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OBJECTIVES

General Objective: do Analysis (Differfential and Integral Calculus) on
functions of several variables,

f(x, y), f(x, y, z), f(x1, . . . , xd).

Why do we need this?

• to solve optimization problems

• to compute geometrical quantities (areas/volumes)

• to compute physical/mechanical quantities (force potentials/work
done by a force/fluxes)

• to solve differential equations
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MOTIVATING PROBLEMS

Problem: Among all rectangular parallelepipeds with a given lateral surface
area, determine those with the maximum volume.

x

y

z

• variables x, y, z ∈]0, +∞[
• surface S = 2(xy + yz + xz)
• volume V = xyz

Formal problem: solve for

max
x,y,z∈]0,+∞[, xy+yz+xz= S

2

xyz = max
(x,y,z) ∈D

f(x, y, z)
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MOTIVATING PROBLEMS

How do you solve
max
x∈D

f(x) (D ⊂ R) ?

• compute f′ (x)

• discuss sign f′ (x) and determine monotonicity

• identify min/max points

What is f′ for f = f(x, y, z) (or, more in general, f = f(x1, . . . , xm))?

=⇒ we need differential calculus.
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MOTIVATING PROBLEMS

Problem: compute the volume of a solid figure

This problem reminds of the analogous one to compute area of plane
figures⇝

∫b
a f(x) dx
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MOTIVATING PROBLEMS

We can describe the solid as D ⊂ R3 = {(x, y, z) : x, y, z ∈ R}.

Vol(D) ≈
∑

(x,y,z) ∈D
Vol(C(x, y, z)) =

∑
(x,y,z) ∈D

dxdydz⇝
∫
D
dxdydz
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MOTIVATING PROBLEMS

Problem: compute the mass of the solid.

Mass density 𝜚(x, y, z) = mass per unit of volume at (x, y, z)

C(x, y, z) = small cube centred at (x, y, z) =⇒ Vol(C(x, y, z)) = 𝜚(x, y, z)·dx·dy·dz.

Mass(D) ≈
∑

(x,y,z) ∈D
Mass(C(x, y, z)) =

∑
(x,y,z) ∈D

𝜚(x, y, z) dxdydz ≈
∫
D
𝜚(x, y, z) dxdydz

=⇒ we need integral calculus

6



MOTIVATING PROBLEMS

Problem: compute the mass of the solid.

Mass density 𝜚(x, y, z) = mass per unit of volume at (x, y, z)

C(x, y, z) = small cube centred at (x, y, z) =⇒ Vol(C(x, y, z)) = 𝜚(x, y, z)·dx·dy·dz.

Mass(D) ≈
∑

(x,y,z) ∈D
Mass(C(x, y, z)) =

∑
(x,y,z) ∈D

𝜚(x, y, z) dxdydz ≈
∫
D
𝜚(x, y, z) dxdydz

=⇒ we need integral calculus

6



MOTIVATING PROBLEMS

Problem: compute the mass of the solid.

Mass density 𝜚(x, y, z) = mass per unit of volume at (x, y, z)

C(x, y, z) = small cube centred at (x, y, z)

=⇒ Vol(C(x, y, z)) = 𝜚(x, y, z)·dx·dy·dz.

Mass(D) ≈
∑

(x,y,z) ∈D
Mass(C(x, y, z)) =

∑
(x,y,z) ∈D

𝜚(x, y, z) dxdydz ≈
∫
D
𝜚(x, y, z) dxdydz

=⇒ we need integral calculus

6



MOTIVATING PROBLEMS

Problem: compute the mass of the solid.

Mass density 𝜚(x, y, z) = mass per unit of volume at (x, y, z)

C(x, y, z) = small cube centred at (x, y, z) =⇒ Vol(C(x, y, z)) = 𝜚(x, y, z)·dx·dy·dz.

Mass(D) ≈
∑

(x,y,z) ∈D
Mass(C(x, y, z)) =

∑
(x,y,z) ∈D

𝜚(x, y, z) dxdydz ≈
∫
D
𝜚(x, y, z) dxdydz

=⇒ we need integral calculus

6



MOTIVATING PROBLEMS

Problem: compute the mass of the solid.

Mass density 𝜚(x, y, z) = mass per unit of volume at (x, y, z)

C(x, y, z) = small cube centred at (x, y, z) =⇒ Vol(C(x, y, z)) = 𝜚(x, y, z)·dx·dy·dz.

Mass(D) ≈
∑

(x,y,z) ∈D
Mass(C(x, y, z))

=
∑

(x,y,z) ∈D
𝜚(x, y, z) dxdydz ≈

∫
D
𝜚(x, y, z) dxdydz

=⇒ we need integral calculus

6



MOTIVATING PROBLEMS

Problem: compute the mass of the solid.

Mass density 𝜚(x, y, z) = mass per unit of volume at (x, y, z)

C(x, y, z) = small cube centred at (x, y, z) =⇒ Vol(C(x, y, z)) = 𝜚(x, y, z)·dx·dy·dz.

Mass(D) ≈
∑

(x,y,z) ∈D
Mass(C(x, y, z)) =

∑
(x,y,z) ∈D

𝜚(x, y, z) dxdydz

≈
∫
D
𝜚(x, y, z) dxdydz

=⇒ we need integral calculus

6



MOTIVATING PROBLEMS

Problem: compute the mass of the solid.

Mass density 𝜚(x, y, z) = mass per unit of volume at (x, y, z)

C(x, y, z) = small cube centred at (x, y, z) =⇒ Vol(C(x, y, z)) = 𝜚(x, y, z)·dx·dy·dz.

Mass(D) ≈
∑

(x,y,z) ∈D
Mass(C(x, y, z)) =

∑
(x,y,z) ∈D

𝜚(x, y, z) dxdydz ≈
∫
D
𝜚(x, y, z) dxdydz

=⇒ we need integral calculus

6



CONTENTS

Table of contents

• Euclidean space Rd (our framework)

• Differential Calculus

• Vector Fields

• Differential Equations

• Multiple Integrals

• Surface Integrals

• Holomorphic functions (differentiability for f(z), z ∈ C)
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PREREQUISITES

From Calculus 1:

• Calculus of limits

• Differential Calculus (one real variable)

• Integral Calculus (in one real variable)

• Basic Differential equations (linear first and second order equations,
separable variables equations)

• Convergence of a Numerical Series.

From Linear Algebra:

• definition of vector space

• algebra of matrices (product line by column, invertible matrix,
symmetric matrix, determinant, rank of a matrix)

8



EXPECTED GOALS

GENERAL SKILLS AND COMPETENCES

• Understand and analyze hypothetical-deductive arguments, and adapt
them to formulate new statements and proofs.

• Identify appropriate mathematical tools and methods for solving
problems, and apply them correctly.

SPECIFIC SKILLS AND COMPETENCES

• compute limits and derivatives for functions of vector variable

• setup and solve unconstrained and constrained optimization problems

• determine the potentials of a vector field (if any)

• determine a qualitative solutions of differential equations

• discuss differentiability for functions of complex variable and apply
powerful methods of holomorphic functions

9
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EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved,

taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)

• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems

• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied

• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance

• partial solutions are taken into account

10



EXAM

PURPOSE OF THE EXAM: to assess the extent to which the expected
objectives have been achieved, taking into account both:

• consistency (how many objectives?)
• and quality (how well they have been achieved).

The written exam is based on:

• problem-solving applied to concrete problems
• abstract reasoning used to prove general properties

The evaluation focuses on:

• the correctness and rigor of the methods applied
• the ability to adapt known ideas and methods to develop new proofs

Important!

• computational precision is of secondary importance
• partial solutions are taken into account 10



EXAM RULES

1. Enrollment: enroll in each exam session through UNIWEB. Warning: if
you do not enroll through UNIWEB, you may not be allowed to take the
exam on the scheduled date.

2. Exam Structure and Scheduling:

• 4 sessions (2026: Jan 26th, Feb 10th, Jun 29th, Sept 7th)
• each exam consists of 4 applied problems and 1 theoretical
problem.

3. Retakes: to retake the exam after passing it (grade ⩾ 18/30), you must
reject the grade and enroll in a new session.

4. Oral Exam: in exceptional circumstances, where further assessment is
deemed necessary, an oral supplementary exam may be required.
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