x, y) := (xy, %), @ is well defined on D,. Moreover

1 1
(u,v) =®(x,y) e ®(D,), < — <xy<lI, 1<%<a, — —-<u<l, I<v<a.
a X a
that is
(u,v) e ®(D,), = (u,v)e[l/a,1]%x][1,a].
Therefore
1
I(a) < j —e*|det(®@ 1) (u,v)| dudv.
1/a<u<l, 1<v<a
We notice that
V(xy) y X y
det®’(x, y) = det = det =3 =3,
v X L X
) B X2
SO
1 1 1
| det(®~1) (u,v)| = == _—

| det ®’ (D~ (u,v))| v|  3v’
being v > 0 on ®(D,). Returning to the integral,

11 1 (! a1 1 1
1(61):J —e”—dudszF—J e“J —2dvdu:—(e—el/“)(l——). O
1/a<u<l, I1<v<a V 3v 3 1/a 1V 3 a

5.7.10. #2 We apply Green’s formula to F= (f,g) = (cosx + 6y, 3x — e‘yz). We have
§ F= ‘[ (Oxg — 0y f) dxdy = I (3 - 12y) dxdy =3,
b B(0,1] B(0,1]

being fB(O’l] y dxdy = 0.
#4 We apply Green’s formula to F= (f,g) = (x> =3, x> +y3). We have

gf F = f (Oxg = Oy f) dxdy = f (3x2 - (=3y%) dxdy
¥ B(0,r]N[0,+00[? B(0,r]1NR2

= 3] (x* +y?) dxdy g 3J p? - p dpdd
B(0,r]NR2 0<p<r, 0<0< /2

RF . TT r3 3n 4
= 3= do=—r". O
2Lp pERT
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5.7.11. #3. By the area formula

2r 2n
HL(Q) = —ﬁ(y,O) =- L y(£)x'(¢) dt = - J‘o sin® 12 cos t(—sin7) dt
¥y

2 1 t=2rn
= ZJ sin’fcost dt = - [sin4t] o = 0.
0o — 2 1=
:6,% sin* ¢
#4. By the area formula
2

() = - 39?@, 0) = - LZ” Y (1) di = - L

2n
sin® 13 cos? t(— sint) dt = 3 J sin*7 cos? 7 dt.
0

We notice that cos? 7 sint = , — % cos’ ¢, so

2r 2r 1 t=2n 2r
J sin*rcos’tdt = J‘ sin’ ¢ (cos2 ¢ sin t) dt = [—§ cos’ t sin’ t] + J sintcos* ¢ dt
0 0 =0 0

2r
= J sint cos* ¢ dt.
0

27 .
Denoted I = fo " gin* ¢ cos? ¢t dt, we have

2 2n 2 2n
21 = J sin* 7 cos ¢ dt+J sin®tcos* tdt = I sin®t cos> ¢ (sin2 t + cos? t) dt = I sin’ f cos> ¢ dt.
0 0 0 0
Now,
2 1 2n 1 4r 1 2n T
J sin? 7 cos’ t dt = —I sin?(2¢) dr = —‘[ sinu du = —I sinu du = =,
0 4 Jo 8 Jo 4 Jo 2
from which 7 = 7 and 1,(Q) = 37. O
7.5.2. #1,5,6 see slides.
#2. We have
e e 2
cosh(2z2) +1=0, T+l =0, = eF+e7+2=0, & ¥ +1+2%2=0.

2z we have

Settingw =e
Wr+2w+1=0, = (w+l)2=0, = w=-1,

that is
e =-1, & 2= log(=1) =log| - 1|+i(n+k2n) =i(2k+ )7, k € Z,

from which
1
=ilk+=]|, keZ
: ( 2)
#3. We have

=1, & iz=logl+i(0+k2n)=i2kn, & z=2kn.
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#4. We have
eiz+l _ e—(iz+1) . . .
sinh(iz+1) =0, 5 =0, = eiztl _ e—(1z+1) =0, = 62(lz+1) =1,
that is,

2(iz+1)=logl +i(0+ k2n) = i2kn, — iz+1=ikn, & z=-i+kn, keZ
#8. We have
iz _ . . 2 R ¢ ¥
et =i, = iz =10g|l|+l(§+k27r)=l(§+k2ﬂ'),kEZ,
from which

Z2:g+k2n, ke

Here we distinguish between k > 0 and k < 0.

e if £k > 0, then
ZZ:%*“’T’ — z=i,/g+k2n.
e if k <0, then
z2:g+k27r, — 7=+ %+k2ﬂ=ii1/—(g+k2ﬂ)
~——
<0

7.10.3. Let z = w = —i. Then zw = (—i)?> = -1, so
log-(zw) =loge(-1) =log| - 1| +in =in.
On the other hand,
loge z = loge w = loge(—i) = log| —if + i%n,
$0

3
logez +log-w = 21571 =371 # im = log:(zw).

7.10.4. We check that f(z) := Im z is not C—differentiable by using the CR equations. We notice that
f(x+iy)=y=u(x,y)+iv(x,y),sou(x,y) =y and v(x, y) = 0. Clearly both u, v are R—differentiable
onR2. So, f = u +iv is C—differentiable at x + iy iff the CR equations hold at point (x, y), that is

Oxut = 0yv, 0=0,

Oyu = —0yv, 1=0,

which is manifestly impossible.
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If f(x+iy) =|x+iy| = Vx2+y? = u(x,y) +iv(x,y), we see that both u, v are R—differentiable on
R2\{(0,0)}. The CR equations are

X — 0
Oxu = ayv, Vx2+y2 ’
—
- _ y  _
Oyu = —0yv, e 0,

which are never verifies at (x, y) # (0,0). We conclude that f is not C—differentiably at each z € C. O

7.10.5. iii) Let u(x,y) := x>. Clearly u is R—differentiable on R?. In order f = u + iv be C—
differentiable at (x, y), v must be differentiable and such that the CR equations hold, that is

Oxu = dyv, Oxv =—-0yu=0,
—
Oyu = =0V, Oyv = Oxu = 2x,
From the first equation,
v(x,y) =c(y),

and plugging this into the second equation we get ¢’(y) = 2x, which is impossible. We deduce that it is
impossible to find v such that f = u + iv be C—differentiable on C.

iv) Let u(x,y) = x> — y%. Clearly, u is R—differentiable on R?. So, f = u + iv is C—differentiable on
R? iff v is R—differentiable and the CR equations hold true,

Oxv = —0yu =2y,

Oyv = Oxu = 2x,
From the first,
vy = [ 2y de =20+ c(y)
and plugging thisa into the second equation we get
2x+c'(y)=2x, < ' (y)=0, < ¢ = constant.

Therefore v(x, y) = 2xy+c. Clearly, such v is R—differentiable on R?. Hence, f(x+iy) = x>—y*+i2xy+c =
(x+iy)> +¢,50 f(z) = 2> +c. O

7.10.7. Let f(x +1iy) = u(x,y) +iv(x,y). Since f is C-differentiable on C, both u and v are
R2—differentiable on R? and th CR equations hold:

Oxu(x,y) = dyv(x,y),

ay”(X,y) = _axV(X,}’)-
Now, let g(z) := f(Z). We have

g('x +ly) = f('x +ly) = f('x - ly) = u(x, _y) +iV(.x, _y) = u(x, _y) - iV(.x, _J’) = U(X,y) +iV(X,Y),
where U(x,y) = u(x,—y) and V(x,y) = —v(x, —y). To show that also g is C—differentiable we have to
verify that i) both U, V are R>—differentiable; ii) U, V verify the Cauchy-Riemann equations.
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i) Since u, v are R2-differentiable, also U (x, y) = u(x, —y) and V(x, y) = —v(x, —y) are R>-differentiable.
ii) We have
0xU(x,y) = s (u(x,=y)) = dru(x, =) = dyv(x, =),
and since
dyV(x,y) = 0y (=v(x,—y)) = =0yv(x, =y)(=1) = dyv(x,-y) = 0:U(x, ),
we have that the first CR equation is fulfilled by U, V. A similar check shows that also the second CR
equation is fulfilled:

U (x,y) = dy (u(x, —y)) = —dyu(x,=y) = = (=dyv(x,-y)) = dv(x, =),
and since
—0xV(x,y) = =0x (v(x,-y)) = =0xv(x,—y) = =9,U(x, y),
the conclusion follows.
With this we show that g = U + iV is C—differentiable. O



