PROBLEM SHEET 4: SOBOLEV SPACES
Exercise 1. Let p € [1,+00). Show that if f € W1P(R) then

A1 < 20115

Hint: proceed as in the proof of the fact that W1?(R) is continuously embedded in L>(R),
showing that for all L > 0 and all € R, |f(z)| < L7Y?||f||, + L*Y7|| ||,

Exercise 2 (Poincaré on strips). Let n > 1 and consider for —oo < a < b < 400,
Q={(,2,) 2 €eR" ' a<umx, <b}.
Show that for every u € W,(Q) for p € [1,400) there holds
[ull, < [b—all[Dull,.
Hint: reduce to u € C°(2) and write it as u(z/,z,) = [ 92, t)dt. Then use Holder.

a Oxp

Exercise 3. Let U be an open bounded set with C* boundary in R™ . Show that for all
w e Wy (U) N W22(U) there holds

IVull3 < llull2llAull,

where Au = divVu (in weak sense).
7 llep

Hint: Recall the density result C>(U) = W*P(U) and the definition of W, ”. Integrate
by parts.

Exercise 4. Let 2 C R" be a bounded open connected set of class C', let g € L*(Q2) with
Ji 9(z)dz = 0 and consider the energy

E(u) = /Q IVl + u(x)g(z)de  ue WH2(Q).

Note that E(u + k) = E(u) for every constant k. Let C' = {u € W'2(Q), [, u(x)dx = 0}.
Show that there exists a minimizer of F(u) in C.

Show that the minimizer is unique and compute the (Euler-Lagrange) equation solved
by the minimizer.
Hint: use Holder inequality and then Poincaré inequality to show that every minimizing
sequence is bounded. Then proceed by direct methods.

Exercise 5. Let U C R" be a bounded open set of class C' and p € [1,+oc]. Consider
the closed ball
B = {u e W(U), Jullws < 1.
In which functional spaces is this set compact?
Let p=1. Is B closed in L'(U)?



