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1.1 Signals

What do we mean by signal?

Definition

From functions to signals

Signal examples

The four classes of interest to us




Welcome!

to Foundations of Signals & Systems

* One lecturer,
tomaso.erseghe@unipd.it

16 Lectures on the
theoretical aspects

« 3 MatLab lectures for a more
practical understanding

e Exercises with solution

« Homeworks (with solutions)




Signal

Definition www.merriam-webster.com

[...]

4
a . an object used to transmit
or convey information beyond.
the range of human voice

b : the sound or image
conveyed in telegraphy,
telephony, radio, radar, or
television

c : a detectable physical quantity
or impulse (as a voltage, current,
or magnetic field strength) by
which messages or information
can be transmitted




Some examples

From physics

audio wave (acoustic pressure)
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More examples

From medicine

electrocardiogram (ECQ)
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More examples

From economy

yearly inflation rate
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Standard notation

From functions to signals

) time
M/ (but can be

other things)

signal
(can be real o
complex-valued)




Periodic signals
With a repeating shape

S

With the fundamental property
s(t+T,) = s(t)



Periodic signals
As a model on a finite time window

What we observed
Qyﬂﬁw
....can be extended by arbitrary shapes
/K/\/\//\/\/

lbut better to extend it by periodicity

M\p/\/‘/ \ﬂ\/‘/\/\f




Discrete-time signals
E.g., obtained by sampling

samples
s(n) = s(nT)
or s[n], s,

sampling step




Complex-valued signals

A mathematical abstraction?

s(t) = [ RIs(t)], T[s(t)] ]




Multidimensional signals

In multimedia processing

§(X,) = [ r(x,y), g(x,), (x,y) ]
B [ g color

video

s(x,y,t) = [ r(x,y,t), g(x,y,t), b(x,y,t) ]




Signals on graphs

What we use today

3D point clouds
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Four classes of signals
What we deal with

uoiledal oipoliad e——

continuous | discrete

s(t) A : ; ii A e
/ ) a2

olpoliad 5gpb!Jede |

— sampling




Exercises

On complex values

Complex-valued signals EICRUELGCYAJEVEI ARG

course, and we expect you to already know
complex values from previous mathematics courses.

SEES RV Tl el EY el complex-values Wiy

the set of introductory exercises provided.
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1.3 Systems

What is a system?

<L

Definition
Linear time-invariant systems

Transforms

An application example

Course overview




Transformation (systems)

Definition www.merriam-webster.com

[...]

3

a (1) : the operation of changing
(as by rotation or mapping) one
configuration or expression into
another in accordance with a
mathematical rule; |[...]

a (2) : the formula that effects a
transformation

b : a mathematical
correspondence that assigns
exactly one element of one set to
each element of the same or another
set



LTl systems

X(t) L y(t)

’?%‘.W

input system output

Linearity = Superposition principle
Time-Invariance = Repeatability
principle




Convolution systems
LTI property

Impulse response
(it characterises
the system)

A
A

The action of an LTI system is a
convolution




A pharmacology example

On drugs absorption

X(t) y(t)
quantity of concéntration
administered of the drug in

drug body the blood
absorption

o
<
—~~

—=
N—"

Route of administration
== oral

=== |M (intramuscular)
== |V (intravenous)

Plasma Concentration of Drug




Artificial pancreas system

{

0Se sensor

', e Insulin.
\ievel in blood)

.

1 & 4

remote device:
identifies the correct amount of | o,
insulin to be injected, knowing the N !
body absorption characteristics fagie
(LTI system)

«—— Iasulin pump

(injects insulin)




Transforms

Alternative signal representations

integrals

Fourier
transforms ___
S(jw) 2/ s(t)e ! dt o

Laplace S(e?) = ) s(n)e
transform . n=-—00 T

X(s)=/_ z(t)e *tdt / complex

. exponentials
00 series




Main property

time-domain transform
representation representation

x*h(t) X(s) H(s)

convolution product

difficult to deeply | easy interpretable
understand its | effect, can deal

action, especially in | with complex
complex systems | systems




Course outline

time domain

Signals (4 lectures)

— Duration, area, mean value,
energy, power, periodicity,
complex exponentials, sinusoids,
time-reversal, -shift, and -scale,
periodic repetition, ideal impulses

Systems (3 lectures)

— Memory, stability, linearity, time
invariance, convolution and its
properties, filters, parallel and
series connections

MatLab (2 lectures)
— Signal representation,
convolution and filters

transform domain

Fourier transforms (6 lectures)

— Fourier series, DFT, Fourier transform,
discrete-time Fourier transform, their
properties and the sampling/periodic
repetition relation among them

Sampling theorem (1 lecture)
— Reconstructing a signal from its samples

MatLab (1 lecture)
— Fourier representation and filters

Laplace + Z transforms (2 lectures)
— Laplace + Z transforms and their
properties, application to differential
equations



Thanks to

Pierre-Simon Laplace
Beaumont-en-Auge 23/3/1749
Paris 5/3/1827

Mathematician, physicist,
astronomer and nobleman

Jean Baptiste Joseph Fourier
Auxerre 21/3/1768
Paris 16/5/1830

Mathematician and physicist

Claude Elwood Shannon
Petoskey (MI) 30/4/1916
Medford (MA) 24/2/2001

US engineer and mathematician




A worldwide reference

ALAN V. OPPENHEIM
ALAN S. WILLSKY

WITH S. HAMID NAWAB

=

PRENTICE HALL SIGNAL PROCESSING SERIES @J
ALAN )

V. OPPENHEIM, SERIES EDITOR (&

Signals and Systems, 2nd Edition
Oppenheim, Willsky, Nawab
published by Pearson




Exercises

On integrals and series

Complex-valued integrals and seriesEICRUERGY

tools needed to understand systems. We expect you
to already know how to handle them from previous
mathematics courses, at least at a basic level.

S s RYe i@ glelilSTe [s[Xe}{ integrals and series

with particular care in fully understanding the

geometric series Elglel primitives of complex
exponentials
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2.1 Continuous-time signals

Aperiodic case

Discontinuous signals
Duration and extension
Causality

Area and mean value

Energy and power




Four classes of signals

uoiledal oipoliad e——

continuous | discrete

«:l(‘ﬂ ‘\ \ L I:

— sampling

olpouad | oipouade




Continuity and discontinuity

The “semi-value” rule 1, |t < %
srect(t) = )
0, [t|>3
1
@ <«— rect(%) = %
_1 1 =1t
2 2

if s(f) has a discontinuity at t = t; we assign to s(t) the
average value of the limits approached from right and left,

respectively, A
s(ti) = 3 [s(ti+) + s(ti—)]




Extension and duration

of a continuos-time aperiodic signal

: smaller interval [i™a ] in which the signal

s(t) is active — also union of intervals, with {t|s(t)=0} S e(s)

duration D(s) ERulEERIIE of the extension

can be finite (as in the example) or infinite




1) =d L >0
Examples () = {0, .
1
1(0) = 5 —¢
t
unit step
, rect(t) e(s) = [0,%0), D(s) = oo
| o=l 12
o sgn(0) =0 ,
> \ ‘
—3 1 t | :
rectangle - —
e(s) = [-2,V2], D(s) =1 signum

e(s) - (_°°’°°), D(S) = 00




More examples sinc(f) = Sn(rt)

N

riane(s) = 4 LIt lHl <1 sinc pulse
L tria g(t) {0, |t| >1 e(s) — (—oof)oo), D(S) = o0

/\ ys@t)=1(t)e”*,a>0
, . 1
21 Tt 1

triangular pulse s(0) =3 —¢

e(s) = [-1,1], D(s) =2 t
unilateral'exponential
e(S) — [0700), D(S) = 0




Causal signals
Causality property

A

,5(1)
.

A signal is said to be causal if
active only in the positive time axis

s(t)=0 for t<O
e(s) C [0,400)




Area

Of a continuos-time aperiodic signal

area (s) = /+OO s(t) dt = lim ' s(t) dt

1 area between the signal

/X and the time axis

negative values account

for negative contributions

Meaning: balance between positive and
negative signal values, takes a complex
value for complex valued signals




Mean value

Area Mean (average value)
e ~ lim — /T (t) dt
area (s) =/_Oo s(t) dt ms = Hm o . s

They capture a similar information for different classes of
signals (only one at a time is meaningful)

srect(t)

—
~7
~7Y

N =
N



Main properties

of area and mean value

s)=Bx{t)+Cyt) > A,=BA+CA,

ms=Bmy+Cm,

finite area LI RUEEUREITE

finite (non-zero) mean value ERAIRHNCEICE]

the limit is Ag
| |

the limit is o



Energy and power

Energy Power
T P lim = [ |st)? dt
By= lim [ |s(t)]* dt * e 2T Jop

They correspond to the area and the mean value of [s(t)[2
hence take only real positive values

s rect(t) L1(0)

1 :

0 Es =00, Pg =12

~
~7Y



Meaning

Of energy and power

These definition are inspired by power

and energy dissipated in a resistor
i(t)

—_ e

v(t)

They measure the level of
activity of a signal




Exercises

On continuos-time aperiodic signals

eF:1lellIEENigle] area, mean value, energy, and power

is @ matter of correctly solving integral expressions.

You need to get acquainted with the basic tricks and
tips. Remember that the primitive of@ is,
irrespective of the fact that a is real or complex
valued.
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2.4 Discrete-time signals

Aperiodic case

4 Extension

Causality

+
4 Area and mean value
+

Energy and power




Discrete-time signals

unit step 1o(n)
(discrete counterpart) 1 I I I I I x I I
signum y5gn(n)

(discrete counterpar) 1. I I I ] X I I I
LLLLLLLD e

exponential
ebnT _ gn lo(n)a™, |a| <1
1ﬁ
e 0 06 06 0 -0 0o TT?’?QQ_._,
‘ 123




Extension and causality

Extension Causality
The smallest interval [ng,Ng] A signal is called causal if
containing the active signal Its extension is contained
samples in [0,00), Or, equivalently, if

s(n)=0 for n<0




Fundamental measures

Where a sum replaces the integral

Area and mean value
o0

A, = Z s(n)

n=——oo

N
ms = lim 1+12N Z s(n)

N—o0
n=—N
\ the number of

Energy and power samples is 1+2N

Bo= Y Isn)?

n=—oo

N
P, = lim 55 Y [s(n)?

N—oo
n=—N




Main properties

linearity
s(n)=Bx(n) +Cyn) > A,=BA;+CA,
mg=Bm,+Cm,

finite area —-> zero mean value

finite (hon-zero) mean value - infinite

darea
the limit is Aq
|

[ N 1

— 1 1
= i, e 3 o0

T n=—N

the limit is o




Exercises

On discrete-time aperiodic signals

oF:1leilIEENigle] area, mean value, energy, and power

is @ matter of correctly solving series.

You need to get acquainted with the basic tricks and
tips. The most important result to have in mind is the

either in its full or truncated form.
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3.1 Periodic signals

The continuous-time case

The minimum period

Complex exponentials and sinusoids

Compositions of periodic signals

Area, mean value, energy, and power




Periodic signals
Main property and minimum period

y S(f) = s(t+T))

CWAWAW

f

but the signal is
also periodic 2T,
that is,
Minimum period: St2Te)=s®)
and also

smallest value T, 3Ty, 4T, , ...
ensuring s(t+T,) = s(t)




Complex exponentials

With linear phase
egwot A ej27rfot

N
EBVARVERN

| m|n|mum period T, = 1/]fy|
Ae.727'l'f0t — ACOS(Qﬂ'fQ Z ASIII(2’]Tf0t) COS(27Tf0(t + Tp))

real Bart |mag|nary part = cos(2m fot + 27 fo/| fol)
= cos (27 fot + 2m)
= cos(27 fot)

s(t) = s(t+T))




Signal composition

Identifying a common period

s(t) = 2cos(187nt + 1) —sin(127t + 7)

v WV

Ty=3§ To=3%
periodic of periodic of
period mT, period KT,

We look for the mem T, = mT, = kT,

i?)

= — <+— we simplify the
2 rational expression

T,=mT;=3/9=1/3
Not necessarily the minimum period!

T, fi

T1_f2:

m
k

Y| ©




General rule

The composition of periodic signals
Is periodic if and only if the periods
are in a rational relation

The composition of sinusoids is periodic if and
only if their frequencies/pulsations are in a
rational relation

Therefore cos(t) + 2 sin(rrt) is NOT periodic

AAAAAAAAA

AITRNIARE




Area of a periodic signal

4+ S (t) S (t+

A/\A

\AS(Tp) _ /@% " s

area in a period

It does not make any sensel!
NT,

As = lim s(t) dt = lim 2N A,(T,) = o0
N—oo —NTp N —o0




Mean of a periodic signal
y S(f) = s(t+T))

A/

ot Tp
AS(TP) = [ N\ s(t)dt

area in a period to

This is consistent!
1 NT,
ms = lim / s(t) dt




Meaningful expressions
For periodic signals

Area (in a period) and mean value

to+1p t0+Tp
A(T,) = / s(t)dt \dt
to p to

Energy (in a period) and power

to+Tp 9 t0+T 9
Ey(T,) = /t s(t)[2 dt p 1s(4)2dt
0

Mean and power carry the relevant information, they are
correct even in case T, is NOT the minimum period




Exercises

On continuous-time periodic signals

oF=1[ell|EENiIgle]l mean value and power [EXek:1gileiV1E=14)Y

important for compositions of complex exponentials
and sinusoids.

The most important result to learn is that complex ,.\\\
exponentials and sinusoids have Whlle Q .

Mtake the forms[ﬂﬂand , respectively, with \

A a multiplying constant. In their composition, powers

simply sum.
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3.4 Periodic signals

The discrete-time case

4 Complex exponentials and sinusoids

4 Periodicity issues

4 Area, mean value, energy, and power




Periodic signals

Main property and minimum period

s(n) =s(n+ N)
I

e el
TN

L J
| Y

the signal is uniquely

defined by the N Minimum period:
samples in the period smallest value N
(vector) ensuring s(n+N) = s(n)

but the signal is also
periodic 2N, 3N, ...




Sampled sinusoids A4y cos (27 fonT + o)
What is their period?

TO I s(nT) N =10 s

T
10 -t

2T 4 s(nT) N

A it JJJ‘



Sampled sinusoids
Identifying a period

s(n) = cos(27 fonT')

We must have
s(n) =s(n+ N)
cos(2m fonT + 27w foNT') = cos(2m fonT)

k

T=_—"
foT' =

A non-rational value fyT
implies that the sampled
sinusoid is NOT periodic




Ambiguity of frequency

In sampled sinusoids

I s(nT)
---,’ \\A.."‘«“ ','A\
l” “‘\ h ’ '
oy

cos 2T fot

l" e /|
1 - I3
o ! \

cos 27 (fo+Fp)t

F,=1/T

cos(27(fo + F,)nT) = cos(27 fonT + 2mn) = cos(27 fonT)




Mean and power
For periodic signals

Area (in a period) and mean value

As(N) \
ﬁJ N-—-1
As(N) = Z s(n)

n=ngo

mg —

Energy (in a period) and power
s — QEMJV—l
EJ(N)= ) Is(n)?

n=ng




Exercises

On discrete-time periodic signals

oF=1[ell|EENiIgle]l mean value and power [EXek:1gileiV1E=14)Y

important for compositions of complex exponentials
and sinusoids.

The most important result to learn is that complex ,.\\\
exponentials and sinusoids have Whlle Q .

TR take the forms [[NgandBA. respectively, with \

A a multiplying constant. In their composition, powers

simply sum.
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4.1 Basic transformations

In continuous and discrete-time aperiodic domains

Time reversal, time shift, time scaling

Combining transformations
Symmetries

Periodic repetition




Time reversal

|

e
|

~

»
~Y




Time shift

4 5(t)

~

w

vl’ﬂ_
H_V

A S(t — t())




Time scale

expansion

WS(t/a),a>1

/\




Time scale + time shift

i
A

t/a

, o

t—1t
The natural way “S(t):y(t—to):w( - 0)

to write a scaled
and shifted /\
signhal, where t, to—a to  to+a

Is the true signal
position

~7Y




Swapping shift and scale

Which is the one to prefer?

Scale + shift

=) 4

ﬂ_ﬂ y(t)=x(t/a S(6) = x (
The preferred one,

where 1, is the true shift

:X( -

s=s( o) =x( )

They correspond
when at=t;

t tQmMa) Shift + scale




Discrete-time signals
s(n) 4

time reversal 1‘ s(-n)

Al
|

n
. . A
time Shl.ft s(n-ny)
e T T
. - e —
Ng n




Exercises

On basic transformations

Wiple [T Tglellgle] time reversal, shift, and scale [gE\

seem too easy, but you need to familiarize with
these transformations as they are the basis for
expressing signals in a compact form.

Bear in mind the meaning of E{t&MNI£)] as this is
fundamental in all that follows.
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4.4 Symmetries in signals

Signal invariance to a transformation

4 Even and odd symmetry

4 Real and imaginary symmetry

4 Hermitian and anti-Hermitian symmetry




The even symmetry

A signal is said to be even symmetric if
it is invariant to time-reversal, that is, if
s(t) = s(-t) or s(n) = s(-n)

A

p—t

e

1 sine(z)

N n

rect

/ sinc
/‘\ /’“\
\./

8
S
S




The odd symmetry

A signal is said to be odd symmetric if
s(t) = -s(-t) or s(n) = -s(-n)

A

/\ sin/-\=
VU v

Odd signals
satisfy, by 4
default, s(0)=0 ! sdn
Ac=m;=0 5 ne




Even and odd components

The same applies in discrete-time

Every signal can be (uniquely)
decomposed into its even and odd
parts s(t) = s.(t) + s.(t)

where
Se(t) = V2 s(t) + V2 s(-t) = so(-t)
So(t) = V2 s(t) - 2 s(-t) = -s,(-1)

1(t) = V2 + V2 sgn(t)
) t

even part odd part




Other symmetries of interest

Real/imaginary

real s(t) = s*(t)
imaginary s(t) = -s*(t)

components
S,(t) = V2 s(t) + V2 s*(1)
Sim(t) = V2 s(t) - 2 s*(t)

Hermitian/anti-Hermitian

Hermitian s(t) = s*(-t)
anti-Hermitian s(t) = -s*(-t)

components
Sy(t) = V2 s(t) + V2 s*(-t)
S,(t) = V2 s(t) - V2 s*(-t)



On the Hermitian symmetry

Understanding its meaning

s(t) = a(t) + j b(t)

Hermitian s(t) = s*(-t)
means
a(t) +j b(t) = a(-t) - j b(-1)
even real-part
odd imaginary-part

anti-Hermitian s(t) = -s*(-t)
means
odd real-part
even imaginary-part




Exercises

On symmetries

Understandingis fundamental for
appreciating some important features of the Fourier
transform.

They are straightforward, but need to be deeply
understood.
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5.1 Periodic repetition

In continuous and discrete-time

4 The periodic repetition

4 Compactly expressing periodic signals

4 The presence of aliasing




Periodic repetition

From aperiodic to periodic

A u(t)

aperiodic
0 oo e
A = repr, u(t u(t — kT,)
k=—00 perlodlc T,
0




Periodic repetition
Proof of periodicity
+o00

Z u(t — nTp) 2 repr,

n=—oo

s(t)

u(t)

—proof
+oo

s(t+1,) = Z u(t + T, — nT))

n=——oo




Square wave

In the form of a periodic repetition

| -

L u(t) = rect (QL)

1 a

0ol a

t

L S(t) = re ect(—)
‘f() Iepr, I %

-
L

0a1Tp t

duty cycle = fraction of the period T,
where the signal is active d = 2a/T,,




Rectified sinusoid

In the form of a periodic repetition

u(t) = cos(2m fot) rect(t/T),) \

L 8(t) = | cos(2m fot)|

s() = repy, ult)

L T, o,

_ 1 — 1
Tp 2| fol Th = | fol

rectified cosinus

cosinus period
period



The presence of aliasing

In a periodic repetition
su(t)




Properties
Of the periodic repetition

linearity
repr, a(t) + b(t) = repr, a(t) + repr, b(t)

time-reversal
repr,u(—t) = s(—t) | s(t) = repp u(t)

time-shift

repr, u(t —to) = s(t — to)
time-scale

rep,r, u(t/a) = s(t/a)




The discrete-time case

Periodic repetition

o0

s(n) = Z u(n — kN)

k=—o0

u(n) aperiodic

perlod|c N

mmmmmmmmmmmmmmmmm

With the same properties of the
continuous-time case




Exercises

On the periodic repetition

oF:1[eflIEENiIgle] @ periodic repetition [Reklgile8]F14)Y
important in the presence of ElIEEIle] as, in this case, a
full understanding of the process might not be trivial.

We mainly concentrate on the domain,
as this is by far the most relevant for applications, but
the same rationale readily applies to the discrete-time
case as well.
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5.4 Ideal impulses

Also known as delta functions

<L

L
L
L

The Kronecker delta

The Dirac delta
Sifting properties

Generalized derivatives




Kronecker delta

Signal impulse in discrete-time

extension 1
e(6) = {0}

As= ) d(n)=1

even symmetry
o(n) = d(—n)
unit-step connection

lo(n) = Y _ 4&(m)

m=—00%""~ . mulative sum




Sifting property #1

Of the Kronecker delta

s(n)
SO TN | SRR A LK SOUU
d & ng n
6(n-No) 1
No n
s(n)d(n-np) s(no)
No n

s(n)d(n —ng) = s(ng)d(n — nyp)
the Kronecker delta reveals the
signal (where it is centred)




Sifting property #2

Of the Kronecker delta

iIn a summation, the Kronecker
delta reveals the signal value
(the one where it is centred)




Dirac delta
Signal impulse in continuous time

ri(t) = krect(kt)

A

rectangle

height k K |

area 1

1/2k

This is a generalized function,

—— I () = Jim ri(?)

18(t)

V'

defined through a limit!

—+v



Properties #1

Of the Dirac delta function

4 0(1)
n

extension
e(5) = {0} v

area
As = / d(t)dt = lim ri(t)dt =1
50 k—oo J_ o

A >4
-

1

even symmetry
0(t) = o(—1)




Properties #2

Of the Dirac delta function

unit-step connection

t t
1(t) = d(u) du = lim ri(u) du
0 k— PN |
ATU) A
. 1
,li
' >
Y » Iy
-12k - 1/2k 12k 1/2k

generalized derivative




Sifting property #1
Of the Dirac delta

/ T sdt = lim [ s(t)ra(t)dt

k—oo |

1 2k

= lim + s(t)dt = s(0)
k—oo = 1
k 2k

"

mean-value s(),te[-
theorem

1 L]
2k’ 2k

/ T S0t — to)dt = s(to)

—00

in an integral, the Dirac delta
reveals the signal value
(the one where it is centred)




Sifting property #2
Of the Dirac delta

\S(t)"‘ S(to)
P g
o(t-1g) 4 V
to t>
S(t)S(t'to)A 13(1:0)
to t>

the Dirac delta reveals the
signal value (where it is centred)

s(t)6(¢ —to) = s(t0)d(t — to)




Generalized derivatives

By the Dirac delta
s(t) A

the Dirac delta expresses the
derivative in a point of discontinuity

s'(t) = [s(tot) — s(to—)I8(t — to)
D




Periodic counterparts

In continuous and discrete time

A Tepr,0 (t)

the continuous and discrete time
comb signals




Exercises

On the ideal impulses

Getting acquainted with the sifting property of

ideal impulses ElsleRWiig) generalized derivatives [

fundamental for correctly understanding the rest of this
course.

We mostly concentrate on the domain,
as this is by far the most relevant for exercises, but the

discrete-time case is equivalently important especially
in some theoretical results that will lead to convolution.
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6.1 Systems properties #1

In continuous and discrete-time

Invertibility
Reality
Memory

BIBO stability




System model

In continuous or discrete-time

X(t) y(t)= Z[x(1)]
input output
2 Sin - Sout
input output
signal signal

space space




Signal space choice

continuous ¢
z(t) y(t) = / z(u)du
integrator
discrete n
y(n) = Y (k)
k=—o0

current sum

y(n) = z(nT)

sampler




Invertibility

x(t) y(®) x(t)
inverse system
invertible .
current sum y(n) = Z z(k)

k=—o0
increment z(n) =y(n) —y(n —1)

non-invertible

absolute value y(t) = |z(t)]

unless S, is real-valued
and positive signals!!!




A system is real if for every
real-valued input, the output
Is real-valued

n

current sum y(n) = Z z(k)

k=—o0
increment z(n) =y(n) —y(n —1)
1 t+T

running average y(t) = ﬁ/ z(u)du
t—T




Memory of a system

static (or instantaneous) y(t) = Z[x(t)]

absolute value y(t) = |z(t)|




Dynamic systems

causal Y(t) = Z[X .y, X(1)]

n

current sum y(n) = Z z(k)

k=—o0
increment z(n) =y(n) —y(n —1)
t
integrator y(t) = / z(u)du

—0o0

anti-causal y(t) = Z[X(t), X o]

finite-memory y(t) = Z[ Xy ]

1 t+T
running average y(t) = ﬁ/ z(u)du
t—T




BIBO stability
Bounded input — bounded output

A system is BIBO stable if
for every bounded input, |x(t)|<L,,
the output is bounded, |y(t)|<L,

or, equivalently,
x(n)<Ly > Iy()I<L,




BIBO stability

Proof by construction

1 t+T
)= — d
V) = o7 [ el

moving average

z(t)

z(u)du

is BIBO stable 1 t+T
y(t) = | /
2T

t—-T




BIBO stability

Proof by counterexample

z(t)

integration

is not BIBO stable

v = [ s

—00

= /t L(u)du =t - 1(t)

—00




Exercises

On systems

Wele[CTIESiE=glelgleRigslMemory aspects and BIBO stability
in a continuous or discrete-time system is a fundamental
process, than needs to be trained.
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6.4 Systems properties #2

In continuous and discrete-time

Linearity

Time-invariance

Eigenfunction and impulse response

Series, parallel, and feedback systems




Linearity
Superposition principle

X4(t) y1(t)
X(t) ya(t)
ax;(t)+bx,(t) ay4(t)+bya(t)

linearity = additivity + homc&g‘;eneity

/ oz(t) = oy(t)

zi(t) Fza(t) = yi(t) +ya(t)

absolute value y(t) = |z(t)|
non homogeneous |ax(t)| # a|z(t)]
non additive |z1(t) + z1(¢)| # |x1(¢)| + |z2(2)]




Linear systems
Examples

time-shift x(t-ty)
product x(t) g(t) by any known waveform g(t)
product A x(t) by a constant

integration [, summation X, derivative d of x(t)
non-linear

sum x(t) + A of a constant, or a waveform
function g(x(t)) applied to x(t)




Time invariance
Repeatability principle

X(t) y(t)
X(t-to) y(t-1o)

o
>

a commutativity property

x(t) y(t) y(t-to)

X(t-to) y(t-to)




Verifying time invariance

1 t+T
= — d
o) = o7 [ el

moving average

z(t)

replace t 2>t

t— tO—I-T
s R
replace x(t) 2 x(t-t
\l&&, p (t-to)

t+T
o / z(u — to)du

time-invariant: equal by a change of variable!




Eigenfunction

eigenfunction eigenvalue
} |
X(t) AX()
X(n) A x(n)




Impulse response

ideal impulse impulse response
61 } o
t
() 3 g
5(n) g(n)

—— 3




Series and parallel

series

X(t)

parallel




Feedback system




Exercises

On systems

Uiple [T TplellgleRigle) linearity and time-invariant
properties of a continuous or discrete-time system is a
fundamental process.

Take particular care in understanding how to correctly
identify the presence of time-invariance, as this is one of
the key aspects of this course

i
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7.1 LTI systems as convolution systems

In continuous and discrete-time

4 Convolution

4 Graphical interpretation of convolution




LTI discrete-time system

As a convolution

x(n) by sifting property
A

LTI system % by linearity
= Y z(k)S[6(n— k)]
k=—o00
by time
discrete-time & invariance
convolution k; m(k)T(” — k)

impulse response




LTI continuous-time system

As a convolution
) by S|ft|ng property

a:(u)5(t —u) du

LTl system by linearity
= [ awysise - ) du
continuous-time by time
convolution o0 Invariance
- / z(u)g(t —u)du
— 00

impulse response




LTI is convolution

LTI systems are also called filters

-_ fc(k)g(n — k)

LTI system/filter

<) I _(t)—/_oox( )g(t — u) du

LTI system/filter

an LTI system is uniquely identified
by its impulse response




Convolutionz=x*y

As a standalone operator

2(t) =z x y(t)

T / " 2(w)y(t — u)du

—00 \
time-reversed

and time-shifted
y-(u-t) or y_(k-n)




Graphical interpretation
In continuous-time

' z(u)

i

1. keep X

e y—(u—t)
P oy
ot S 4, integrate
2. time-reverse
+ time-shiftony
t 2w

Q:(w=y(t—u)
3. multiply //\
>




Visualizing convolution

From www.wikipedia.org

| I | T T T I I I
1_.., .......... .......... S — I:l’%ea under f(ogit-t) A
(1] PP S T N A fix) |

: . . . -T
1] S P Y I B att-x)

: : : : (f+gat)
|]4_. .......... \ .................... .......... . =
(1] SR P I T

ol ] | i i ] 1

2 1.5 1 0.5 I 0.5 1 1.5 2

&t

1_.: ......... .- ......... '|:l|ﬁ'eaund:erf(t)glft-t)l'
: : : : : : ()
g-z)

05 ......... ......... .................. ....... ......... Ce. (f*gn)
o L1 | | |
-1.48 1 0.4 0 0.4 1 1.4 2 24 3

&t




Exercises

On convolution

Understanding themoperator is a

fundamental requirement of this course. You need to
fully appreciate the graphical interpretation (time-
reversal and time-shift) in both continuous and discrete-
time.

Another fundamental point is to [Elefels[§]F4= when an
integral or series expression is afel)\ ][I [e1sW as this

could be useful in managing equations more easily.
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7.4 Properties of convolution

In continuous and discrete-time

Commutativity, associativity, linearity (distributivity)

|dentity element
Extension
Area

Time-shifts




Properties of convolution
In both continuous and discrete-time

commutativity x*y=y*x

associativity x*y*z=(y*x)*z
=x"(y"2)

linearity (x+y)*z=x*z+y*z
X*Y+2)= x*y+x*z

identity x*6= x
area A= Al A




Commutativity

v=t-u
x*xy(t) = /_OO x(u)y(t :/1L) du
_ /_ st —o)y(v) dv =y * 2t
m = n-k
k=—o0
= Z z(n —m)y(m) =y * z(n)

choose the order you want!




x *6(n)

even symmetric

/00 x(u)dé— u) du

/_00 r(u)d(u —t)du = x(t)

even symmetric




Ar'ea swap integrals
/

Agsy = /00 (/Oo z(u)y(t —u) du) dt

= / z(u) (/ y(t — u) dt) du = A A,
A,
swap sums

4
Aoy = (D alk)y(n—k))

n=—oo k=—o0

oo

- ¥ :c(k)( i y(n—k))zAxAy

k=—o0 n=-—00
\ - >

N~

A’y
area is useful as a check!




Extension of the convolution < of initialending times

continuous-time

e(x*y) = [t+ty, T +T)]

T, Y
y(t-u)
tT, B, BTt
start: ‘end
t-t,=t t-T,=T

discrete-time j j
e(X*y) = [ny+ny,Ny+N,]

| udull

_|| ||r|jn [u|||

start. eend
n-n,=ny n-N,=N,



Time shift property

8, (t) = 8(t — to)

t—to)_s*ojo/ / 5(u — to)s(t — u) du

s(n —ng) = §*0p,(n Z d(k —ng)s(n — k)

k=—o0
Ono (t) = 6(n —ng)
—composition of time-shifts
Lty * ytl(t) = T % Oy * Y * 5t1(t)
= T % Y * Ogy * O, (1)
= 2y O (1)
=z *xy(t — (fo + 1))




Exercises

On systems

Uiple [T = TalellgleRigle) linearity and time-shift

properties of a continuous or discrete-time
convolution is a fundamental process that will ease
the calculation in many cases.

Use the extension and area properties for checking
the correctness of your results.
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8.1 Circular convolution

In continuous and discrete-time

4 Definition

4 Properties

4 Interpretation through periodic repetition




One periodic signal

In the convolution

oo
z % y(t) = / z(u)y(t — u) du
[ ]
periodic T, aperiodic  periodic T,
(t=1+T,)

oo

xy(n) = Y a(k)y(n—k)

Jo R

periodic N aperiodic periodic N
(n=n+N)




Two periodic signals

In the convolution

periodic T,
fl)@ -/ éf(wy(t ~ u) du
/ periodic T, periodic T

These diverge!

\ - perio.dicN
Mwb S a(k)y(n—k)
k=—oo[ '\

periodic N

periodic N




Circular convolution

to+Tp
T *cir Y(t) = / z(u)y(t —u) du

\\[ ™

periodic T,

T *cir Yy(n) = Z z(k)y(n — k)

=

periodic N




Properties

In both continuous and discrete-time

commutativity

associativity
linearity

area

identity

time shift

X*y=y*x
X*y*Z=Z*X*y
=y*z*X
X+Vy)*z=x"z+y*z
X*Y+2)= x*y+x*z

Aey= A A,

T *comb = x

T * comby /n 0 = Tt /ng




Interpreting circular conv.

z(t) = Iepr, Lo (t)
y(t) = repr,yo(t)

| “

2(t) = @ *cir Y(t) = repr, To * Yo(?)
= T * Yo (t)

A /[\AA . =1y *xo(t)




Proof - part 1
xxy(t) = /0 ’ y(t —u)z(u) du

., k=—o0
Z/ 2o(t — KT))y(t — ) du
k=—o00
© o (k-1)T,
Z / O(U)y(t—v—ksz dv
~ y y(:v)
JZ
k=4 k=3 k=2 k=1 k=0 k=1 k=2




Proof — part 2

z*xy(t) = /OO zo(v)y(t —v) dv

= / zo(v) Z Yo(t — v —nT}) dv
= Z / zo(v)yo(t — v — nT,) dv

zo*xyo(t—nmTp)

with a perfectly equivalent proof
also in discrete-time




Exercises

On the circular convolution

Wlgle (ST E=1plellgleRigle] circular convolution [e]elElE I IR

fundamental requirement of this course. You need to
fully appreciate the interpretation through periodic

repetition to be able to evaluate it correctly.
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8.4 Filters

In continuous and discrete-time

4 Recap

4 Properties by the impulse response

4 Eigenfunctions




Filters (LTI systems)

aperiodic g

z(n) — We[(gl— v(n) =z xg(n)
aperiodic aperiodic
periodic N periodic N

aperiodic g

z(t) — e[YM— y(t) =z x g(t)
aperiodic aperiodic
periodic T, periodic T,

an LTI system is uniquely identified
by its impulse response




Series and parallel
O+ - _
by associativity
9=Q1*92

X —_\e y=(91+92)*X

X

—l

—

_n / by linearity

g=91+9>




Properties
In both continuous and discrete-time

linearity
time invariance

reality real-valued g

causality causal g

BIBO stability absolutely summable
or integrable g

Lg < 0 r 00 . .
/ lg(t)|dt , continuous-time
Ly={ " =
Z lg(n)| , discrete-time
\ N=—00




Causality

g(u)
anti-causal causal
part part
o0 | \/é_u>
v()) = [ awg(t—u)du
A9(t-u)
present
past
-%_/[\{ future -
A X(U)
X(t)
- >
t u




BIBO stability — part 1
If Ly<oo then filter is BIBO stable

mm=VZumm—ww
s/Zuw»ma—Mdu

</ L, - lg(t — u)| du

— 00

- [ Legla

— 00

— L, - L,




BIBO stability — part 2
If filter is BIBO stable then Lj<e

1. let Ly=o0 by absurd

2. choose a bounded input |x(t)|=1
o(t) =0 g(t) = |g()] ¥

3. check that the output diverges at t=0
y0) = [ (g0 v)du

oo

:/ e 7= L g(—u)| 7% du

— 0

:/oo |g(—u)|du=/oo lg(v)| dv = Ly

— 00 —00




Eigenfunctions discrete-time
continuous-time z(n) =[eieon
z(t) =|e?“" y(t) = \z(t) | eigenfunction
eigenfunction g(t) >
oo y(n)= Y  g(k)z(n— k)
v®) = [ gwa(t - u)du koo
_‘:OO . = k)edpo(n—Fk)
:/ g(U)CJwO(_t_u)du k; g( ) . |
oo eigenvalue =— eigenvaiue
:ejw(’t/ g(u)e_j“’oudu :ejwon Z g(k)e_j"po’“
2(t) e y z(n) E=2e—— -
A=G(jwo) A=G(ei¥0)
~ converge —
Gliwo)l < [ lg(w)du| g0 BIBO ——, 1 1G(eiv)) < 3™ |g(h)]
/—oo stable filters k;oo




Exercises
On filters

|dentifying the and deriving the

main properties from its expressions is a fundamental

process that helps in investigating LTIl systems.
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9.1 MatLab

An introduction

Install MatLab
The four MatLab windows

Variables and functions in MatLab

Saving and loading data




MatLab
MATrix LABoratory by MathWorks

MATLAB' “is a numerical

computer environment which
allows matrix manipulations,
plotting of functions and data,
implementation of algorithms”
[wiki]

Poser Speches |85)

) ol L Lo i a0 '




MatLab free unipd license

https://asit.unipd.it/servizi/contratti-software-licenze/matlab

Home > Servizi > Contratti Software e Licenze > MATLAB

Contratti Software e Licenze

Aule Informatiche M ATL AB
Account e Accessi + Software Download - Students, Faculty, and Staff
App IO + Students, faculty, and staff may download anindividual stand-alone copy
of the software from the MATLAB
Applicazioni via + Portal: https://www.mathworks.com/academia/tah-portal/universita-degli-
Terminal Server studi-di-padova-31194939.html
Assistenza tecnica + Helpful links:
ASIT
> How to Install and activate MATLAB on my personal
Business analysis computer?
Consulenza + > Need installation help? Contact

MathWorks Installation Support

Contratti Software & > How | update the license after the Campus-Wide License

Licenze

has been renewed?



https://asit.unipd.it/servizi/contratti-software-licenze/matlab

MatLab desktop Change current folder

@ [ ) MATLAB R2022b - acadepffc use
H...
e New  New Open j#Compare VARIABLE CODE SIMULINK ENVIRONMENT RESOURCES
Script Live Script = % - - - - - -
F A
Command <@ = [H gl = [3 « Corsi » ses » 2024 » lab » Lab #1 - Introduzione al MatLab P
Window == Command Window ®  Workspace < = Workspace
- Name & Value . .
Where you ~ >> a=10 /B 10 Variables in
write code a = memory, their
type, size, and
10 content
fie >>
Command Current
i o C d Hist o C t Fold <
hlstory _ istory u;renameo‘ er | > folder
Latest code [v,D]=eig(D2);disp(diag... E odn Working
used [V, D] =Elg(M1) ;dlsp(dlag . H dati_es4.mat ' dlrectory
~ test e -
[V,Dl=eig(F);disp(diag(... | ocesm
%-— 25/11/24, 12:26 —% Elesam
a=10 Details ~

-




Vectors and matrices

Command Window

Row vector

Separated by
commas

Column vectorf —,

Separated by
semicolons

Matrix —_—
Rows separated by
semicolons,
elements in a row
separated by
commas

(1,2,3;4,5,6;7,8,91]




Simple operations

Transpose >> w'
ans =
4 5 6
Sum — >> V4w
Entry by entry
ans =
5 7 9
Matrix ——— 5| >> Mxw
product
) ans =
Needs matching
dimensions to 3;
work correctly 122
Entrywise >> vok(w')
product
uses .* ans =




Complex numbers

>> 1i

Imaginary
unit

ans =

0.0000 + 1.0000i1

Vector —»
Complex
valued

>> v = [1+1i%2, 3-1ix4]

1.0000 + 2.0000i 3.0000 — 4.0000i

Hermitian —
Applies complex
conjugation and

transpose

=

S

S

S

S
|

2.00001
4.00001

Transpose —
uses .’

2.00001
4.00001




Useful tips

.* elementwise multiplication
* matrix multiplication

+ matrix sum

v elementwise division

A elementwise power

A matrix (squared) power

‘ Hermitian transform

J transpose
zeros(N) N x N zero matrix
zeros(N,M) N x M zero matrix
eye(N) N x N identity matrix

rand(N,M) N x M matrix with random entries




Save

save

command
~

clears —
memory

load
command

and load

who List of active variables

Command Windo'.v

M a ans v w

>> save('tmp.mat','a',/'v','w','M")
>> clear all

>> who

>> load('tmp.mat"')

>> who

Your variables are:

M a v w

Je>> |




For and while loops

N = 10;
for I = 1:N semicolon
for J = 1:N / To prevent
A(I,J) = 1/(I+J-1); output to be
end printed
end

I =1; N=10;
while I <= N
J = 1;
while J <= N
A(I,J) = 1/(I+J-

1);

J = J+1;
end
I = I+1;

end




MatLab help Help button

Help —

command

Google
Help

@ ED:I 3 [qJ Find Files

New New  New Open [{z] Compare VARIABLE CODE SIMULINK ENVI
Script Live Script w v -

FILE
<@ = [E @l = [ « Work » Corsi » ses » 2024 » lab » Lab #1 -
Command Window v

v v v

>> help save
save Save workspace variables to file.
save(FILENAME) stores all variables
MATLAB formatted binary file (MAT-f
FILENAME as a character vector or a
FILENAME as 'myFile.mat' or "myFile

save (FILENAME, VARIABLES) stores onl
FILENAME and VARIABLES as character

save(FILENAME, '-struct',STRUCTNAME,
specified scalar structure as indiv
include the optional FIELDNAMES, th
specified fields of the structure.

the '—struct' keyword in the same c




Exercises
On MatLab intro

We could spend an entire day introducing MatLab, but
there is plenty of available resources out there!

If you are linked to your university’s Campus-Wide
License, you are automatically enrolled and can get



https://matlabacademy.mathworks.com/
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9.2 Plots in MatLab

An introduction

Defining time and signal samples

Drawing a figure

Controlling the figure layout

Multiple plots




Plotting a signal

A starting example

Define time

samples Command Window
from 0 to 3 >> t = 0:0.01:3;
spaced by .01 >> s = sin(2%pixt);
/ >> plot(t,s)
Define signal fx>7 ®c @ Figure 1
samples File Edit View Inser Tool: Deskto Windo
using the MatLab Dade @ 0E K[E

function sin, here ’

pi is 3.14... //\ /\

7

X2.63

Y -0.728969

\ \
Plot | \

-0.5




Run script

Plotting a signal

v

Open a / oen S G €
script -

Using ascript v 4 H ] compare \D

FILE

must be a .m file, @ % H @l E 03« Work » Corsi » ses
with no spaces or i Editor - /Users/tomasoerseghe/Work/Cors

special characters - testlm x| + ]
1 close all

in the name
/2/' clear all
Clear memory 3 cle
Close figures, clear 4
variables and 5 t =0:0.01:3;
command window 6 s = sin(2kpixt);
7 figure
Plot 8 » plot(t,s)
Add grid, 9 grid on
labels, and\ek’ xlabel('time [s]"')
title 11 ylabel('signal')
12 title('Sinusoid')

13




Plotting a signal
The result title

3

File Edit View Inser Tool: D¢skto Windov Help ~
Dode @ O0EB/k[E

label A
y / \ // \ '\
\ 051 / \ [ / \
\ / \
— \ / \ l/ \\
5 of \\ / \ / \ x
\ / \\\ \\\
s | \\ \\
AN N
gl’ld 0 0.5 1 1.5 2 2.5 3




Multiple plots

’. @ Figure 1
Same window File Edi Viev Inse Tool Desktc Windc He
D de @ OB L E
] . Sinu;oids

[# Editor - /Users/tomasoerseghe/Work \ \

_J testl.m I +1 “.‘
1 close all 05/ mn
2 clear all ~ “ e
3 clc % 0
4
5 t =0:0.01:3; osF | |/
6 s = sin(2xpixt); "\‘ /
7 c = cos(2xpixt); \ " |
8 figure 0 0.5 1 ﬁn::m 2
9 plot(t,s,t,C) ww
10 grid on \
11 xlabel('time [s]') Put one after
12 ylabel('signal') another
13 title('Sinusoids')
14 legend('sine', 'cosine') <+ Add

15 legend



Multiple plots

Same window - an alternative

Z Editor - /Users/tomasoerseghe/Work/Corsi/s... @

J testl.m I +1

1 close all
2 clear all
3 clc
Plot the 4
first 5 t =0:0.01:3;
6 s = sin(2xpixt);
c = cos(2xpixt);
Hold thg result, g figure
otherwise only g plot(t,s)
the last plot —3g—> hold on
command will 11 plot(t,c)
appear 12 hold off
grid on
14 xlabel('time [s]"')
Plotthe 15 ylabel('signal')
second 16 title('Sinusoids")
17 legend('sine', 'cosine')

18




Multiple plots

E: Editor - /Users/tomasoerseghe/Work/Cors

testl.m +
Multiple windows — ; close all
subplot(rows,cols,pos) g g{iar all
On a grid of size 4
rows X cols 5 t = 0:0.01:3;
positions the plotat ¢ s = sin(2xpixt);
pos 7 c = cos(2xpixt);
L N Figure 1 figure
File Edi Viev Inser Tool Desktc Windo Helf ~ subplot(2,1,1)
D de @ 0&8 & E plot(t,s)
Sine grid on
‘ /\ | ' VAN xlabel('time [s]"')
Bof \ \ / \ ] y}abelf §1gr?al )
\/ \ \ / title('Sine')
> | | N/ ' subplot(2,1,2)
0 0.5 1 1.5 2 215 3
time [s] pIOt(t;C)
1 Cosine grid on
- xlabel('time [s]')
50 \ \25e / ylabel('signal')
/ Y-oe20778 | title('Cosine")

tlme [s]



Defining a function

entrywise division
is needed here!

| NON ) Figure 1 ’
File Edi Viev Insel Tool Desktc Windc Hel =
Dede & E‘ SR or—/Users/tomasoerseghe/Work/f:orsi/s...
1 'r'\"’ tlm | +
08 /\ close all
067 / \ clear all
20.4— (’ \‘ C.l.C
@ ot / '\ i 1
(VAT ‘\/\AA/\; t = -10:0.01:10;
02 Voo 1 s = sinc(t);
o 5 0 5 10 f 1g ure
s v - plot(t,s)
Function definition 9 grid on
must appear atthe 10 xlabel('time [d]")
end of the file 11 ylabel('signall)
(alternatively you g2 title('Sinc’)
put it in file sinc.m) 14 function s = slinc(t)
Correct for t=0 1? ,:(: S;?(Elf) /(pixt);
to avoid nan I | end




Choosing the sampling rate

Your sampling
Spacing must be [# Editor - /Users/tomasoerseghe/Work/Corsi/s...
J testl.m I +1

sufficiently smalllto 1 close all
capture the function clear all
shape! clc

-10:1:10;

5
'YK ) Figure 1 s = sinc(t);
File Edit View Insert Tools Deskto; Windov Help » figure
NEede @ 0@ K[E plot(t,s)
Sinc grld on
1 | p | xlabel('time [s]')
08l I ylabel('signal')
ﬁ\ title('Sinc')
§0.6- ’J \ i
@ el j ] function s = sinc(t)
| s = sin(pixt)./(pixt);
02} ’f | - s(t==0) = 1:
0 : [ : end
-10 -5 0 ) 10



Discrete-time signals

[ Editor - /Users/tomasoerseghe/Work/Corsi/s...

_j testl.m I +1

1 close all
use stem 2 clear all
instead of plot Z clc
5 t = -10:.25:10;
6 s = sinc(t);
e o Figure 1 7 flgure
File Edit View Insert Tools Desktoy Window Help - Ste_m(t' s)
grid on

- N A @e)
Nagde @ 08 K E xlabel('time [s]"')

. P

‘ | s AHDARG ylabel('signal')

08| ] title('Sinc')

* function s = sinc(t)
el s = sin(pixt)./(pixt);
@ ool T [ 1 S(t==0) = 1;

o & 3 T & & end

R %L (@ H & ¥

04 . . |
-10 5 0 5 10
time [s]




Exercises
On MatLab plots

Signal plots is a fundamental step that allows you to
correctly represent your data.

Practice yourself with plots, multiple plots, and the

representation offeelnnl Y& K EIE] through their real

and imaginary parts, or through absolute value and
phase.

Pay particular attention in correctly defining the

sampling rate/spacing (WG JERE gy ilaleelelgitlg[ilelIEE ™~ e

time signals
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10.1 The Fourier series

for continuous-time periodic signals

Orthogonal projections in a signal space

The Fourier series
Convergence properties

Useful Fourier pairs




Unveiling filters
A general idea in continuous-time

eigenfunction

z(t) = e?¥o! y(t) = Ax(t)
— U —
eigenvalue

oo

A= G(jwy) = / g(u)e 790" dy

— 00

— By linearity we have
We focus on periodic

z(t) = ZAk . I Wkt signals and linear
k = complex exponentials
‘ that are periodic T,
Wk = k 27T/Tp




Complex exponentials
Periodic of period T,

#o(t) 4 | o (t) = eihwot
Al |
\/ \/ \/ P \/ \/ period
Tk pg g
AR




Main issue

Extracting the signals components

periodic T, N 27
0 — v

\ / T
z(t) = ZXk . elkwot
k

|

signal components

Can be extracted using
standard rules on vectors,
appropriately rewritten for
the periodic signal space




Orthogonal base decomposition

Complex vectors

Periodic signals

- Inner product

= Z T3Y;
i

- Projection along y

((t), y(t)) = / Tty (1)t

Yy / y (z,y)
Ty = Ty ) =1Y VoY
"yl < ||y||> iz 7/ 3

- Decomposition wrt. an orthogonal basis

<bza bJ#Z) =0

""'_z” ||b||2

ly ()12
Xy
b, (5(8),bya(8)) = 0
Bu()
x/ | bie(
|y} =2 ||bk It
X1 by S|gnal components




The orthogonal basis

bi(t) = &% | wo =

2T
Ty

— Orthogonality properties

to+Tp
(bu(0), be(t)) = / ittt gy
t

\”
0

_ |[IT, i=¢] energy
0 i # £| orthogonality




The Fourier series

Fourier series / \

s(t) = ) Spelkt

k=—oc
signvN

reconstruction

time domain
continuous-time

and periodic

s(t) = s(t+T1p)
A

projection onto
an orthogonal

basis Wo =

2m
1y

to+T1p
= —/ s(t)e™ gjkwot 13

Fourier series

coefficients
signal components

Fourier domain

: . S
discrete-pulsation I g

and aperiodic ¢ v el )
Wo

. k(,()o
an alternative

(and equivalent) \first |
signal representation harmonic



Invertibility conditions

From S, to s(t) and viceversa

absolutely integrable +
finite number of finite
discontinuities + finite
number of max and min
(in a period)

finite energy (in a
period)

finite number of delta
functions (in a period)

Dirichlet

Riesz-Fisher

Dirac

plus any linear combinations of the above




Weak convergence

In norm - converges almost everywhere

partial sums & _
sn(t) = Z Srelkot
k=—N

Gibbs
phenomenon at
discontinuities

Wikipedia.org




Useful pairs time domain | Fourier domain

constant 1 d(k) delta
1
delta  repp 4(?) — constant
dual pair Tp

Sk
| 1 . rect repr rect(ﬁ) d sinc(kd) Si%
' Nt
sinc Moo (E) | rect(k) rect e
dual pair N=1+4+2M L

exponential gImwot o(k—m) delta
delta repr5(t —t1) r_%pe_jkwotl exponential
dual pair

sinusoid cos(nwot + o) %ej“’oé(k —n)+ %e‘j‘f’f’c?(k +n)




The periodic sinc

_ sin(7z)
- Msin(n)

sincpr(x)

rep,, sinc(z) , M odd
repsy s sinc(z) — sinc(x — M) , M even

will prove this
sincyg(t) , equivalence later on!

16
WW
N SinC15 (t) \

4

15




Exercises

On the Fourier series

yiclaililsRilzl coefficients of the Fourier series [o]g
evaluating the signal shape through itsjgeli[g={@=1g (=
expression is a fundamental requirement of this course.

You need to fully memorize the forward/backward rule
and take particular care in evaluating integrals and/or

series correctly.

N N1 o M=o R le M1 l=10ale) iV =R s Iz} fundamental Fourier

@, as these are relevant in what follows.
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10.4 Properties

Of the Fourier series

4 Time-reversal, conjugation, and symmetries

4 Linearity, time-shift, modulation, convolution, product, and

derivative

Mean value and power

The minimum period issue (de-periodization)




Symmetries

time domain

Fourier domain

time-reversal x(—t) X i
conjugation z*(t) X7y
symmetries _ .. even

X(t) = x(-t) X = Xk
odd odd
x(t) = -x(-1) X = X
real Hermitian
X(t) = X*(t) Xk = X*-k
real + even real + even
X(t) = X*(t) = X('t) Xk = X*-k = X-k
real + odd imaginary + odd

X(t) = x*(t) = -x(-t)

Xk = X*-k = _X-k




Time-reversal + conjugation

1 [t ikwot
— x(—t)e 7"odt
TP to
1 [ .
T T, w(i‘)e_](_k)w(’“du =X &
p J—tog—Tp

u=-t

1 / ot ikwot
— z*(t)e 7"t dt
Tp to

1 [t '
= (—/ a:(t)e”’“"otdt) = X"
TP to T

k = -(-k)




Properties

time domain | Fourier domain

linearity az(t) +By(t)| oXi+ BYi

time-shift  z(t —¢,) X e Jkwotn
modulation g (3)eimwot X
dual pair

convolution  z ¢ y(t) /TpXkYk

product  z(t)y(t) X x Y3
dual pair
derivative  9z(t) Xy - jkwo
dt
mean value mg = Xo
power P, _ Ex

Parseval’s theorem




Mean + Power

xO
P, = power E X elhwot | —
‘kz—oo )

1

see exercises
Lecture 2




Time-shift + modulation

1 to+1p '
— / z(t —ty)e Ity
TP to

1 to—t1+Tp '
— z(u)e™ kwo(utt1) gy,
Tp to—t1 T

— Xke—jkwotl

one period " tt

1 [totTp . .
— / x(t)el ™ot eIkt gy
t

1 to—t1+1)p .
= — (t)edwolk—mit gy

TP to—t1
— Xk:—m

one period




Convolution + product

1 [totTp ( /to+Tp —_—
— z(t — u)y(u)du) e Imotdt
1, to\ to\ swap

to+T1p 1 to+1p '
— / y(u) (—/ z(t — u)e_Jk“’otdt) du
t Iy Ji

0 0

to+T15p ‘
= / y(u) Xpe 7%y | = T, X3 Ys

to

1 to+T1p .
1 / 2(t)y(t)e-THot dt
1, to_ .

.t0+TP( b - t) jkwot
E Xm0 | y(t)e 7™t dt
T tO\ m:_oo\ swap

00 1 to+1p _
=2 Xn (T / e‘“’“'m)“’“ty(t)dt)
= J

P Jito
Y_'
k—m




Derivative

Inversion rule

1 lSWap a:(i» derivati _y(f) = z'(t)

d d Xk Y. = jk'wo X
_ 7 X Jkwot

k=00 the value at k=0 is lost since Y,=0, the
others are multiplied by a known factor

ve

7 Xy - Jhwo gl kwot

k=—o0
(Y
| T . ko k#0
Fourier coefficients X, = ¢ Jkwg
J My ) k — O

T




Incorrect period case

De-periodization in the time domain

true period T, Sk
s(t) = S, elkwot I’] TTT]?Q
E ) Z " 1 I Wo 4;(1)0

k=—o0

must be
equal

0 otherwise
interpolation
effect 1
Wo

k(,l)-]




Exercises

On the properties of the Fourier series

=\ Aeelag=Te1i\ YA (o] le]ltlaleR1sl=) properties of the Fourier

Wwe can ease the calculation for a large variety
of signals, but we first need to properly familiarize with
their use.

SEINEIlo IR WWEVLKe (R graphical representatio

to your signals, as this might very often become useful
in correctly interpreting them.
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11.1 Convolution in MatLab

An overview

4 Discrete-time convolution

4 Approximate convolution in continuous-time




Discrete-time convolution
For limited-time signals

._ > a(k)gln— b

LTI system/filter

lelted only if
limited signals

e(x*g) = [Ny+ng,Ny+Ng]

il \llll ||

- | |
nX




MatLab conv function

vector x vector g
times t, = NN, times t; = ng:Ng
Assumption I } Assumption
X zero outside | N g zero
1 thegiven ouside the
samples * given
Qmples
nX Nx . ng Ng ]

vectory = conv(x,g)

times n, = n, +ng 1 N, +Ng




MatLab conv function

cut the result in case nonzero outside

vector x vector g
times t, = NN, times t; = ng:Ng
Assumption ] ] Assumption
X zero on | 9 zero outside

1 theleft the given
* samples

»
»

Ny NX " ng Ng
or g zero on
y = y(1:len(x)) Ng-ng =N,-n,

times n, = n, +ng: Ny +ng




MatLab conv function

‘valid’ = keeps an even smaller part

vector x vector g
times t, = NN, times t; = ng:Ng
Assumption ] ] Assumption
X Nonzero .
outside the g zero outside

| given samples the given

n Ng

R 9
— |

vectory = conv(x,g,’valid’)
times n, = n, +Ng: N, +ng




Continuous-time convolution

An approximation

samples of y

!

z*g(nT) = /Oo z(u)g(nT — u) du

— 0
(e @)
~T Z g(nT — kT)
sampling samples of x
spacing: must and g
be sufficiently
(very) small

y = T*conv(x,g)
t, =1+t T+ Ty




Exercises

On the convolution in MatLab

Get acquainted with MatLab convolution operatorm
and remind that when approximating a continuous-time
convolution you will need to multiply by the sampling

spacing T, to have |l I3\10 &)

Remember that the output of the convolution is not
always valuable everywhere, e.g., in case signals are
not zero outside the interval where samples are given
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11.4 Fourier series in MatLab

Some insights

4 The Gibbs phenomenon

4 Approximating the coefficients via numerical integration




Square wave
And the Gibbs phenomenon

2
sn(t) = Z ay e7F0t o = % , ar = d sinc(kd)
p

truncated Fourler series

truncated Fourier series

1.2

N=nc
1 10
20
— 50
100 |
200

08

06

s(t)

0.4

0.2

or

-0.2




Triangular wave

And the absence of Gibbs phenomenon

N
- 2
sn(t) = Z ay e7F@ot g = Fﬂ , ar = dsinc?(kd)
k=—N P

truncated Fourier series

12 truncated Fourier series

08 [

06 [

no Gibbs

s(t)

04

02}

-0.2




Square wave

Numerically evaluated coefficients

1 Tr —jkwot 1 = —jkwonT
ay = — s(t)e™ Odt'zbk:—-TZs(nT)eJ 0
T, Jo 1,
n=0
. . . T =T,/M
approximated coefficients o/
115 a;?prox trurrcated Fo'urier seriles
signal
true coefs
11} n 200
— M=1000
1.05 /\ -
/\ ,: perfect
g 7!\7%/\/ A correspondence
0.95 | J
09}
0.85

1 1.056 1.1 1.15 1.2 1.25 1.3 1.35




Generic wave

Numerically evaluated coefficients

1 Tp ' 1 M-—1 ‘
ap = — s(t)e‘”k“’otdt ~b=—- T Z s(nT) g JkwonT
T, T,
p JO p n=0
. . . T =T,/ M
approximated coefficients »/
12 appr?x truncateld Fourier s'eries
. signal
M=1000
. L el M-10000 |
0.8 ‘ \ ~
Gibbs at
= | discaontinuities
0.4 f .
02} ’ .
0 - LT T VP PO S —— -
0.2




Exercises

On Fourier series

Observe the outcome of truncated Fourier series, and

appreciate the presence of the \€lle]ofil el s Flgle] 13 Elalely] at

discontinuities.

Helailo AV N[EI-IMWisl numerically evaluated [glel¥[l=1s

coefficients, to be able to represent any periodic signal
through its (truncated) Fourier series
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12.1 The discrete Fourier transform

for discrete-time periodic signals

Orthogonal projections in a signal space

The discrete Fourier transform
The fast Fourier transform

Useful Fourier pairs and symmetry rule




Unveiling filters
A general idea in discrete-time

eigenfunction

z(n) = el®on y(n) = Az(n)
mnd O(")
eigenvalue
A= 8.7900 — Z g(k)e Jpok
k=—o0

- By linearity we have
We focus on periodic

_ § :Ak ] ejcpkn signals and Iineer
complex exponentials

B that are periodic N
ok = k 2n/N

y(n) = Z[AkG(ej‘Pk)] . eI PET
k




The orthogonal basis

b() (n)

AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA
vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

N linearly independent
signals = basis




Basis decomposition

— Inner product
no+N—1

(@(n),y(n)) = Y z(n)y*(n)

n=no

— Projection along y

o Emam) Ay
zu(m) =4 )2

— Decomposition wrt. an orthogonal basis

(br(n), be(n)) = N5(k —£)

n), bg(n))
=2 buln ||bk SIS

-~

X
S|gnal components b




The Discrete Fourier transform (DFT)

Fourier series

kO+N-1 /

s(n) = Z Sy eIF T

k=ko

a\
reconstruction

sign

time domain

s(n) = s(n+ N) discrete-time and
} periodic

projection onto an

—\ortrlogonal basis
no+N—1

Sk ! Z s(n) e Ik F"

_/F

N
ourier series coefficients
Fourier domain

signal components

, y Sk = Sk+N
discrete-phase
and periodic
an alternative ssee?
(and equivalent) N

signal representation




DFT as a matrix product

Invertibility between S, and s(n)

, S(n) 7 3 Sk .
od] ..THT e
R :
coIIect'the N samples collect the N samples
of a period into vector of a period Slnto vector
S
S=(1/N)Fs s=F*S

S o2m
DFT matrix F' = [G_Jk N n}
n,k=1,....N—1




The FFT

Fast Fourier transform

4 The DFT matrix multiplication has
complexity N2

4 By exploiting the symmetries of F we
can devise an algorithm of complexity
N logoN called FFT

4  For N=1000 we have N2=106
and N log,N=104
... 100 times faster

4 FFT is among the Top 10 Algorithms of
the 20t century

https://en.wikipedia.org/wiki/Fast Fourier transform



https://en.wikipedia.org/wiki/Fast_Fourier_transform

Useful pairs

time domain

Fourier domain

constant 1 rep (k) delta
delta repy6(n) 1 constant
dual pair N

repy rect(57)

% Sil’lCM(%k)

N o

il N sinc M sincpr(Frn) rep v rect(17) rect
(?x“: \&‘?\.‘,9 e 3/ o .‘l‘,/?.
dual pair M=1+4+2K K N
: im, 2T
exponential e N repyd(k—m) delta
delta  repyd(n—m) 1 —kzm  exponential
dual pair N
sinusoid COS(mzﬁn + ¢o) 1e7?ocomby (k —m) 4+ e 7%°comby (k 4+ m)



DFT symmetry rule

One transform, two couples

An example

s(n) =1 z(n) =S, =
Sk = repn6(k) "» X ! s(—k) =



Exercises
On the DFT

DyielaililsRilzlcoefficients of the DFT [elg=\EUSElgloRigle
signal shape through itsga B R expression is a

fundamental requirement of this course. You need to

fully memorize the forward/backward rule and take
particular care in evaluating series correctly.

You also need to memorize thefillile Tz a1 1R o104 (=]

M, as these are relevant in what follows.
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12.4 Properties

Of the DFT

4 Time-reversal, conjugation, and symmetries

4 Linearity, time-shift, modulation, convolution, product, and

Increment
Mean value and power

Minimum period issue




Symmetries

time domain

Fourier domain

time-reversal z(—n) X_ &
conjugation z*(n) X*,
symmetries .. even
x(n) = x(-n) Xk = Xk
odd odd
x(n) = -x(-n) X = X
real Hermitian
x(n) = x*(n) X = X"
real + even real + even
X(n) = x*(n) = x(-n) X = X = Xk
real + odd imaginary + odd
X(n) = x*(n) = -x(-n) X = X" = =X




Time-reversal + conjugation

1 +7, 27T
- . —Jjk5n
N z(—n)e

n=0 0

1 . 27
N Z z(m)e 7CRNT™ = X,
m=—N+1 T
m = -n
N-1




Properties

time domain | Fourier domain

linearity axz(n) + By(n)| oXy+ OY%

time-shift z(n —n1) Xke‘.<’“W”1
modulation x(n)ea'm%”n Xy
dual pair

convolution z x., y(n)

product z(n)y(n) X *cire Yi
dual pair

increment z(n) —z(n—1)| X - (1 — e 7*7)

mean value my = Xo

power N
Parseval’s theorem Py = Ex (N)




Mean + Power

1N
Xo = D =(n

n=0
N-1 N-1
o 2m
P, = power E X, edFNn sy = | X5 |2

1

see exercises
Lecture 3




Increment

y(n) = z(n) —z(n —1)

Yk = Xk . (1 — e—jk%’)

T

the value at k=0 (mod N) is lost since Y=0,
the others are multiplied by a known factor

increme

nt

Inversion rule

Yi
Xp = 1—e k%
My , k=0 (mod N)

T




Incorrect period case

De-periodization in the time domain

true period N Sk
N-1 I
+1, 27
s(t) = Spelf N m teles s
f k=0 | o 2n
8l v
R
g|® period N’ =|KN
¥y KN-1
~ 27
s(t) = Smel KN
m,zz() " S, . Sk , T = kK
1om = 0 , otherwise

—:L.OL.LJ‘QOL“—)
interpolation

effect i 21




Exercises
On the properties of the DFT

S\Relel I \VAY (el lellilsleR stz  properties of the DFT RV

can ease the calculation for a large variety of signals,
but we first need to properly familiarize with their use.

Please be aware that DFT pairs are in general more v‘;\\

cumbersome to deal with, and that only
will be considered at the exam.
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13.1 The Fourier transform

for continuous-time aperiodic signals

The Fourier transform
Convergence properties

Useful Fourier pairs

Symmetry rule and scale property




Defining a Fourier transform

From periodic to aperiodic




The Fourier transform

projection onto an
orthogonal basis

—00

sign;\/ Fourier transform
reconstruction signal components

frequency f=w/2r [HZ]

()= 5 [ Stiw)edo S() = [ se s ae

time domain Fourier domain

1 continuous-time continuous-pulsation ,
and aperiodic | and aperiodic A\
v/'\ /\v
t [s] i N~
an alternative w [rad/s]
(and equivalent)
signal representation

N
(V]




Invertibility conditions

From S(w) to s(t) and viceversa

absolutely integrable +
finite number of finite
discontinuities + finite
number of max and min

finite energy

finite number of delta
functions

Dirichlet

Riesz-Fisher

Dirac

plus any linear combinations of the above

Convergence in norm — converges

almost everywhere




Useful pairs

time domain

Fourier domain

constant 1 21 (w) delta
delta o(t) 1 constant
dual pair
L rect rect(t) sinc(5-) sinc R
y ] . w T o T
sinc sinc(t) rect(5-) oot
S o] M
dual pair 0 3
exponential glwit 27 0(w — wy) delta
delta 6(t —t1) e Jwh exponential
dual pair
sinusoid  cos(wit + 1) | T §(w—wy) +Te TP §(w + wi)




More pairs

time domain

Fourier domain

triangle  triang(t) sch(%) squared sinc
squared sinc  ginc?(¢) triang(5=)  triangle
dual pair
sign sgn(t) -2 hyperbola
hyperbola J N sign
| p— sgn(w) J
dual pair
unit step 1(¢) — + 7é(w)
J o1 “ '
o + 25(t) 1(w) unit step

dual pair




Symmetry rule

One transform, two couples

S(L F i({w) = /_oo s(t)e " dt
z(t) = S(jt) X (jw) = / S(jt) eIt di

= 27s(—w)

An example
s(t) = rect(t) I =(t) = S(jt) = sinc(5)
S(jw) = sinc(5%) X(jw) = 2ms(—w)
= 2mrect(w)




Scale property
z(t) z(t/a)

——
X(jw) 0 X (jow)

I

inverse scale in the pulsation domain

Proof
/ r(t/a)e 7 dt = a/ z(u)e 74" duy

An example
y(t) = xz(t/a) = sinc(t)
Y(jw) = aX(jw)

= rect(5>)

z(t) = sinc(z)

X (jw) = 27 rect(w)




Exercises

On the Fourier transform

Deriving the |Z{EIR I {elgn1] or evaluating the signal
SeETe IR gle]Sle[sRigl] inverse Fourier transform [BE!
fundamental requirement of this course. You need to

fully memorize the forward/backward rule and take
particular care in evaluating integrals correctly.

You also need to memorize thefillile Tz a1 1R o104 (=]

m, as these are relevant in what follows.
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13.4 Properties

Of the Fourier transform

Time-reversal, conjugation, and symmetries

Linearity, time-shift, modulation, convolution, product,
derivative, product by t, integration

Mean value and power




Symmetries

time domain

Fourier domain

time-reversal  z(—t) X(—jw)
conjugation z*(t) X*(—jw)
symmetries _ ., even
X(t) = x(-) X(jw) = X(-jw)
odd ~odd
X(t) = -x(-t) X(w) = -X(-jw)
real Hermitian
X(t) = x*(t) X(jw) = X*(-jw)
real + even real + even
X(t) = x*(t) = x(-1) | X(w)=X(-jw) = X(-jw)
real + odd imaginary + odd

X(t) = x*(t) = -x(-t)

X(jw) = X*(-jw) = -X(-jw)




Time-reversal + conjugation

/_Z r(—t)e  dt = /_Z x(qf)ejfu du

u=-t




Properties

time domain | Fourier domain
linearity ax(t) + By(t)| aX(jw) + BY (jw)
time-shift x(t — %) X( jw)e;{wto
modulation 4 (¢)eiwot S
dual pair ( ) X(]w ]wo)
convolution  Z*y(?) X (jw)Y (jw)
product  z(t)y(?) 1 e v(iw)
dual pair A2 J
derivation ' (t) jw - X (jw)
product by t tz(t) iX'(jw)
dual pair
integration [* z(u)du |XU9) 4 5(w)
Jw
area A, = 5(50)

Parseval’s theorem

energy E, ;: LBy



Convolution + product

/_ Z ( /_ Z 2(u)y(t — u)du) et gt
_ /_ : 2(u) ( /_ : y(t - u)e‘j“’tdt) du

_ Tswap 1
:/ z(u)Y (jw)e " du |= X (jw)Y (jw)

— 00

/ N z(t)y(t)e 7 dt

—00

:/ x(t) (%/ Y(jv)e””tdv) e Wt dt

L [~ Y (jv) ‘( / N a:(t)e‘j(“’_”)tdt) dv

Tswap T x(jw-v)




Area + Energy

S(j0) = / s(t) e % dt = A




Derivative

Inversion rule

| 1swap x(ii(f) _ /(1)
L7 x(w)e X (je) [ Y(%M)ij-X(jw)

the value at w=0 is lost since Y(j0)=0, the

1 [ d , . others are multiplied by a known factor
- X o pawt d
2T J_ o () dt (e ) “
1 [ . Y (Jw
o [ xGetas | xGw) = T2 el
Fourier transform No need to correct for

a finite value at w=0




Integration




Exercises

On the properties of the Fourier transform

flgleli[slsRislsY properties of the Fourier transform R

can ease the calculation for a large variety of signals,
but we first need to properly familiarize with their use.

The Fourier transform is by far the case where we can

deal with the most complex waveforms, also thanks to
the fact that managing integrals is easier than
managing series.
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14.1 Relations among Fourier transforms

Link between Fourier transform, Fourier series, and DFT

4 De-periodization property

4 Periodic repetition and sampling properties




De-periodisation

From the Fourier series to the transform

s(t) = s(t+T,) Z Spedkwot 2T
k=—o0
[ ] ! ¢ ] 7
The Fourier l | wo gk
transform of a
periodic signal

S(jw) = Z 28,0 (w — kwy)

k=—o00 A

1[ “nlzﬁl

Pl w




Periodic repetition

From the Fourier transform to the series

- z(t) y(t) = repr, z(t)
— S — T Q
continuous-time continuous-time
aperiodic periodic T,
X(jw) Y, = iX(jka)
— l — T,
| = WLUJM?W
continuous-  wo = T, discrete-pulsation
pulsation aperiodic

aperiodic




A proof

From the Fourier transform to the series

Y N (s .
Yi = —/ Z z(t —mT,) | e IFwot gt
Ty Jo

00 T,
= Ti Z (/ z(t — mT),) e Ikwot dt)
P m:_‘x’\ swap
—7, 2 a(w) gt d
P m=—ocov—mIp \

—_—

/ u=t-mi,
oo

. kwo - mT, = 27rkm|
z(u) e=IFwo gy

- L v ik
—ITP (J wo)

—~—

1
1y




Sampling

From the Fourier series to the DFT

z(t) y(n) = o(nT)
T T=% J“TL RO
continuous-time discrete-time
periodic T, periodic N
Xk Y = repy Xk
— RSN —
discrete-phase discrete-phase

aperiodic periodic N




A proof

From the Fourier series to the DFT




Combining the two

From the Fourier transform to the DFT

33( —repTx )L .
repr .
I ,

""“’“V‘ u N ;a
ontinuous-time N dlscrete time
aperiodic periodic N
X (jw) kao)
ontinuous- % dlscrete phase
pulsation

aperiodic periodic N




Exercises

On the relations among Fourier transforms

=ZIBE e RisZ} Fourier series [o]J@lalz) DFT coefficients

litelnEl Fourier transform pair [l e CE- N[V e s R-CEI[=]g
way of calculating the transforms.

You need to get acquainted with this powerful rule, as it
might turn out very useful.
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14.4 Filters In continuous-time

A Fourier transform perspective

4 Filters in the Fourier domain

4 Selective filters

4 Response to sinusoids and exponentials




Filters in the Fourier domain

Continuous-time aperiodic

z(t) y(t) =z * h(t)




Filters in the Fourier domain

Continuous-time periodic

o(t) = 2t + ) m y(t) = @ * h(t)

H(j) X
X(jw) & Y(jw) = X(jw)H (jw)
27TX;€A 2 X H (jkwy) I
bl tell, > [ 1+, s
1 Wo w 1 IWo




Series

—_— h1 —_—

X(jw)

M

Hi(w) Hy(w)

H = Hy H,




Parallel




Feedback

Z=H,Y

Y = H; (X-2)
= H, (X- H,Y)
=H X

H: H-|




Complex exponentials

z(t) = A&l m y(t) = Iatf (jwo) z(t)
complex constant

fi(jW)

X (jw) Y (jw) = X (jw)H (jw)
_.°_.

I o A 2 A H(jwo)
. ] X




Sinusoids through a real filter

z(t) = cos(wot + 6p) n y(t) = [H (jwo)| cos(wot + b0 + Sf;(wO))
amI)Iification phase

real

Hermitian
H(jw) = H* (—jw)

weI—j‘)OI




Selective (ideal) filters

low-pass || band-pass
_rect( S ) recf(“’;—:’o) + rect(%:’o)
! cutoff 1 center
pulsation pulsation
//
We = 20T, -—> g
I band o
2fc sinc(2f.t) 2 fi, sinc( fpt) cos(wot)
high-pass;
all non o . cutoff
BIBO pulsation
stable i ,
we = 27 fe




Polishing action of a filter
With a band-pass filter

WA
-

Raw LDF
After bandpass filtering (0.003-0.1Hz)

2 4 6 8B sec




Real filters
With BIBO stability properties

low-pass H(jw) = rcos(35-)
h(t) = 2f.ircos(2f.t)

11 1 1 ’lfl—f 1—70«' 14a
yreos(t) ={ L Lsin(Z(d - 1) 15 <l < e
0 , otherwise

sinc(z) cos(max)

3 2 t ircos(z) = 1 — (2ax)?

/I

Y

N S




Exercises

On continuous-time filters

flglellelsRisleY Fourier transform approach RYEXeElR

ease the understanding and calculation of a filtering
operation.

Carry in mind the rule on complex exponentials and

sinusoids, as it might turn out to be very useful in many
practical cases.
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15.1 The discrete-time Fourier transform

for discrete-time aperiodic signals

4 The discrete-time Fourier transform

Useful Fourier pairs

+
4 Time-reversal, conjugation, and symmetries
+

Linearity, time-shift, modulation, convolution, product,
Increment, product by n, and current sum

Mean value and power




Swapping the domains

From periodic to discrete-time

. Tp.=271'
Fourier series

00 | Fourier series
z(—t)= Y X, coefficients
n=—o00 1 2 .

N
271' 0

Fourier series
coefficients

2 . .
| ()0 g\ Fourier series




The discrete-time Fourier transform (DTFT)

Fourier series
coefficients

27
s(n) = %/0 S(e??)e?®do

projection onto a;\

orthogonal basis

-

time domain

discrete-time and

aperiodic

’\@urier series

0. @)

S(e??) = Z s(n)e 7"

\/ o

Fourier domain S/ = §(e7?)

continuous-phase

A

and periodic
LUAKIAV&K’AWBY 6
21

an alternative
(and equivalent)

signal representation




Useful pairs

time domain | Fourier domain

constant 1 27 combo,(0) delta
delta o(n) 1 constant
dual pair
i rect  rect(%) Nsincy (4Y)  sinc
M N=1+2M
sinc : 9 \ rect
,Ahmjjlmm% dual pair d sinc(nd) rep,, rect(s ) |
exponential %" 27 comba, (0 — 69) delta
delta  §(n—m) e—I0m exponential
dual pair
sinusoid cos(nfp + Y) e’ combar (6 — 6o)

+ eI comba, (0 + 6p)




Symmetries

time domain

Fourier domain

time-reversal  z(—n) X (e™%)
conjugation  z*(n) X*(e9)
symmetries _ ., even
x(n) = x(-n) X(el) = X(e?)
odd odd
x(n) = -x(-n) X(e?) = -X(e™)
real Hermitian
x(n) = x*(n) X(e’) = X*(e7)
real + even real + even

X(n) = x*(n) = x(-n)

real + odd
X(n) = x*(n) = -x(-n)

X(€”) = X*(e7) = X(e™)

imaginary + odd
X(el?) = X*(e9) = -X(e?)




Properties

time domain| Fourier domain
linearity az(n) +By(n)| aX(jw)+ BY (jw)
time-shift  z(n — ng) X(eﬂ’)e;f@no
modulation  y(p)ei%" X (e3(6-00))
dual pair
convolution  z*y(n) X ()Y (/)
product  z(n)y(n) L X #ir Y(e7)
dual pair P
incrementz(n) —z(n —1)| X (/%) (1 — e7%)
productbyn nz(n A PL
dual pair ( ) X (e )
current sum ZZZ_OO :B(k) 1)(_(663_(930 + w A comba, (6)
area Ay = S(e’9)

Parseval’s theorem

energy B 1 Ps



Area + Energy

X (') = Z z(n) e ™0 = A,
n=-—o0o0 1

Px :power[ Z z(n) e_jmg] = Z lz(n)|?

n=—oo

see exercises
Lecture 3




Increment

the value at 6=0 (mod 2n) is lost since Y(e)=0,
the others are multiplied by a known factor

Inversion rule

X (%) = Y(er)

T

1 —e 39

+ 27

No need to correct for a
finite value at 6=0 (mod 2n)

ﬁtlcombz7r (6)
I




Current sum

y(n) = Y  =z(k)

sum k=—00  — g x14(n)

Current

Y (e/) = X () [ —

1
——j9 + 7TC0mb27r (0):|

X (e?? :
= % + 71X (e’?)comba, (0)
X (&%)

1 —ed?

+ X (e’°)komby, (6)

[

area




Exercises

On the discrete-time Fourier transform

Illeldiscrete-time Fourier transform [EXE\leElai)Y%
closely linked to the Fourier series, with similar
properties and signal pairs. However, these slightly differ

in their expression, and, moreover,are
available for the DTFT. Memorize the forward/backward %
rule and take particular care in evaluating integrals
and/or series correctly.

NN 1o Ra == lo R (e M l=10ale) iV =R sz} fundamental Fourier

@, as these are relevant in what follows.
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15.4 Relations among Fourier transforms

Link between Fourier transform, DTFT, and DFT

4 De-periodization property of the DTFT

4 Periodic repetition and sampling properties




De-periodisation
From the DFT to the DTFT

s(n) =s(n+ N) Z Spelk T

Sk = Sk+nN
The DTFT of @  —aeese,
periodic signal N K
N—-1
S(e’?) = Z 27 Sy, comba (6 — k2F)
k=0 1 27TSk




Sampling

From the Fourier transform to the DTFT

x(t) y(n) = z(nT)
'

continuous-time discrete-time T
aperiodic aperiodic

continuous-pulsation continuous-phase
aperiodic periodic 2n




Sampling for T=1

From the Fourier transform to the DTFT

x(t) y(n) = z(n)
o '

continuous-time discrete-time T=1
aperiodic aperiodic
X (jw) Y (e’%) = rep,, X (j6)

continuous-pulsation continuous-phase
aperiodic periodic 2n




A proof

From the Fourier transform to the DTFT

- > (1 [ | |
Y= 3 (% X(jw)e”“”Tw) eI
=/ X (jw) (% Z el (WT)n = 30") dw
swap J

X (jw) comba, (0 — wT) dw

=/ X (jw) 259 wT — 27k) dw

k=—o0
- 5 [T xGapaeg - w
swap/ / =% i X(ja—ﬂ)




Periodic repetition
From the DTFT to the DFT

z(n) y(n) = repyx(n)
. — Y —
discrete-time discrete-time
aperiodic periodic N
X (%) Y = X(e?*F
M 90 — : N 03

continuous-phase discrete-phase
periodic 2r periodic N




A proof
From the DTFT to the DFT

N-—-1 oo
Y, = Sj ( Sj :c(n—mN)) AR

n=0 \m=-—o0
N-1 00

= Z Z z(n —mN) eIk (n—mN)
n=0 m=—o0

= Y o) e IHH =n-mN
l=—00

= X (7*7)




Combining the two

From the Fourier transform to the DFT

. my—(n) T

o" X Nl Q, \ 6

contlnuous time dlscrete time
aperiodic periodic N

continuous- M
M N

pulsation discrete-phase
aperiodic periodic N



Exercises

On the relations among Fourier transforms

SVEUIEU] e R[S discrete-time Fourier transform jigelgl:!
Fourier transform pair [e=zlaRel-R-Nag[s[el g R-E-EI (IR \e) |
calculating the transforms.

You need to get acquainted with this powerful rule, as it
might turn out very useful.
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16.1 Filters in discrete-time

A Fourier transform perspective

4 Filters in the Fourier domain

4 Selective filters

4 Response to sinusoids and exponentials




Filters in the Fourier domain

Discrete-time aperiodic

z(n)

y(n) =z * h(n)




Filters in the Fourier domain

Discrete-time periodic

z(n) =z(n+ N) m y(n) = x *x h(n)

. A
H(eje)
pa ™9
X (") Y (&) = H(e?) X (/)
IQWX’“ IQWX/CH eIk
| 1 T { r — | 1 —>
-TT } IQWW T 0 -TT ' |2F7r T 0




Series

x(n)

—(




Parallel




Complex exponentials

z(n) = Aeln% y(n) = A H(e?%) eImb0
ﬂ— t
complex constant

H (%)
X (¢99) ﬁ") H(e) X (e7)
0 A o A H(e%
15 ] 1 |




Sinusoids through a real filter

cos(Ogn + 61) |H(e799)| cos(Bon + 61 + ¢(0))
t t
amplification phase

real
Hermitian 0o)) @o\\
. . q)K P
H(e'?) = H* (e~ ) UM
00N @60\\
]9 39 ﬂ&e A\ﬁ
v
wAe_jelI Aelh ‘ ‘
:
I T > =TT —90 00 T 9

o —6. |8 6 _ .
b | b H(e=1%) = H* (%) | | H(e)

= |H(e)| e || = [H(e)| e




Selective (ideal) filters

low-pass H(e’?) = rep,,. rect(%)

0 cutoff
H(e”), phase periodic

7

P4
] : i I >
duty fycle e, ¢ T 0
90 3 Oc
h(n) = T sinc(tn)  non BIBO stable

BIBO stable low-pass

H(e'%) = rep%rcos(zzc) h(n) = % ircos(Z

n)




Exercises

On discrete-time filters

flglge¥le[sRigleY Fourier transform approach RYEXezlg

ease the understanding and calculation of a filtering
operation.

Carry in mind the rule on sampled complex

exponentials and sinusoids, as it might turn out to be
very useful in many practical cases. Be aware of the
fact that now the Fourier transform is periodic, and that
a sampled complex exponential with phase 6, is

equivalent to one with phase
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16.4 Wrap-up on Fourier transforms

On their similarity

4 Four signal domains, four transforms

4 Four versions of each property or Fourier pair




Four classes of signals

uoljadal oipolied ¢

continuous | discrete

—_— sampling

olpouad | oipouade




Four transforms

continuous-time

=57 [ Stwerda

S(jw) = / “Fwea

discrete-time

1 2T

s(n) = — S(e) el dh

_27r0

oo

S(ejG) _ Z S(n)e—jen1

oipouiad awin | aipousade awny

> w t n=—o 0
Fourier transform | DTFT
. _2r Fourier series | DFT
g = =%
TP
0% ko+N-1 .
s(t) = ) Spelteo! stn)= Y SpelkFn
k=—o00 k=ko
1 t0+T1/ - 1 n0+N—1 —
Sk = —/ S(t)e—kaot it Sk - Z s(n)e JjkFn
/Tp ’ M 27T
ka)o t k W n




Four modulation properties

continuous-time

discrete-time

z(n — ng) X (e%)e 7m0

r(t —ty) X(jw)e 7w s-
: . . - oo 0]
x(t)e]‘*’ot X (jw — jwo) x(n)kjeon X (e7(0—0)) s
o

Wy t 90 n g

Q

Fourier transform | DTFT o

_2n Fourier series | DFT 5‘
Wy — ?p 3
—jkwot _ —k%En1 B

2(t —t1) Xpe—Ikwots|a(n —ny) Xgpe %™ g
o

a:(tiejm“’ot Xiem |zn)™ " Xk-m =

m(l)o t

2T

m— N
N




Four convolution properties

continuous-time

discrete-time

z *y(t) , . x *y(n)

X(Jw)Y (jw) X(ejO)Y(ejG) .
z(t)y(t) 1 ?D
XY (jw) | © (m)y(n) a
ekl L X xe, Y(e??) B
- c
Fourier transform | DTFT 3
2r  Fourier series | DFT =
W = ? 3
: ®
ye.
. / T *¢ir y(N) / ]
T *cir y(t) TpXkYk NXkYk 8-
=

z(t)y(t) z(n)y(n) .

Xk * Yg X *cire Y




Four derivative properties

continuous-time

discrete-time

x’(t) Jw - X(jw) z(n) —z(n—1)
. 1/ + .70 _ —39
te(t) JX (Jw) X(e”) (1 '6 )
nx(n) jX'(e)
Fourier transform | DTFT
Lo 2T Fourier series | DFT
T,
'(t)  Xi-jkwo | z(n)—=z(n—1)
X - (1 — eIk




Four area/energy properties

continuous-time

discrete-time

Az = 5(j0) As = 8(°) 3

N N 3

g-.

Fourier transform | DTFT o

2 Fourier series | DFT =

Wy = — =
T, 2

o]

/ / 2

b\




Four delta transforms

continuous-time

discrete-time

w1t <~ _
eJw1 27 6(w — wi) 630071/ )
2w combo, (6 — 60g) 5
5 t — tl e_jwtl ‘ g
g-.
Fourier transform | DTFT =
o 2T Fourier series | DFT s-
0 = T, o 3
Gmeot 5(k — m) repN(S(k — m) %
o
I‘epr5(t — tl) repN5(n _ m) =

1|, —Jjkwot1
Tple

/




Four rect transforms

continuous-time | discrete-time
I‘eCt(t) 1 rect(%) N =1 + 2M
i M. =
. w ? ree M..... ?D
sinc(57) N sincy (4Y) ®
kS
\/ ol 4 g.
o
Fourier transform | DTFT o
L2 Fourier series | DFT 5’
ST rep y rect( 1) g
repy, rect( ) | %.
‘ ' o
| : — B M sincy (k) ©
d sinc(kd) N
,AmTWJﬂ_MLﬂTAmW 5 T% 2 oo ° Th 2
Y’ ‘ W 8 et ey L e




Four sinc transforms

continuous-time

discrete-time

Tw/N=1+2M

?. oo % \ ka9

sinc(t) d sinc(nd)

o -‘%JJJLTDJ’J% :§D.-
w 1

rect( 27 ) rep,, rect(z2-) §
0 1 §-
Fourier transform | DTFT B
2 Fourier series | DFT =
=T . M 3
P M sincy (57m) g
Nsincy (22) ®
8
3

e
rect(£) M

M

A T R P Y

rep v rect( =)

LI

M N




Four links: 1) sampling

continuous-time | discrete-time

\/o| [\

X(jw)

1

»

1
0 2

Fourier transform | DTFT

Fourier series | DFT

oipouiad awiny | aipousade awny




Four links: 2) periodic rep

continuous-time

\_/0| S 1

x(t) 0 I
l X(jw)

SO119S 191MN04 | wJojsue.] JaLINo

discrete-time




Exercises

On all the Fourier transforms

Try memorizing the similarities among m
at your best, since this can ease your

understanding.

Solve some review exercises to check your

comprehension level.
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17.1 Interpolation

A time-domain perspective

4 The need for interpolation

4 Interpolation in the time-domain

4 Correct interpolation property




The need for interpolation
How to reconstruct a signal?

mterpolatlon

L

how to connect
values?

scale T
repo,

-t/T /T 1 21
no aliasing




Pre-filtering
Real-world samplers avoid aliasing

low-pass
w=m/T

—)

-t/ T /T
H(jw)

4 +

— L Sl = 7 repa. X (7
A A
I ~k__//ll -> ‘k_//l e m—

-t/T /T 21



Interpolation filter

To connect samples

oo

x(% vt = S w(k)h(t - kT)
l mx(k)h(t — kT)
T wr t
y(t) 4 z(k)




Correct interpolation

To really connect samples

y(t) 4

s [\
4 A
’
’
~ I’
7 N
’
. D N
’
’
,
’
’
’
— ’
’
—_— — 7
— — 7 -

y(nT) = z(n)

y(nT) = Y _z(k)h(nT — kT)
k

= z(n) * h(nT) = xz(n)

h(nT) = d(n)




Filter examples

Satisfying the correct interpolation

\/—\_
™~ t

b rect(t/T) L holder
RS RSN RRESE
, triang(t/T) linear interpolation
N Ty
41 sinc(t/T)

Mt/( T
Ty

| T




Correct interpolation

In the Fourier domain

d(n)=h(nT) = 1= %repzﬂﬂ(j%)

=+ 2. HG)

k=—o00
=1 > HG(-%k)
k=—o00

% rep27r/TH(jw)) e
W=

rep27r/TH(jw) =T




Filter examples

Satisfying the correct interpolation

sinc(t/T) T rect(wT/2n) T
/ T\ » -mt/T /T
ircos(t/T) T rcos(wT/2n) T

e

ZE R /T /T




No exercises ©

On interpolation in the time-domain

We need to introduce further concepts in the Fourier
domain before being able to fully manage interpolation
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17.2 Shannon’s Sampling Theorem

An application of interpolation

4 Interpolation in the Fourier domain

4 Series of sampling and interpolation

4 Shannon’s Sampling Theorem




Interpolation

In the Fourier domain

M z(k)h(t — kT)

H(jw)

X (e79) X (ej“’T)-l Y (jw) = X (¢*7)H (jw)




A proof
2

e[ (&

= Z z(k) /
k=—o0
swap” 4
= Y a(k)H(jw)e ™M
k=—o0

z(k)h(t — kT)) e vt dt

h(t — kT)e 9+ dt)

o0

= X (™) H (jw)




Sampling + interpolation

In the Fourier domain

S(jw) X (&) L y(jw)

scale T
repo,

X (&) = repyS(i)
Y (jw) = X (") H (jw)




Unveiling the series

S(jw)

X(e7%) = 7 1epa,S(j 7)

|
-
(@p)
o
N[
|
Sy
=

Y (jw) = X (") H(jw)

=7 H(jw) ) S(iw—Fk)

k=—o0




Sampling Theorem

Shannon’s base-band version

A continuous-time signal s(t) can be perfectly
recovered from its samples x(n) = s(nT), with
sampling spacing T, under the condition that
its Fourier transform S(jw) has an extension
e(S) contained in the interval [-n/T, n/T]

s(t) s(t)

z(n

)
h(t)=sinc(t

T\

/
- /
s(t)= ) s(nT) sinc(*=2T)

n=—oo




A proof

no aliasing

S\

1 21/T

7 H(jw)

rect(wT/2m)

J\

t




Generalisation

To pass-band signals

no aliasinﬂ\ /v\
01)0 S(jw) ;

/ \ 7 H(jw)
| | rect((w-wo)T/2m)




Sampling Theorem

Its pass-band version

A continuous-time signal s(t) can be perfectly
recovered from its samples x(n) = s(nT), with
sampling spacing T, under the condition that its
Fourier transform S(jw) has an extension e(S)
contained in the interval [wo-7t/T, wo+n/T]

h(t)=sinc(t/T) exp(jwyt)




Exercises

On sampling and interpolation

Shannon’s Sampling Theorem ElgleRigl=Ne[=Ial=1e=1
ole]glel-Te]Mell sampling and interpolation EIGCRGYAlI Ry

signal processing that must be well understood.

Test your comprehension level with the exercises
proposed.
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18.1 The Fourier transform in MatLab

An overview

4 Sampled signals and DFT

4 The fft and fftshift functions




The Fourier transform

t(t)

sampling

X(jow

N
»

No aliasing
condition
2n/T > e(X)

periodic rep

IN

\

h

21

4

Y(e)

' No aliasing
X(Go/N/T

/X

I w

DFT

St = —— X(jkao)

sa
2

Nwo
wo = 21t/(NT)

"
l 0

kwo




MatLab fft function

From time to Fourier samples

x % signal samples

T % sampling spacing

N = length(x); % samples length

t = (0:N-1)"T; % time samples

X = ifftshift(T*fft(x)); % Fourier samples

w = (-round((N-1)/2):round(N/2)-1) *2*pi/(N*T);
% pulsations (in a period)

-N/2: N/2-1
N even -(N-1)/2: (N-1)/2
N odd




Corrections for time-samples
Using the time-shift dual

x % signal samples

T % sampling spacing

N = length(x); % samples length

t = (O:N-1)"T + ty; % time samples starting at t,
X = ifftshift(T*fft(x)); % Fourier samples

w = (-round((N-1)/2):round(N/2)-1) *2*pi/(N*T);
% pulsations (in a period)

X =X .* exp(-1j*w*t(1)); % Modulation effect




Exercises

On the Fourier transform in MatLab

Get acquainted with MatLab Fourier operators Mand
Mand learn how to correctly calculate Fourier
transforms.

Check that you get the analytical expression of the
Fourier transform for known signal couples.




UNIVERSITA

o DI PADOVA
ELL'INFORMAZIONE R \@

Master's degree ICT Internet Multimedia Engineering

'l i !" E. = DPARTIMENTO ( o DEGLI STUDI
= DIINGEGNERIA el | 1o
— D




UNIVERSITA
DEGLI STUDI
DI PADOVA

Lecture 18

Fourier transforms in MatlLab

Tomaso Erseghe




18.4 Periodic signals in MatLab

Some insights on their Fourier transform

4 Presence of spectral lines

4 Estimating the period from the Fourier domain

4 Filtering sinusoidal noises




Periodic signals

A view Iin the Fourier domain
Fourier domain _ SPectral lines

3
10 ‘

oo ecasena - [l
| "me |

500 W
Oﬁ/ﬂu/\w /U/LJ U/uﬂ N lt 10" {‘

X(w)

X(t)

. [ 0
wo w
-500 | I I | I I I | " 7
0 2 4 6 8 10 12 14 16 18 20

t

Periodic signal
s(t) = S(jw)=) 2rSkd(w —kwo) , wp =
k

Windowed signal

s(t)rect(7-) = S(jw) =Y TSk sinc(4fen)
k




X(w)

Increasing precision
In the Fourier domain

Natural Fourier
sampling

N.,q [ Increased prec_ision
| W W m / U w\\ by zero padding

Q
[

S 10 15

101 l

[x, zeros(1,2xlength(x))]

15 20
X =




Filtering

In the Fourier domain

time domain - distorted time domain - filtered
1500 1000
1000
500
= 20 ! ‘ =
T MMMM{M/M& oy ’L H¢ it
| 0 A
-500
-1000 -500
0 5 10 15 20 0 5 10 15 20
t t
- Fourier domain - distorted - Fourier domain filtered
distortion 3. inverse
10° r 10° transform
3 | E | |
X > ‘
S *+| A
10’ | 10’
0 5 10 15 20 0 5 10 15 20
w ——

2. high-pass filter .




Exercises
On ECG signal processing

O] o11-TaV=R 1o X e]UI(ele] 1 [-Xel] quasi-periodic signalslRCRYE

ECG signal displaying spectral lines! Try estimating its
period from the Fourier domain.

e iRV N[ | MWl filters in the Fourier domain [&)Y

removing a sinusoidal distortion applied to an ECG
signal
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19.1 The Laplace transform

for continuous-time aperiodic signals

The Laplace transform
Region of convergence

Useful Laplace pairs

Properties of the Laplace transform




The Laplace transform

z(t)

/

1 o+j00
= — / X (s)eds
.727T o—J00

signa\
reconstruction

projection onto

an orthogonal
‘\basis

X (s)

i

time domain

continuous-time
and aperiodic

Laplace domain

continuous and
complex s

/

Laplace transform

complex valued
§ =0+ Jjw
analytic in the ROC

oo

z(t)e **dt + ROC

oo

ROC = region of
convergence
the Fourier

l transform

«— exists in the

imaginary axis

Im

an alternative
(and equivalent)

signal representation

Rer X (.7 w)




Interpretation

For a causal signal

:c(t):a
o

X (o + jw)
Fourier G

:/ s(t)e “te IVt dt

[
Ll

e—at -
» damping effect
(the signal can also increase in t)
t
Inverse transform e’
X(o+ jw)

Inverse
—

Fourier




ROC shapes

causal signals

anti-causal signals

_(eslt + 6321;) ].(—t)

Im

z(t) = (et +e2)1(t) z(t) =
9mn
]
i
i
So ES1 So
X )i‘ Re
‘
:
‘
:
1 1
X(s) = +
S— 8 S — S9

poles
(where the transform
expression diverges)




General ROC shape

mixed causal and
4 anti-causal signals

. A ———
S R ——

vertical, limited
by poles




Useful pairs time domain|  Laplace domain | ROC
constant 1 does not exist!
: 1
unit step - 1(t) T 1 R[s] > 0
ramp A 1(¢) Sht1
delta o(t) 1
any s
delta derivatives 5% (¢) sk 7
exponential eJwit does not exist!
. . 1
one-sided exp i eplt 1(#) | - — 1 R[s] > R[pi]
__ pbh1
exponential ramp - eP*1(z) (s —p1)**1
sinusoids cos(wol) 1(¢t) % .
0
sin(wol) 1(8) | ° T o Rls] >0




Properties

time domain | Laplace domain
linearity az(t) + By(t)| aX(s) + BY (s)
time-reversal x(—t) X (—s)
conjugation z*(t) X*(s*)
scale z(t/a) aX (as)
time-shift z(t — to) X(s)e R0
modulation  z(t) % X (s — o)
dual pair
convolution = *y(?) X(s)Y(s)
derivation ' (t) sX(s)
product by t tx(t) —X'(s)
dual pair
integration = x 1(¢) X(s)
S




Time-shift + modulation

/ z(t — to)e *dt

— / x(u)e_s(“ft")du

=|X (s)e™"" u=t-t,




Convolution + product-by-t

/oo (/OO z(u)y(t — u)du) e *tdt
s // /(/ (t —u)e Stdt) du

—[wx( (s)e i(du

time-shift

X'(s) = d%’ (/_00 x(t)e_Stdt)
> de st
= t dt
swap //;f x(/)' ds
= / —tz(t)|e”dt




Derivation + integration

z'(t) = (1 /GHOOX(S)eStds
- dt \j2m ),

1 7FI9 st
= on o sX (3)|e ds
swap e

by convolution

v+ 1(t) 20

S
the exact inverse!




Exercises

On the Laplace transform

Deriving the [EETJETLRIELE (I  through its forward rule

is a fundamental requirement of this course.

You need to fully memorize the forward rule and the

Laplace propertiesi:lgleReGCRer-1gi{e{VI-Iger=1(-Nlg

evaluating integrals correctly.

You also need to memorize the it [aleElga L= 1N F=To] ETelc

M, as these are relevant in what follows.
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19.4 The unilateral Laplace transform

For causal signals

4 Definition

4 Properties

4 Inverting fractional Laplace expressions




The unilateral Laplace transform

projection onto
(causal part)

an orthogonal complex valued
t>0. Only /- basis S =0+ ]w
l analytic in the ROC

1 s+j00 o'e)
z, (t) = —/ X_ (s)e ds X,(s) = / z,(t)e st dt
]27T §—J00 —
reconstruction rightmost ROC
time domain | Laplace domain im| l the Fourier

transform

«— exists in the

imaginary axis
Re' X(Jw)

continuous-time continuous and
and aperiodic | complex s

an alternative
(and equivalent)
signal representation




Properties

time domain | Laplace domain
linearity oaz(t) + By(t)| aX (s) + BY (s)
conjugation z*(t) X*(s%)
scale  z(t/a) aX (as)
modulation z(t) 5ot X (s — sg)
convolution = *y(?) X(s)Y(s)
derivation ' (t) sX(s) —z(0_)
productbyt  tz(t) —X'(s) X
integration  z x 1(¢) X(s)
S

all time-domain signals are causal!!!




Derivation

> / —st
/_ t (t)e ilﬁ o~ by parts
= 2(t)e | — / a(t)(—se ")t

(lim x(t)e‘“) —z(07) + sX(s)

t—00 —

= SX(S) — g;(()_) the info on the
starting level
is lost

What if we integrate?
z4(t) —2(07) 1(2)
_z(07)

S

" (s X ()~ 2(02)) = X (5

S




Derivation of order k

First derivative sX(s) —x(07)

Second derivative

s(sX(s) — 33(0_)) —z'(07)
Third derivative
s3X (s) — s*z(07) — sz’ (07) — z”(07)
kth derivative

k—1
s* X (s) — Z 0 (07) sh1*
=0




Rational functions

Inverting a rational Laplace transform

Improper version (m=n)
b(s)  bo+bis+ bys® + ...+ bys™

H(s) = —2 —
(5) a(s) ag+ ai1s+ ass?+ ...+ a,s®

Proper counterpart (m=n)

r(s)
H(S) jQ(S) + @\ reminder
— qo + qls + ... “1‘ qm_nsm_
delta 7”7 2 n—1
impulses inthe - ° TS 78"+ ...+ T8
time-domain ~ ap + a18 + azs? + ... + a,s"

?

quotient

n




Proper rational functions

The case of distinct poles
m<n

b(s)  bo+bis+bys®+ ...+ bys™
a(s) ag+ a15+ ags? + ...+ a,s"

s—21)(s — 29)...(s — z5y—2zeros

H(s) =

(
=K
(s —p1)(s —p2)...(5— pn)
t partial
distinct poles fraction
R R VR,
= = =t 2 4.+
(s — pﬁ\(s — p2) (s — pn)
residue ‘

R; = lim H(s)(s — p;)

S—D;




Proper rational functions
The general case

_ m<n distinct
(s — 2 poles
[_j(s — Dj K t— pole
. multiplicity
Ky R ]
(2] .
— Z Z i partial
P (3 _Pj) fractions
pole index -, tiplicity index
— residues 1 g, 1
S)(s—p;)i
By = Lt O )]
7 k! 8—p; ds

Ry, ;= lim H(s)(s —p;)"

S—pj
— highest degree case




An example

4s — 1
H(s) =2 1
(s) s + +32(s—1)
—"multiplicity 2
1 4 3
—1

Inversion by known
transforms

—1(t) + 3e' 1(¢t)

h(t) = 26'(t)

causal signal




General inverse transform

Im[s]

X
P3 X P

kP2

Xp5 Re[s]

Inversion by known
transforms
causal signal

1—1 Jt
t)_ZZR’”t zej 11 &




Exercises

On inverting rational Laplace transforms

gl lV[e[sRislsY properties of the Laplace transform i

can easily calculate the causal counterpart to any
rational expression of the unilateral Laplace transform.

You must get acquainted with this inversion as it will
be the basis for solving systems of linear differential
equations in the next lecture.
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20.1 Differential equations

Solved through the Laplace transform

4 Examples of differential equations

4 Solution via the transfer function and initial conditions




Differential equations

A linear (constant) model

differential

system

differential equation
aoy(t) + a1y (t) + agy”(t) + ... + a"y™(t)

= b().’]?(t) + blx'(t) + bz.’B”(t) + ...+ bmx(m) (t)

input signal (known) z(t),t > 0~

initial conditions (known)
y(07),%'(07),...,4™V(07)




RC filter

An example from electric circuits

R
T 1
xl(t) i\N=C  y()
I

differential equation
z(t) = Ri(t) +y(t)

y'(t) = % /‘

y(t) + RCy/(t) = =(t)




Spring-mass system
An example from physics
y(t)

differential equation

F(t) = =(t) -

F(t) my”(t) ‘

my"(t) + ky(t) = z(t)




Laplace counterpart

Of a differential equation

Z bz Z a;y'9(t)

— unllateral
‘ Laplace
transform

bm(S) Xm-1 (S)

Zbkst(s)—Zkax(e) gh—1-¢

i . - Yn-1 (S)
an(S) n n 1—1

Z a;sfY (s) — Z Z ayW(07)s 1

1=0 =1 7=0




Reinterpreting the resulit

Of a differential equation

Y(s) &

forced

b (8)

an(s)

X (s)

response

transfer
function
H(s)

Yi(s)

+

Yn—1(8) — Tm—1(9)
an(8)

natural response Y,(S)
(initial conditions only)




BIBO stability conditions

Of a differential system

Y4 (1)

LTI causal

1. Filter h(t) BIBO stable
* msn, otherwise delta derivatives
* Re[pi]<0, otherwise h(t) not
absolutely integrable

2. Natural response y,(t) limited
 m<n, otherwise deltas appear
* Rel[pi]<0, guarantees a limit




More on BIBO stability

Of a proper rational transfer function

Filter h(t) BIBO stable 2> Re[p;]<0

it exists
—jwt Im in the
H(jw)| = ‘/ dt‘ imaginary
~ converges ; _ axis
/ h(B)] e d 1 e R
—00 N~—— :
1 ]

Re[p;]1<0 - Filter h(t) BIBO stable

t“epatlt
/ |dt<ZZ|R”|/ | |( dt

7 1=

\R”\
ZZ(o Rip;)F

j =1




BIBO stability properties

At steady state t>>0

at t>0
Y+ (1)
h(t) —_— natural
response
Y t) vanishes for
BIBO stable large t
at t>>0
cos(wot + ) | H (jwo)| cos(wot + 6 + p(wo))
- I _
impulse
response
BIBO stable, vanishes for

and real large t




Exercises

On differential equations

SlellVilgle] differential equations [)/ASENellig[=
Laplace transform JEER{ el sl CIRE=To[SlI¢=Tap [T gl Mol

this course.

You need to fully memorize the method, and take
particular care in applying it correctly.

NIV =1 ST N g [T Te R (oM ap Elagle]g4=R g5} fundamental Laplace

M, as these are relevant in what follows.
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20.4 The unilateral Z transform

For causal discrete-time signals

4 Definition and properties

4 Solution to difference equations




Difference equations

Or discrete differential equations

R, RO
diff

differential equation
aoy(k) +ary(k — 1)+ ...+ ay(k —n)
=boz(k) + byz(k — 1)+ ...+ bpx(k—m)
input signal (known) z(k), k> —m

initial conditions (known)
y(=n),...,y(=2),y(-1)




The ARMA model

Auto-regressive moving-average

X
z1 8 o 1
gg L
on o2 a,
x(k-m) Lsp> of B < P V()
FIR = finite impulse lIR = infinite

response impulse response




The unilateral Z transform

projection onto
(causal part) complex valued

an orthogonal 6
n = 0only /— basis 2 = re’
l analytic in the ROC

O

1 _
z(n) = o X (2)2"dz X(z) = z(n)z™"
T
J r n=_0 the Fourier
signal / AT transform
reconstruction exists in the
/ unit circle
. . . —~ JL X
| time Flomaln Z dqmaln Re ~_  outmost
discrete-time and | continuous and | # A / ROC
aperiodic | complex z L x| e
|\ 'u\ . X fos ;1 RT
an alternative N b I
(and equivalent) SO D 7/ poles
signal representation o




Properties

time domain | Z domain

linearity az(n) + By(n) |aX(2) + BY (2)

modulation  pyz(n) X(z/po)
convolution zx*xy(n) | X(2)Y(2)
productbyn  nz(n) —2X'(2)
time-shift _
ime-shi x(n —ng) X(2)2me
—1
+ Z z(m)z~(mtmno)

all time-domain signals are causal!!!




Modulation + time-shift

> x(n)pg 2" =Y z(n) (2/po) "
"= "= = X (2/po)
Z r(n —mng)z " = Z z(m)z~(mtno)

m=—ng

x(n) X(n-no)

i




Convolution + product-by-n

> < >z (k)ys(n— k)) 2"
L

n=—00 =—00




Useful pairs

time domain Z domain ROC

: 1

unit step 1o(n) [ — 1 2| > 1
ramp 1

H(m+Ek)...(n+2)(n+1)1o(n) (1 — z—1)k+1

delta d(n) 1

shifted delta d(n — no) z~ "o |z| >0
-l n—+1 1

one-sided exp  pptt 19(n) e B 12| > [pol

exponential ramp

% (n+k)...(n+2)(n+1)pg ™ 1o(n)

(Pal _ 2—1)k+1




Z counterpart

Of a difference equation

wak {) = Z y(k — 1)

= unllateral Z
transform

bm(Z) Xm 1(2)

Z bz X (2) + Z Z bex(j)zUtH

=0 et yn-1(z)
an(2) | » n

= Z a;z Y (2) + Z _Z a;y(k)z~*0)

i=0 i=1 k=—i




Reinterpreting the resulit

Of a difference equation

Y(2) 3

b (2)

an(2)

X(2)

forced
response

transfer
function
H(z)

Y(2)

+

Yn—1(2) — Tm—1(2)
an(2)

natural response Y,,(2)
(initial conditions only)




BIBO stability conditions

Of a difference system

LTI causal

1. Filter h(k) BIBO stable
* |pil<1, otherwise h(k) not
absolutely integrable

2. Natural response y, (k) limited
* |pil<1, guarantees a limit

here deltas are not a problem




Exercises

On difference equations

SlellVlgle] difference equationsoVAIE Yo %3 Z transform

is a fundamental requirement of this course.

You need to fully memorize the method, and take
particular care in applying it correctly.

NN 1o e e To R (o M1 T 0p [o]gr =R glE] fundamental Z pairs

as these are relevant in what follows. Beware of the fact

1\ [\VAl fractional expressions are in z-' BElaleRigF:l

particular care is needed to correctly identify the poles
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