FOUNDATIONS OF SIGNALS AND SYSTEMS
1.2 Homework assignment
Prof. T. Erseghe

Exercises 1.2

Please review your knowledge on complex numbers, and in particular on their
representation in either Cartesian form (real and imaginary part) or polar form
(absolute value and phase), namely

v =g+ jby = |z] e = |a] cos(ps) + jlalsin(es) ,

where j is the imaginary unit, and where we denoted R[z] = a, and S[z] = b,.
Keep in mind the relations

>
|z| = \/a2 + b2, @xzarctan(ﬁ)—l-{o o 20
A T oa, <0

as well as the concept of complex-conjugate

*

¥ = a, — jby = |x|e I .
Recall the product rules

vy =lalyle® e, oyl = 2]yl
as well as Euler’s indentities

cos(a) = 2/ + Le77* | sin(a) = %jeja - zije_ja )

that will be extensively used during the course. Remember that, a complex
exponential might also have a real-valued part at the exponent, that is

z=e"tIB = . eif || =€, . =0 .
Then solve the following:
1. write e 7%, je’3™ and v/2e’% in Cartesian form;
2. write 1 + j, —37, and —2 in polar form,;
3. write 1/(3 — 25) in Cartesian form;

4. given z = [e/5 — cos(%)] - e~ (2198) evaluate its complex-conjugate z* in
Cartesian and polar form;



Solutions.
1. For the first value we have
1 =e7 =cos(—ZF)+jsin(—%)=0+j-—1=—j.
For the second, it is
23 = j€ = j - [oos(3m) + jsin(3m)] = j - [~1 + j0] = —

since, by the periodicity of the phase, it is €737 = /(37=2m) — o™ — _1,
For the third value we finally have

z3=V2el% :ﬁ-[cos(gﬂ—jsin(%)]:\[2~[i+j%]:1+j.

2. For the first value z1 = 1 + j we have
|71 =V1I+1=V2, ¢ =arctan(i)=7.
For the second value x5 = 0 — 35 we have
lzol = V0 +9=3, ¢ =arctan(5>) = arctan(—oo) = —% .
Finally, for the third value z3 = —2 + j0 we have
lzs| =V0+4=2, ¢3=arctan(-%) + 7 = arctan(0) + 7 = .

3. In this case it is © = 1/y for y = 3—24, so that we can multiply numerator
and denominator by y* to have
x—l vyt 342
y oyt P 3+ (-2)?

— 3 P2
=13 tifs-

4. We can write the complex conjugate in the form (where j maps into —j)

z* =[e75 —cos(Z)] - e~ (279%)
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In case we are interested to the Cartesian form, we have

z* = —je 2 sin(§) [cos(F) + jsin(%)]
= sin2(§) — cos(§)sin(%) e 2

In case we are, instead, interested in the polar form we simply need to
recall that —j = e™7%, to have

r*=e 2 sin(%) 5 eIE =72 sin(%) (573 = ¢ 25

so that |2*| = |z] = e ?sin(§) and p(z*) = —p(z) = —%.



FOUNDATIONS OF SIGNALS AND SYSTEMS
1.4 Homework assignment
Prof. T. Erseghe

Exercises 1.4

Please review your knowledge on integrals and series with complex numbers,
and in particular the geometric series equivalences

N-1 N o]

n l1—a« n 4 la| <1

g o = , E o’ = '1704 . ’ .

1—« indeterminate , otherwise
n=0 n=0
and the complex exponential integral
t1 at ¢ aty ato
et e —e
/ eMdt = —| = ,
to a ltg «

which are valid for complex a.. Then solve the following:

1. Evaluate the complex integral

z(w) = /2 eIwt dt

1
2

as a function of the real value w, and write the result in the Cartesian
form.

2. Evaluate the complex series

z(6,0) = Z e(B—if)n

n=0

as a function of the real values 8 and 6, and write the result in the Carte-
sian form.

3. Evaluate the two complex series

9

0
x1(0) = Z e—Jon , x9(0) = Z e—Jon

n=0
as a function of the real value 6.

4. Evaluate the complex series

9
x(0) = Z e 0

n=-9

as a function of the real value 6. Although this might be challenging, try
to write the result in the Cartesian form.



Solutions.

1. We have

where we used the primitive of a complex exponential with @ = jw, as
well as Euler’s identity on the sinus. The result is real-valued.

2. This is a in the form of a geometric series with a = %779, that is
ol = 16 e = || e = -1 = ¢

so that we have |a| < 1 only for 5 < 0. Therefore, if 5 > 0 then the series
does not converge, if instead 5 < 0 we have
1 1 1
0 g e - = .
#(8,6) l—a 1—ef-3% 1 —cos(h)el + jsin(h)ef

In order to identify the real and imaginary parts, we need to multiply

numerator and denominator by the complex conjugate version of the de-
nominator, that is

€T 6’ 9 = —- = -+ — = —
BO=y=y v lyl®

1 —cos(f) e’ — jsin(0) e?

(1 —cos(f) eP)2 4 (—sin(f) ef)2

1 —cos(9) e’ — jsin(6) e’

 1—2cos(f) eP + €28

B 1 —cos() e sin() e

© 1 —2cos(0) e + 2P R 2cos(f) eP + €28

3. The first sum is a finite geometric sum with o = e™7¢ and therefore we
have

O .
) 17673109
—j0
21(0) =) e "=
n=0

The second sum is almost written in the form of a finite geometric sum,

but the range is negative. We can, however make it positive by replacing
variable n with m = —n, that is

0 ) 9 1 _ 100
x2(0) = Z eI = Z eI —

1—ei? -~
n=—9 m=0



4. We can exploit the result of the previous exercise, to write

1 — 3100 | _ 4100

2(0) = 21(0) + 22(0) ~ 1 = T + 1

where the contribution —1 takes into account that we are counting twice
the contribution for n = 0. By taking the common denominator, and by
taking some care in rearranging the result, we have

(1 — e 109)(1 — e39) + (1 — e109)(1 — e779) — (1 — &%) (1 — e777)

) = , ,
=) (1= ) (1= c77)
_i100 _ g—j100 | 590 | o—j90
- 2 — et — =30
_cos(96) — cos(100)
B 1 — cos(#)
_ —2sin(126) sin(—36) _ sin(26)
—2sin(16) sin(—16) sin(4)
where we used the formula cosa—cosb = —2sin( %) sin( %) to compact

the result. Alternatively, we can work on the series and introduce a new
variable m with n = m — 9, so that the range of m is [0, 18], to have

18 18
x(a) — § e*]O(mfg) — 6396‘ § e*]Om
m=0 m=0

_ o l- =i 390 _ ¢=100
B 1—e 39 — 1—eif

With some effort we can show that the two results correspond. As a matter
of fact

; : ) 219 -19
@190 _ o=3100 iz @i T0 _ =IO
z(0) = —j0 e — ) _i0
l1—e etz elz —e J2

2jsin(0)  sin(50)
25 sin(%) B sin(%)




FOUNDATIONS OF SIGNALS AND SYSTEMS
2.2 Solved exercises
Prof. T. Erseghe
Exercises 2.2
Calculate area, mean value, energy, and power for the following signals:
1. unit step s(t) = 1(t),

2. bilateral exponential s(t) = e~ for a > 0.

Solutions.

1. For the unit step, the area is

A, :/m 1(t) dt

— 00

:/ 1(t)dt

0

:/ ldt =t|; =00,
0

where in the second row we exploited the fact that 1(¢) has extension
[0,00) hence the integral can be limited to this interval (it provides zero
value outside), and in the third row we exploited the fact that the unit
step has values 1 in the interval [0,00) (note that the value 1 at ¢t = 0
is dropped since we are integrating, i.e., since a single point has zero
Lebesgue measure). For the mean value we instead have

1 T
ms = lim —/ 1(t) dt

Il
g
C\\
S

—_
~
S~—

IS

~

1
1dt = lim T'T:%’

T—oo 2T

|
S
g B
al
S—
»ﬂ

where we exploited the same tricks as for the area. Observe that, a finite
and non-zero average value corresponds to an infinite area.
2

For energy and power we first need to evaluate |s(t)|#, for which we have

1 ,t>0
|s(t)|2={}1 ,t=0 ~1(t)
0 ,t<0

the equivalence being valid everywhere but in ¢ = 0. Since energy and
power are integral measures, and since a single point has zero Lebesgue



measure, we can replace |s(t)|? with 1(¢) so that energy and power corre-
spond to the area and the mean value of 1(t), to have

E, =00, P =1

. For the bilateral exponential, illustrated in the figure below

we have
T
A, = lim et gt
T—oo J_p
T
= lim 2 [ e “dt
T—o00 0
267(11‘/ T
= lim
T—oco —a |0
—aT
. e -1 2
= lim 2—— = —
T—o00 —a a

where in the second line we exploited both the symmetry of the bilateral
exponential (i.e., the fact that the integral over [-T,T] is twice that over
[0,T7) and the fact that in the interval [0, T] the bilateral exponential has
value e~%, as illustrated in the figure. Note also in the fourth line how
the value e~*” tends to 0 as T approaches infinity, as can be appreciated
from the figure. Being the area finite, we readily have

ms =0 .

For energy and power we first need to evaluate |s(t)|?, for which we have

s = (e

since e~ is real valued. The squared modulo, therefore, has the same
structure of the original signal (bilateral exponential) where we should take
care of replacing a — b = 2a. Energy and power therefore follow from the
results on area and mean value by exploiting this simple replacement, to
have

2 2alt
= —2alt]



FOUNDATIONS OF SIGNALS AND SYSTEMS
2.3 Homework assignment
Prof. T. Erseghe

Exercises 2.3

Calculate area, mean value, energy, and power for the following signals:
1. rectangle s(t) = rect(t),
2. ramp s(t) =t - 1(t),

triangle s(t) = triang(t),

unilateral exponential s(t) = 1(¢) - e~ for a > 0,

complex signal s(t) = (1 + 7) - rect(t),

A

dumped complex exponential s(t) = ePo'1(t) with p, = 09 + jwo and
op < 0.



Solutions.
We exploit the same tricks as in Exercises 2.2, and provide short answers.

1. For the rectangular pulse we have
S :
AS:/ rect(t)dt:/ ldt=1, ms=0.
oo -1

Since it is |s(t)|? ~ rect(t), with inequality only in ¢ = £, we can replace
|s(t)|? with rect(t) to have Es = 1 and Py = 0.

2. For the ramp

we have

As:/ t~1(t)dt=/ Lt = o
—oo 0
T 2
T T 112T_ . T° -0
= g ) v = i Al = o S

that is for some signals both area and mean value can have no meaning.
By observing that |s(¢)|? = 2 - 1(t) we also have E, = P, = co.

= 0

3. For the triangular pulse

it is, by symmetry,

1
_ _ 211 _
AS_Q/O (1—t)dt =2t —t?|, =1



and therefore ms; = 0. From the equivalence

1-t? ,0<t<1
s =4 (1482 ,-1<t<0
0 , otherwise

we readily have, again by symmetry,

1
1
ES:Q/O (1—t)?dt =2t — 26° + 2¢%| = 2

and as a consequence P; = 0.

4. For the unilateral exponential

we have a similar result to the bilateral one, but for a factor % that takes
into accoput for the asymmetry, to have

1
Ag=—, my=0, Ey=-—, P,=0.

5. For the complex signal, which we illustrate separately in its real and imag-
inary values,

Rls(0)] 4 Sls(?)]

_————

|
(S
[ NI

~

ol

it is s(t) = Brect(t) with B =1+ j, so that by linearity we simply have
As:BArect:B:1+ja ms =0,

that is the area is in this case complex valued. By instead observing that

|B|? = 12+12 = 2, it then is |s(t)|? = | B|?-rect?(t) = 2rect?(t) ~ 2rect(t),

and therefore, by linearity,

ESZQArethZa Py =0.



. For the damped sinusoid we have
s(t) = e”otej“’otl(t)
= e cos(2m fot)1(t) +7 €7 sin(2m fot)1(¢)

R[s(t)] Sls(t)]

so that its real and imaginary values are of the form

Rls(0)]

-
-
N
\
Ph‘

The area is, however, easily calculated directly from the complex expres-
sion, to have

- = potioc () —1 1
AS = / epOtl(t) dt = / epOt dt = € = = ——
0 Po 10 Po Po

— 00

the value of eP°! at ¢t — oo being zero as can be observed by the plot (both
real and imaginary parts tend to zero at t — 0o0). Being the area finite, it
is ms = 0. For the power we first need to identify

[s(8)]? = [eloot 301 (1) 2 = [0t P[0 - 1(1)] = 2700 1-1(t) = 270! 1(1)

the equivalence being valid everywhere but in ¢ = 0, which is fine since a
single point has zero Lebesgue measure. This is a unilateral exponential
from which we obtain (see previous Exercise 2.3.4)

1 1
Es=——=—-—>0,
720’0 2|O’0|

and accordingly it is Ps = 0.



FOUNDATIONS OF SIGNALS AND SYSTEMS
2.5 Solved exercises
Prof. T. Erseghe
Exercises 2.5
Calculate area, mean value, energy, and power for the following signals:
1. signum s(n) = sgn(n),

2. exponential s(n) = a" 1g(n) for |a] < 1, and real valued a.

Solutions.

1. For the signum

we have

As = ngr{l)o _Z_N sgn(n) = ]\}gnooN -N=0

and hence my = 0. For energy and power, instead, we must acknowledge
that
1 ,n#0
2 )
swP={g n70

and therefore

N
E; = lim |s(n)]* = lim 2N = oo
N—oc0 e N N—o00
while N
2N
. 2 _ _
Py = Jim 142N n;N ()" = m 1+2N

2. For the unilateral exponential, in case a > 0 we have




and when a < 0, instead,

The area follows from

As = Z a"lg(n) = Za”: 1ia
n=—oo n=0

which is a result of the geometric series. Therefore we also have mg = 0.
For energy and power, instead, we must identify

|s(n)]* = |a|*"1o(n) = 0"1o(n) , b= af?
revealing that

1 1

Ee= ), V') =15 =1"m

n—=—oo

and P, = 0.



FOUNDATIONS OF SIGNALS AND SYSTEMS
2.6 Homework assignment
Prof. T. Erseghe

Exercises 2.6

Calculate area, mean value, energy, and power for the following signals:
1. unit step s(n) = 1o(n),

2. sampled complex exponential s(n) = e/27/onT 14(n).



Solutions.

1. For the unit step

s(n)y,
we have
N
A; = lim Ip(n) =1+ N =00
N —o00
n=—N
and Ny
1+ N 1
s = N—>ool+2 Z T 142N 2

For energy and power, instead, we must acknowledge that

1 ,n>0
sl ={§ 1 nZ0 =1

and therefore E, = co and P, = %

2. For the complex exponential we have a signal of the form

R[s(n)] 1

which we can write as

s(n) =b"1p(n) , b = 2 foT



The area follows from

> _pN
Ag= > b'lp(n) = lim > b" = lim L=0

N—o0
n=-—oo n=0
which is a result of the geometric series, but the limit is not defined, hence
the area cannot be stated (i.e., it is not a meaningful parameter). For the
mean value we instead have

N-1

1 11—
s = 1‘ bn: 1. —:O
" 1+2szféoz% Neo (1—a)(1 +2N)

the limit being well defined since the numerator is a number satisfying the
triangular inequality |1 —bY| < 1+ 6" =1+ 1 = 2 (as a consequence of
the fact that |b] = 1)), i.e., it is limited, while the denominator tends to
infinity. For energy and power, instead, we must identify

[s(n)]* = [b]*"1o(n) = 1o(n)

which, again, follows from [b| = 1. Therefore, from the results obtained
with the unit step we have E, = oo and P, = 1.



FOUNDATIONS OF SIGNALS AND SYSTEMS
3.2 Solved exercises

Prof. T. Erseghe

Exercises 3.2

Calculate energy and power for the following signals:

1. complex exponential s(t)

2. composition of complex exponentials s(t)

with fi # fo, f1, f2 #0, and Ay, As > 0,

3. composition of complex exponentials

K
s(t) = Ao + Z Ay et it

k=1

for fi, #0, fi # f; for k # j, and Ay complex valued.

Solutions.

= Aei?mfot £, 40, and A > 0 real valued,

= Alej(27rf1t+<p1)+A2€j(27rf2t+tp2)’

1. For the complex exponential, which is a periodic signal, we separately

draw its real and imaginary values

Rls(t)]

ANVA

= Acos(2m fot) W

VYY)

\/

\rAWA

\/

Asin(27 fot) ,
A
2N // \\ // \\ // \\ / \\ \\
\ , \ , \ / \ / \ R
\ , \ ! \ / \ ! \ \
\ ,’ \ / \ / \ /T \\ ' ‘t
\\ , \ / \ / \ rtp \ \\

\\// \\ // \\_’// \\1 \\ \\/
where the period is T, = 1/|fo| (common to both real and imaginary
parts). Therefore, we have

Tp
127 fot
A (T,) = / Aed?mhot gy
0
T
_ A ei2mfot|”
j27‘(’f0 0
ejQTrfOTp _ ej27rf00 1-1
J2mfo J2mfo



since it is €/2700 = €7 = 1 (zero phase) and also /27Ty = +i2™ = |
(phase of either 27 or —2m). Please check your knowledge on complex
numbers for this result. As a consequence it also is

As(Tp)

=0.
Ty

mg =

For the value of power we need to first identify the value of |s(¢)|?, which
in the present context is simply

|S(t)|2 _ ‘A|2 A |ej27rf0t|2 _ AQ . 12 _ AQ

and therefore we have

TP
E (T, = /o A?dT = AT, , P, = =A%,

. For the composition of complex exponentials, which we write in the form
S(t) = Blej27rf1t + Bgej%rfzt s B; = Aiej“”

we are not confident on wether s(t) is periodic or not (it is only if f; and
f2 are in a rational relation), and therefore we do not exploit this result.
However, from the linearity of the mean value it is

ms = Bimq + Bame

where m; and ms are the average values of, respectively, s;(t) = e/27/1t
and so(t) = e/27f2t. Since form the previous exercise we have that for
f1,f2 #01it is my = mg = 0, then it is

ms=0.
For the power we need to investigate
|s(8)[* = (Bis1(t) + Basa(t)) - (Bisi(t) + Basa(t))*
= |B1PP|s1()]” + | B2[*|s2(t)* + B1B3s1(t)s3(t) + By Basi(t)s2(t)
= |Bl|2 + |B2|2 4 BlB;eJ'?W(flffz)t + BTBQS*jQW(flffz)t
whose last two contributions are complex exponentials with nonzero fre-
quencies +(f1 — f2) # 0, hence we know that their average value is zero.

Therefore, given that the average value of a constant is the constant itself,
we obtain

P, = |B1|* 4 |By|* = A2 + A2




3. For the second composition of complex integrals, we proceed by linearity
and state that

K
ms = Ao + Z Akmean(ej%f’“t) = Ay

k=1

since we already learned that the complex exponential e/27/+* has zero
mean value when f; # 0. For the power, we need to identify

K K *
( Akeﬂﬂfk) (Z Akeﬂﬂf")
k=0 =0

= Z Ay A2 (=t

|s(t)[?

k,0=0
K K
— |Ak|2 + AkAzejQTr(fk—ftz)t

Jk#L

where we assumed fy = 0. Now, frequencies fi — f¢ # 0, by assumption,
hence the corresponding average value is zero. This implies that

K
Po=) AP
k=0

that is that, in the composition of complex sinusoids, the power is the sum
of the individual powers of each component, which is a notable result that
must be kept in mind.



FOUNDATIONS OF SIGNALS AND SYSTEMS
3.3 Homework assignment
Prof. T. Erseghe
Exercises 3.3
Identify the periodicity, mean value, and power for the following signals:
1. sinusoid s(t) = A cos(27 fot + ), fo # 0, and A > 0 real valued,;
2. composition of sinusoids

K

s(t) = Ao + Z Ay, cos(2m frt + V)
k=1

for fr, >0, fr # f; for k # j, and Ay, real valued;

3. s(t) = A cos(2nt + T) + B sin(8xt + m);
4. s(t) = eI207t;

5. s(t) = el?0%;

6. s(t) = e=72m 1(t);

7. s(t) = cos(10mt) + sin(57t);

8. s(t) = A sin®(107t + T);

9. S(t) — sin(5t)

sin(t) -

Suggestion: here you might want to exploit Euler’s identity cos(a) = %ej“ +
1779 as well as the identity e/(aFt) = e@ . eb,



Solutions.

1. For the real-valued sinusoid

= Acos(2m fot + o) A

AN ANVANYS
VARVERVELVESVERVE

the period is T}, = 1/|fo|. Therefore, we have

Tp
A (T)) = /0 Acos(27 fot + o) dt

—A 9 T,
= o fe sin(2 fot + o) .
sin(27 foT, + Vo) — sin(dy) sin(tg) — sin(dg =+ 27)
2 fo 2 fo

since sin(¢y & 27) = sin(dy). As a consequence it also is

For the value of power we need to first identify the value of |s(¢)|?, which
in the present context requires use of

cos?(a) = £ + 3 cos(2a)

to have
Is(t)]> = s*(t) = 2 A% + L A% cos(2m2 fot + 290)

By exploiting this result we can then write
TP TP
Ey(Ty) = / 1A%dt + / 1 A% cos(2m2fot + 20¢) dt = AT, +0
0 0

where the zero value is a consequence of the fact that the second contri-
bution is a sinusoid with frequency 2 fy, hence its period is 1/2|fo| = %Tp,
and its integral over [0, T}], i.e., over two periods, is 0 because of the result
stated for the area. We finally obtain




Incidentally note that, this result can also be derived by exploiting the
outcome of Exercise 3.2.2 since by Euler’s formula we have

s(t) = Acos(2m fot + o) = %Aej(Q”fotJr“”O) + %Ae‘j@”f”tﬂ"“)

which corresponds to the present context by assuming, in Exercise 3.2.2,
that fi = —f2 = fo, that 4; = 1A4e/%0, and that Ay = 1Ae %o,
Therefore, it readily follows that ms = 0 and Py = |A;|> + |As]? =
()2 + (347 = L 42

. For the composition of sinusoids, by resorting to Euler’s formula we can
write the signal in the form

K K
s(t) = Ao + Z %Akeﬂkeﬂ”f’“t + Z %Ake_jﬂ’“e_ﬂ”f’“t
k=1 k=1
where frequencies f and — f are naturally different. As a consequence
we can exploit the results of Exercise 3.2.3 to have my = Ay and

K K K
Po= A LA+ S A = 415 A
k=1 k=1 k=1

. In this case it is w; = 27 = 27 f; with f1y =1 and Ty = 1/|f1] = 1, and
wo =7 =27 fo with fo =4 and To = 1/|f3| = %. Hence we must solve

— — _ 1
T, = kTy = mTy —> =7 =i

k
m
which reveals £ = 1 and therefore T, = 1. From the results of Exer-
cise 3.3.2 we readily have my = 0 and Py, = 1 4% + 1B2.

. In this case it is wy = 20m = 2 fy with fo = 10 and T, = 1/|fo| = 5.

From the results of Exercise 3.2.3 we readily have mgs =0 and P, = 1.

. In this case it is wg = 20 = 27 fo with fo = 10/7 and T, = 1/|fo| = 75
From the results of Exercise 3.2.3 we readily have ms =0 and P, = 1.

. This signal is aperiodic because of the presence of the unit step 1(¢). For
the mean value in this case we need to calculate it directly, to have

1 [T 1 e—927T _1
ms = lim —/ e 7P dt = lim —6_7 =0
T 0 T—oo 2T —]27’(’

since e 72T — 1 is limited, and in fact by triangular inequality we have
le=927T —1] < |e=727T|+1 = 141 = 2, while the denominator 2T diverges.
For the power, instead, we must identify

[s(O)F = le™ ™ 1) = 17(t) ~ 1(t)

hence form the results of the unit step we readily have P, = %



7. In this case it is w; = 10m = 27 f; with f1 =5 and T} = 1/|f1] = %, and
Wy = %77 = 27 fo with fo = % and Th = 1/|f2| = %. Hence we must solve

k T 15
p = AT m_ T 4 4
which reveals k& = 15 and therefore 7,, = 3. From the results of Exer-
cise 3.3.2 we readily have mgs =0 and P = % + % =1.

8. In this case it is
s(t) = Asin*(10mt + ) = 24— L Acos(20mt + %)

so that its periodicity corresponds to the one of the cosine, where wy =
20m = 27 fo with fo = 10 and T, = 1/|fo| = 15. This is consistent with
the fact that sin? is periodic of period 7. From the results of Exercise 3.3.2

we readily have my = A and Py = (14)? + 1($4)? = 342

9. In this case it is wy = 5 = 2« f; with f; = 5/27 and Ty = 1/|f1] = %ﬂ',
and wy =1 = 27 fy with fo = 1/27 and T, = 1/|f3| = 27. Hence we must
solve v

_ _ _ 22 _ 5
Tp—le—mTQ —_— Eiﬁii
which reveals £ = 5 and therefore T}, = 2m. However, as can be seen from
the graph

s(t)

\/\ /\ /\/;
VAR VARAVAR VAR VANV BLVARVA VALV VALV

27 is certainly a periodicity, but it is not the minimum one, which instead
is 7. This is due to the fact that, in the division, two negative signs (at
the numerator and at the denominator) appear at distance 7, and they
naturally simplify. Therefore, remember that the mcm approach reveals
one periodicity, but not necessarily the minimum one. Mean value and
power are in this case hard to evaluate... it is in fact impossible to solve
the integral since the primitive is not known in this case. We will see
later on, by use of Fourier transforms, how this exercise can be efficiently
completed.



FOUNDATIONS OF SIGNALS AND SYSTEMS
3.5 Solved exercises
Prof. T. Erseghe

Exercises 3.5

Calculate energy and power for the following signals:

1. the sampled sinusoid s(n) = Acos(27 fonT') periodic of period N, with
foNT an integer value,

2. the complex sampled exponential s(n) = /27" with generic fy # 0,

3. the composition of complex exponentials s(n) = ae/2717T  pei2rfznT,
with f1 # fo + k/T and f1, fa # k/T (non-zero frequencies).

Solutions.

1. In this case we have a signal of the form

For the mean value we identify the area in a period, that is, by Euler’s

formula,
N—-1
As(N) = Z Acos(2m fonT)
n=0
N-1 N—-1
_ %A Z (eJQTrfOT)n + %A Z(e—]Qﬂ-foT)n
n=0 n=0
_ %Al —IIPNT |1 eminhNT
1— e]27rf0T 2 1— e—]QTrfUT
1-1 1-1
— 1 1
- 2A1 — eiznfoT + 2A1 — e—J2nfoT
=0

since e/2mfoNT — =327 foNT — | hecause of the assumption that foNT is

an integer. Hence, mg = 0. For the power we first need to investigate

|s(t)|* = £ A% + 2 A% cos(2m2fonT)



where the latter contribution has 2 fy NT integer valued, hence its average
value is zero. Therefore, we readily have

P, = A
that is the result perfectly corresponds to the continuous case.

. For the complex exponential we do not know wether it is periodic or not,
hence we need to resort to the general definition of mean value. We have

1 .
Ii § n j2n foT
mg = NlHl 71 9 § a -, a =e

1 2N
= 1 —N 4
NTOOI-FQNG ;a
1 1— 2N+1
= lim a N a
N~>ool+2N 1—a
=0

where the fact that the limit is 0 can be explained by the fact that 1—a # 0
since fo # 0 is a given value (finite), and also the numerator is finite
since |[a=™| = 1 because |a| = 1, and by triangular inequality it also is
1 —a'*2NV] < 1+ ]ar*2¥| =1+ 1 = 2, hence the numerator is limited in
absolute value by 2. The fact that the denominator 1 + 2N diverges to
infinity, ensures the final result. For the power, we need to observe that
|s(n)|? = 1, hence it also is Py = 1.

. For the composition of complex exponentials the mean value follows from
the previous exercise by linearity, and we have ms =a-0+b-0=0. For
the power we need to evaluate

|s(n)|* = s(n)s*(n) = |a|* + [b|* + ab*el?m(fi=f2)nT 4 gxpe=i2n(fr=f2)nT

where +(f1 — fo) # k/T (i.e., it is. a non-zero frequency) so that the two
latter contributions have zero mean value. As a consequence it is

Py = |a* + o ,

which is equivalent to the continuous case. Incidentally note that this
result can be used to solve Exercise 3.5.1 for any value of fy, since by
Euler’s identity we have

y(n) = Acos(2m fonT) = %Aeﬂ”fO"T + %Ae‘jQﬂf‘)"T

that is we can set f| = —fo = fy and A = Ay = %A to obtain m, = 0

and P, = (LA)? 4+ (14)2 = 1A%,



FOUNDATIONS OF SIGNALS AND SYSTEMS
3.6 Homework assignment
Prof. T. Erseghe

Exercises 3.6

Identify the periodicity, mean value, and power for the following signals:

1.

7.
8.

composition of sampled complex exponentials

K
s(n) = Ag + Z Aped?mfenT
k=1

for fi # £/T (non-zero frequencies), fi # f; + ¢/T for k # j (different
frequencies), and Ay complex valued;

. composition of sinusoids

K
s(n) = Ao + Z Ay, cos(2m finT + 9y)
k=1

for fr > 0, fi # ¢/T (non-zero frequencies), fr # f; +¢/T for k # j
(different frequencies), and Ay, real valued;

s
s(n) = /™ sin(n);
s(n) = eI™ sin(mn).

1

Suggestion: also here you might want to exploit Euler’s identity cos(a) = §ej e 4
1e79% as well as the identity e/(@?) = eJ@ . b,



Solutions.

1. We proceed as in the continuous case. For the mean value we exploit
the result of Exercise 3.5.3 and linearity to acknowledge that all active
sampled exponentials have zero average value, hence mgs = Agy. For the
power, instead, we write

K K *
(Z AkeﬂﬂfknT) (Z AeejQTrfénT>
k=0 £=0

K
Z AkAzeﬂﬂ(fk*fe)nT

[s(n)/?

k=0
K K
— |Ak:|2 + AkA;ejQ”(fk_ff)"T

k£l

where the second summation contains exponentials of non-null frequencies,
hence their average value is zero. As a consequence we have

K
Po=> AP
k=0

2. We first exploit Euler’s identity

K K
s(n) = Ap + E LAl el?m kT 4 E L Ape Ik a2mlxnT
k=1 k=1

which identifies a sum of sampled complex exponentials, all with different
frequency values. Hence, from the results from Exercise 3.6.1 we immedi-
ately have my = Ay and

K K
Po=A3+2) (342 =A3+1> A%
k=1 k=1

This also corresponds to the continuous case.

3. We have woT =27 fT = %w, so that foT = % and N = 3. By the results
of Exercise 3.6.2 the mean value is ms; = 0 and the power Py = %

4. We have woT = 2nfoT = 27//3, so that foT = 1/4/3 which is not
rational, hence the sampled sinusoid is non-periodic. By the results of
Exercise 3.6.2 the mean value is ms; = 0 and the power P; = %

5. For the first contribution we have wiT = 27w f1T = 2, so that fiT = %
which is not rational, hence the sampled sinusoid is non-periodic. By
combining the results of Exercise 3.6.1 and Exercise 3.6.2 the mean value

is my = 0 and the power P, =1 +1 =3,



6. We need to reinterpret the signal first. By Euler’s identity we have

s(n) = /2™ L(J™ 4 37 4 jsin(mn)

_ 1 _j4mn 1 —jmn <o
= e + 5e + jsin(mn)

=3 +3(=)"+40

_ 1., 1,-jm
=3t 3¢

The signal is evidently periodic of period N = 2, as in a period carries the
values s(0) =1 and s(1) = 0. Moreover, from the results of Exercise 3.6.1
we have m; = 3 and P, = (3)*+ (3)? = 1.

7. We need to reinterpret the signal first. By Euler’s identity we have

s(n) = el™ - Z%(ejn —e i) = zijeﬂ" — % .
The second contribution is constant, hence periodic of any period. For
first contribution we have wiT = 2nfiT = 2, so that fiT = % which is
not rational, hence the sampled signal is non-periodic. By the results of
1 1

Exercise 3.6.1 the mean value is my = —5; = =j and the power Py =
1

1,1 _1
1iti= 3

8. Since sin(mn) = 0 it is s(n) = 0, hence it is periodic of any period with
ms = Py = 0.



FOUNDATIONS OF SIGNALS AND SYSTEMS
4.2 Solved exercises
Prof. T. Erseghe
Exercises 4.2

Solve the following:

1. express the signal in figure as a function of triang(t) by using basic trans-
formations,

s(t)

t1 t1+T t

2. express rect(t) as a function of the unit step 1(¢) by exploiting linear
combinations and basic transformations,

3. draw the discrete time signal

s(n) = rect (1 +”2N) .

Solutions.

1. We observe that s(t) is a triangle of height A, centred at to = 314 & (t1 +
T) = t1 + 4T, with basis of length 7. Since triang(¢) has a basis of length
2 (its extension is [—1, 1]), in order to scale it to length T" we need a scaling
factor a that maps the extension [—1, 1] into [—a, a] of length 2a = T, that
is we need a = 3T. Therefore, by exploiting the notation z((t — to)/a)
whose meaning we have learned during the lectures, we have

t—1
s(t) = Atriang ( - 0)
t—t; — AT
= Atriang (12>
5T
2t —
= Atriang ((ttl) — 1>

T
As a check it is

2(t1 —t
s(t1) = Atriang <(1Tl) - 1) = Atriang(—1)
2(t T—1
s(t1 +T) = Atriang <(1+Tl) - 1) = Atriang(1)



which evidences the (linear) map ¢; — —1 and t; + T — 1, which is
correct.

. The rectangular signal can be expressed through the expression

2
rect(t) =1(t+3)—-1(t—-4)=¢1-0=1 ,-1<t<i
1-1=0 ,t>1
as can be appreciated from the following figure
b 1
1(t+3)
1
2
_1 t
2
~1(t - 1)

where 1(t 4+ 1) = 1(t — (—1)) is a unit step shifted to the left by %, and
1t — %) is a unit step shifted to the right by %

. We can interpret this signal as the sampled version s(n) = z(n) of
x(t) =rect(t/T), T=1+2N

with extension [—17,17T] and where 37 = N + 3. The result can be
better understood graphically, providing

L x(t) = rect(t/T)

that is we have

s(n) = 1 ,In|<N
10 , otherwise

and the discrete-time signal is a rectangle with 1+ 2/N samples centred at
the origin.



FOUNDATIONS OF SIGNALS AND SYSTEMS
4.3 Homework assignment
Prof. T. Erseghe

Exercises 4.3

Solve the following:

1.

express the signal in figure as a function of rect(¢) by using basic trans-
formations,

s(t) y

—t to t

draw s(t) = z(3t + 1) for z(t) as given in figure,

draw s(t) = z(—t + 2) for z(t) as given in figure,

x(t)

1

. express sgn(t) as a function of the unit step 1(¢) by exploiting linear com-

binations and basic transformations,

draw the signal
s(t):{t_l 1<t<3
0 otherwise
then express it as a linear combination of the unit step 1(¢), the ramp
ramp(t) =t - 1(t), and their time shifts,

consider the signal s(t) = 2(—2t+ 1) where z(t) has period T, = 2. Is s(t)
a periodic signal? If so, what is its period 757

consider s(t) = x(t/a) a time scaled version of z:(¢). What is the connection
between the area, mean, energy and power of x(¢) and those of s(t)?



8. consider s(n) = x(n — ng) a time shifted version of z(n). What is the
connection between the area, mean, energy and power of z(n) and those
of s(n)?

9. draw the discrete-time signal

s(n) = — rect (”QNé)

then evaluate its area, mean value, energy, and power.




Solutions.
We exploit the same tricks as in Exercises 4.2, and provide short answers.

1. We observe that s(t) is a rectangle of height B, centred at to = % (t2 —t1),
with basis of length T' = ¢ + 1. Since rect(¢) has a basis of length
1 (its extension is [—3, 3]), in order to scale it to length 7" we need a
scaling factor a that maps the extension [—3, 1] into [~1a, a] of length
a =T, that is we need a = t1 4+ t5. Therefore, by exploiting the notation

z((t —tg)/a) whose meaning we have learned during the lectures, we have

s(t) = B rect <t — t”)

a
t+ 3t1 — 3t
t1 +to '

= A rect (

2. We observe that s(t) can be reinterpreted in the form

f0-+(5) (=)

hence it is the result of first scaling x(t) by a = 2, then shifting it by
to = —2 (i.e., a shift on the left by Z). We therefore have the following

x(t/a) s(t)
1 1

@it
s
|

3. We observe that s(t) can be reinterpreted in the form
s(t) =z(=(t=2)) =2-(t-2)

hence it is the result of first reversing it in time to obtain z_(t) = z(—t),
then shifting the result (to the right) by to = 2. We therefore have the
following

The time reversal and shift operations can be also swapped, by interpreting
the signal in the form

s) =y(=t),  yt) =zt +2) =zt - (-2)



that is as the result of first shifting the signal by ¢; = —2 (a shift on the
left by 2), and by then applying a time reversal, as illustrated below

s(t) = y(=1)
‘ 1

4. The signum signal can be expressed through the expression

0—1=-1 ,t<0
sen) =160 10 = {§ 70 21 S
as can be appreciated from the following figure

A

1(t)

t
—1(=t)

5. The signal is illustrated in figure

and can be expressed in the form

s(t) =ramp(t — 1) — 2- 1(¢t — 3) — ramp(t — 3)
6. Observe that

st)=a(—2t—1)=a_(2t—1)=xa_ (

1
5 )
1
2
that is it is a scaled (by a = 1) and shifted (by to = 3) version of z(—t)
Now, if a signal is periodic of period T}, so is its time reversed counterpart
(by symmetry), as well as any time-shift counterpart. In fact we have

vt Ty) = a(—t —Ty) = a(~t) = 2_(1)
z, (t+Tp) = x(t —to +Tp) = x(t —to) = x4, (1) ,



where we used z;,(t) = z(t — tg). The only basic transformation that
changes periodicity is the scaling factor a, which naturally multiplies the
time axis, and therefore it simply is Ts = a1, = 1. We show this with an
example of a signal periodic of period 2, that is z(t) = sin(2nt) + cos(7t),
for which s(t) = x(—2t + 1) is illustrated in figure

NN NN
ARVANAGTASES

7. For the area, by a change of variable u = t/a, we have

AS:/_o;m(t/a)dt:a/_ix(u)du:aAm,

so the area is scaled by a. So is the energy, by the same rationale, and in
fact
oo o0
E; :/ lz(t/a)|? dt:a/ lz(uw)|? du = aE, .
— 00 —0o0
Mean value and power, instead, follow a different rule, as they are robust
to scaling. We have

1 /7
ms = Tlﬂf}noo ﬁ/ x(t/a)dt

-T
lim 2 e d
—Tﬂﬁoﬁ/_ z(u) du

1 /T
= lim / z(u)du =my , T =T/a

and by an identical argument it also is Py = P,.

8. For the area, by a change of variable m = n — ng, we have

o0 o0

As = Z z(n —mng) = Z x(m) = A, ,

n—=—oo m=—0oQ



and so is for the energy, as it is simply the area of |s(n)|?, that is

oo o0

Es = Z |x(n—n0)|2: Z \x(m)\QzEx,

n=—oo m=—0oQ

Mean value and power are instead more tricky, but they lead to the same
result. For the mean, in case ng > 0, we have

N
. 1
e = N Ty 2. #(n=no)

1 N—’I’Lo

.
NS T+ 2N

m=—N—ng

. 1 al -1 N
- ]\;gnoo 142N ( Z a(m) + Z z(m) — Z x(m))

m=—N m=—N—ng m=N—ng+1

:mx

the final equivalence being valid since the second and third series are sums
of ng values, and are divided by value 1+ 2N that grows to infinity, hence
their contribution goes to zero if the signal values are limited as n grows.
A similar argument can be used when ng < 0. Equivalently we can show
that Py = P,.

. We can interpret this signal as the sampled version s(n) = z(n) of
z(t) = —rect((t — 3)/T), T =2N

which is a rectangle with extension [— N, N| shifted by %7 hence its exten-
sion is [-N + %, N+ %] The result can be better understood graphically,
providing

that is we have

s(n) = -1 ,—-N<n<N
0 , otherwise

or, in other words, the signal has 2N active values each one associated
with value —1. Therefore, its area is A; = —2N, its energy F; = 2N,
while mean value and power are my; = P; = 0.



FOUNDATIONS OF SIGNALS AND SYSTEMS
4.5 Solved exercises
Prof. T. Erseghe

Exercises 4.5

Solve the following;:

1. identify, and draw, the even and odd parts of signal,

s(t) 4
1

2. identify the even and odd parts of s(t) = cos(27 fot + o),
3. identify the even and odd parts of s(t) = e/27/ot,

4. prove that every even and Hermitian signal s(t) is necessarily real-valued.

Solutions.
1. Since we have s(t) = rect(t — 3), by definition it is

se(t) = 2s(t) + £s(—t)
rect(t — ) + L rect(—t — 1)

rect(t — ) + 1 rect(t + 3) (since rect is even)

So(t) =

s(t) —is

[T T T I S T S I S T
]
@
a
o+
—
ol
~+~
N2

as illustrated in figure

Se(t) 'y So(t) A




2. In this case it is easier to proceed by exploiting standard rules on sinusoids,

to have
s(t) = cos(2m fot + ¢o)

= cos(po) cos(27 fot) —sin(o) sin(27 fot)

se(t) So(t)
to recall that there might exist simpler ways than to apply the rule as-it-is.
3. In this case it is easier to proceed by exploiting Euler’s identity, to have
s(t) = ed2m fot+po
= cos(2m fot) + j sin(27 fot)

se(t)=sre(t) so(t)=sim (t)

4. An even and Hermitian signal s(t) satisfies

s(t) = s(—t)
s(t) = s*(—t)

so that by exploiting the first equality in the second we obtain

which proves the assertion. Clearly, since an Hermitian signal has an
even real part and an odd imaginary part, being the signal even its odd
imaginary part must be equal to zero. This property is valid in both
continuous and discrete-time.



FOUNDATIONS OF SIGNALS AND SYSTEMS
4.6 Homework assignment
Prof. T. Erseghe

Exercises 4.6

Solve the following;:

1.

10.
11.
12.

identify and sketch the real and imaginary parts of s(t) = (1475) e~ I{I7t;
is the signal real and/or Hermitian?

identify and sketch the real and imaginary parts of s(t) = (1 — j) e(oHi®)t,
identify the even and odd parts of s(n) = 1p(n),
what is the symmetry (even, odd, or none) of the product among:

a) two even signals,
b) two odd signals,

¢) an even and an odd signal?

prove that every odd and Hermitian signal s(¢) is necessarily imaginary-
valued.

what are the symmetries of s(n) = n? + jn? (even/odd, real/imaginary,
Hermitian/anti-Hermitian)

what are the symmetries of s(t) = je/'?

what are the symmetries of s(n) = e/™ cos(n)?
what are the symmetries of s(t) = e/’ sin(t)?
identify a signal that is real, odd and Hermitian,

prove that the only signal that is both even and odd is the all-zero signal,

prove that the only signal that is both Hermitian and anti-Hermitian is
the all-zero signal.



Solutions.
1. We first write s(¢) in the more readable form
s(t) = \/ie]% ejTrltl e_lt‘
=V2e " cos(r[t| + T) + jv2e " sin(x|t| + T)

which evidences the presence of both a real and an imaginary part, sketched
in the figure below.

Rlz()],

As can be appreciated from the figure, because of the presence of the
map [t| the signal is even, so that both its real and imaginary parts (both
active) are even, hence it is not an Hermitian signal.

2. We write s(¢) in the more readable form
s(t) = V2e 7T Wt ot
=v2e cos(wt — T) + jv/2e sin(wt — )

which evidences the presence of both a real and an imaginary part, sketched
in the figure below for o > 0.




Sl (t)]
AN \A WA A /
A AAVATRY R
3. For the discrete-time unit step we have

1 n<0
1n(—n) = { , <
o(=n) 0 otherwise

hence it is
% ,n<0
se(n) =31lo(n) +1319(-n)=q¢ 1 ,n=0
% ,n>0
% ,n<0
0 ,n=0 = Zsgn(n)

1
2

So(n) = %10(71) - 1%10(—77,) = {

|

[
S
\%
o

which is slightly different from the continuous case since, as illustrated
below, the even part is not constant.

Se(n)

1

TTTTTTTTTT‘TTTTTTTTTTQ

So(n)

n

T
TTTITITIIT g

4. When a) a(t) = a(—t) and b(t) = b(—t) then the product s(t) = a(t)b(t)

satisfies
s(—1) = a(—)b(—t) = a(H)b(t) = s(t)

hence the product is even; when, instead, b) it is a(t) = —a(—t) and
b(t) = —b(—t) then we have

s(=t) = a(=t)b(t) = [—a(=1)] - [-b(=1)] = a(t)b(t) = s(t) ,

and the product is still even; when, finally, ¢) t is a(t) = a(—t) and
b(t) = —b(—t) then we have

s(—t) = a(=1)b(=t) = —a(=t) - [=b(=1)] = —a(t)b(t) = —s(t) ,




10.

11.

12.

so that the product is in this case odd. The above properties are valid in
both continuous and discrete-time.

An odd and Hermitian signal s(t) satisfies

which proves the assertion. Clearly, since an Hermitian signal has an even
real part and an odd imaginary part, being the signal odd its even real
part must be equal to zero. This property is valid in both continuous and
discrete-time.

Signal s(n) = n? + jn has an even real part (n?) and an odd imaginary
part (n), hence it is Hermitian.

Signal s(t) = je’t = jcos(t) — sin(t) has an odd real part (—sin(t)) and
an even imaginary part (cos(t)), hence it is anti-Hermitian.

Signal s(n) = e/" cos(n) = cos?(n) + jsin(n) cos(n) has an even real part
(cos?(n)) and an odd imaginary part (cos(n)sin(n)), hence it is Hermitian.

Signal s(t) = e’*sin(t) = cos(t)sin(t) + jsin®(t) has an odd real part
(cos(t) sin(t)) and an even imaginary part (sin(t)), hence it is anti-Hermitian.

An Hermitian signal has an even real part and an imaginary off part,
therefore no signal can be real, odd, and Hermitian, except for s(t) = 0,
which satisfies any symmetry.

The odd symmetry implies s(t) = —s(—t) or, equivalently, s(—t) = —s(t).
By using this result in the odd symmetry statement we obtain s(t) =
s(—t) = —s(t) which identifies the signal s(t) = 0. This property is valid
in both continuous and discrete-time.

The anti-Hermitian symmetry implies s(t) = —s*(—t) or, equivalently,
s*(—t) = —s(t). By using this result in the Hermitian symmetry statement
we obtain s(t) = s*(—t) = —s(¢) which identifies the signal s(¢) = 0. This
property is valid in both continuous and discrete-time.



FOUNDATIONS OF SIGNALS AND SYSTEMS
5.2 Solved exercises
Prof. T. Erseghe

Exercises 5.2

Solve the following;:

1. calculate the periodic repetition of period T, for u(t) = e~*1(t) with
a >0,

2. prove that the period repetition of u(—t) is equivalent to the time-reversed
counterpart of the periodic repetition s(t) = repy, u(t) of u(t).

Solutions.

1. We first plot the signal u(t) = e~**1(¢) and observe that it has infinite
extension, which will naturally introduce aliasing.

u(t)

If we then investigate the periodic repetition

oo

s(t) = Z u(t —nT)p)

n=—oo

we see that the contributions u(t — nT),) superpose (aliasing effect)

—5T, —AT, —3T, —2T, —T, T, 2T, 3T, AT,



Now, the correct approach to periodic repetition is to identify one specific
period, which we choose to be the period (0,T},). In this reference period,
as can be observed from the figure, because of the presence of the unit step
1(t), only the shifted contributions u(t —nT},) with n < contribute to s(t).
These are highlighted in solid lines in the figure, while the contributions
for n > 0 are highlighted in dashed lines. Specifically, we have

0 0

s(t) = Z u(t —nTp,) = Z e~alt=nTy) te(0,1,)

n=-—o00 n=—oo

which identifies a (truncated) geometric series that can be easily solved as

0
S(t) — et Z enan

n—=—oo

[e%S)
— e—at Z e—man
m=0
> - e—at
= e—(lt Z(e_a p)m = 1— e—an ? te (O’Tp)
m=0

where we also note that e~%7» < 1. Knowing the signal expression in one
period naturally allows for extending it to any period by means of a simple
time-shift, that is

v(t) = Be % ,t€(0,Tp)
v(t —T,) = Be=*t=T0) ¢ € (T, 2T,) 1
S =9 0t +T,) = Be*®T) te(-T,0) » B=1=r

and in general we have
s(t) = v(t —nT,) = Be™ ") -t e (T}, (n+1)T) ,

as illustrated in the figure below




2. We want to prove that

z(t) = repu(—t) = s(—t) , s(t) = repu(t)
T, Tp

To do so we expand z(t), to have

o0 oo o0

z(t) = Z u(—(t—nTp)) = Z u(—t+nT,) = Z u(—t—mT,) = s(—t)

n=—oo n=—oo m=—0oo

where we replaced n = —m.



FOUNDATIONS OF SIGNALS AND SYSTEMS
5.3 Homework assignment
Prof. T. Erseghe

Exercises 5.3

Solve the following;:
1. evaluate the periodic repetition of period T}, for u(t) = e~ with a > 0,

2. evaluate the periodic repetition of period T}, = 2 for the signal

u(t)

-1 1 3 t
3. evaluate the periodic repetition of period T, for the signal

u(t) = %rect <2’;)

by considering T}, € (T, 2T,

4. evaluate the periodic repetition of period N for the discrete-time signal
u(n) = a="1o(n) for |a| > 1.



Solutions.

1. We can solve the exercise by exploiting the result of Exercise 5.2.1 and
the properties of the periodic repetition. We first observe that

at
_ t<0
1) = alt| _ € )
’LL() e e—at ,t>0

u(t)

can be written in the form
u(t) =ur(t) +ui(—t),  wi(t)=e “1(t)

so that by the properties (linearity and time reversal) of the periodic
repetition we have

s(t) = repu(t) = s1(t) + s1(—t), s1(t) = repuq(t)
Ty Tp

where from Exercise 5.1.1 we know that

1
Sl(t):Beiat, B:m, tE(O,Tp)

Now, for the time-reversed version of s1(t) we have (by symmetry)
si(—t)=Be™,  te(-Tp0),
from which we obtain, by time-shift,
s1(—t) = Be®t=T) - t€(0,T,),
and, therefore,
s(t)=B (e_’” + ea(t_TP)) , te(0,7,),

as illustrated in the figure below



Alternatively, we can proceed without exploiting any property, by observ-
ing the behaviour of u(t — nT),)

—5T, —AT, —3T, —2T, —T, T, 2T, 3T, AT,

where the solid lines indicate the contributions that are active in the in-
terval (0,7,), that is, the contributions e~ ot=nTp) for p < 0, and the
contributions e**—"Tr) for n > 0. Hence, we have

s(t) = u(t —nTp)

NE

0 oo
— e—a(t—nTp) + Z ea(t—nTp)

n=-—00 n=1

0

— e~ Z (e—an)—n+eat i(e—ale)n
n=1

n=—oo

=Be ™ +(B—1)e*
- B(e—‘” + e“(t_TP)) . te(0,T,),
which correctly leads to the same result.

. For the signal at hand, the time-shifted counterparts u(t — 2n) take the
form



where we highlighted in solid lines the only two contributions that are
active in the period (—1, 1), namely those for u(t) and for u(t 4 2). Since

it is
2+t ,te(—=1,1)
u(t) = %—%t ,t€(1,3)
0 otherwise
we have, by time-shift,
ut+2)=I-1t+2)=5-1t, te(-1,1)
and therefore

s(t)=u(t) +ult+2)=2+t+5 -2t =4+ 3(t+1), te(-1,1)

as illustrated in figure

s(t)
4
-1 1 3 t
3. We first plot the signal
u(t —nT)p)
1
-T T t

then illustrate its time-shifts u(t — nT,) for T, € (T, 2T)



where we denoted in solid lines the only two contributions that are active
in the period (0,7},), namely those for u(t) and for u(t — T},). Since its is

t/T ,t€(0,T)

u(t) =< —t/T ,te (=T,0)
0 , otherwise
and
t-T,)/T ,te(T,,T,+T)
wlt—T,) =< —(t—T,)/T ,te(T,—T,1Tp)
0 , otherwise
and since T, — T < T < T, then in the period (0, T},) we have
t/T+0 ,t€(0,T,-T)
st)=ult)+ut—-"T,) = t/T —(t—T1,)/T =T,/T ,te(T,—-T,7T)
—(t—-1T,)/T ,te (T,T,)

as illustrated in the figure below

s() T,/T € (1,2)

e

IVIVIVIVIVIVIZaS

TT t
T T

\ g

T,

P

4. This is the discrete counterpart to Exercise 5.2.1. The signal u(n) =
a~"1p(n) corresponds to a unilateral exponential signal in discrete time

3‘



whose periodic repetition, in the period [0, N), only includes the time-shify
counterparts u(n — kN) for k < 0, that is it assumes the form

s(n) = Z u(n — kN)
k=—o0
0
= > u(n—kN)
k=—o00
0
= Z q—(n—kN)
k=—o00
0
=a " Z (a™™)7k
k=—o00
=Ba™" B= !
=Ba™ ", =N n € [0,N)

the result being displayed in the figure below for a > 1.




FOUNDATIONS OF SIGNALS AND SYSTEMS
5.5 Solved exercises
Prof. T. Erseghe
Exercises 5.5
Solve the following;:

1. apply the sifting property to the following expressions

Sl(t)

cos(t)d(t) + sin(t)o(t — m)

4
a; = 05(t+3)—5(t—3)+25(t—10) dt
0

sa(n) =sin(n+1)6(n+1) + e "d(n — 3)

5
ay =Y d(n+3)—3d(n—3)+25(n—10),

n=-5

2. prove that the first derivative 0’(t) is a generalised function that satisfies
the sifting property

/00 5(t)8'(t — to) dt = —5'(to) ,

3. evaluate the generalised derivative for rect(t) and sgn(t),

4. evaluate the generalised derivative for the signal

s(t)

. 1 |2 4 t
5. evaluate the generalised derivative for s(t) = cos(t)1(¢).

Solutions.
1. For the first signal we simply have
s1(t) = cos(0)d(t) + sin(m)d(t — 7) = 16(¢t) + 06(t — 7) = ()

The second is an integral over the range [0,40] hence the sifting property
must be applied only to those deltas belonging to the interval, that is we
have

40
a1=/ CS(t—3)+26(t—10)dt = -1+2=1
0



where 6(t + 3) was dropped since it is centred in —3, i.e., outside the
interval. For the third signal we have

so(n) = sin(0)d(n +1) + e 35(n — 3) = e 35(n — 3)

Finally, the last sum has range [—5, 5], hence any delta outside this interval
must be discarded, and we have

5
ay= Y d(n+3)—dn-3)=1-1=0
n=->5
where we discarded §(n — 10) since it is centred in 10.

. In this case we solve the integral by parts considering the couples § — §’
and s — s’, to have

0o o 0
/ SO (¢~ to)dt = s (1 — 10)| / S (1)3(t — to) dt
—co —o0 — 00
= (0-0) = s'(t0)
where in the last equality we exploited the sifting property.

. The generalised derivatives can be easily identified from the plots

s rect(t) 1sgn(?)
L 1
_1 1 t 0 t
2 2
-1

from which we observe that the rectangle has a discontinuity of D = 1
in ¢ = —1 (the value increases), and one of D = —1 in ¢t = % (the
value decreases), while for the signum there is only one discontinuity d =
2 at t = 0. Elsewhere, both signals are constant (they are piecewise
constant signals), hence their derivative in the constant regions is simply

zero. Hence, it is
rect/(t) = 6(t+3) —0(t — %), sgn’(t) = 25(¢t) .
One could also exploit the link with the unit step, to write
rect(t) = 1(t+ 1) —1(t — 1), sgn(t) = 1(t) — 1(—t) ,

and then obtain the same result by derivation and by exploiting 1’ = 6.



4. The generalized derivative here is easily obtained by simply reading the
plot. The signal is a piecewise constant signal, hence its derivative is zero,
except at discontinuities. The discontinuities are: one with D =3 att =1
(the signal value increases by 3), a second with d = —4 at t = 2 (the signal
value decreases by 4), and, finally, a third one with D = 2 at t = 4. Hence,
we have

s'(t) =38(t—1) —46(t —2) +26(t —4) .

5. Here we simply need to exploit the rule of the derivative of a product, to

have
s'(t) = cos' (t)1(t) + cos(t)1'(t)
)

= —sin(¢)1(¢) + cos(t)d(t)
= —sin(t)1(t) + cos(0)d(t) = —sin(t)1(¢) + 4(¢)

as illustrated graphically in the figure below.

1 8(t)

NAMAAN
VYV VY

NN
VTV




FOUNDATIONS OF SIGNALS AND SYSTEMS
5.6 Homework assignment
Prof. T. Erseghe

Exercises 5.6

Solve the following;:

1. prove that the second derivative §”(¢) is a generalised function that satis-
fies the sifting property

/OO s(t)6" (t — to) dt = §'(to) ,

— 00

2. evaluate the generalised derivative for s(t) = sgn(t) e?+9)?,
3. evaluate the generalised derivative for s(t) = $sgn(t) — 1(t) + > - 1(t),

4. evaluate the generalised derivative for a signal s(t) periodic of period T, =
2 and such that, in a period,



Solutions.

1. In this case we solve the integral by parts considering the couples ¢ — §”
and s — s’, to have

/oo s(t)0" (t —to) dt = s(t)d" (t — to) Cio — /oo s'(£)d' (t — to) dt

= (0—-0) = [=s"(to)]

where in the last equality we exploited the result of Exercise 5.5.2. Using
the same rationale, one can also easily prove, by induction, that

/OO s(6)6W (¢ —to) dt = (—1)Fs™ (to)

where (%) denotes the derivative of order k.

2. Here we simply need to exploit the rule of the derivative of a product, to

have _ )
s'(t) = sgn’(t) e+t 4 sgn(t) (2 4 j) e?H)t

=25 (1) + (2 + j) sgn(t) eI
=26(t) + (2 + 7) sgn(t) eIt

3. Here, again, we simply need to exploit the rule of the derivative of a
product, to have

s'(t) = Ssgn'(t) — V' (t) + 2t - 1(t) + ¢ - 1'(2)
= 225(t) — 8(t) + 2t - 1(t) + t25(¢)
=6(t) = 5(t) + 2t - 1(t) + 05(t)
=2t-1(t)

4. In this case we can either draw the signal

from which its derivative, graphically, is

s'(
T

nnnoTnnoo.
RERRRERRRR




or we can exploit formulas, and write the signal in the form
5(t) = repyu(t) , u(t) = 3t rect(t — 1)
so that
t — %)+ 3trect’(¢ —%)
t— L) +3t6(t— 1+ 1) —3té(t—

s'(t) = repyu/(t) , u'(t) = 3 rect(t — 3)
(t=3)

=3 rect(t — §) +3t6(t) —3t6(t — 1)
(t=3)
(t=3)

= 3 rect

t— L)+ 08(t)—35(t—1)
t—31)—=358(t—1)

= 3 rect

= 3 rect



FOUNDATIONS OF SIGNALS AND SYSTEMS
6.2 Solved exercises
Prof. T. Erseghe

Exercises 6.2

Discuss reality, memory (static, causal, anti-causal, finite-memory), and BIBO
stability properties for the following systems:

1.
5
y(n) =Y eMlz(n k)],
k=—5
2.
0 t<2
y(t) = {cos(t +2) i;2 z(u)du ,t>2,
3.
_ [sen(l/z(n)) , x(n)#0
y(n) = {Og , x(n) =0,
4.
y(n) = min(|z(n)|, n]) .
Solutions.

1. The system is real, as, independently of the values of z(n), the output is
a linear combination of real-valued positive contributions thanks to the
presence of the absolute value. With respect to memory, the output at
time n gathers together input values in the range [n — 5, n 4 5], hence the
system has finite-memory. With respect to BIBO stability, for |z(n)| < L,

we have .
)| =| > elan— k)P
k=—5
5
=Y ez k)P
k=—5
5
< Z e|’€\Lz
k=—5
=Ly, < o0

where it is evident that L, is limited (it is a limited sum) even without
the need to calculate its exact value. Hence, the system is BIBO stable.



2. The system is real, as it only involves multiplications by real-valued signals
(cos(t+2)). With respect to memory, the output at time ¢ gathers together
input values in the range [—1,¢ — 2] when ¢t > 2, hence it is causal. With
respect to BIBO stability, we show with a counterexample that it is not
BIBO stable. In fact, by choosing z(¢) = 1(¢) we obtain

0 <2
y@%—{mqt+mfﬂ2umdu(tmc%@+2),t>z
= (t—2) cos(t+2)1(t — 2)

which is an oscillating signal that gets larger and larger as ¢ increases.

3. Note that this is a static system of the form y(n) = f(z(n)) with

fx) = {sgn(l/x) ,x#0

0 Lx=o =)

It is real by construction, since the definition does not make sense for
complex x(n). It is also BIBO stable since |y(n)| = |sgn(z(n))| < 1 from
the properties of the signum.

4. Also this is a static system, whose function, however, is updated at each
time-step n, that is y(n) = f,(xz(n)). It is a real system, thanks to the
presence of the absolute value. It is also a BIBO stable system since, for
|z(n)| < L, we have

ly(n)| = y(n) = min(|z(n)|, [n]) < min(Ly, |n[) < L .



FOUNDATIONS OF SIGNALS AND SYSTEMS
6.3 Homework assignment
Prof. T. Erseghe

Exercises 6.3

Discuss reality, memory (static, causal, anti-causal, finite-memory), and BIBO
stability properties for the following systems:

1.
t+1
o) = [ le=uletu)du.
2. -
y(n) = Z 2*2(n — k),
k=1
3. .
= ey (u) du
vy = [ eriauydu,
4.
n+10
yin)= > a(k),
k=n—10
5.
y(t) = z(t - 2),
6. .
y(n)= Y 3*a(k),
k=—o00
7.
y(t) = cos(t — 2) x(t) ,
8.
y(t) =zt +5)z(t—-1),
9.

2t
o) = [ 1= uau)du.



Solutions.

1. The system is real, as, for real z(¢) the output is a real-valued linear
combination of real-valued signal samples. With respect to memory, the
output at time t gathers together input values in the range [t — 1,t + 1],
hence the system has finite-memory. With respect to BIBO stability, for

|x(n)| < L, we have
t+1
/ [t — u|z(u) du
t—1

()] =

t+1
< / [t — ul|z(u)| du
t

-1

t+1
< / |t — u|L, du
t—1

1
:Lm/ |[v|dv = L < o0
~1

where v =t — u. Hence, the system is BIBO stable.

2. The system is real, as, for real x(n) the output is a real-valued linear
combination of real-valued signal samples. With respect to memory, the
output at time n gathers together input values in the range (—oo,n — 1],
hence the system is causal. The system is non BIBO stable, as we can
verify using x(n) = 1, for which we have

y(n) = ZQk =00.
k=1

3. The system is real, as, for real x(t) the output is a real-valued linear
combination of real-valued signal samples. With respect to memory, the
output at time ¢ gathers together input values in the range [t — 1, ¢], hence
the system has finite-memory and it is also causal. The system is non
BIBO stable, as we can verify using z(t) = 1, for which we have

t
y(t):/ et du
t

-1
t
=l / e“ du
t—1
_ et(et 7et71) — (1 e
which gets to infinite value as ¢ approaches infinity.

4. The system is real, as, for real x(n) the output is a real-valued linear
combination of real-valued signal samples. With respect to memory, the



output at time n gathers together input values in the range [n— 10, n+10],
hence the system has finite memory. The system is BIBO stable, as we
can verify assuming |x(n)| < L,, for which we have

n+10

> a(k)

k=n—10

n+10

< Y Jah)
k=n—10
n+10

< Y Ly=21L, <
k=n—10

5. The system is real, as, for real x(¢) the output is evidently real-valued.
With respect to memory, the output at time ¢ gathers together input
values in the range [t — 2], hence the system has finite memory, and it
is also causal. The system is BIBO stable, as we can verify assuming
|z(n)| < Ly, for which we have |y(t)| = |z(t — 2)| < L.

6. The system is real, as, for real xz(n) the output is a real-valued linear
combination of real-valued signal samples. With respect to memory, the
output at time n gathers together input values in the range (—oo,n — 1],
hence the system is causal. The system is non BIBO stable, as we can
verify assuming z(n) = 1, for which we have

n—1
yin)= Y 3"

k=—o00

— i Sn—l—m

m=0

— 3n—1 1 _ % .3n

1_
where we used m=n—1—k.

7. The system is real, as, for real z(¢) the output is evidently real-valued.
With respect to memory, the output at time t gathers together input
values in the range [t], hence the system is instantaneous (both causal
and anti-causal). The system is BIBO stable, as we can verify assuming
|z(n)| < Ly, for which we have |y(¢)| = |cos(t — 2)| - |z(¢)| < 1- L,.

8. The system is real, as, for real z(¢) the output is evidently real-valued.
With respect to memory, the output at time ¢ gathers together input
values in the range [t — 1,¢ + 5], hence it has finite memory. The system
is BIBO stable, as we can verify assuming |x(n)| < L, for which we have
ly(t)] = |zt +5)] - [z(t — 1)] < LT < oo



9. The system is real, as, for real x(t) the output is a real-valued linear
combination of real-valued signal samples. With respect to memory, the
output at time ¢ gathers together input values in the range (—oo, 2¢], hence
the system is simply dynamic. The system is non BIBO stable, as we can
verify assuming x(n) = 1(t), for which we have

2t
y(t) = / [t — u|21(u) du

— 00

= l(t)/o (t —u)? du
— 10 /t o dv = 1(t) 26

—t

where we used v = u — ¢



FOUNDATIONS OF SIGNALS AND SYSTEMS
6.5 Solved exercises
Prof. T. Erseghe

Exercises 6.5

For each of the following systems state if they are linear and/or time-invariant,
and evaluate their impulse response h(t), as well as the response h_1(t) to the
unit step:

1.
5
y(n) =Y eMan—k)P,
k=—5
2.
0 <2
y(t) = {cos(t +2) f;g z(u)du ,t>2,
3.
_ [sen(l/x(n)) , x(n) #0
y(n) = {Og , z(n) =0,
4.
y(n) = min(|z(n)|, [n]) .
Solutions.

1. The system is not linear, since it involves the absolute value, which is not
a linear mapping. With respect to time invariance, we need to compare

5
y(n —mng) = Z e*l|z(n —ng — k)|?
k=—5
5
Y[z(n —ng)] = Z e®z(n — k — ng)|?

k=-—5

which are equal, hence the system is time-invariant. The impulse response
is

5

hin) =Y e™|o(n— k)

k=—5
5
= Z e®l5(n — k)
k=—5

5
= Z eIk —n) since d(n) is even
k=—5

= elnl i 5(k —n) = {6n| , n € [=5,5]

0 , otherwise
k=—5



while the response to the unit step is

5
hat)= 3 Lo - K
k=—5
5
= Z e®1y(n — k)
k=—5

where 1g(n — k) is active for n — k > 0, that is, for k& < n. Hence, we

obtain
0 ,n<—>H

hfl(n) = ZZ=—5 e‘k‘ y L E [*5a5]
22:75 el n>5

. The system is linear, since it involves a product by a known waveform
and an integral, both linear. With respect to time invariance, we need to
compare

0 Jt—tg <2
Mﬁ%d:{mw—m+m<ﬁwaumm Jt—to > 2,
0 L t<2
Eh@—¢®]={c%a+z)jfm@k-mym > 2
0 L t<2
- {cos(t+2) f;i;oto z(v)dv ,t>2,

which are evidently different, hence the system is not time-invariant. For
the impulse response we have

0 <2
h(t) = cos(t + 2) ff;Q O(u)du ,t>2,

0 , <2
cos(t+2) ,t>2,

=cos(t+2)1(t — 2),

while the response to the unit step is
0 , <2
MO = cos(t +2) [T 1 (w)du £ > 2,

0 <2
T ) cos(t+2) g721du s> 2,

=cos(t+2)(t—2)1(t—2).

. The system is evidently non-linear since sgn(x) is not a linear function.
Recalling that this is a mapping y(n) = f(x(n)), with respect to time



invariance, we need to compare

y(n —ng) = f(z(n —no)) , f(z) =sgn(z) = {Sgn(l/x) : i i 8
Yz(n —no)] = f(z(n —no))

which are equal, hence the system is time-invariant (every mapping of
the form y(n) = f(x(n)) is time-invariant by construction). The impulse

response is
) = £000) = { g "1 = ).

while for the response to the unit step we have

1 ,n>0 _

s = £t = { 71 20 = talo).

. The system is evidently non-linear since |z| is not a linear function. With
respect to time invariance, we need to compare
y(n —ng) = min(jz(n — ng)|, |n — nol)
Elz(n —no)] = min(|z(n — no)l, In|)

which are evidently different, hence the system is non time invariant either.
The impulse response is

po) = min(3()l ) = { Tl =020

= O 5
while for the response to the unit step we have

min(1l,|n[) =1 ,n>0
h_1(n) = min(|1p(n)|,|n|) = ¢ min(0,0) =0 ,n=0
min(0,|n[) =0 ,n <0

=1p(n) —d(n) .



FOUNDATIONS OF SIGNALS AND SYSTEMS
6.6 Homework assignment
Prof. T. Erseghe

Exercises 6.6

For each of the following systems state if they are linear and/or time-invariant,
and evaluate their impulse response h(t), as well as the response h_1(¢) to the
unit step:

1.
t+1
y(t) = /t_l [t — ulz(u) du ,
2. -
yn) = 3 2a(n— k),
k=1
3. .
y(t) = /t_1 e ta(u) du
4.
n+10
gy = > alk),
k=n—10
5.
y(t) = x(t —2),
6. )
y(n)= Y 3*a(k),
k=—o0
7.
y(t) = cos(t — 2) (1)
8.
y(t) =zt +5)z(t—-1),
9.

y(t) = / |t —u|?z(u) du ,



Solutions.

1. The system is linear, since it involves a product by a known waveform
and an integral, both linear. With respect to time invariance, we need to
compare

t—to+1

we—to)= [ Jt—to— ufo(w) du
t—to—1
t+1

Sle(t — to)] :/ It — ula(u — to) du

t—1
t+1—tg
:/ 1t — (0 + to)|(v) dv
t—1—tg
where v = u — tg, which are equal, hence the system is time-invariant. For
the impulse response we have

t4+1
h(t) = /t [t — u|d(u) du

-1
t+1 0 s t<—1

=m/ ammzbu,m«mn
Lt 0 ,t>1

= |t|rect(5¢)

while the response to the unit step is

t+1
hoy(t) = /t It — ul1(u) du

—1
0 Jt<—1

St —uldu= [ Joldo =112 te(-1,0)
=Y e uldu= [ oldo =1+ 12 e (0,1)
:jll [t — u|du = fil [v|dv =1 ,t>1

2. The system is linear, since it involves a product by a known waveform
and an integral, both linear. With respect to time invariance, we need to
compare

y(n —mng) = Z 2%z(n —ng — k)
k=1

Y[z(n —ng)] = Z 2k2(n — k — no)
k=1

which are equal, hence the system is time-invariant. For the impulse
response we have

h(n) = iQké(n k)= i?ké(kz —n)=2" ié(k‘ —n)
k=1 k=1 k=1

=2"1y(n —1)



while the response to the unit step is

hoy(n) =Y 2K14(n— k)
k=1

0 ,n<0
I DI L S R L B

=2(2" —1)1o(n—1),

since 1o(n — k) is active for n — k > 0, that is k < n.

. The system is linear, since it involves a product by a known waveform
and an integral, both linear. With respect to time invariance, we need to
compare
t—to
y(t —to) = / ettty (u) du
t

—to—1
t

E[x(t—to)]:/ i (u — t) du

t—1
t—to
:/ el tvttor(v) dv
t—1—to
which differ in the exponential. hence the system is non BIBO stable. For
the impulse response we have

h(t) /ttlet+u5(u) du = et /ttlé(u)du

t
t 1 € ’ te (071)
= t(t — L) =
¢’ rect(t - 3) {O , otherwise

while the response to the unit step is

t
hoy(t) = / 1 (u) du
t—1
0 ,t<0
— etfote“du:et(et—l) ,t€(0,1)
et ftt—l etdu=e*(1—e 1) | t>1

. The system is linear, since it involves a summation, which is a linear
mapping. With respect to time invariance, we need to compare
n—no+10
y(n—no) = (k)
k=n—no—10
n+10
Y[x(n —ng)] = E xz(k —no)
k=n—10
n+10—ng

= > am

m=n—10—ng



which are equivalent, hence the system is time-invariant. The impulse
response is

n+10
_ |1 ,ne[-10,10] _
h(n) = Z d(k) = {0 Cotherwise rect(n/21) ,
k=n—10
while the response to the unit step is
n+10 0 0 ,n<—10
hoi(n)= Y 1o(k) = ll=n+11 ,ne[-10,10]
k=n—10 P s1=21 ,n>10

. The system is evidently linear. With respect to time invariance, we need
to compare
y(t —to) =x(t —to —2)
Szt —to)] =x(t—2 —to)

which are equivalent, hence the system is time-invariant. The impulse
response is y(t) = §(¢t — 2), and the response to the unit step is h_1(t) =
Lo(t — 2).

. The system is linear, since it involves a product by a known waveform and
a summation, both linear. With respect to time invariance, we need to

compare
n—nmg—1

y(n —no) = Z 3%z (k)

k=—0o0

E[z(n —ng)] = i 3k2(k — no)
k=—o00

n—1l—ng

Z 3Fz(m)

k=—oc0

which are equivalent, hence the system is time-invariant. The impulse
response is

h(n) = i 356 (k) = 2 3(k) = 1o(n — 1)
k=—o0 k=—oc0

while the response to the unit step is

n—1
0 n<0
h(n) = Z 3k10(k> B { Z;S 3k = 11:3; ,n>0
k=—oc0

13" —=1)1g(n—1)



7. The system is linear, since it involves a product by a known waveform,
and in fact

cos(t — 2) [azy (t) + bxa(y)] = a[cos(t — 2)x1(¢)] + b[cos(t — 2)za(t)] .
With respect to time invariance, we need to compare
y(t —to) = cos(t —to — 2) x(t — to)
S[x(t — to)] = cos(t — 2) z(t — to)
which are different, hence the system is not time-invariant. Impulse re-
sponse and the response to the unit step are
h(t) = cos(t — 2) d(t) = cos(2) §(t)
h_1(t) = cos(t — 2) 1(t) .

8. The system is not linear since it involves a product of the signal by itself
(quadratic function). With respect to time invariance, we need to compare

y(t—to):x(t—to+5)x(t—t0—1)
S[e(t —to)] = x(t + 5 — to) x(t — 1 — to)

which are equivalent, hence the system is time-invariant. Impulse response
and the response to the unit step are

h(t) =6(t+5)6(t—1)=0
hoy(t) =1(t+5)1(t—1)=1(t—1) .

9. The system is linear, since it involves a product by a known waveform
and an integral, both linear. With respect to time invariance, we need to
compare

2t—2t,
y(t —to) = / |t —to — ul?x(u) du

—o0
2t

Emﬁ—mﬂ:/ It — w2 (u — to) du

—o00
2t—tg
:/ |t — v —to|?z(v) dv
— 00
which differ in the upper extreme of the integral, hence the system is not
time-invariant. The impulse response is

2t 2t
h@y3/ it — w2y du= |t [ (u)du= [t 1(t) = £1(¢)
— 00 —0o0
and the response to the unit step provides
2t

h_1(t) = / [t —u|*1(u) du

— 00
0 ,t<0
O2t |t—u|2du:fjt w[dv=2t> ,t>0

=2£51(¢).



FOUNDATIONS OF SIGNALS AND SYSTEMS
7.2 Solved exercises
Prof. T. Erseghe

Exercises 7.2

Solve the following;:

1. evaluate the convolution z(n) = x * y(n) for xz(n) = A + cos(fpn) and

y(n) =1o(n)a", -1 <a <1,

. evaluate the convolution z(t) = z * y(t) for z(t) = A + cos(wpt) and
y(t) =1(t) e, a >0,

. evaluate the convolution z(t) = = * y(t) for z(t) = rect(¢/4D) and y(t) =
rect(t/2D),

. express the following signals

z1(t) = /OO e "lsin(t — w) du

— 00

z9(t) = / e'~"sin(u + 2) du
0

z3(n) = Z eFsin(n — k + 2)

[0 ,t<0
z(t) = fg e Usin(u+2)du ,t>0

as a convolution z = x * y,

. prove that the convolution z(n) = x * y(n) between an aperiodic signal
z(n) and a periodic signal y(n + N) = y(n), is periodic of period N, the
same of y(n), that is we have z(n + N) = z(n).

Solution.

1. We illustrate the signals first, which we do with respect to the time-

variable k, as illustrated in the following figure

(k) A + cos(Vok)

Whmmﬁ mh/wﬂmm ‘

‘ k




Then, we need to visualise the time-reversed and time-shifted version of
y, to have

where it becomes evident that y_ (k—n) = y(n—k) has extension (—oo, n],
which equivalently constrains the extension of the product. Hence, we can
easily interpret the convolution operation in the form

oo

)= Y k- (k )
k=—oc0
=3 wk)y_(k—n)
k=—o0
= Z [A + cos(pok)] aF
k=—o0

which we can solve by expressing the cosine through Euler’s identity, and
by a further change of variable m = n — k in the sum in order to evidence



the presence of a geometric series. We have

n

#(n) Z [A+ %e”o’“ + %efjwok] Qv k

k=—o0
oo
1.7 — 1 7 —
_ E [A+ §e]<pg(n m) + §e]<p0(7n n)]anb
m=0
oo oo oo
1 . 1 .
:A§ L™ Leivon § :[oze dgo]m 4 Le=ion § :[aewo]m
m=0 m=0 m=0
Jjpon —Jjpon
A e e

1 1
l—a 21—qedvo = 21— qeivo
A e.j@On :|

= R .
1—04jL L—ae—ﬂ%

where in the last equivalence we exploited the equivalence 2R[x] = = +
x*. Note that the geometric series converge since |aet’%0| = |a| < 1.
Incidentally observe that, if we define 8 =1 — ae™7%° = |3|e?¥4, then it
also is A

cos(pon —

l-a 18]
where we observe that the original constant contribution A to z(n) has
been scaled, and so has the contribution cos(pgn), with an additional
change in phase. That is, the original contributions are somehow kept
by convolution, which, as we will better learn later on in the course, is a
fundamental result.

. This is the continuous-time counterpart to the previous exercise. We il-
lustrate the signals first, which we do with respect to the time-variable u,
as illustrated in the following figure

x(u),
A + cos(wou)

/\/\/\

—Qu

u

Then, we need to visualise the time-reversed and time-shifted version of
1y, to have



y—(u—1),

ea(u—t)

¢ u

where it becomes evident that y_ (u—t) = y(t — u) has extension (—oo, ],
which equivalently constrains the extension of the product. Hence, we can
easily interpret the convolution operation in the form

z(t) = /Z z(w)y—(u—t)du
_ /; 2(w)y(u—t)du

¢
= / [A + cos(wou)] e du

— 00

which we can solve by expressing the cosine through Euler’s identity, and
by a further change of variable v = ¢ — u in the integral. We have

t
2(t) = / [A+ %ej‘*’(’“ + %eij“"’“] =t dy
_ /O [A + %ejwo(t—v) + %ejwo(v—t)} e~ du

= A/ e~ dy + %eawot/ e—(atiwo)v gy %eﬂwot/ e~ (a—jwo)v g,
0 0 0

erJot 1 e—jwot

2

h

==+

(SIS

o+ jwo

a
A gjwot
=—4+R|—
LV‘FJWO}

a — jwo

Qe

Note that the integrals converge since R[—a =+ jwg] = —a < 0. Incidentally
observe that, if we define 8 = o + jwo = |B|e?##, then it also is

A | cos(wot — vp)
a |8l

where we observe that the original constant contribution A to z(t) has been
scaled, and so has the contribution cos(wgt), with an additional change in

z(n) =



phase. That is, the original contributions are somehow kept by convolu-
tion, which, as we will better learn later on in the course, is a fundamental
result perfectly equivalent to the discrete-time case.

. For the convolution of the two rectangles, given that y_(t) = y(t) since
the rectangle is an even signal, we have the following
x(u), y(u) = y—(u)
—2Dp ' 2D u -D'D wu
y—(u—t),
—-2D | 2D
(A) (O (B)
| |
2l
Q QA _ u
Lot Lot Lot
Y- (u - t) y
—2D 2D
D) | ' (E)
T T
! !
R A R A u
Lol

where we highlighted the five cases (A to E) of interest in the relative
position between z(u) and y(¢t — u). We have

(A)

(B)

In this case y(t — u) is at the left of x(u), hence their product is zero,
and we have z(t) = 0. The range of validity is t + D < —2D, that is
t < -3D.

In this case y(t — u) is at the right of z(u), hence their product is
zero, and we have z(t) = 0. The range of validity is t — D > 2D, that
ist>3D.

In this case y(t—u) is inside 2 (u), hence their product is z(u)y(t—u) =
y(t —u), and since the area of y is 2D we have z(t) = 2D. The range
of validity ist + D < 2D and t — D > —2D, that is —D <t < D.

In this case y(t — u) enters z(u) from the left, and we have

Z@):/_Z x(u)y(t—u)du:/

—-2D
The range of validity ist—D < —2D < t+ D, that is —3D <t < —D.

t+D
ldu=t+D—(—2D)=1t+3D.



(E) In this case y(t — u) exits z(u) from the right, and we have

00 2D
z(t):/ x(u)y(tfu)du:/ ldu=2D—(t—D)=3D—t.
t—D

The range of validity is t — D < 2D <t + D, that is D <t < 3D.
By putting the results together, we obtain

3D+t ,te(-3D,-D)

A(t) = 2D ,t€ (=D, D)
“)3D-t ,te(D,3D)
0 , otherwise

which is the trapezoidal shape illustrated in the figure below.

z(t),

2D

—3D -D D 3D t

. In this exercise we wish to write the integrals in the form

oo

z(t):/oo syt —u),du,  m)= 3 w(ky(n— k)

- k=—o0

for some x and y. In the first expression the solution is trivial

z1(t) = / e 1" sin(t —u) du

eyl
so that z(t) = e~ !l and y(t) = sin(¢). For the second integral, instead we
first need to extend the integral to (—oo,00), which is possible by intro-
ducing a unit step (appropriately shifted and/or reversed) in the following
form -
29(t) = / e!~"sin(u + 2) du
0
oo
= N e ™" sin(u + 2)1(u) du

y(t—u) z(u)

so that x(t) = sin(t + 2) 1(¢) and y(t) = e'. For the third signal, instead,

we have
n

z3(n) = Z eFsin(n — k + 2)

—0o0

= Z e sin(n —k+2)1o(n — k)
) y(n—Fk)




where 1o(n — k) = 1g—(k — n) is active for n — k > 0, that is for k < n, as
we wish. Therefore, it is z(n) = ¥ and y(n) = sin(n + 2) 1o(n). Finally,
the integral expression in the last signal suggests writing it, for ¢ > 0, in
the form

t
z4(t) = / e! " sin(u + 2) du
0

= / e 71t — ) sin(u + 2)1(u) du
—0o0
y(t—u) z(u)
so that z(t) = sin(¢ + 2)1(¢) and y(t) = €*1(t), which provides the correct
result since for ¢t < 0 the product 1(¢ — u)1(w) is zero.

. Assume that, in the discrete-time convolution, we have y(n + N) = y(n).
Hence, we can write

o0 oo

veyn+N) = 3 ek)yn+ N k)= 3 e(k)y(n - k) =2+ y(n)

k=—o00 k=—o0

since y(n + N — k) = y(n — k) by periodicity.



FOUNDATIONS OF SIGNALS AND SYSTEMS
7.3 Homework assignment
Prof. T. Erseghe

Exercises 7.3

Solve the following;:

1.

10.
11.

12.

prove that the convolution z(t) = x *y(t) between an aperiodic signal z(t)
and a periodic signal y(t +T,) = y(t), is periodic of period T},, that is, we
have z(t + T,) = z(t),

show that rect xrect(t) = triang(t),
show that 1% 1(t) = ¢ - 1(t),

evaluate the convolution between z(t) = 1(¢) and y(t) = rect(t),

(
evaluate the convolution between z(t) = e~ 1(¢) and y(t) = rect(t),
evaluate the convolution between x(t) = A cos(wpt) and y(t) = rect(t/2D),
evaluate the convolution between z(n) = a~"! and y(n) = rect(ﬁn),
evaluate the convolution between x(t) = rect(t-+1) and y(t) = sgn(t) e~ |,
evaluate the convolution between x(n) = rect(ﬁn) and y(n) = sgn(n),

evaluate the convolution between z(t) = rect(t) and y(t) = [t| rect(1t),

evaluate the convolution between the two discrete-time rectangles

(n) = 1 ,nel0,N) (n) = 1 ,nel0,M)
0 , otherwise 0 , otherwise

where N > M,
express the following signals as convolutions
t+4

z1(n) = z_: 37, m(t) = /t sin(u) du .

—4



Solutions.
1. Assume that, in the continuous-time convolution, we have y(t+7},) = y(t).
Hence, we can write

oo oo

rxy(t+T,) = [ z(w)y(t+T, —u)du = [ x(w)y(t —u) du = x xy(t)

since y(t + T, — u) = y(t — u) by periodicity.

2. For the case x(t) = rect(t) and y(t) = y_(t) = rect(t) we have the following

cases
0 Jt<—1
1
> [ ldu=1+t ,-1<t<0
Z(t):/ rect(u) rect(u — t) du = 2
> [Zildu=1-t ,0<t<l1

t=3

o

Jt>1
which corresponds to z(t) = triang(t).

3. For the case z(t) = 1(¢t) and y(t) = 1(¢), y—(¢t) = 1(—t) we have the
following cases

& 0 ,t<0
+(1) :/ L)1 (u— t) du — {fotldu:t N
which corresponds to the ramp z(t) = ¢ - 1(¢).

4. For the case z(t) = 1(t) and y(t) = y—(t) = rect(t) we have the following
cases

oo
z(t) = / rect(u) rect(u — t) du
— o0
0 < —3
t+3 _ 1 1 1
= Oildu—§+t ,—2<t<§
t+1
j;_g ldu=1 S>3
as illustrated in the figure below.
z(t)
|
|
|
!
— >
-1 i t



5. For the case z(t) = e~ 1(t) and y(t) = y_(t) = rect(t) we have the
following cases

z(t) = /00 rect(u) rect(u — t) du

—0o0

1

0 i< -1
t+% —at _ lfefa(tJr%) 1 1
=< Jo PeMdu= =7 ;5 <t<3

t+3 _ 5 _e”5 _
f 2oty =€c2=c 2 -t t> 1
t—1 ’ 2

as illustrated in the figure below.

[
~

6. In this case, given that y(t) = y_(t) = rect(¢/2D), we have

o u—t
z(t) = /_OO A cos(wou) rect <2D> du

t+D
= / A cos(wou) du
t—D

sin(wou) |¢+P

=A

wo t—D
sin(wot + woD) — sin(wet — woD)
wo

=A

2Asi D
_ 2Asin@oD) wot)
wo
hence the output is still a sinusoid of the same period.
7. In this case we have y_(n) = y(n) and

k-my={l n-N<E<ntN
Y- “ 10 , otherwise



so that we can distinguish three cases

oo

> w(k)y-(k—n)

k=—o0

Zn+N

ana

n N
b @ +Z A
Zn+N

k=n Na
W

1+N

1—a
1—qn—N-1
l—a—1 +
o _g—(1+N)
1—a—1

-k

n
l—q-n—N-1
1—a—1

—n

-1

as illustrated in the figure below.

8. In this specific case we have y_(t)

,n+N <0
, —N <n<N
,m—N2>0

,n< —N
,—N<n<N
,n>N

n

—y(t) = —sgn(t) e !, with a breaking

point at zero, hence we obtain three different regions

0
sgn(u —t) e 1"t dy

-/,

— 31 e~ (1) dy,
fil et dy — j;o e~ (=1 dy
f?l et dy

2(t)

—(e—1et ,t<-1
= et —et1 ,—1<t<0
(1—ebHet [t>0

as illustrated in the figure below.

x(t)

Jt< —1
,—1<t<0
>0




)

9. In this case it is
(k) = 1 ,—-N<k<N
10 , otherwise

and y_ (k) = —y(k) = —sgn(k), so that we can identify five regions

N
z(n) = — Z sgn(k —n)

k=—N

~Yw Nl1=—(1+2N) ,n<-N
N

Sl w1 = 2N n=-N

=9 YNl =Y 1=2n ,-N<n<N

Nl 1=2N ,n=—N

Sy yl=1+2N ,n>N

—(142N) ,n<-N

142N ,n>N

as illustrated in the figure below.




10. In this case it is y_(t) = y(¢) and we have

1
2
z(t) = / ) lu — t| rect(3(u —t)) du
2
[ u—t)ydu=3 — Lt — 12 e (=3, -1

— 2 (u—t)du= 2+ 5t — 3t? Jte(3,2)
0 , otherwise

as illustrated in the figure below.

z(t) 4 . y(t) 2(t)
1
1
2
;! Tt R B
11. We have
_f1 ,kel0,N) v J1 Jke(n—Mn]
z(k) = {O , otherwise y-(k—n) = {O , otherwise
so that
N-1
) =3y (h—n)
k=0
heol=n+1 ,kef0,M)
_ Yhen—mpr1=M ,ke[M,N)
S l=N+M-—1-n ,ke[N,N+M-1)
0 , otherwise

as illustrated in the figure below.




12.

As shown in the figure, the result is equivalent to that of a (sampled)
isosceles trapezoid, with bases of M + N and N — M, and height M,
time-shifted to the right by one sample.

For the first signal, we have
n—1 e’}
z(n) =Y 3"=>"3"1o(n—1-k)

hence it is the convolution between xz(n) = 3™ and y(n) = 1o(n — 1). For
the second signal, we similarly have

t+4 [e’e)
2o(t) = /H sin(u) du :/_ sin(u) 1(u — (t — ) 1((t + 4) — w)du

hence it is the convolution between z(¢) = sin(¢) and y(¢) = 1_(t—4) 1(¢+
4) = rect(t/8).



FOUNDATIONS OF SIGNALS AND SYSTEMS
7.5 Solved exercises
Prof. T. Erseghe
Exercises 7.5

Solve the following by using the properties of convolution:

1. prove that the convolution between z(t) = rect(T/T1) and rect(t/T5),
Ty < Ty, is a trapezoid with bases T7 + T5 and T — T, and with height
Ty, by expressing rectangles as differences of unit steps, and by exploiting
the result 1+ 1(t) =t - 1(t);

2. evaluate the convolution between the two signals in figure

4 z(t) y(t)

A

N
~

~12 -8 t
2

by exploiting the result of the previous exercise;

3. evaluate the convolution between z(n) = §(n) + 26(n — 1) and y(n) =
rect((n —1)/3), as well as the convolution between z(n — 3) and y(n + 2);

4. evaluate the output of a series of two LTI systems with impulse responses
hi(n) = sin(8n) and ha(n) = a™1p(n), respectively, by considering an
input of the form z(n) = §(n) — ad(n — 1).

Solutions.
1. We have
() =1+ 3T1) — 1t — 3T1) , y(t) =1t + §T2) — 1(t — 3T>)
so that, by linearity and time-shift property, we have
2(t) = wxy(t)
= (Lt + $T0)] * [1(t + 3T2)] — [1(t + $T0)] * [1(t — §T3)]

— [L(t = T * [1(t + $T2)] + [1(t = 3T0)] * [1(t = 5T2)]
—1x1(t— 3T+ i) + 1+ 1(t — 3Ty — 1To)

whose contributions are illustrated in figure below in dashed lines, together
with their sum which readily provides a trapezoid.
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As a matter of fact, in the first interval [—1 (T} + T»), —3 (71 — T2)] there
is only one contribution active, hence the slope is 1. In the next interval,
[—3(Ty — T3), 3(Ty — Tb)], instead, two contributions are active, where
one has positive slope and the second has negative slope, hence the slope
is 1 —1 = 0, and in fact the signal is constant. In the third interval,
[1(Th — T3), 3(Ty + T3)], the active contributions are three, with slopes
1—1—1= —1, and in fact the signal decreases here. In the last interval
the signal must be zero because of the property of the extension of the
convolution. Incidentally, we can also check the validity of our result
through the property of the area, for which we have

A= (T =)o +2- 1(3(T + T) = §(T — ) ) o =TT = A4,
where the area was derived graphically by summing the sum of the two
side triangles to the central rectangle building the trapezoid.

. By using the notation rectr(t) = rect(t/T) we can express the signals in
the form

x(t) = 4drecta(t + 10) — 2rectsg(t — 8) , y(t) = Arecta(t — 1) ,

so that by exploiting the linearity and time-shift properties of convolution
we have

z(t) = x x y(t)
[4 recty (¢t + 10) — 2rectg(t — 8)} : [A recta(t — 1)}

= 4Arecty(t + 10) x recty(t — 1) — 2Arectg(t — 8) * recto(t — 1)
= 4Arecty xrecto(t + 10 — 1) — 2Arects * I‘e2Ct(t -8-1)

= 4 Arecty * recta(t +9) — 2Arects * recta(t — 9)

where recty * rects is a trapezoid of bases 442 = 6 and 4—2 = 2, and height
2, while rectg * rect, is a trapezoid of bases 8 +2 = 10 and 8 — 2 = 6, and
height 2. The results is therefore the one illustrated in the figure below.



4 6 12 14

—2A

Note that the property of the area holds also in this case, and in fact
A, =4-4A-8.24=0=4,A,=(4-4-8-2)24
and so does the property on the extension [—12,12] + [0,2] — [—12, 14].
3. We preliminarily observe that

1 ,n=0,1,2
y(n) =rect((n —1)/3) = { 0 . otherwise

as can be inferred from the graphical illustration below.

Then, by the properties of convolution we have

z(n) =z xy(n)
= [0(n) + 36(n — 1) xy(n)

1 ,n=0

3
- 1 o o 5 ,n:1,2
=y Hsyn =D =41 7, _3

0 , otherwise

whose result is also provided in the figure above. Note that the property
on the area of the convolution is verified, since we have

A=l4gedel--aa,-34,

and so is the property on the extension [0,1] 4+ [0,2] — [0,3]. By the
time-shift property we also have

1 ,n=1

3 n=23
zn—=3)xyn+2)=x*xyn—-3+2)=z2(n—-1)=14 1% "4

2 =

0 , otherwise



4. In a series of two LTI systems, the output of the first system is z(n) =
x % hi(n), and the final output assumes the form

y(n) = zx ha(n) = x * hy * ha(n) ,

where by commutativity and associativity the convolutions can be taken in
any order. In the specific case it is reasonable to approach the calculation
in the form

y(n) = (x % ha) x hi(n) ,
that is by inverting the two LTT systems. We have

x * ha(n) = [0(n) —ad(n — 1)] « ha(n)
= ha(n) —aha(n —1)
=a"1p(n) —a-a" lg(n —1)
=a" - [lo(n) —1o(n —1)]
=a"d(n)
=4(n)
so that y(n) = § *x hy(n) = h1(n) = sin(8n). Any other ordering, although

leading to the same final result, will involve much cumbersome calcula-
tions, hence highlighting the power of commutativity and associativity.



FOUNDATIONS OF SIGNALS AND SYSTEMS
7.6 Homework assignment
Prof. T. Erseghe

Exercises 7.6

Solve the following by using, where needed, the properties of convolution:

1.

10.

prove (either in continuous-time or discrete-time) that the convolution
between two even signals is even, the convolution between two odd signals
is even, and the convolution between an odd and an even signal is odd;

evaluate the convolution between x(t) = sgn(t) rect(;t) and the signal
y(t) = A rect(31);

evaluate the output of a LTI system with impulse response g(t) = rect(t)
when the input is the square wave x(t) = rep, rect(t — 1),

evaluate the output of a LTI system with impulse response g(t) = e~ 1(¢),
a > 0, when the input is the square wave x(f) = rep, rect(t),

evaluate the convolution between z(n) = 6(n) — 15(n—1) — 15(n+1) and
y(n) =a™"1o(-n), la| < L;

evaluate the output of a LTI system with impulse response g(n) = d(n —
1) = d(n +1), a > 0, when the input is z(n) = al"!, |a] < 1;

evaluate the output of a LTI system with impulse response g(n) = sgn(n),
when the input is z(n) = |n| lo(n — 3) 10(3 — n);

evaluate the output of a LTI system with impulse response g(n) = 1g(n),
when the input is z(n) = rect((n — 1)/3);

evaluate the convolution between xz(n) = 2§(n) —d(n — 1) — d(n+ 1) and
y(n) =1o(n —1) = Lo(n - 5);

evaluate the convolution between

B (%)n ,ne0,4] _ cos(l%k) , k multiple of 5
z(n) = {O , otherwise y(n) = 0 , otherwise



Solutions.

1. We consider the continuous-time first, for which we write

rey(-) = [ () - du

— 00

= [ atowt o a

— 00

= /Z z_(v)y—(t —v) dv

=z_*y-_(1)
This is enough to prove the results since when both signals are either even
or odd we have x_ x y_ = x x y hence it follows that = x y(—t) = z * y(t).
When, instead, one signal is even and the other is odd we have z_ xy_ =
—x x gy, so that z x y(—t) = —x * y(t). The counterpart in discrete-time
takes the form

zxy(—n) =Y a(k)y((—n) — k)

k—oo0
= > al=m)y(-n+m)
= (m)y_(n—m)
=z_*y-(n)
and leads to the same result by the same rationale.

2. We have
z(t) =ult—1)—ult+1), y)=Aul), u(t)=rect(it)
so that by linearity and time-shift property we can write
zxy(t) =[ult—1) —ut+1)]*[Au(t) = Auxu(t —1) — Auxu(t+ 1)
with w u(t) = 2 triang(4¢). Hence, it readily follows that
z*y(t) = 2A triang (3 (t — 1)) — 2A triang(1 (¢ + 1))

as illustrated in the figure below.

z(t)y 4 y()




3. By writing the input in the form

oo

z(t) = repyrect(t — 1) = Z rect(t — 2k — 1)

k=—o0
the LTT system output becomes
)
y(t) =z *xg(t) = Z rect * rect(t — 2k — 1) = rep, triang(t — 1)
k=—0c0  triang

where we simply exploited linearity. The result is depicted in the figure
below.

y(t)

= T
Wl —f

4. By writing the input in the form

oo

z(t) = repy rect(t) = Z rect(t — 2k)

k=—o0
the LTT system output becomes
o]
y(t) =z *xg(t) = Z rect xg(t — 2k) = rep, rect xg(t)
k=—o0

where we simply exploited linearity, and where (see Exercise 7.3.5)

0 Jt< -2
—a(t+31)
rect xg(t) = ¢ 1=6—> ,—s<t<3
e3—e % —at 1
oo e Ly t>3

whose periodic repetition segments active in the period [—%, %] are shown
in the figure below.

rect xg(t — 2k)




Hence, in the reference period [—%, %] the periodic repetition provides

-1 a

(V1)

ez —e
y(t) = rect xg(t) + Z e )
k=—o00 a
e? —e 3 —at e 13
= rect xg(t) + a € 1_e-2a> te[-33l
B %—Kae"” ,—%<t<%,whereKa:%
Kee o= L cp 3

as illustrated in the figure below.

Wl - - = —
[SII9Y
~+

5. We proceed by linearity and time-shift property and write

z(n) =z xy(n)
=[6(n) = 30(n — 1) = 36(n + )] xy(n)
=y(n) = zy(n—1) — 3y(n+1)
=a"1o(-n) - La "V 1g(-n+1) = La= " 15(—n — 1)

2
a’”l— %a’("fl) —I%a*(’”l) = —7(1;;1) a ™ ,n<0
_ 1f?a+0:1175a ,n=0
0—5+0=—3 ;n=1
0 , otherwise

the result being sketched in the figure below for a = %

z(n),

[ ]




6. By linearity and time-shift properties we have
y(n) =z g(n)

zx[0(n—1)—d0(n+ 1)

zn—1)—z(n+1)

n—1| _ a|n+1\

:a‘

a "l g l=—(at—a)a™ ,n<0
= a—a:o ,n:O
a"l—a" = (a7 —a)a” ,n>0

= (¢~ —a)sgn(n) al

the result being sketched in the figure below for a = 1.

y(n),

”“‘““"TM”

7. In this case it is fundamental to observe that

xz(n) =Inllog(n — 3)19(3 = n) = z(n) = |n|d(n — 3) =3d6(n — 3)
hence it simply is
y(n) = 2 g(n) = 35 % g(n) = 3g(n) = sgn(n) .

8. Since the input can be written in the form (see signal y(n) in Exer-
cise 7.5.3)

xz(n) =rect((n —1)/3) =d(n) +5(n — 1)+ d(n — 2)
then by linearity and time-shift properties we have

y(n) =z xg(n)
=1[0(n)+d(n—1)4+d(n—2)]xg(n)
=g(n)+g(n—1)+g(n—2)
=1p(n)+1lo(n— 1)+ 1o(n —2)

0 ,n<0
)1 ,n=0
12 ,n=1

3 ,n>1

the result being sketched in the figure below.



n
9. Note that y(n) can be written in the form

y(n) = { : : nE A 1)+ 6 2) + 60— ) + 50— )

then by linearity and time-shift properties we have

2(n) = 2 y(n)
=[20(n) —d(n—1)—d(n+1)] *y(n)
=2y(n) —y(n—1)—y(n +1)
=20(n—1)+25(n—2)+25(n—3)+26(n—4)
—dn—2)—06(n—3)—d(n—4)—d(n—5)
—d6(n)—0(n—1)—d(n—-2)—n-23)
=—0(n)+d(n—1)+d(n—4)—(n—2>5)

as illustrated in the figure below.

10. We first observe that

_ Jcos(5n) ,k=5n
y(n) = {0 , otherwise

hence y(n) is periodic of period N = 20 with active values y(0) = 1 and
y(10) = —1 in a period, that is

y(n) = repynd(n) — 8(n — 10) .

In the convolution with z(n), by linearity and time-shift properties, as
already seen many times in the preceding exercises, we have

z(n) = x x y(n) = repygz(n) * [6(n) — 6(n — 10)] = repyyx(n) — x(n — 10)



so that, in the period n € [0,20), we have

()" ,n€l0,5)
2(n) = 0 ,n € [5,10)
()"0 | ne[l10,15)
0 , n € [15,20)

-

:V



FOUNDATIONS OF SIGNALS AND SYSTEMS
8.2 Solved exercises
Prof. T. Erseghe

Exercises 8.2

Solve the following;:
1. evaluate the circular convolution between the signals z(t) = rep, rect(t—1)

2
and y(t) = repgrect(t — 2),

2. prove that the circular convolution between 2(n) = repy xo(n) and y(n) =
repy Yo(n), has the form

z(n) = x *cir y(n)
= repNTo * Yo(n)
=z *xyo(n)

= X9 *y(?’l) )

3. evaluate the the circular convolution between the signals :(t) = 4A cos(27t)+
A and y(t) = sin(nt).

Solutions.

1. We have z(t) = rect(t — 3) and yo(t) = rect(t — 3), hence the circular
convolution provides

2(t) = @ *¢ir y(t)

= repso * Yo(t)

= repgtriang(t — 3 — 2)
repstriang(t — 3)

= repgtriang(t)

as illustrated in the figure below.

AAAAAANAAN

~ "



2. We follow the same procedure seen for the continuous-time, and write

z(n) = @ *cir y(n)

N-1
=) z(k)y(n —k)
k=0
N-1 [es)
= ( > xouc—ezv)) y(n =)
k=0 \l=—o0
oo N-1
= 3 S wolk - EN)y(n — k)
l=—o00 k=0
N—1—¢N

where we replaced m = k—/¢N and we exploited in the last equivalence the
periodicity of y(n). Hence, by observing that the sum in ¢ is combining
the sums of m over the entire time-axis, we can write

z(n) = & *cr y(n)

S wo(m)y(n —m)

m=—0o0

=To *y(n) )

which proves one of the results. By further expanding y in the form of a
periodic repetition we also have

z2(n) = o *cr y(n)

= Z xo(m)<z yo(n—m—fN)>

m=—0oQ I=—00

= Z < Z xo(m)yo(n—m—fN)>

{=—o00 \m=—o0

= Z l’o*yo(nng)

f=—o00
=repyTo * Yo(n)
thus completing the proof.

3. We preliminarily observe that the periodicity of x(¢) is T, = 1, and that
of y(t) is T, = 2, hence we take the common periodicity 7, = 2 in the



circular convolution. In this specific case, the best approach is to apply
directly the definition (with ¢, = 0) since the signals are not piecewise
defined. We obtain

z(t) = @ *eir y(t)

= /02x(u)y(t—u)du

= /0 [4A cos(2mu) 4+ A] sin(n(t — u)) du

2

_ % i [2ej27ru + 267j27ru + 1] [ejfr(tfu) . efjfr(tfu)} du

2
— %A [2ej7r(t+u)+267r(t—3u)+ej7r(t—u)

_ 2efj7r(t+u) . 2677r(t73u) _ efjﬂ'(tfu)] du

—A / [2sin(r(t + 1)) + 2sin(r(t — 3u)) + sin(r(t — u))] du
0
=0

since the three sinusoids in the integral have periods, respectively, of 2, %
(i.e., one third of 2), and 2.



FOUNDATIONS OF SIGNALS AND SYSTEMS
8.3 Homework assignment
Prof. T. Erseghe

Exercises 8.3

Solve the following;:

1. evaluate the circular convolution between two square waves of duty cycle
d; and dy, respectively, with d, + d, < 1, and generic period T},

2. evaluate the circular convolution between x(t) = 4A cos(2nt/T,) + A, and

a periodic signal y(t), defined in [—17,,, 3T,] as y(t) = 2cos(wt/T,),

3. evaluate the circular convolution between a signal x(n) periodic of period
N and defined in the period [0, N) as

and itself (self-convolution),

4. identify a periodic signals z(¢) whose circular self-convolution provides
z(t) = z * x(t) = repy, triang(2t/T), — 1).



Solutions.

1. The two square waves can be written as x(t) = repy, 2o(t) and y(t) =
repy, Yo(t) where

xo(t) = rect t (t) = rect t
0 - dpr ’ Yo - dyTp )

so that z(t) = x = y(t) = repy, zo * yo(t) where zo * yo is a trapezoid
with bases B = T,,(d, + dy) and b = T,|d, — dy|, and with height h =
T, min(d,, dy), thus providing the periodic signal z(¢) illustrated in the
figure below.

2(t)

[ SIS
v|w 4
Sk

2. We have y(t) = repy, yo(t) with
yo(t) = 2cos(nt/T,) rect(t/T,) ,
so that the circular convolution can be written in the form

2(t) = x *eir y(t)
=z *yo(l)
= yo * x(t)

_ /oo vo(u)z(t — u) du

" 2cos(mu/T),) [4A cos(2m(t — u)/T,) + A] du

Il

o=
-3

TP
[ej‘n-u/Tp + e—jTI"U./Tp] [26j27r(t—u)/Tp + 26—j27r(t—u)/Tp + 1] du

N[

I
N
—

N[ =
-3

N[
~

! [2eITR=0)/Ty | 9ein(Bu=20/T, | gimu/T,

I
N
—

N[ =
o3

+26j7r(2t73u)/Tp +267j7r(2t7u)/Tp + efjwu/Tp] du

I
N
e
-3

N[ =

[4 cos(mz2t) + 4 cos(m24=2t) 4 2 cos(m )] du
T, ? ! !



By solving the integral, we obtain

2(t) = @ *eir y(t)

AT, 3
— [4 sin(m22t) + 4 sin(r 22 4 QSin(WTlp)} 2

AT,
=7 [4sin(g — 2y 4 2sin(3F — QT—T;t) + 2sin(%)

m P
—d4sin(—5 - %) - %Sm(_%ﬂ %) — QSID(—%)}
AT,
—p {8005(%) — Scos(3H) + 4}
m p P
4AT,
- Tp [% cos(%) + 1}

3. We write z(n) = rep,, xo(n) with

1 ,nel0,K,] Y1 | Neven
= ’ ’ z K = 2
zo(n) {0 , otherwise v { y-3

so that z(n) = x *¢r 2(n) = repy o * zo(n) with

14+n , € [OaKw]
xo*xzo(n) =< 1+2K, —n ,n e (K;,2K,]
0 , otherwise

where
N —2 , N even
2K””{N—3 , N odd

so that there is no aliasing in the periodic repetition. The resulting signal
is illustrated for N even in the figure below (for N odd there would be
two zeros in a row separating the periodic repetitions).

z(n)

4. We look for z(n) = rep,, u(n) such that

_1
u * u(t) = triang (t lZTT’)>
2°p

which is an isosceles triangle with base T}, so that we can choose

1
u(t) = —A— rect (t 4Tp) )

T
1T, 3Ty



that is a square wave z(t) of duty cycle % The result is correctly scaled
since we can notice that

t t ) _ 1 : t
rect (ﬁ) * rect (%Tp> = 571} triang (%Tp) .




FOUNDATIONS OF SIGNALS AND SYSTEMS
8.5 Solved exercises
Prof. T. Erseghe

Exercises 8.5

Solve the following:

1. prove that a necessary and sufficient condition for a discrete-time filter to
be BIBO stable is that its impulse response is absolutely summable;

2. discuss the BIBO stability of a filter with impulse response g(n) = n cos(n7) 1o(n);

3. discuss the BIBO stability of a filter with impulse response g(t) = e~ cos(t) 1(¢).

Solution.
1. We proceed as in the continuous-time case. We first prove that an abso-
lutely summable g(n) identifies a BIBO stable system. We have

oo

S w(k)g(n— k)

k=—o0

Y le®)]-lg(n — k)|

k=—o0

< > Le-lgln—k)|

k=—oc0

—L, 3 g0l = LoL,

{=—00

ly(n)| =

IN

which proves BIBO stability. Conversely, we wish to prove that a BIBO
stable filter implies an absolutely summable g(n). To do so, we proceed
by absurd and assume L, = co. We then build a limited signal z(n) =
e~ 79(=") where g(n) = |g(n)|e’?™), which is a signal satisfying |z(n)| = 1.
This limited signal, however produces an output which is not limited at
n = 0, and in fact

y(0) = > w(k)g(0—Fk)
k=—oc0
= i e IVER) L g(—k)|e?? ()
k=—oc0
= > lg=k)l= Y lg(0) =Ly
k=—o0 t=—o0

where L, = oo, which is an absurd proving the result.



2. The causal filter g(n) = n cos(nf) 1o(n) is sketched in the figure below

g(n),

which reveals that the impulse response is not vanishing, and that its val-
ues tend to increase (to infinity) as n increases. Hence, it is not absolutely
summable and the filter is not BIBO stable.

3. This is a vanishing causal filter for which

L, [ g de

— 00

o)
:/ e " |cos(t)| dt
0

oo
S/ e~ tdt
0

1

which reveals a BIBO stable system. Note that we are not interested in
the true value of Ly, but rather on knowing if L, is finite or not, which
makes it useful also to work with bounds (thus simplifying calculations).



FOUNDATIONS OF SIGNALS AND SYSTEMS
8.6 Homework assignment
Prof. T. Erseghe

Exercises 8.6

For the following systems, state if they are LTI systems (filters). If so, identify
their impulse response, and exploit it to assess their memory and BIBO stability
properties:

1. the system with input/output relation
t+2
y(t) = 2/ r(u)e" " du — z(t +2) ;
t—2

2. the system with input/output relation
t—2

y(t) = 1(t - 2) [1 z(u)cos(t —u) du+3z(t—1);

3. the series of two filter with impulse responses g1 (n) = sin(8n) and ga(n) =
a”lp(n), -1 <a < 1;

4. the system with input/output relation

241
y(t) = /t w(u) e du —z(t — 2) ;

-1

5. the system with input/output relation

n—3
—(n—k)
y(n) = Z xz(k)e n>0
k=—10
0 n < 0;

6. the system with input/output relation

t—2
y(t) = / =) x(t4+2)dr+3x(t—="17);
7. the system with input/output relation

0 t<2
y(t) = "
cos(t + 2) - / z(r)dr t>2;

-1
8. the system with input/output relation

y(t) =z *g(t),  g(t) =sinc(8t) ;



9. the system with input/output relation

n—3

Z z(k)e~ "k >0

k=—o0

0 n < 0;

y(n) =



Solutions.

1. In this case, we can substitute the extrema of the integration by a rectan-
gular function, to have

y(t) =2 /OO x(u) - et rect(1(t — u)) du —z % 6_5(t) ,

— 00

which reveals the system as a convolutional (LTI) system with impulse
response

g(t) = e " rect(t/4) +0(t +2) ,
with extension e(g) = [—2, 2], hence it is a dynamic filter (but not causal),
which is also BIBO stable since

[e%e] &) 2
t)| dt = t)dt = etdt+1=e?—e24+1< 0.
lg(t)] g

oo o —2
The filter is real since g(t) is real valued (and positive).

2. In this case, we can substitute the extrema of the integration by two unit
step functions, to have

oo

y(t) =1(t — 2)/ z(u) l(u+1)-cos(t —u)l(t —u—2) du+3x x01(t) ,

— 00

but the integral cannot take the form of a convolution, hence the system
is not a filter.

3. In this case, we need to evaluate the impulse response by discrete-time
convolution, that is

g(n) = g2 * g1(n)

= Z aF lo(k)'?j[ejs("’k)_efis(nfk)]
k=—o0
j8n ) —j8n X ‘
O S e - S e
=0 J =0

1 ean 1 eijn

2j1—ae7® 2j1—aei®

Jj8n
_ x €
=3 —3
[1ae J }

By defining b =1 —ae 78 = |b| e/¥*, we have

1 .
g(n) = m sin(8n — )

which has extension e(g) = (—o0,00), and it is not vanishing hence it is
not absolutely summable. The filter is therefore not BIBO stable. It is
however real, since g(n) is real-valued.



. In this case, we can substitute the extrema of the integration by two unit
step functions, to have

y(t) = / 2(u) e L(u —t + 1) 1(2 —u — 1) du — o % 6a(t) ;
where the contribution 1(2¢ — u — 1) cannot be expressed as a function of
t — u, hence the system is not LTI.

. In this case, we can substitute the extrema of the integration by two unit
step functions, to have

oo

> a(k) 1ok +10) e F 1g(n—k—3) n>0

k=—oc0

0 n < 0;

y(n) =

where the contribution 1¢(k 4 10) multiplying z(k) makes the system not
LTT (a product by a waveform is linear but not time-invariant).

. In this case, we can substitute the upper extrema of the integration by
one unit step function, to have

y(t) = /00 2(u+2) eIt —u— 2) du + 3z * 07(t)

— 00

= / z(v) D1t —v) do + 3z % 67(1)

which reveals an LTT system with impulse response
g(t) =D 1) +35(t - 7)

which has extension e(g) = [0, 00), hence it is causal. The impulse response
is also real-valued, so the filter is real. However, the filter is not BIBO
stable since g(t) diverges for t — oo.

. In this case, we can substitute the extrema of the integration by two unit
step functions, to have
0 , <2

— 2 o0
y(t) = cos(t +2) - / e l(u+1) 1t —u—2)du ,t>2
which reveals that the system is not LTI because of the presence of a
product cos(t + 2) (linear but not time-invariant), and also because of the
contribution 1(u + 1) multiplying z(u) (linear but not time-invariant).

. In this case the system is evidently LTI with impulse response g(t) =
sinc(8t), it is also dynamic and real (since the impulse response is real-
valued). The system is, however, not BIBO stable since the sinc function
is not absolutely integrable. In fact, we have

oo o0
Ly = / |sinc(8t)| dt = %/ |sinc(u)| du = § Lsine

— 00 — 00



but

Lsinc = 2/ Sln(ﬂ—U) du
0 U
9] n+l -

sin(mu)

=2 d

S|
o0 n+1

sin(mu)

>2 d

= Z/ m(n+ 1)‘ !

where we exploited the inequality 1/u > 1/(n + 1) for u € [n,n + 1], and
where the divergence is ensured by the divergence of the harmonic series.

. In this case, we can substitute the upper extremum of the integration by
a unit step function, to have

o ak)e " Min-k-3) n>0
k=—oc0

0 n < 0;

y(n) =

which reveals a convolution with g(n) = e™™ - 1(n — 3) (casual and BIBO
stable) in the upper part, that is we have y(n) = 1p(n) - « * g(n), where
the multiplication by the unit step makes the system not LTI.



FOUNDATIONS OF SIGNALS AND SYSTEMS
9.3 Solved exercises
Prof. T. Erseghe

Exercises 9.3

Solve the following MatLab problem:

1.

Plot the signal s1(t) =
tanh(t — b) and s3(t)
time range [—10, 10].

tanh(t), as well as its time-shifted versions, sa(t) =
= tanh(t + b) with b = 3, in the same plot in the

Plot the one-sided exponential s(t) = e~ 1(¢) in the range ¢ € [—1,10].

Draw the (periodic) square-wave of period T}, = 3 and duty cycle d = .3
in the interval ¢ € [—4, 5].

Solution.

1.

The code can be pretty simple, the fundamental aspect being that of
correctly choosing a sampling spacing sufficiently small to capture the
hyperbolic tangent shape. In the code example this is set to 0.1. The
code can then read as follows

close all
clear all

clc

t = -10:.1:10;

b = 3;

s1 = tanh(t);

s2 = tanh(t-b);

s3 = tanh (t+b);
figure
plot(t,sl,t,s2,t,s3)
grid on

xlabel ('time [s] ')
ylabel ('signal')
title('tanh and its shifted versions')

% printing figure in png format

set (gcf, 'PaperUnits', 'inches', 'PaperPosition',[0 O
4 31)

print -dpng ex9_3_1.png -rl100

where the last part of the code is used to export the plot in png format.
This provides the following output



tanh and its shifted versions

1 > >
/ /
f
0.5 [
f
—-— I"
S o f
(=]
2 [
[
f
/
|
-0.5 |
1 S
10 5 0 5 10
time [s]

2. In this case we can use the vector t > 0 to set to 0 values at negative
times, to have the following result.

t = -1:.1:10;

s = (t>=0) .xexp(-t);
figure

plot(t,s)

grid on

xlabel ('time [s]')
title('one-sided exponential')

where the last part of the code is used to export the plot in png format.
This provides the following output

one-sided exponential

;
(!
.‘\
0.8 \
l‘l
\
0.6 \
\
0.4 \
\
\\.
0.2 \
0 1 1 \>\1 o S A
2 0 2 4 6 8 10

time [s]

3. In this case we define a function for the square wave depending on param-
eters T), (period) and d (duty cycle). This builds on the definition of rect,
which is defined according to the absolute value [¢|. In the definition of
the square wave, note how time is first reported to the period by ¢; = t/T,
(mod 1), then we exploit the fact that in the reference period the signal

behaves as rect(t/d) + rect((t — 1)/d).

t = -4:.01:5;
s = square_wave(t,3,.3);
figure



plot (t,s)

grid on

xlabel ('time [s]')
title ('square-wave')
axis ([x1lim -.1 1.1])

function s = square_wave(t,Tp,d)
tl = mod(t/Tp,1);

s = rect(tl/d) + rect((t1-1)/4d);
end

function s = rect(t)
s = (abs(t)<.5)+.5%x(abs(t)==.5);
end

square-wave

0.8

0.6

0.4

0.2




FOUNDATIONS OF SIGNALS AND SYSTEMS
9.4 Homework assignment
Prof. T. Erseghe

Exercises 9.4
Solve the following MatLab problems:

1. Plot the signal s(t) = tanh(¢) together with its time-shifted and scaled
versions tanh(at), tanh(t/a), tanh(at — b), tanh(at + b), tanh((¢t — b)/a),
tanh((t4b)/a) in the same plot in the time range [—10, 10], by using a = 2
and b = 6.

2. Plot the signal z(t) = tanh(t) together with its time-reversed and shifted
versions ¥y, (t) = x(u — t) with v an integer in the range [—9, 10]. Make
sure that each couple (x,y,) is plotted on a different area of a 4 x 5 grid,
and that the time span of each plot is [—10,10]. You will need to check
how a for cycle works to solve the exercise.

3. Consider the signals
x(t) =cos(2mt + 5), y(t) =sin(wot + 3),

and their sum z(t) = z(t) + y(t). Plot the three signals on two separate
subplots, one for wyg = 7 and one for wy = 2. Are the signals all periodic?
Why? Use MAtLab functions cos() and sin() for defining the signals.

4. Consider the complex exponential
s(t) = 10012 (1) |

by representing, in four separate subplots its real and imaginary parts, its
absolute value, and its phase. Use MatLab functions real(), imag(), abs(),
and angle().



Solutions.

1. The code can mimic that of Exercise 9.3.1, as follows

t = -10:.1:10;
a = 2;
b = 6;
figure

plot(t,tanh(t),...
the next line
t,tanh(a*xt),t,tanh(t/a),...
t,tanh(a*xt-b),t,tanh(a*xt+b),...
t,tanh((t-b)/a),t,tanh((t+b)/a))

grid
xlab

on
el ('time

[s1")

ylabel ('signal')
legend ('tanh(t) ', 'tanh(at) ', 'tanh(t/a)"',...
'"tanh (at-b) ', 'tanh(at+b)',...

"tanh ((t-b)/a)','tanh((t+b)/a) ")
title('tanh and its shifted/scaled versions')

h

<—-=

tanh and its shifted/scaled versions

this continues the code in

tanh(t)
tanh(at)
tanh(t/a)
tanh(at-b)
tanh(at+b)
tanh((t-b)/a)

tanh((t+b)/a) | 4

time [s]

In this case, since there are many subplots active, we can skip insering

xlabel and ylabel, and we can solve the dependence on integer u through
a for cycle. Note how the subplot position is here set to u + 10, ranging
from 1 to 20. Note also how we insert the value of w in the string title

through the map num?2str.

t = -10:.1:10;
figure
for u = -9:10

end

subplot (4,5,u+10)
plot(t,tanh(t),t,tanh(u-t))

grid on

title(['u

num2str (u)l)
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3. The key point of this exercise is to correctly choose the time span and the
time samples, here set to [—10, 10] and .01, respectively. We also note that
all signals are periodic except for z(¢) when wg = 2. Sinusoids are periodic
by construction, but their sum is only in case the pulsations are in rational
relation, which is true for 27 and 7, but not for 27 and 2. Observe also
how we can write wg and 7 in the title by exploiting the standard LaTeX
format.

t = -10:.01:10;

x cos (2%pixt+pi/2);
yl = sin(pi*t+pi/3);
y2 = sin(2*t+pi/3);
figure

subplot(2,1,1)
plot(t,x,t,yl,t,x+yl)
grid on

title ('\omega_0=\pi')
legend ('x(t) ', 'y(t) ", 'z(t)")
subplot(2,1,2)
plot(t,x,t,y2,t,x+y2)
grid on
title('\omega_0=2")



w°=1r
2 .
x(t)
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oIV )
-%10 -g 6 é 10
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oI AN
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4. The key point of this exercise is to correctly choose the time span and the
time samples, here set to [—1,5] and .01, respectively. We also note that
in the code we control the active area of each plot through the function
axis(), and we also force the grid in the plot of the phase to appear on
the values set by yticks() with labels set by yticklabels(). Observe how
function angle() reports the phase in the symmetric interval [—, 7].

t = -1:.01:5;

s = (£>=0) .xexp ((-1+1i*2*pi)*t);

figure

subplot(2,2,1)

plot (t,real(s))

grid on

axis([-1 5 -1.1 1.1]1)
title('real part')
subplot (2,2,2)

plot (t,imag(s))

grid on

axis([-1 5 -1.1 1.1]1)
title('imaginary part')
subplot (2,2,3)

plot (t,abs(s))

grid on

axis([-1 5 -.1 1.1])
title('absolute value')
subplot (2,2,4)

plot (t,angle(s))

grid on



yticks ([-pi,-pi/2,0,pi/2,pil)

yticklabels ({'-\pi','-\pi/2"','0","\pi/2"',"'\pi'})
axis([-1 5 -3.5 3.5])

title ('phase')

real part imaginary part

1 1
0.5 0.5

0 0 Norm~——
-0.5 -0.5
-1 1

0 2 4 0 2 4
absolute value phase

1 ™
0.5 0
-7/2
0 -




FOUNDATIONS OF SIGNALS AND SYSTEMS
10.2 Solved exercises
Prof. T. Erseghe

Exercises 10.2

Prove that the following Fourier series pairs are correct by either forward or
backward relation:
1. s(t) = combr, (t) = repy, 6(t) and Sy, = =,
2. s(t) =1 and S = 6(k),

s(t) = repq, rect(t/dT},) and S = dsinc(kd), for 0 <d <1,

@

4. s(t) = M sincpy (Mt/T,) = %, M = 142N, and Sy, = rect(k/M),

5. 5(t) = cos(nwot + ¢o) and Sy, = 3e79°5(k — n) + FeI¢05(k + n).
These are all fundamental Fourier pairs that must be kept in mind!!!
Solutions.

1. We evaluate the Fourier coefficients by applying the forward relation to

the comb, to have

to+Tp )
Sk = T/ repy, 0(t) e~ dhwot gt

p Jto
1
1 2% o
= Tp/lT repy, 6(t) e’ wol
~ir,

1
1 /2Tp , 1. 1
= — S(t) e Ikwot gr = —mdhwo0 — —
Ty J-ir, Iy Ty
where we used tg = —%Tp so that the integration range [—%Tp, %Tp] only

includes one delta of the comb, as illustrated in the figure below.

SENRENEES

2. In this case we evaluate the periodic signal by applying the backward
relation (Fourier series) to the Kronecker delta, to have

s(t) = Z 5(k) efkwot = gi0wot — 7

k=—o0



3. We evaluate the Fourier coefficients by applying the forward relation to
the square wave, to have

1 to+Tp ——
Sk = f/ repr, rect(ﬁ) e IRt dt

p Jio
12’ ik
= Tp/ . repy, rect(d%p)e kot gt
i,
1
12t —jkwot
= Tp/1T rect(ﬁ)e Jhwot (gt
i,

d
5T,
= i/Q g e—jkwot dt
Tp _ng

where we used to = —37,, so that the integration range [—37,, 37},] only
includes the rectangle centred at 0, as illustrated in the figure below.

, , [
7%Tp %Tp Ty t
i, 4,

By solving the integral we have
dT,
_p k=0
1y

S e g,
— 7 0
T, —jkwo —%Tp
d , k=0
= ejkw"%TP — eijk“’ong eIhdm — e=ikdm  gin(kdr)
= = k#0
JkwoT, 2j km km e

where we exploited woT, = 2m. Overall, the result can be compactly
expressed as
Sk = d sinc(kd) ,

which encompasses both the cases k = 0 and k # 0, since by definition it
is sinc(0) = 1.



Sk

k

. In this case we evaluate the periodic signal by applying the backward
relation (Fourier series) to

Sy, = rect(—fx) =

1 ,ke[-N,N]
142N

0 , otherwise

so that

N
S(t) _ Z ejkwot
k=—N
2N
— Z ej(m—N)wot
m=0
2N
— e—ijot Z(ejwot)m
m=0

Nl — i (142N)wot
— 5 wo
—e _

1 — ejwot

e—jNUJQt _ ej(l-‘rN)UJot e—j%wot

1 — ejw()t e*j%wot
e—d(3+N)wot _ oi(5+N)wot

e—j%th _ ej%th
B sin((% + N)wot) B sin(3 Mwot)

sin(3wot) B sin(3wot)

which is a periodic sinc function. By exploiting wy = 27/T,, we finally

have
sin(mMt/T),)

t =
5(®) sin(mt/T})
The signal is illustrated in the figure below for N = 10.

s(t) .

= MsincM(kT—it) .




5. We evaluate the periodic signal by applying the backward relation (Fourier
series) to have

s(t) = Z [%ej‘p(’(;(k —n)+ %eij“’“é(kz +n)| efkwot

k=—o00
1. 1.
= Zelvo gilnwot |~ o—jwo p—ijnwot

1

2
= cos(nwot + o)

6j”W0t+600) + Ee*j(’ﬂwotﬂpo)



FOUNDATIONS OF SIGNALS AND SYSTEMS
10.3 Homework assignment
Prof. T. Erseghe

Exercises 10.3

Solve the following;:

1.
2.
3.

evaluate the Fourier coefficients of x(t) = e/mwot,
evaluate the Fourier coefficients of x(t) = repy, d(t —t1),

evaluate the Fourier coefficients of z(t) = 3 —sin(2t)+4 cos(2t)+2 cos(6t—
1)

evaluate the Fourier coefficients of z(t) = | cos(27 fot)],
evaluate the Fourier coefficients of xz(t) = repy, triang(2t/T}),
evaluate the Fourier coefficients of z(t) = sin(wt) + cos?(37t),

evaluate the Fourier coefficients of z(t) = [cos(27 fot)]T, where [z]T =
2 - 1(x) is the positive part operator.



Solutions.

1. We evaluate the Fourier coefficients by applying the forward relation, to
have

LT ot koot
Sk = —/ el Mot e TIRWOL

TP 0
1 [T

— 7/ ey(m—k)wot dt
TP 0

_ Tipr s k=m
0 , k#m

where we exploited the fact that, for k& # m the complex exponential
el (m=k)wot has period T),/|m — k|, and its integration over [0,T}] (i.e., over
|m — k| > 1 periods) is zero. We can equivalently write

1
Sk.—?pé(k—m).

2. We evaluate the Fourier coefficients by applying the forward relation, to
have
to+T)p )
Sk = —/ repp 8(t —ty) e IR0t gy
TP to .
1 t1+%Tp )
= repy O(t —t1) e K0t gt
1, tlféTp !
1
1 t1+§Tp )
- — L dt—t) e~ Ikwot gy
TP t1—5Tp
i e Jkwoty

T ’

where we choose the period [t — %Tp,tl + %Tp] in such aa way that the
only active delta in the integration of repy, 6(¢t — t1) is 6(t — t1).

3. In this case, the signal is already written in the form of a Fourier series,
as one can appreciate by expanding the sinusoids through Euler’s identity,
to have

2(t) = 3 — sin(2t) + 4 cos(2t) + 2 cos(6t — g)

— 34 %6j2t _ %‘eszt 1 9ed2t 4 9e—i2t | oi(66=F) 4 —i(6t—F)
o C S i Lei
=3+ @2+ + 2 e+ HIN+ eI
where the active pulsations are 0, £2 and +6, hence we can set wg = 2
(that is T}, = 7) and write the signal as

o(t) =3+ (24 L) 70l 4 (2 — L) e7Iw0t 4 % el3wot 4 % e IBwot



so that

3 k=0
2+42 k=1
¥ 2-4 [ k=-
E= 1-j _
14j - _
7 , k=-3
0 , otherwise

. The signal x(t) = |cos(27 fot)| has period T, = 1/(2fy), so that wy =

21 /T, = 4rfo. We evaluate the Fourier coefﬁcients by applying the for-
ward relation, and integration over the period [—3T},, T,] where | cos(27 fot)| =
cos(27 fot), as illustrated in the figure below.

s(t) = | cos(27 fot)]

1 ‘ LT, 2T, t
_ 1 _ 1
T=am T =17
We obtain
1 [T "
Sk = | cos(2m fot )| e ~TFwot dt
T, L7

2

3Ty
= —/ cos(2m fot) e IRt gt

,_.

2 :D

_ 2T . [eJQﬂ'fot +e—j27rf0t] —jkwot dt
pJ=35T)
1 3Ty . )
- [ej(Qﬂfofkwg)t +67](27Tf0+kw0)t] dt
oT, | 1,
24p
o (27 fo—huwo)t 32 fotkwo)t 3Tp

32T, (2 fo — kwo) 52T, (27 fo + kwo) | _ 1,

l\')

We now solve the expression as a function of wg by recalling that 27 fy =



%wo and Tpwo = 2m, to have

i (3 —k)u itk |7
Sk = - 1 - 1

jar(3 — k)  jan(5+ k)|

eIG—Rm _ =ik o—j(3+k)T _ pi(5+k)m
T gt -k) jan(i+k)
B sin(m(3 — k)  sin(n(3 +k))
- 2n(—k) 2m(1 + k)
= 1 sinc(3 — k) + £ sinc(3 + k)

= N

sinc(k — ) + §slnc(k+)

We can further express the signal in compact form by expanding the sinc
functions, to obtain

sin(rk — §)  sin(rk + %)
2k —1)m 2k + )7
cos(mk) cos(mk)
2k-1)m  (2k+ )7

=

1 1
=@ s T @roe OV
_2(=D)F
(1 -4k

The resulting signal is depicted in the picture below.

Sku

SR I

. The signal is the periodic repetition of a triangle (with no aliasing), as
illustrated in the figure below.




Therefore, for k = 0 we have

[N

12 ,
Sk = T/ L triang 2t/T )e—]kwot dt

. i

7/ 1+ 2t —kaot dt + 7/2 _ 2t 6 —jkwot dt
9 37 i,
tekawot dt — tefjkrwot dt + L *J}Cwot dt

T2 /éTp T2 i,
2 (1 + jk‘th) e*jkwot 0 2 (]_ + jkat) efjkwot 3Ty o

(kwoTp)? -iT, (kwoT))? o

_ 4—(2 -l-jk’wQTp) e—ikwoTy _ (2- jkonp) el 5woTy
(kwoT)?

but, since woT}, = 2m, the result for k£ # 0 can be simplified in the form

4 — (24 j2rk) e IkT — (2 — jork) eIk

Sk = (2rk)2

_1-(=D*
(k)

since eX/*™ = (—1)k. For k = 0 it simply is Sy = m, = 3, so that

k=0

)—A[\)M—'

Sk = (—1)k

(mk)?

The resulting signal is depicted in the picture below.

L k#£0

Sku

SOOI

k

6. This is another example where the signal is can be easly written in the
form of a Fourier series, that is

x(t) = sin(nt) + C082(§7rt)
=sin(mt) + 1 + 1 cos(37t)

4 4
— 1l gmt 1 —gmt 1 4 1 g37t _ 1, ,—j37t
= 3;¢ 2; € +5+3e3 +35e 73



where the active pulsations are 0, £ and :I:%w, so that wg = %, that is
T, = 6. Therefore, we have

— i ]‘30.)01‘, _ i —j3w0t l l j4w0t l —j4w0t
x(t)—Qje 5;€ + 35+ 35e + 5e€

and therefore

5 L k=0,+4

_J -
X, =4 3 k=3

2 ,k—3

0 , otherwise

. The signal z(t) = [cos(2mfot)]" has period T, = 1/fo, so that wy =
21 /T, = 2mfy. We evaluate the Fourier coefficients by applying the for-
ward relation, and integration over the period [flTp, %Tp] where the signal

2
is active only in [—1T}, $T},] its value being cos(27 fyt), as illustrated in
the figure below.

s(t) = [cos(2m fot)] T

/\ /\

Therefore, by recalling that 27 fo = wy and woT}, = 27, we have

1 [T .
Sy = 7/ cos(wot) e kw0t gt
Tp _iTp
1 iTp
—— [e—j(k—l)wot +e—j(k+1)w0t] dt
2Tp _%Tp
eI (k=1)wot e—iktwot 7T
_](k - 1)2w0Tp _](k + ].)QOJOTP _1iT,

e—i(k=1u e—i(k+1)u Bl

= Tt —0r T Sk + Or |

Csin((k—1)3)  sin((k+1)3)
2(k — 1)m 2(k+ 1)m

= 1 sinc(3(k — 1)) + § sinc(5(k + 1))

jus
2

which is also valid at kK = +1. The resulting signal is depicted in the
picture below.






FOUNDATIONS OF SIGNALS AND SYSTEMS
10.5 Solved exercises
Prof. T. Erseghe

Exercises 10.5

Solve the following by exploiting the properties of the Fourier series:

1. prove that any real-valued continuous-time period signal of period 7}, can
be expressed through the (real-valued) trigonometric series

s(t) = Sy + Z 2|Sk| cos(kwot + 1), Sk = |Sk|el?* |
k=1

where Sy, are its Fourier coefficients and wy = 27/T),

2. evaluate the Fourier coefficients of s(t) = e/™“0! by exploiting the Fourier
couple z(t) = 1, Xy = §(k);

3. evaluate the Fourier coefficients of s(t) = repy, triang(2¢/T});

4. evaluate the Fourier coefficients of

s(t)

100 odn

=27

I

” :H

Solutions.

1. Being the signal real-valued, we exploit the Hermitian symmetry S, = S*
of the Fourier coefficients, that is S_i = S; = |Sk|e7¥* which also reveals
that Sp (the mean value) is real-valued. Hence, we can write the Fourier

series in the form
—1

Z Sk ejkwot + SO + Z Sk: e]kwot

k=—o0 k=1

o
=50+ Z[Sk elhwot 4 S_k eijkw()t]
k=1

o0
=S+ Z |5 |79 €7kt 4 gmion gmikwot]
k=1

=Sy + Z |Sk|[ej(kwot+¢k) + e—j(kw0t+¢k)]
k=1

=S5+ Z 2|Sk| cos(kwot + pr) -
k=1



2. Since s(t) = efmwot = gimwot .1 = eimwot . x(¢) we can exploit the modu-
lation property to state that Sy = Xx_, = 6(k — m).

3. The signal is the periodic repetition of a triangle (with no aliasing), as
illustrated in the figure below.

Since a triangle is the convolution between two identical rectangles, we can
recognise s(t) to be the self-circular-convolution s(t) = u *¢i; u(t) between
two square waves u(t) with duty cycle d = % (so that the duty cycle of
the triangle becomes 1). Specifically, we can set

1 t
u(t) =rep——rect | — | , d=
®) Tf dT, <dTp>

a choice ensuring that the triangle wave has height 1. The Fourier coeffi-
cients of u(t) are, straightforwardly,

)

(SIS

1
Up = —— dsinc(kd) ,

AT,
and from the circular convolution property we also have
Sy = T,U} = dsinc?(kd) = Lsinc?(%) .
This result corresponds to the outcome of Exercise 10.3.5, since

1 , k=0
Sy = (; , k # 0 and even

—RE . = Gapp o kodd

As an alternative way, we could have exploited the derivative z(t) = s'(t)
illustrated in the figure below




evidencing that

— () = 2 HiT) _ 2 t=3Ty
z(t) = s'(t) = repy, 7, rect ( I, ) 7 rect ( I,

whose Fourier coefficients are (by exploiting the result for a square wave
plus the time-shift property)
Lol
sinc(zk) [t Ty _ gmtundr,]
Ty

k

i lk * us y jus
— Sll’l(;j(;) [ejka _ efjkf]
_ 2jsin(k3) sinc(1k)
= T ,

where we also exploited the fact that wy7, = 27. By then inverting the
derivative rule, we have

My = % , k=0
Sk=19 X, _ sin(k})sinc(zk)

= Llsinc®(3k) ,k#0

jkwo km
which, again, provides the same result. Possibly, in this specific case, the

circular convolution approach is the preferred one.

. The signal s(¢) can be recognised to be the composition of three time-
shifted square waves of duty cycle %. Specifically, by denoting the reference

square waves of duty cycle % as

u(t) = repr, rect (ﬁ) , Uy =d sinc(kd), d= é ,

where T, = 8T, we can write
s(t) = u(t) + u(t — 2T) 4 u(t + 2T) ,
so that by use of the time-shift property we obtain
Sk = Ug + Up e /50T 4 U e7heo?T
= Ug[1 + 2 cos(kwo2T)]
= Ug[1 + 2cos(kT)]
=1 sinc(%) [1+2cos(k7)]

where we exploited wyg = 27/T, = 7/(4T"). The resulting signal is depicted
in the picture below.



Slm

Note that s(¢) is real and even, and therefore also Sy is real and even.

As an alternative solution, we could have noted that s(t) is almost a square
wave of duty cycle % and period 27T. Specifically, by denoting the square

wave of duty cycle 5 as
v(t) = repyp rect (%) , Vi = % sinc(g) ,

we have
s(t) = v(t) — u(t — 47)
whose Fourier coefficients are

Vi , k=4m

_ 7 _ —jkwodT o
S = Vi = Ure ’ Vi {0 , otherwise

where the Fourier coefficients Vj, are those relating to the period T}, = 8T,
which is 4 times the minimum period of v(t). By recalling wy = 27/T, =
w/(4T), we further have

Sp = Vi — Up (—1)F

1 k
1k k14 ] g osine(g) L k=dm
_1 Ey(-1 2 ¢
g sinc(g) (=1)"" + { 0 , otherwise
3 k=4m
_ 1 kY. ’
= g sinc(g) { (—=1)F1 | otherwise

which corresponds to the result previously found. Note, however, that the
de-periodisation property might be tricky to be correctly used.



FOUNDATIONS OF SIGNALS AND SYSTEMS
10.6 Homework assignment
Prof. T. Erseghe

Exercises 10.6

Solve the following by exploiting the properties of the Fourier series:

1. evaluate the Fourier coefficients of s(t) = repy, 0(t — 1) by exploiting the

Fourier couple z(t) = repy, 8(t), Xy = T%;

2. evaluate the Fourier coefficients of s(t) = [sin(27 fot)]", where [z]T =
2 - 1(x) is the positive part operator, by exploiting the product property;

3. evaluate the Fourier coefficients of the saw-tooth waveform

4. evaluate the Fourier coefficients of s(t) = z(t) cos(10wot) with

Xy

5. evaluate mean value and power of the signal s(t) = 2 sin(t)/sin(Z¢);

6. identify the analytic expression of a signal s(t) which is real and odd, has
period T, = 2, has Fourier coefficients S = 0 for |k| > 1, and has power
P, = 17

7. identify the analytic expression of a signal s(¢) which is real and even, has
period T, = 2, has Fourier coefficients S, = 0 for |k| > 2, has mean value
ms = —1 and power P; = 11, and such that the signal z(t) = s'(t) has
Fourier coefficients for kK = £2 of the form Xs = j27 and X_, = —j2m;



8. which of the following signals are real, and which are even?

100

Sl(t) _ Z ej27"5%t
k=0
100
s9(t) = Z cos(k) /2750t
k=—100
100

s3(t) = Z jsin(k:g)eﬂ”%t

k=—-100



Solutions.

1. Since s(t) = x(t—t1) by the time-shift property we have Sy, = X e~ 7Fwot1 =

1 o—jkwots

T, :

2. The signal x(t) = [sin(27 fot)]" has period T, = 1/fo, so that wy =
21 /T, = 27 fy, and is illustrated in the figure below.

s(t) = [sin(27 fot)] T, rect (t;?Tp)
/\ N /\
; ip % T, ' ‘t

As one can appreciate from the figure it can be written as the product
s(t) = z(t)y(t) between

X = g50(k —1) = 3:0(k + 1)

.T(t) = Sin(wot) Yk _1 SinC(E)eijka%Tp

t—1ir 2 27

y(t) = repr, rect ( 1; p) = %sinc(g)eﬂk%
2°p . .

— Lsine(}) (—)*

where we exploited the known results of the Fourier coefficients for a si-
nusoid and the square wave, plus the time-shift rule. Hence, the Fourier
coefficients of s(t) are straightforwardly derived by exploiting the property
that a product in time involves a convolution in the Fourier domain, to

have
S =X x Yy
= i XmYk—m
= S [00m— 1) = £3(m + 1) Lsine(L(k - m)) ()
= Lsine(3(k — 1)) (—)* " = & sine(4(k + 1)) ()
= [i sinc(%(k‘ -1)+ %sinc(%(k‘ + 1))] (—5)F

where we use the sifting property of the Kronecker delta. The resulting
signal is depicted, separately in its real and imaginary parts, in the picture
below, where we note how (thanks to the Hermitian symmetry) the real
part is even symmetric and the imaginary part odd symmetric.



R[Sk] 3[Sk]

T

Incidentally note that z(t) = [cos(27 fot)]t = s(t + 17T},), so that
Zy, = Sy 01Ty = 8y (j)F = Lsine(L(k — 1)) + Lsine( (k + 1))
which corresponds to the outcome of Exercise 10.3.7.

. For the saw-tooth waveform, which is a linear-piecewise function, the eas-
iest approach is that of the derivative x(t) = §'(t), illustrated in the figure
below

z(t) = s'(t)4

TTTT T

for which we have

x(t)=s({t)=1- r§p5(t) : Xp=06k)— & =0d(k)—1,

Tp
p

since the period is T, = 1 (hence wy = 27). By inverting the derivative
we find

My = % , k=0

Sk = X -1 j
k X _ L _J g

jkwo  j2mk 27k
The resulting signal is depicted, separately in its real and imaginary parts,
in the picture below, where we note how (thanks to the Hermitian sym-
metry) the real part is even symmetric and the imaginary part odd sym-
metric.

S[Sk]
R[Sk



4. In this case we can exploit the multiplication property s(t) = z(¢)y(t)
giving S = X, * Yy, where

y(t) = cos(10wot) , Vi = 16(k —10) + 16(k + 10) ,
so that
Sk = Xk * Yk
= Z Yka—m
= > [36(m —10)+ $6(m + 10)] Xj_p,

1 1
= 5Xk-10 + 3Xk+10

providing the result displayed in the figure below.

Sk

10 k

5. Evaluating mean value and power by integration is impossible since a
primitive can be hardly identified. Therefore, we proceed by inspection of
the Fourier coefficients. We observe that the signal can be written in the
form

s(t) = 3sincs (1) ,
which is a signal of period T}, = 5, and from standard Fourier couples (see
also Exercise 10.2.3) it is

S, = % rect(

otz

)_{g Jkel-2,2]

" 10 , otherwise

Therefore, we have

mS:SOZ

alw

, pSZES:Z\5k|2:5.|g|2:%
k

6. Being the signal real and odd, its Fourier coefficients are Hermitian and
odd, that is imaginary and odd. Since it is Sy = 0 for |k| > 1, only
two coeflicients are active (it is Sp = 0 because of the odd symmetry), as
illustrated in figure where the odd and imaginary symmetry is evidenced.

Sk
A

—]A



Hence, we have
s(t) =jA elwol _ jAe w0l — 94 sin(wgt) = —2Asin(7t) .

where we exploited the fact that the period is T), = 2 to set wy = 27/T}, =
7. The value of A can be finally identified through the power, top have

Py =1(24)* =24*=1
providing A% = 1 and A = +£1/v/2, so that
s(t) = £V2 sin(nt) .
7. Being the signal real and even, its Fourier coefficients are Hermitian and
even, that is real and even. Since it is S, = 0 for |k| > 2, and we also

know that Sy = m, = —1, then the Fourier coefficients are as displayed
in the figure below.

The value of S9 = B can be inferred from the Fourier coefficients of the
derivative, that is

Xo=5 - -2wy=42rB=j2r — B=1

where we exploited the fact that the period is T), = 2 to set wy = 27/T}, =
7. The value of A can be instead inferred from the power, providing

P, =1+42B>+2A%=3+24% =11,
evidencing that A% = 4, that is A = +2. As a consequence, we have

s(t) = -1+ Ae?™ 4 Ae ™ 4 Bel?™ 4 B eI
= —1+ 2Acos(nt) 4+ 2B cos(27t)
= —1 £ 4cos(nt) + 2 cos(2nt)

8. Signal s; is neither real nor even, since its Fourier coefficients

(1, kel0,100]
Sk = {0 , otherwise



do not have any symmetry with respect to the reversal of index k. For
signal so, instead, we have

g — cos(km) , k€ [—100,100]
=0 , otherwise

where cos(k) is real and even, hence the Fourier coefficients are real and
even, and so is the signal by the properties of symmetries. For signal s3,
finally, we have

S, = jsin(k%) ke [—1'00, 100]
0 , otherwise

where jsin(k%) is imaginary and odd, hence the Fourier coefficients are

imaginary and odd, which corresponds to a signal that is real and odd in
the time domain. In fact real and odd in the time domain implies Her-
mitian and odd in the Fourier domain, this being equivalent to imaginary
and odd.



FOUNDATIONS OF SIGNALS AND SYSTEMS
11.2 Solved exercises
Prof. T. Erseghe
Exercises 11.2

Solve the following MatLab problems:

1. Consider the signals

—1on=-1 1 n=>0
3 n=>0 9 n—1
2 n=2

0 otherwise 0 otherwise
Plot the signals as well as their convolution y(n) = z % g(n) in different
subplots.

2. Evaluate numerically the convolution between the signals z(t) = g(t) =
rect(t — 1) and check that the result is y(t) = z * g(t) = triang(t — 2).
Choose a very small sampling spacing T to get an accurate result.

Solutions.

1. In the code we first define samples of  and g together with their sample
time, then y is obtained by convolution and its sample times are built using
the extension of convolution by using the starting elements nz(0) + ng(0)
and the ending elements nz(end) + ng(end) of the arrays (here end is a
keyword indicating the last element).

x = [-1,3,-5,2];

nx = -1:2;
g = [1’2:_1]’
ng = 0:2;

y = conv(x,g);
ny = nx(1)+ng (1) :nx(end)+ng(end) ;

figure
subplot(2,2,1)
stem(nx,x)
grid
xlabel('n")
ylabel ('x(n) ")
subplot (2,2,2)
stem(ng,g)
grid
xlabel('n")



ylabel('g(n) ")

subplot(2,1,2)

stem(ny,y)

grid

xlabel('n")

ylabel ('y(n)=x*g(n)")
sgtitle('discrete-time convolution')

We also note how sgtitle draws a title for the entire figure.

discrete-time convolution

5 2
3 .
€ oI e
3 o 0
-5 S 1 &
-1 0 1 2 0 1 2
n n
10 ¢
o
o
¥ og—o—2 \
z
>
-10 . : & . E
-1 0 1 2 3 4

. Weset T' = 0.01 and the range for both = and g (which are equal) to [—1, 3].
The numerical convolution conv is multiplied by 7' to obtain a correct
approximation of the continuous-time convolution, and the extension of
signals is set by the rule on the extension of convolution, as in the previous
exercise. The true convolution, here named -, is calculated via a triang
function defined at the end of the script, in a way similar to the rect
function. Note the perfect accordance in the lower plot. You can try to
modify the value of T, e.g., to T = 0.1, to see how some errors arise.

T = 0.01;

tx = -1:T:3;

x = rect(tx-1);
tg = -1:T:3;

g = rect(tg-1);

y = Txconv(x,g);

ty = tx(1)+tg(1) :T:tx(end)+tg(end);
y2 = triang(ty-2);

figure

subplot (2,2,1)
plot (tx,x)
grid
xlabel('t")
ylabel ('x(t) ")
subplot (2,2,2)
plot (tg,g)



grid

xlabel('t")

ylabel ('g(t) ')

subplot(2,1,2)

plot(ty,y,ty,y2)

grid

xlabel ('t"')

ylabel ('y(t)=x*xg(t)"')

legend ('via MatLab','true signal')
sgtitle('continuous-time convolution')

function s = triang(t)

s = (abs(t)<1).x(1-abs(t));
end

function s = rect(t)

s = (abs(t)<.5)+.5*x(abs(t)==.5);
end

continuous-time convolution
1 1

0

via MatLab
true signal

x(t)

-

y(t)=x"g(t)
[=]

o
'




FOUNDATIONS OF SIGNALS AND SYSTEMS
11.3 Homework assignment
Prof. T. Erseghe

Exercises 11.3
Solve the following MatLab problems:

1. Evaluate numerically the convolution between the signals z(t) = g(t) =
sinc(t) and check that the result is y(t) = z*g(t) = sinc(t). Choose a very
small sampling spacing T to get an accurate result.

2. Insuline secretion rates can be measured by the hormone’s C-peptide lev-
els. Let x(t) be the C-peptide pancreatic secretion, normalized by vol-
ume and measured in [pmol/L/min], and y(¢) the plasma C-peptide con-
centration, measured in [pmol/L]. These can be related through a filter
y(t) = x * g(t) with impulse response

g(t) = (0.76 e +0.24e~ ") 1(¢) ,

where @ = 0.14 [min™!], and b = 0.02 [min~!]. Compute numerically
the concentrration level y(¢) when the secretion is the one available in file
ex11_3_2.mat, sampled by 7' = 1 min in the range [0,420] min. How does
the result change for b = 0.2 and b = 0.002? Provide a multiple plot of z,
g, and y that compares the three cases.



Solutions.

1. The code can mimic that of Exercise 11.2.2, as follows, where we used the
time span [—20, 20] for the sinc.

T = 0.01;
tx = -20:T:20;

x = sinc(tx);

tg = -20:T:20;

g = sinc(tg);

y = T*conv(x,g);

ty = tx(1)+tg(1) :T:tx(end)+tg(end);
y2 = sinc(ty);
figure

subplot(2,2,1)

plot (tx,x)

grid

xlabel('t")

ylabel ('x(t) ")

subplot (2,2,2)

plot(tg,g)

grid

xlabel('t"')

ylabel('g(t) ")

subplot(2,1,2)

plot(ty,y,ty,y2)

grid

xlabel('t")

ylabel ('y(t)=x*xg(t) ")

legend('via MatLab','true signal')
sgtitle('continuous-time convolution')

Note how the result is accurate only in the range [—10, 10], due to the fact
that, although decaying, the sinc function is a slowly decaying function
which is not zero outside the considered interval.



continuous-time convolution
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2. This exercise repeats the standard aspects of numerical convolution, with
the usual product of conv by T'. Note that we selected for g(t) the same
interval as z(t), namely [0,420] min, and that we showed the convolution
result only in this range since, outside the range, the convolution values
assume z(t) = 0, which is not the case (the ending level of x(¢) is about
50, as one can infer from the first plot).

load('ex11_3_2.mat') % defines T, x, tx
tg = 0:T:420; ) we use the same range of x

gl = .76xexp(-.14xtg)+.24%exp(-0.2%tg);
yl = T*conv(x,gl);

ty = tx(1)+tg(1) :T:tx(end)+tg(end);

g2 = .76*xexp(-.14xtg)+.24*xexp(-0.02%tg);
y2 = T*conv(x,g2);

g3 = .76*xexp(-.14xtg)+.24*%exp(-0.002%tg);
y3 = T*conv(x,g3);

figure

subplot(2,2,1)

plot (tx,x)

grid

axis ([0 420 ylim])

xlabel ('t [min]"')

ylabel ('x(t) [pmol/L/min]"')
title('pancreatic secretion')
subplot (2,2,2)
plot(tg,gl,tg,g2,tg,g3)
grid

axis ([0 420 ylim])

xlabel ('t")



ylabel ('g(t) ")

legend('b=0.2"','b=0.02"','b=0.002")

title('filter response')
subplot(2,1,2)
plot(ty,yl,ty,y2,ty,y3)

grid

axis ([0 420 ylim])
xlabel('t")

ylabel ('y(t) [pmol/L]")
title('plasma concentration')

sgtitle('hormone C-peptide kinetics')

hormone C-peptide kinetics
pancreatic secretion

filter response

200 17

= ———b=02
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2 \
= 50 — \
x N

0 0 ==

0 100 200 300 400 0 100 200 300 400

t [min] t
plasma concentration
6000 : . :

)
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£
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FOUNDATIONS OF SIGNALS AND SYSTEMS
11.5 Solved exercises
Prof. T. Erseghe

Exercises 11.5
Solve the following MatLab problems:

1. Consider a rectangular wave of period 7, = 5 and duty cycle d = %, and
its truncated Fourier series

N
; 2
sn(t) = Z ay efFwot gy = ?ﬂ- , a = d sinc(kd) .
k=—N p

In the same plot, show how the truncated series approximates the square
wave for N = 5,10, 20, 50, 100, 200, and observe the Gibbs phenomenon in
the range [0, %Tp]. Use a very small sampling spacing T for the represen-
tation in MatLab.

2. Consider again a rectangular wave s(t) of period T, = 5 and duty cycle
d= % and its truncated Fourier series

N
_ Jkwot _ 27
sn(t) = Z a e p W=
k=—N p

where the Fourier coefficients are now approximated via the numerical

integration
1 Ty " 1 M-1 .
ay = 7/ s(tye hotdt ~ by = — - T s(nT) e~ dkworT |
TP 0 Tp 712220

for T = T,/M and a large M indicating the number of samples in the
period. Compare, for N = 100, the different output obtained by the
true coefficients a; and the approximated coefficients by, using M =
200, 500, 1000.

Solutions.

1. In the code we first define constants and set the sampling spacing to a
very small value to fully capture the Gibbs phenomenon. The different
truncated series are obtained by a loop in N. Inside this loop, the trun-
cated series is computed by first initializing a vector to zero values, and
by then adding the contribution of each single Fourier coefficient, which
is performed through a cycle in k. Before plotting, the imaginary part is
removed, since this only accounts for numerical errors. The plots super-
position is obtained by freezing the figure through an hold command.



Tp = 5; ) period

d = .5; % duty cycle

om0 = 2%pi/Tp; ) omegal

T = 0.001; % sampling spacing

t = 0:T:Tp/2;
square_wave (t,Tp,d) ;
figure

plot(t,s)

grid

axis ([0 Tp/2 -.2 1.2]1)
xlabel ('t"')

ylabel ('s(t) ")

hold on

n
I

for N = [5,10,20,50,100,200]
tfs = zeros(size(t)); % truncated Fourier
series
for k = -N:N 9 cicle on coefficients
ak = dx*sinc(k*d); Y% Fourier coefficient
tfs = tfs + ak*exp(lix*kxomO*t);
end
tfs = real(tfs); 7 prevent numerical errors
plot (t,tfs)
end
legend ('N=\infty','5',"'10','20"','50"',"'100"',"'200")
title('truncated Fourier series')

function s = square_wave (t,Tp,d)
tl = mod(t/Tp,1);

s = rect(tl/d) + rect((t1-1)/4d);
end

function s = rect(t)
s = (abs(t)<.5)+.5*%(abs(t)==.5);
end



0.8

06

s(t)

04

02

truncated Fourier series

N=oc

10 1
20
50
100 |
200

2. This exercise repeats the previous one in its first part, then re-evaluates the
coefficients by numerical integration trough a cycle on M where samples
nT and s(nT) are first stored, then used for calculating the approximate
coefficients through a sum. The plot is zooming on the signal part that
better evidences details, to appreciate how only M = 1000 is able to

closely match the true result.

number of Fourier coefficients

Tp = 5; % period

d = .5; 7 duty cycle

om0 = 2%pi/Tp; ' omegal

T = 0.001; 7 sampling spacing
N = 100; %

t = 0:T:Tp/2;

s = square_wave(t,Tp,d);
figure

plot(t,s)

grid

axis([1 1.3
xlabel ('t')
ylabel ('s(t)"')
hold on

.85 1.15])

% true coefficients

tfs zeros (size(t));

for k -N:N %
ak d*sinc (k*d) ;
tfs tfs +

A

cicle on

%

end
tfs

real (tfs);

truncated Fourier series
coefficients
Fourier coefficient

ak*exp (1i*k*om0O*t) ;

% prevent numerical errors



plot (t,tfs)

% numerical coefficients
for M = [200,500,1000]

tfs = zeros(size(t));  truncated Fourier
series

nT = (0:M-1)*Tp/M;

snT = square_wave(nT,Tp,d);

for k = -N:N % cicle on coefficients

bk = sum(snT.*exp(-1li*xk*omO*nT))/M;
tfs = tfs + Dbk*exp(li*k*xomO*t);

end
tfs = real(tfs); ' prevent numerical errors
plot (t,tfs)

end

legend('signal', 'true coefs', 'M=200"','M=500"','M

=1000")
title('approx truncated Fourier series')

function s = square_wave(t,Tp,d)
tl = mod(t/Tp,1);
s = rect(tl/d) + rect((ti1-1)/d);

end

function s = rect(t)

s = (abs(t)<.5)+.5%x(abs(t)==.5);
end

115 approx truncated Fourier series

signal
true coefs

M=200
R M=500
M=1000

1.05 /\ .

7[x§7[1\7fl\7/1\7 1
J

0.95 [ 1 b

s(t)

09 b

0.85



FOUNDATIONS OF SIGNALS AND SYSTEMS
11.6 Homework assignment
Prof. T. Erseghe

Exercises 11.6
Solve the following MatLab problems:

1. Consider the triangular wave

s(t) = rep triang(ﬁ) ,

Ty

period T}, = 5 and duty cycle d = %, and its truncated Fourier series

N
. 2
sn(t) = Z ay 7Rt g = % , ay, = dsinc?(kd) .
k=—N p

In the same plot, show how the truncated series approximates the square
wave for N = 5,10,20,50,100,200 in the range [0, %Tp]. Can we see
the Gibbs phenomenon? Use a very small sampling spacing T for the
representation in MatLab.

2. Consider a periodic signal of period T}, = 3, defined in a period as

t 0<t<1
s(t):{l 1<t<?2
0 2<t<3

so that in MatLab we can have

function s = signal(t)

t1 = mod(t,3);

s = tl.x(t1<1) + (£1>=1) .%(t1<2);
end

Evaluate its Fourier coefficients by resorting to numerical integration, as
in Exercise 11.5.2, with M = 103 and 10*, and show the corresponding
truncated Fourier series for N = 100. Is the Gibbs phenomenon visible?
Where?



Solutions.

1. The code can mimic that of Exercise 11.5.1, but since the triangular wave
has no discontinuities, no Gibbs phenomenon can be observed.

Tp = 5; % period

d = .3; 7 duty cycle

om0 = 2%pi/Tp; ) omegal

T 0.001; % sampling spacing

t = 0:T:Tp/2;

s = triang_wave(t,Tp,d);
figure

plot(t,s)

grid

axis ([0 Tp/2 -.2 1.2])
xlabel ('t')
ylabel('s(t)"')

hold on

for N = [56,10,20,50,100,200]
tfs = zeros(size(t)); % truncated Fourier
series
for k = -N:N % cicle on coefficients
ak = d*sinc(k*d)~2; % Fourier coefficient
tfs = tfs + ak*exp(li*kxomO*t);
end
tfs = real(tfs); % prevent numerical errors
plot (t,tfs)
end
legend ('N=\infty','5',"'10','20"','50"',"'100"',"'200")
title('truncated Fourier series')

function s = triang_wave(t,Tp,d)

tl = mod(t/Tp,1);

s = triang(til/d) + triang((tl1-1)/d);
end

function s = triang(t)
s = (abs(t)<1).*x(1-abs(t));
end



truncated Fourier series

N=oc

10 1
20
50
100 |
200

s(t)

2. This exercise repeats tExercise 11.5.2 by substituting the signal values.
Note that with M = 10? we already obtain a very reliable result, showing
that the Gibbs phenomenon only appears at discontinuities.

Tp = 3; % period
om0 = 2%pi/Tp; ' omegal

T = 0.001; % sampling spacing

N = 100; % number of Fourier coefficients
t = 0:T:Tp;

s = signal(t);

figure

plot (t,s)

grid

xlabel ('t"')
ylabel ('s(t) ")
hold on

% numerical coefficients
for M = [1e3,1e4]
tfs = zeros(size(t)); % truncated Fourier
series
nT = (0:M-1)*Tp/M;
snT = signal (nT);
for k = -N:N % cicle on coefficients
bk = sum(snT.*exp(-1ixk*xomO*nT))/M;
tfs = tfs + Dbk*exp(lixk*omO*t);
end
tfs = real(tfs); 7 prevent numerical errors
plot(t,tfs)



end
legend('signal','M=1000",'M=10000")
title('approx truncated Fourier series')

approx truncated Fourier series

1.2
signal
| M=1000
1 - PRNEIISSSIUSUSSVY V. M=10000 -
08 1
06 1
@
04 / 1
02 B
or LT PP VOPUUPI S—
0.2 | | | | |
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FOUNDATIONS OF SIGNALS AND SYSTEMS
12.2 Solved exercises
Prof. T. Erseghe

Exercises 12.2

Prove that the following discrete Fourier transform pairs are correct by either
forward or backward relation:

1.
2.

3.

s(n) =1 and S = repyd(k),
=repyd(n) and Sy = +,

s(n) =repyrect(£), N > M =1+ 2K, and Sy, = 4F sincy, (22),

Si = 1e??°comby (k — m) + se /¥ comby (k 4+ m) .

Solutions.

1.

In this case we evaluate the periodic signal by applying the backward
relation (DFT series) to the comb, to have

N-1
s(n) = rep O (k) Ih
k=0
N-1
=Y o(k) PR
k=0
=0T =1

where we exploited the fact that the only active element of the comb in
[0,N) is §(k).

We evaluate the DFT coefficients by applying the forward relation to the
comb, to have

=

repo(n) AR

Sk =

2=
=3
Le

§(n) e kT

n

o_ 1

N k)
where we exploited the fact that the only active element of the comb in
[0,N) is §(n).

0
k

94

2= =z[=

e J



3. We evaluate the DFT coeflicients by applying the forward relation to the
square wave. We observe that

ny_J1 ,ne [-K, K]
rect(57) = {O, otherwise

and that, thanks to N > M =1+ 2K there is no aliasing in the periodic
repetition, as illustrated in the figure below.

s(n)

—-K K N n

Hence, we can choose the period [-K, N —1— K] as a reference, to include
only the rectangle centred at 0. We have

N—-1-K

Sk = % Z rep v rect (1) IR RN
n=—K
1 X
= N Z efjk%rn
n=—K

1 2K
= — Z e_jk%(m_K)
N m=0

Ik K 2K

=5 D ()

m=0

IRRFE | _ o—ik%F(1+2K)
N 1—e k%

ejkzﬁﬂ(l“rl{) — efj 2

=
£
fo
+
s}

=~ =2~ 2|~
2
E
=
S Elp
o
_"_
=

2
&2
=

in(km
The resulting signal, which is a sampled periodic sinc of the form

sin(ma)

M —
Msin(r+5) "’

S = % sinca (k) sincys (z)

is illustrated in the figure below.



. In this case we could either evaluate the periodic signal by applying the
backward relation (DFT series), or, more simply, exploit the symmetry
rule from the result of the previous exercise that we write in the form

z(n) = Nrepy rect (%)
X = M sincy (% k)

to have
s(n) = X, = M sincy (¥n)
1
Sy = —x(—k) = repy rect (1)
N
. We evaluate the periodic signal by applying the backward relation (DFT
series) to have

no+N—1
s(n) = Z [%ejworepNé(k —m) + Se7/orepyS(k + m)} eIh
k=ng
m+N-—1 —m+N-—1
7S oty TS ] ot
k=m k=—m

) on iy .
:%eywoeamNn+%e Jpo g—imEn
= cos(mZEn + ¢o)

where we used two different values of ngy, namely ng = £m, for the two
comb functions.



FOUNDATIONS OF SIGNALS AND SYSTEMS
12.3 Homework assignment
Prof. T. Erseghe

Exercises 12.3

Solve the following;:

1.
2.
3.

evaluate the DFT coefficients of z:(n) = e/,
evaluate the DFT coefficients of z(n) = repy d(n — nq),

evaluate the DFT coefficients of
x(n) =3 —sin(Zmn) + cos(2mn) + 2cos(tmn — 5,

evaluate the DFT coefficients of z(n) = | cos(Zmn)|, with M multiple of
4, by taking care of choosing a proper period for the sum,

evaluate the DFT coefficients of z(n) = cos(2mn) + sin2(%7m).



Solutions.

1. We observe that the signal is already in DFT series form, with only one
coefficient active, the one for k = m, that is

Sk =repyo(k —m) .

2. We evaluate the DFT coefficients by applying the forward relation, to have

1 no+N—1 .
Sk = N Z repyd(n —nl)e IFN™
no

ni+N-—1
. 2m
E d(n ye ikwn
N

1 _
= —e

N

jkzﬁ"nl
where we choose the period [n1,n1 + N) in such a way that the only active
delta in the integration of repyd(n — nq) is d(n — nq).

3. In this case, the signal is already written in the form of a DFT series, as
one can appreciate by expanding the sinusoids through Euler’s identity,

to have
1
x(t )737s1n( )Jrcos( =mn) + 2cos(zmn — )
=3— LW 4 Lei25n 4 Ledtifn 4 LemitiEn

om_m om_m
+ I (EFn—%) + e i(5Gn—%)

where the complex exponentials have been already written in a form that
reveals that the period is N = 10. Hence, by inspection we have

3 , k=0 (mod N)
e 7% k=1 (mod N)
e/t k= —1 (mod N)

X, =<1 , k=2 (mod N)
—% , k=—2 (mod N)
i , k= =+4 (mod N)
0 , otherwise

where we incidentally observe the presence of an Hermitian symmetry
(since the signal is real-valued).

4. The signal z(t) = |cos(3Zn)| for M even has period N = 4L, since this
provides a shift by . We evaluate the DFT coeflicients by applying the
forward relation, and integration over the period [§, 5) = [, &) where
| cos(32n)| = cos(2Zn), as illustrated in the figure below.



1S 2 K2z 1 k
== cos(£En)e™? == cos(2n) e PN
Nn:_ﬂ N =y
2 2
1 £ ,
e X e
n=—%
N
LS i3 (k+)3
- eI (k= N7L+e—j Nn.
2N

where in the second line we exploited the fact that cos(%n) is zero for n =
%. We now solve the expression by resorting to the truncated geometric
series, to have

N
1 Ci(h— )2 (I (k)25 (I
Sk:ﬁze J(k 2)]\]( 2)+e ](k+2)N(m 2)

i(k—i)ym N i(k+3)m N .
m:O m=0
elk=3)m | _ e=ik=3)2n+3F)  gilk+g)m | _ g—ilk+3)@r+ )
T 2N e ik-DF TN 1— e dk+3)3F

sin(( -3+ %) sin((k+3)(m+ %))
(k %)7) 2N sin((k+ ) %)

The resulting signal is depicted in the picture below.



Slm

N k

With a little effort we can show how the signal is related to the periodic
sinc function. The trick is to expand the numerator by exploiting the
trigonometric identity sin(a + b) = sinacosb + cosasinb, the fact that
cos((k — £)m) = 0, and the definition of sincy, to have

- HE)  sin((k+ 1)m) cos((k +
ES) 2N sin((k + 1) %)
(k—2)Z) + siney(k+ 1) cos((k+ 1) %)

os( 3x)

Sk =

=

=

=

~—~
NG —

o

|

T

. This is another example where the signal is can be easly written in the
form of a Fourier series, that is

z(t) = cos(%n) + 51112(37”71)
=sin(%En) + 5 — 3 cos(Zn)
=sin(%n) + & — 3 cos(3%n)
— %jej%"n _ %e—]%"n + % _ ieﬁ’)%’n _ Ze_jg%rn

: , k=0 (mod N)

2% , k=1 (mod N)
Sk = —2%. , k=—1 (mod N)
1 . k==3(mod N)

0 , otherwise



FOUNDATIONS OF SIGNALS AND SYSTEMS
12.5 Solved exercises
Prof. T. Erseghe
Exercises 12.5
Solve the following by exploiting, where useful, the properties of the DFT:
1. prove the time-shift property z(n —n;) — Xype dkFm,
2. prove the circular convolution property iy y(n) — NXYy;

3. prove that any real-valued discrete-time periodic signal of period N can
be expressed through the trigonometric (and real-valued) series

55+

T Sﬂ (_1)n
s(n) = Sp + kz_:l 2| S| cos(kZEn + ¢p) + {O p

, N even
, N odd

where Sy = |S|e=7%* are its DFT coefficients;

4. evaluate the DFT coefficients of s(n) = eim%n by exploiting the Fourier
couple z(n) =1, X, = repy d(k);

5. prove, by exploiting the increment property, that the DFT coefficients of
the sampled square wave

_J1 ;nel0,M) (mod N)
s(n) = {O , otherwise

for N > M can be expressed in the form

- M —1
S = M sinepy (M k)e 7w kT

Solutions.

1. For the time-shift property, we investigate the DFT of y(n) = z(n — ny),

providing
Y. = 1 fo(n - nl)e_jk%”
N
n=0
1 N*lfnl
S 2T
S

N m=—ni

_ Xke—jk%'nl

where we denoted m = n — n; and where we note that the sum range
[-n1, N — 1 — n4] is one period, hence the final result.



2. For the circular convolution property, we investigate the DFT of z(n) =

Z *cir y(n), providing
N-1 <

n=0
1

M

Z\H

N—
x(n — E)y(é)) e~IkFFn

N—-1

Z x(n — Z)ejkzNW”>

n=0

2

I
<
=
7N
2|~

|
(=)

y(0) Xy e ¥ = NX,. Yy

£=0

where we swapped the order of the two summations in the second equiv-
alence, and exploited the time-shift rule in the third equivalence.

3. Being the signal real-valued, we exploit the Hermitian symmetry Sj = S*
of the DFT coefficients, that is S_, = Sj = |Sg|e™7¥* which also reveals
that Sy (the mean value) is real-valued. When N is even, also S N is real-
valued, since S N = =5_ N by periodicity and S N = = S* y by the hermitian

property. Hence for N even we can write the Fourler senes in the form

%
s(n) = Z S, IR
N
2
—1

¥
Z SkeJkN"—l—So—l—ZSkejkN"—i—SNe%%ﬂ”
k=—(X-1) k=1

&1
2
S Sy (¢ Sl e
k=1
|
= So+ Sy (1) + Y |Sk[[efer IFFn 4 eI ek FE
k=1
41
=5+ S% (=)™ + Z 2| S| COS(kQW”n + o) -
k=1



For N odd, instead, we have

N

—1
2

E Sk ejk%'n
N-1

T2

s(n)

k=
1 N-—1
- 2
S s s> sy
- k=1
N—-1
2
=Sy + Z [Sk Bjk%n +S_k e_jk%ﬂn]
k=1
N-—1
2
= So + Z |Gk |[e79F R TN 4 g7 IPk o IR TN
k=1
N—-1
2
=S5+ Z 2|Sk| cos(k3Fn + @) .
k=1

Altogether the two results provide the result compactly expressed in the
exercise text.

. Since s(n) = e/MF" = IMFN .1 = IMF . g(t), we can exploit the
modulation property to state that Sy, = Xi_,, = repy 6(k —m).

. The square wave is illustrated in the figure below.

M N n

In this case we can exploit the increment signal z(n) = s(n) — s(n — 1)




which is simply
x(n) =repyd(n) —repyd(n — M)

hence it is straightforward calculating its DFT coefficients by standard
rules, to have

Xpp = £ (1 — e IFFM)

and by inversion of the increment rule we obtain

Sk _ 17:—(7]]’1%" , k 7é 0 (mod N)
ms , k=0 (mod N)
176—jk2ﬁ’71\1
_ 7]\[(1_67%%) , k#0 (mod N)
M , k=0 (mod N)
We also observe that
1 — e IkFM ik (M+1) B sin(%kﬂ') ek

N(1 — e 3k5) CRRAHD) TN sin(x-km) elFvM

so that the result can be written in the form given in the exercise text by
use of the periodic sinc function sinc ().



FOUNDATIONS OF SIGNALS AND SYSTEMS
12.6 Solved exercises

Prof. T

Exercises 12.6

. Erseghe

Solve the following by exploiting the properties of the Fourier series:

1. prove the modulation property x

(n) e@mF" — Xp_m;

2. prove the product property z(n)y(n) — X ¢, Yi;

3. evaluate the DFT coefficients of
Fourier couple z:(n) = repy d(n),

s(n) = repy d(n — ny1) by exploiting the
X, = %;

4. evaluate the DFT coefficients of the saw-tooth waveform

s(n)

N n

by exploiting the increment property;

5. evaluate the DFT coefficients of the triangular waveform

o[z

N
2

N N n
2

by exploiting the circular convolution property and the DFT pair of Ex-

ercise 12.5.5, and by considering

6. evaluate the DFT coefficients of s

N even;

(n) = [sin(27 )], where [z]* = z-1(x)

is the positive part operator, by exploiting the product property and the

DFT pair of Exercise 12.5.5.



Solutions.

1. For the modulation property, we investigate the DF'T coefficients of y(n) =
z(n) e#™¥ " providing

=2

1
x(n)ejm%w”e*jk%”

Vi =

2|~
Z 3
[l
- O

z(n)eij(kfm)%w”

Il
=2l=
3
I
(=)

S

k—m -

2. For the product property, we investigate the DFT coefficients of z(n) =
z(n)y(n), providing

—jk%’n

= 5 2wty

1 N-1
N (Z Xom ejm%?") y(n)e IHF"
m
N

=0

1 N—-1
(N 2 y(n)e-j(’f-mﬁ"L)

n=0

=3
Il
=)

I I
MIiM
Y
=

:

where in the second equivalence we expressed x(n) through its DFT series,
and in the third equivalence we simply changed the order of summations.

3. Since s(n) = z(n—nq) by the time-shift property we have S = X, e k¥ m =
1 —jk3Fm
eI N,

4. In a period [0, N), the saw-tooth takes the expression s(n) = n. In this
case it is easier to investigate the increment signal z(n) = s(n) — s(n — 1)
providing

s(n)
1
\Adddddd ???????T???????N??????? \Addddddhdddddd SN

n




so that we can write
xz(n) =1— Nrepyo(n), X, =repyo(k) —1.
By inversion of the increment rule we obtain
Xk -1
- = k#0 dN
Sp=1q 1—e k% 1—e k% # 0 (mod N)
me = N1 , k=0 (mod N)

5. The square wave of Exercise 12.5.5 for M = % assumes the form

1 ,nefo,¥ -1 L R
Z(n){O ,othe[rwige ] Zk*gsnlc%(ik)e (z3—w)

its self-circular-convolution z *, 2z being a triangular wave active, in the
reference period [0, N), in [0,2(4 — 1)] = [0, N — 2], so that we can write

s(n) = z ey 2(n+ & — 1)

so that by the DFT properties of circular convolution and time-shift we
obtain N
S, =Nz} (2D
= N Z2 k2= H)
_ N o2 (1
= 7 sincy (3k)
The DFT is illustrated in the figure below for N = 16.

Slm

N k

6. The signal s(n) = [sin(274 )] has period N, and is illustrated in the
figure below.




As one can appreciate from the figure it can be written as the product
s(n) = z(n)y(n) between the full sinusoid

z(n) =sin(27 %) , X = Q%repN(;(k -1 - %jrede(k +1)
and the square wave

1 ,ne[l,M d N N _1 ,Neven
sy ={§ el enod Ny

0 , otherwise Tl , NV odd

which, is equivalent, apart for a time-shift of n; = 1 to the square wave
of Exercise 12.5.5, namely we have

y(n)=z(n-1), 7 = % SinCM(%k) =i Mtk

Therefore, by the time-shift property, it has DFT coefficients of the form

Yy, = Zyp e IR = % sincM(%k) i L
Hence, the DFT coefficients of s(n) are straightforwardly derived by ex-
ploiting the property that a product in time involves a circular convolution
in the DFT domain, to have
Sk S Xk * Yk
= [%jrepN(S(k: -1)- QijrepNé(k‘ +1)]* Yy

1 1
=57 Yk-1— 55 Vkt1

= % sincM(%(k —1)) eI MR (=) _ SincM(%(k +1)) =i L (k1)

where we used the sifting property of the comb. The result is illustrated
in the figure below for N = 15 and M = 7. Note the Hermitian symmetry:
even symmetric real part and odd symmetric imaginary part.

R[Sk] 4




We add some considerations that are not required in the solution of the
exercise, but are useful to understand the structure of the DFT coefficients.
We note that the imaginary part seems to be zero, except for kK = +1 (mod
N). This can be appreciated by extracting the even and odd signals parts,
that is

se(n) = 3[s(n) + s(—n)] = 3 |sin(27 & )|

soln) = Sls(n) — s(-n)) = }
whose DFT coefficients are, respectively, S = R[Sk] and S, 1 = 7S[Sk]
thanks to symmetry properties. This reveals that the imaginary part
satisfies

sin(27§) ,

S[Sk]) = —4Sok = f%repNé(k —-1)+ %repNé(k +1),

which is the exact effect we observe in the figure. For the real part, instead,
the DFT coefficients must, for even N, where |sin(27%)| is periodic of
period % (and so is s.), be zero valued for odd k, as stated by the de-
periodisation property. For odd N, instead, no sub-periodisation is active,
and therefore this property does not hold (be aware that the figure is partly
misleading since the values for k odd are small but non zero, but in any
case the value at N = 15 is active!l). These properties can, with some
effort, be appreciated also from the (rather involved) expression of Sk, as
we explain in the following.

We first investigate the imaginary part which we write in the form
S[Sk] = ax[f(k+1) = f(k = 1)],
where we used function
f(z) = 2Msincy (X ) cos(LHar) ,

for integer x. By working on the expression of f(x), we obtain

2 sin(¥ o) cos(MH )

f(x)

sin(z-2)

B sin(2M4 pr) — sin(Fam) B sin(2M4 pr)

= —1

sin(-27) sin( % 27)
where we exploited the trigonometric equivalence 2sin acos 8 = sin(« +
B) + sin(a — ). We then distinguish between even and odd N. For odd
N we have 1 +2M = N, hence

sin(zm
fla) = S
sin( o)
0 ;& # 0 (mod N)
=—-1+ M:N ,z =0 (mod N)
cos(x )

= Nrepyd(z) — 1,



where for © = 0 (mod N) we first exploited de ’'Hospital rule, then the
fact that NV is odd. For even N, instead it is 1 +2M = N — 1, hence

sin(X=Lar
J(@) = Sil(l(gl‘ﬂ')) -1
_ sin(z) cos(fam) — cos(z) sin(F ) 1
sin( - 27)
sin(zm 1
= —cos(zm) — 1+ sin(f{lfm)r) cos(Nxﬂ')
0 , ¢ # 0 (mod N)
= —cos(am) — 1+ {cos(lb:mr) . i\(l):(oim =N ,z=0 (mod N)

= Nrepyd(x) — 1 — cos(zm) ,

where we used the trigonometric identity sin(a+/3) = sin « cos f+cos asin f3,
the result previously seen for N odd, and the fact that now IV is even. By
exploiting the above results, we finally have
3[Si] = L repyd(k +1) — L repyd(k — 1)
0 , N odd
* 1 cos((k — 1)m) — g cos((k+1)m) =0 , N even
which proves the correctness of the expression of Si.

For the real part, instead, it is
R[Sk] = gxlg(k +1) —g(k —1)] ,

where we used function

g(z) = 2Msincy (4 ) sin(MH ar) |

for integer 2. By working on the expression of g(z), we obtain

o(z) = 2sin(%x7r) cos(%mr) _ cos(%mr) — COS(2JVJI\’7+1‘T7T)
sin(%xw) sin(%xw)

where we exploited the trigonometric equivalence 2sin asin § = cos(a —
B) — cos(a + ). We then distinguish between even and odd N. For odd
N we have 1 +2M = N, hence

cos(z-am) — cos(am)

g(x) =

sin(z-a)

{m%ﬁﬂﬂMM>,x¢oumdN)

sin( @)

0 , =0 (mod N)



For even N, instead it is 1 +2M = N — 1, hence

cos(+am) — cos(Nt )

9() = sin(z-)
_ cos(xam) — cos(zm) cos(+am) — sin(z7) sin( 3 z7)
sin(z-2)

cos(x-am) [1 — cos(z)]

sin( )
0 ,# 0 (mod N), x even
=4 2cot(xam) ,z#0 (mod N), z odd
0 , =0 (mod N)
/O , x even
1 2cot(xxm) , x odd

where we used cos(a — 8) = cosacos 8 + sinasin 3, and the fact that N
is now even. Being g(z) = 0 for z even implies R[S;] = 0 for k odd, as
desired.



FOUNDATIONS OF SIGNALS AND SYSTEMS
13.2 Solved exercises
Prof. T. Erseghe

Exercises 13.2

Prove that the following Fourier transform pairs are correct by either forward
or backward relation, or by the symmetry rule:

1. s(t) = 6(t) and S(jw) = 1,
2. s(t) = 1 and S(juw) = 27 6(w),

3. s(t) = rect(t) and S(jw) = sine(£2),
4. s(t) = sinc(t) and S(jw) = rect(s=),
5. s(t) = cos(wit + 1) and

S(jw) = Tl (w — wi) + Te TP (w4 wi) ;

6. s(t) =e *1(t), a >0 and S(jw) =

1
atjw’
Solutions.

1. In this case we apply the forward relation (Fourier transform) to the delta,
to have

S(jw) = / S(t)e Wt dt = 9@ 0 =1

— 00
where we exploited the sifting property of the delta.

2. In this case we apply the inverse relation (inverse Fourier transform) to
the delta, to have

1 e . .
s(t) = —/ 21 6(w) ¥ dw = 10t =1

where we exploited the sifting property of the delta. Alternatively, we
could have used the symmetry rule starting from the couple z(t) = §(¢)
and X (jw) = 1 of the previous exercise, to have

s(t)=X(t) =1, S(jw) =2mx(—w) =27 0(w) .



3. In this case we apply the forward relation (Fourier transform) to the rect-
angle, to have

S(jw) = / rect(t) e 9@t dt

1 ,w=20
_ efjwt 2 edzw _ o—Jzw 2sin lOJ
- = - = (3v) ,w#£0
—Jw -1 Jw
= sinc(5%)

The Fourier couple is illustrated in the figure below.

S(jw)

E‘

K

2

~

NI
(SIS

4. In this case we can apply the inverse relation (inverse Fourier transform)
to the rect, to have

1 [~ ;
s(t) = —/ rect(i) eI duw
21 J_ o 27
0 .
:/ rect(u) e/2™ du
—o0
1
2 .
— 6]27Tut du
-4
1 ,t=10
1
— ej27rut 2 ejTrt _ e—jﬂ't sin(7t
: _ & _ sin(rt) Lt 0
j2mt -1 j2rt mt
= sinc(t) .

Alternatively, we could have used the symmetry rule starting from the
couple x(t) = rect(t) and X (jw) = sinc(5=) of the previous exercise, to
have

y(t) = X (jt) = sinc(5=) , Y (jw) = 27 rect(—w) = 27 rect(w) .
and successively the scale property to obtain the correct couple

s(t) = y(2mt) = sinc(t) , S(jw) = 5= YV (52) = rect(£2) .



The two approaches are in practice equivalent, since the symmetry rule
is exploiting the fact that the inverse Fourier transform (although not
exactly in the same form) has already been calculated. The Fourier couple
is illustrated in the figure below.

s(t)
S(jw)

| t .
1 -7 ™ w

5. In this case we can apply the inverse relation (inverse Fourier transform),
to have
1 oo

s(t) = o [w eIP15(w —wy) F e I8 (w +wy) .| e dw

— %ej‘pl edwit %e*jtpl e Jwit
= Leilntten) 4 Lo=i@it+en)
= cos(wit + ¢1)
where we used the sifting property of the delta.

6. In this case we apply the forward relation (Fourier transform), to obtain

S(jew) = / 6=t 1(¢) e=It gt

—00

oo .
= / e eTIWt gt
0

= /00 e (atjw)t 3y
0

e~ (atjw)t |

~(a+jw)
1

a+ jw

a— jw

a? + w?

0

providing the pair illustrated in the figure below.

s(t) S(jw)




FOUNDATIONS OF SIGNALS AND SYSTEMS
13.3 Homework assignment
Prof. T. Erseghe

Exercises 13.3

Prove that the following Fourier transform pairs are correct by either forward
or backward relation, or by the symmetry rule:

1. s(t) =d(t —t1) and S(jw) = e 9@l
2.

)

(

(t) = &1t and S(jw) = 27 6(w — w1),

3. s(t) = triang(t) and S(jw) = sincz(%)7

4. s(t) = sinc®(t) and S(jw) = triang(£%),

Then evaluate the Fourier transform of the following signals:
5. 8(t) =e Mt a >0,
6. s(t) =t rect(t),

7. s(t) = cos(wot) rect(“2t),



Solutions.

1. In this case we apply the forward relation (Fourier transform) to the delta,
to have

(oo}
S(jw) = / S(t—t)) eIt dt = e7IWh = |
— 00
where we exploited the sifting property of the delta.

2. In this case we apply the inverse relation (inverse Fourier transform) to
the delta, to have

1 e . ;
s(t) = —/ 27 §(w — wy) et dw = eI“1t

— 00

where we exploited the sifting property of the delta. Alternatively, we
could have used the symmetry rule starting from the couple z(t) = §(t—a)
and X (jw) = e77%% of the previous exercise, to have

s(t) = X(jt) = e | S(jw) =2m2(—w) = 27 0(—w—a) = 27 d(w+a) .
which reveals the correct couple for a = —w;.

3. In this case we apply the forward relation (Fourier transform) to the tri-
angle, to have

S(jw) = / triang(t) e «" dt

—00

0 1
:/ (1+t)e_j“’tdt+/ (1—t)e I« at
0

-1
which, with a little effort, can be solved through an integration by parts,
to give

1 ,w=10

i) =14 [f—w@+t)]e " [—j—w(d—t)] et
S(jw) [ —w( _+2)]€ L2 w(_ . )] e w0
Jw 1 Jw

0

1 ,w=20
_{] w—je .ge +J)t+w w0
Jw

1 ,w=10
=<{ 2(1 —cos(w)) 4sin’*(3w)

{ 2 = 2 ,w#0
= sinc® ()

The Fourier couple is illustrated in the figure below.



-1 1 t o w

4. In this case we could apply the inverse relation (inverse Fourier transform)
to the triangle, and follow an equivalent procedure to the exercise above.
Alternatively, we use the symmetry rule starting from the couple z(t) =

triang(t) and X (jw) = sinc?(£2) of the previous exercise, to have

y(t) = X (jt) = sinc® () , Y (jw) = 27 triang(—w) = 27 triang(w) .
and successively the scale property to obtain the correct couple

s(t) =y(2nt) = sincz(t) , S(jw) = £ V(&) = triang (<) .

— 2r 27

The two approaches are in practice equivalent, since the symmetry rule
is exploiting the fact that the inverse Fourier transform (although not
exactly in the same form) has already been calculated. The Fourier couple
is illustrated in the figure below.

s(t) S(jw)

1 t —2m 2 w

5. In this case we apply the forward relation (Fourier transform), to obtain

oo
S(jw) = / e~altl =it gy
—o0

0 %)
= / e eIt gt + / e~ e IWt ¢
— 00 0

0 &S]
/ ela=IWt gt 4 / e~ (atiwlt g
—o0 0

ela—jw)t |° o—(atiw)t |
= . + -
(@a—jw)|_ —(a+jw)ly
1 1
Ca—jw  a+tjw
_ 2a
a2 4 w?

providing the pair illustrated in the figure below.



t
6. In this case we apply the forward relation (Fourier transform), to have

S(jw) = / t rect(t) e I« dt

—00

1
2 .
= / te @t qt

which, with a little effort, can be solved through an integration by parts,

to give

0 ,w=20
. : —jwt 3
Sy ={ Bmwtle b
Jw -1
1 ,w=20
=gl gt
jw?
1 , W=
= wcos(%) — 2sin(%
{j ()25 |,
w
Incidentally, if we observe that
d sin(mz)
<] / —_
sinc’(x) Pe—
_cos(mx) sin(mx)  mwcos(mx) — sin(mx)
o T2 w2
_ cos(mx) — sinc(x)
x

with sinc’(0) = 0 (by left and right limits), then we can compactly write
S(jw) = jz= sinc’(£2) .

The Fourier couple is illustrated in the figure below.

sty %[S(Jw)] A

D=
-
\




Note that the signal is real and odd, and therefore its transform is imagi-
nary and odd, as we expected from symmetries.

. The signals is an arc of a cosine, as we can appreciate by setting wg = QT—”
P

and by correspondingly writing the signal in the form

s(t) = cos(ZWTLp) rect( )
1 24P

providing the result illustrated in the figure below.

p
4

N
»‘Eﬂ
3

<

Hence, by applying the forward relation (Fourier transform), we obtain

S(jw) = / cos(27rTip) rect ;Tp)e_j“t dt

1T .
= / cos(2mA) e 7 dt

P

1Tp
1T
2m _i(2n ¢
:/ LI B )t | I g
_iTp
1
ej(wgfw)t 67](wg+w)t i1y

sin((wo — w)1T}) . sin((wo + w)17;,)
wo — W wo +w
sin((w — wo) A7) . sin((w + wo)175)

w — wo w + wop
= %Tp sinc(—fﬁ;‘;’r(;) + %Tp sinc(ﬁ/‘%’))
= g sine(“520) + o0 sinc(—‘“;;“o’o)

where we exploited wy = %—: The Fourier transform is illustrated in the

figure below.



70.)0 '

EV



FOUNDATIONS OF SIGNALS AND SYSTEMS
13.5 Solved exercises
Prof. T. Erseghe

Exercises 13.5

Solve the following by exploiting the properties of the Fourier transform:

1. prove that any real-valued continuous-time aperiodic signal can be ex-
pressed through the trigonometric (and real-valued) integral

(0= [ 410 costur + ¢(w) de

where S(jw) = |S(jw)|e’¥“) is its Fourier transform;
2. evaluate the Fourier transform of rect(*=2);
evaluate the Fourier transform of x(t) cos(wot) as a function of X (jw);
evaluate the Fourier transform of the signum signal sgn(t);

evaluate the Fourier transform of the hyperbola signal Trit;

evaluate the Fourier transform of unit step function 1(¢);

N ook W

evaluate the Fourier transform of triang(¢) knowing the transform pair

rect(t) — sinc(5=);

8. evaluate the Fourier transform of

s(t) =1 —3sin(Zt) + 5cos(3t — F) — dcos®(F ) ;

9. evaluate the Fourier transform of sinc?(t);

10. evaluate the convolution sinc x sinc(t);

11. evaluate the area and the energy of sinc(‘754).

Solutions.

1. Being the signal real-valued, we exploit the Hermitian symmetry S(jw) =
S*(—jw) of the Fourier transform, that is S(—jw) = S*(jw) = |S(jw)|e %),



Hence, we can interpret the inverse Fourier transform as

V)
—
~
N
Il

1 [ .
7 /700 S(jw) e dw

10 : 1 [ :
g‘/_oo S(]w) e]wtdw_,'_%/o S(]w) e]wtdw

R _4 —jut . - Jwt
27T/0 S(—ju)e du+27r/0 S(jw) e’ dw

i /DO S*(]u) e Iut oy 4 i /OO S(jw) 19t du
2 0 2 0

1 (e.¢]

o ),
1 o0 .
1 / 1S(w)] cos(wt + p(w))dw

™

Note, however, that this result is true, provided that no delta function is

present at w = 0, and this must be treated separately.

. We write the signal in the form

s =y(t—t),  yt)=z@/T),  w(t)=rect(t)

j 1 [ 4
1S (ju)| e @ite) gy + o / 1S (jw)| /@) gy
T Jo

by recalling that the expression consists of a scale operation (scale by T')
followed by a time shift (by ¢;). Hence, by exploiting the Fourier transform
of a rectangle, X (jw) = sinc(5%), from the scale property we have

Y (jw) = TX(jwT) = T'sinc(T5%) = Tsinc(ﬁ)

and from the time-shift property

S(jw) =Y (jw) e 7" = Tsine(g7) e 7" .

. By Euler’s identity, the signal can be written as

s(t) = z(t) cos(wot) = 5 z(t) /" + L x(t) e 740"

so that by application of the modulation rule we get

S(jw) = 5 X(j(w — wo)) + 5 X (j(w + wo))

whose effect is depicted in the figure below.

X(jw) S(jw)

VAA N VAR

87

—Wwo wo
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4. In this case, we can resort to the derivative property, since the derivative
of s(t) = sgn(t) is

o(t) =s'(t) =26(t),  X(jw)=2,

where the Fourier transform is very easy to calculate. By exploiting the
inversion rule for the Fourier transform of the derivative, we obtain

X(y 2 —27
S(jw):j(,iw)ﬁ—ms%rd(w):w: w] )

since the sign has my = 0 mean value. The Fourier couple is illustrated
in the figure below.

s(t) S[S(Gw)l,

5. We can infer the Fourier transform of the hyperbola by applying the sym-
metry rule to the couple of the previous exercise, that is z(t) = sgn(t) and
X(jw) = 7723, to have

y(t) = X(jt) = —~ Y (jw) = 2r 2(—w) = —27sgn(w) .
By then defining s(t) = —5-y(t) we get
s)= 5oyt =L S(w) =~ ¥ (jw) = sm(w)

In oder to demonstrate that there are always many possible ways for de-
riving results, as an alternative take, we also use the product by ¢ rule. In
this case we can write

z(t) =ts(t) =

3|

o Z(jw) =5 (jw) = = - 2m6(w) = 2j 6(w)

revealing that

S'(jw) = 26(w) .

Hence, by integration, it must be

SGw) =2-1(w) + C,



for some complex-valued constant C. Now, from the symmetries of the
Fourier transform we know that s(t) is imaginary and odd, hence its trans-
form must be real and odd, so that C' must be real-valued, and it also must
be equal to C' = —1 in order to guarantee the symmetry, that is

S(jw) =2-1(w) — 1 =sgn(w) .

The Fourier couple is illustrated in the figure below.

i
l
!
'
/
1
~
€ 4

. For the unit step signal we can exploit the relation
s(t) = 1(t) = gsgn(t) + 3

so that, by resorting to the outcome of the previous exercise, we have
. o9 .
S(jw) =4 - Tj + 3 2mé(w) = Uj +7o(w) .

The same result can be obtained by the derivative property since z(t) =
§'(t) = 6(¢t) and X (jw) =1, so that

X (jw) 1 _—J
S(]w)—ijw +m527r5(w)—jw+227r5(w)— " +7é(w),

since the unit step has m, = % mean value.

. For the function s(t) = triang(t) we suggest two possible solutions using
the Fourier properties. As a first go, we exploit the convolution property
by noting that s(t) = x % x(t) where z(t) = rect(t) whose known Fourier
transform is X (jw) = sinc(5%), hence it is
S(jw) = X (jw) X (jw) = X*(jw) = sinc®(5%) ,

which is by far the fastest way. However, given that the triangle is a
piecewise-linear function, then we could exploit the derivative property
(and its inversion) to have

x(t) = §'(t) = rect(t + %) —rect(t — %)



10.

11.

whose Fourier transform provides

X (jw) = sinc(&2) [e/% — e 7% = sinc(£) 25 sin(¥) .

By then inverting the derivative we have

since the triangle has m,; = 0 mean value.

By exploiting the product property of the Fourier transform, and the
known Fourier pair x(t) = sinc(t) and X (jw) = rect(5%), we have

s(t) = x(t)x(t) , =X x X (jw) = &= [27rtriang(i)} = triang(i) ,

4 4 27 2m
where we used the fact that the triangle obtained by the convolution of
the two rectangles X (jw) has height 27 since this is the extension of each
rectangle.

In this case it is easier to first evaluate the convolution in the Fourier
domain, then obtain the convolution result by inverse Fourier transform.
That is, by denoting x(t) = sinc(t) and X (jw) = rect(5=) we have that
s(t) = x x x(t) has a Fourier domain counterpart of the form (convolution
property)

S(jw) = X (jw) X (Jw) = X2(jw) = rectz(%) = rect(5>)
so that s(t) = sinc(t).

Area and energy do not change under a time-shift, so we need to identify
area and energy of x(t) = sinc(¢/T"). This can be easily done in the Fourier
domain, where (by the scale property)

X(jw) =T rect(z77) ,

and we have

2
Ex=L T2 =1,

As=A4,=X3{0)=T, E,=F,= a

1
2w

since in the calculation of the energy we used |X (jw)| = T2 Jrect(%‘*;T)7
and the fact that this is a rectangle of basis 27 /T.




FOUNDATIONS OF SIGNALS AND SYSTEMS
13.6 Homework assignment
Prof. T. Erseghe

Exercises 13.6

Prove the following properties of the Fourier transform
1. the time-shift property z(t —t;) — X (jw) e 7@1;
2. the modulation property z(t) e/“°! — X (j(w — wo));
3. the product by ¢ property tz(t) — jX'(jw).
Then solve the following by exploiting the properties of the Fourier transform:
4. evaluate the Fourier transform of ¢ rect(t);
5. evaluate the Fourier transform of cos(wot) rect(“2t);

6. evaluate the Fourier transform of the signal depicted in figure

N[
N[
W

~~

8. evaluate the area of sinc®(t);

9. evaluate the convolution between sinc(4t) and sinc(3¢);

10. evaluate the convolution between sinc(7-) and sinc(‘72) for 71 > Tb;

11. given the signal s(t) = 5 e~4* which are valid symmetries for its Fourier
transform among: a) real and even, b) imaginary and odd, c¢) real and
odd, d) complex with no symmetries?

12. express the Fourier transform of v(t) = s(—2t+tp) as a function of S(jw);



13. evaluate the Fourier transforms of e~ and e~%!"l sgn(t), a > 0, knowing
the transform pair e=**1(t) — ﬁ;

14. evaluate the Fourier transform of the signal depicted in figure

étz ,0<t<1
s()=q5-t ,1<t<?
0 , otherwise
I l g
1 3 t

2

15. evaluate the Fourier transform of the raised-cosine pulse illustrated below

Jtl <152
—gsin(Z(tl - 3) <<
, otherwise

Jreos(t) =

Orl— =




Solutions.

1. For the time-shift property, we investigate the Fourier transform of y(t) =
z(t — t1), providing

Y(jw) = / I(t — tl) €_th dt

= / z(u) e 79t gy,

— 00
= e Iwh . / z(u) e 7" du
—0o0
= X(jw) eI
where we denoted u =t — ;.
2. For the modulation-in-time property, we investigate the Fourier transform

of y(t) = x(t) /1t providing

Y(jw) = / x(t) e?rt emIwt gt

= /00 x(t) e~ dw=w)t gy
— X(jlw—wn)).

3. For the product-by-t property, we investigate (j times) the derivative of
the Fourier transform of z(t), providing

X' () = ( | ate dt)

o0 d N
:/ 2(1) ] - (—jt) et dt
:/ t-x(t)e 7@t dt

where in the second equivalence we swapped derivative and integration,
and where the final result evidences a Fourier transform of ¢ - z(t) hence
proving the result.

4. We can exploit the product-by-t property on the couple x(t) = rect(t) and
X (jw) = sinc(5%), to have

s(t) =t-z(t), S(jw) = j X' (jw) = 2]? sinc’(5%) ,



which corresponds to the outcome of Exercise 13.3.6. However, we appre-
ciate the simplicity in obtaining the result by applying the properties of
the Fourier transform.

. In this case we can expand the cosine through Euler’s identity, to have
s(t) = cos(wpt) rect(£2t) = 1eI“0! rect(“2t) 4+ Se /40! rect(£2t)
then exploit the modulation property on the couple

x(t) = rect(22t) , X(jw) = Z-sine(J-35) = - sinc(52-)
which we derived from the rect/sinc pair by use of the scale property. We
have

S(jw) = 5 X(j(w — wo)) + 3 X(j(w +wo))

= ﬁ sinc(“g:go )+ ﬁ sinc(iw;;‘go )

which corresponds to the outcome of Exercise 13.3.7. However, we appre-
ciate the simplicity in obtaining the result by applying the properties of
the Fourier transform.

. There are many different ways to solve this exercise. As a first solution,
we observe that the signal can be written as the composition of triangular
pulses in (at least) two ways, that is

s(t) = triang(t — 1) + triang(t + 3) = 3 triang( )
from which the Fourier transform readily follows from the triang/squared-
sinc couple and either the time-shift or scale properties. For the first
composition we have

) — § triang(

[SINES
Wl e+

- w

S(jw) = sinc?(£) - [e 7% + e /5]
= 2sinc? 5=) cos(%)
while for the second it is

; 9. 2(3 <2
S(jw) = §sinc?(32) — gsinc?(£2) ,

where the equivalence between the two expression might be proved by

standard trigonometric identities. The resulting transform is illustrated

in the figure below.

S(jw) \

EV



An alternative solution is to recognise that the signal is a trapezoid, hence
it can be expressed as the convolution

s(t) =xxy(t), x(t) = rect(t) , y(t) = rect(5t) .
Hence, by exploiting the convolution property we have
S(jw) = X(jw)Y (jw) = 2sinc(5%) sinc(2) ,

where the equivalence with the previous results might be again proved
by standard trigonometric identities. As a final solution, given that the
signal is piecewise linear, we can easily resort to the derivative property
(and its inversion rule). The derivative is illustrated in the figure below

and can be written as
x(t) = §'(t) = —rect(t — 1) +rect(t + 1),
whose Fourier transform is
X (jw) = sinc(£2) [/ — /¥
= 2j sinc(

W

27{) sin(w)

where we used the rect/sinc couple and the time-shift property. By in-
verting the derivative rule (here we exploit the fact that the mean value
is ms = 0) we have

S(jw) = 2sin(w)

.
j(iw) = sine(g) = = 2sinc(g2) sine(%)

which perfectly corresponds to the result obtained by the convolution
property.

. In this case we are not able to write the signal as a (simple) function of
known waveforms. Although one possibility is to express it as the product
between a rectangle and a triangle, the convolution in the Fourier domain
between a sinc and a squared-sinc is hardly solvable. However, the signal
is piecewise linear with ms = 0, hence the derivative (and its inversion) is
a reasonable and simple way to proceed. We follow this path and identify
in the figure below the signal derivative



S

where we note the presence of a delta in t = %T due to the discontinuity.
Therefore, we have

w(t) = frect(£) — Ad(t— 3T),  X(jw) = A sinc(527) — Ae %%

and by inversion of the derivative rule it is

i sine(59-) — e =992
S(jw) = X(.]w) =A (zwyr)

Jw Jw

Although this result is a complete solution, we incidentally observe that,
with a little effort, it can be re-written in the form

sin(5%-) cos(5%7) — sinc(57)
S(jw) = A YT L iA 2/ /T
w w
— % sinc(—zﬂ“’/T) + j’g—z sinc’(—%“}T)

where we exploited

cos(mx) — sinc(z) .

. 12 _
sinc’(x) = .

The resulting transform is illustrated in the figure below.

S(jw) 4

<~ N \ G - > w

As an alternative solution, we observe that we can write the signal in the

form
s(t) = (% + %t) rect(%)

= % rect(4) + % -t rect(%) ,



which suggests use of the product-by-t property. Hence by recalling the
couple z(t) = rect(%) and X (jw) = T sinc(Z2), by use of the product-by-t
property we have

S(jw) = 4 X (jw) + j# X' (jw)
=4~ sinc(QTr“J/T) +j4L sinc'(%“/T)

which perfectly corresponds to the previous solution method.

. The area of s(t) = sinc3(t) is hardly derivable in the time domain, since no
closed-form primitive is known for the integral. We can therefore exploit
the Fourier relation As = S(j0), provided that we are able to evaluate
the Fourier transform at w = 0. Now, since both the transforms of z(t) =
sinc(t) and y(t) = sinc?(t) are known, respectively, X (jw) = rect(5=) and
Y (jw) = triang(5%), then we can resort to the product property

S0 =a(yt),  S(w) = 5= X+ ¥ (jw)

Specifically, we do not need to calculate the entire form of the convolution,
since we are only interested in the value at w = 0, that is

=50 [ XY GO ) i
= QL b X(Gu)Y (—ju) du

m )
1 oo

= — rect(o% ) triang (%) du
o1 [w 2m 2

where we exploited the fact that the triangle is an even function. Hence,
the area of interest is the one illustrated in the figure below

rect(5-) triang (5% )

T on U
so that, by simple geometric considerations we have

1 31 3
AS:—[ .7}:7.
5 127 1) T 1



9.

10.

11.

The convolution is better understood in the Fourier domain by exploiting
the Fourier pairs

it), X (jw) = 2rect(
y(t) = sinc(3t) , Y (jw) = 3rect(

A€

)

le

)

so that, by the convolution property from s(t) = x * y(t) we get
S(jw) = X (jw)Y (jw) = 6 rect(%) rect(3%) = 6 rect(3%) ,
3 3

win]
3

as illustrated in the figure below.

w|y

Since S(jw) = 2Y (jw) then we easily get s(t) = 2y(t) = 2 sinc(5t).

This exercise is similar to the previous one, with the addition of a time
shift. We have

x(t) = sinc(T%) X(jw) =T rect(%/T )

y(t) = sinc( }t ) Y (jw) = Trrect(57; ) e~ dwto

hence s(t) = x * y(t) has Fourier transform
S(jw) = X(jw)Y (jw)
=TT rect(557;) rect(577;) €
=TT, rect(Qﬂ/T ) eiwto

=Ty X (jw) e 9@t

—jwto

where we exploited, in the third equality, the fact that 77 > 75, hence
the extension of the first rectangle (which is 27 /77) is smaller than the
extension of the second rectangle (which satisfies 27/Ty > 27/T7). By
inversion, we readily have

S(t) = T2 J)(t - to) = TQ Sil’lC(t}fo) .

The signal s(t) = t° e=4" is real valued and it also is odd, and in fact
s(—t) = (=) ™40 = g5 o4 = (1) .

Being real valued and odd, its Fourier transform is Hermitian and odd,
that is imaginary valued and odd. As a consequence, only b) is valid.



12.

13.

14.

We write the signal in the form

o(t) = s_ (2t — to) = s_(1221)

and denote z(t) = s_(t) = s(—t) with Fourier transform X (jw) = S(—jw).
Hence, from the scale and time-shift properties we have

V(jw) = $ X(jg) e 7% = L 5(—jg)ei%t .
In this case let s(t) = e~ 1(¢), so that we can write
z(t) = e Ut = s(t) + s(—t) = 25.(1)

y(t) = e~ sgn(t) = s(t) — s(—t) = 25,(¢)

that is the two signals are related to the even and odd components of the
signal s(t). Therefore, by applying the Fourier transform, and the rule on
time-reversal, we have

X(jw) = S(jw) + S(—jw) = 25.(jw) = 2R[S(jw)]
Y(jw) = S(jw) = S(=jw) = 25,(jw) = 2j3[S(jw)]
where in the last equivalences we exploited the fact that s(t) is real-valued,

hence S(jw) has the Hermitian symmetry corresponding to even real part
and odd imaginary part. Since

1 a— jw
S(iw) = -
(je) a+jw a®+w?
then it is 5 o
. a . —zjw
X(jw) = 2 Y(jw) = =22
(jw) = — T (jw) = — o

In this case the signal is piecewise quadratic, therefore we need to apply
the derivative rule twice, to have the derivatives illustrated in figure

x(t) = $"(t),

S(1) Tl
¢ !

2

L]

-1 Y 2

~ "

that is we have

z(t) = s"(t) =rect(t — 3) —26(t — 1) +6(t — 2),



15.

with Fourier transform
X (jw) = sinc(5%) eIE _9eTIw 4 emidw

By then inverting (twice) the derivative rule (we observe that the mean
value is ms = 0), we finally obtain
, X (jw X(jw) 2e7% —e 93¢ —sinc() e %
S(]W) = - 2) = - ( P} = 2 2 .
(jw) w w

For the raised cosine, we apply the derivation rule (and its inverse). The
derivative of the signal has the form

—ggeos(3t—3)) -§<t-5<§
a(t) = s'(t) =cos(t) = ¢ +& cos(Z(t+3)) ,-2<t+5<%
0 , otherwise
that is
—_ ud 1 t=3 ™ m 1 t+1
x(t) = —g5 cos(Z(t — 3)) rect(—2) + g5 cos( L (t + 3)) rect(—2)

=y(t+3)—ylt—13)
with
y(t) = 55 cos(%) rect(é)

as illustrated in the figure below

Therefore for the Fourier transform, by the time-shift property we have
X(jw) =Y (jw) [e'F — 78] = 2j Y (jw) sin(%) .

and by inversion of the derivative (since the mean value is mys = 0) we
have )
X(jw)

Jw

sin(%)

2

S(jw) =

=Y (jw)

=Y (jw) sinc(5>) .

The Fourier transform of y(¢) can be obtained by writing the signal in the
form

y(t) = z(t) cos(wot) , z(t) = L rect(+) , wo =

1
20 [eY

]

i

so that by modulation and scale properties we have

Y(jw) = 52(j(w —wo)) + 3Z(j(w+wo)) . Z(jw) = § sinc(z75) -



Hence, by combining the results we obtain

. o w—= T . w+Z
Y(jw) = § sinc(57) + § sinc(57%)

and the transform can be written in the form
S(jw) = ircos(5%) ,

with
ircos(z) = 7 sinc(x) [sinc(om: — 1) + sinc(az + 1)
_sinc(x) cos(rax)
11— (20x)?

The resulting transform is illustrated in the figure below.

S(jw) \

2w

E‘



FOUNDATIONS OF SIGNALS AND SYSTEMS
14.2 Solved exercises
Prof. T. Erseghe

Exercises 14.2

Solve the following by exploiting the sampling/periodic repetition link between
Fourier transforms, then compare the result to those obtained in previous exer-
cises:

1. evaluate the Fourier coefficients of the square wave s(t) = repy, rect(ﬁ),

0 < d <1 (see Exercise 10.2.3);
2. evaluate the DFT coefficients of the square wave
_J1 ,nef0,M) (mod N)
s(n) = {O , otherwise
for N > M (see Exercise 12.5.5).

The above provide the basic application of the concept, which is what essential in
this course. Nevertheless, an advanced use of the sampling/periodic repetition
link can provide (with some non negligible effort) very interesting outcomes,
which are made available for the interested readers. As an example, in the
following we show how to derive some fundamental equivalences:

3. by exploiting the outcomes of Exercise 12.5.5 and 14.2.2 prove that

. sin(rt) rep,, sinc(t) , M odd
sineas () = M sin(m-5) -
M repyy, sine(t) — sinc(t — M) , M even

revealing that what we called the periodic sinc function sincy; is truly a
periodic repetition (in some form) of a sinc;

4. by exploiting the outcomes of Exercise 10.2.4 prove that

rep y sinc(t) = siney (¢) - {iOS(Nt) , ]; f)\(;iedn

providing a compact result for a periodic repetition of a sinc.

Solutions.

1. The square wave is illustrated in the figure below.




In this case, we have

s(t) = reprx(t) , z(t) = rect(d; ),

p

where from standard Fourier couples we know that

X (jw) = dT,, sinc(dT, =) = dT,, sinc(%) ,
where wy = 27/ T}, while from the sampling relation in the Fourier domain
it is . )
Sy = TX(jkoJo) == - dT}, sinc(kd) = d sinc(kd) .

p p
The result perfectly corresponds to that of Exercise 10.2.3.

. The square wave is illustrated in the figure below.

This allows writing the signal in the form

stn) =repya(t) . wla) = reet( )

where T}, = N, and where, by Fourier properties,
X (jw) = M sinc(M )8 (M=1)

From the sampling/periodic repetition relation in the Fourier domain it is
(recall that T, = N and wy = 27 /T, = 2r/N)

1 .
Sy = repN?X(ﬂ%Jo)
p

- M-—1
= repy N sinc(& k) e "N k.

The comparison with Exercise 12.5.5 is fully detailed in the next exercise.

. If we wish to compare the result of the previous exercise, namely

- M-—1
Sk = repy 3 sinc(& k) e /™R k

with the results of Exercise 12.5.5, namely

M-
Skz%smcM(%k)e Ik 3




then we preliminarily need to expand the periodic repetition. We have

o0

Sk = Z L sinc(&(k — nN)) e~ im ¥t (k—nN)
Z M sinc(4k — nM) I (M=1)n =i X5tk
Z sinc(XMk — nM) , M odd
= M —jr¥gtk [ n=—co
Z sinc(k —nM) - (—1)" , M even
rep,, sinc(x) , M odd

M e—jw%k.

repy,y sine(z) —sine(x — M) |, M even o=y

which reveals the identity stated in the exercise text.

. The case for N odd has already been proven in the previous exercise.
Therefore we concentrate on IN even and look for the Fourier series coef-
ficients of

s(t) =repp x(t),  a(t)=sinc(t), T,=N,
where from standard Fourier couples we know that
X (jw) = rect(5%) .

From the sampling/ relation in the Fourier domain it is (recall that T, = N
and wy = 27 /T, = 2w /N)

A & SN
Sk = TX(jkwo) =qyrect(g) =9 5% k=%
P 0 , otherwise

since in this case the samples also include the border of the rectangular
signal. In a compact way, the resulting coefficients can be written in the

form

Sp = ﬁ rect(—N’il) + ﬁ rect(—Nk_l) .

Now, from Exercise 10.2.4 we know the Fourier pair

ey () = MO A
x(t) = MSIHCM(TP) = m s Xk = rect(ﬁ) 5
Ty



for M odd, which we

use in the present context with T, = N and M =
N £ 1, to have

S(t) _ N Sin(rr(N]\—[i-l)t) Sln(ﬂ(N]\;l)t)
2N sin(%t) sin(’]T\f)
sin(7t) .
— v cos()
N sin(%) N

where we exploited the trigonometric equivalence sin(a+ 8) +sin(a— ) =
2sin(«) cos(B). This proves the result.



FOUNDATIONS OF SIGNALS AND SYSTEMS
14.3 Homework assignment
Prof. T. Erseghe

Exercises 14.3

Solve the following by exploiting the sampling/periodic repetition link between
Fourier transforms, then compare the result to those obtained in previous exer-
cises and appreciate how the approach can dramatically simplify calculations:

1. evaluate the Fourier coefficients of the rectified sinusoid s(t) = | cos(2 fot)|
(see Exercise 10.3.4);

2. evaluate the Fourier coefficients of the triangular wave s(t) = repr, triang(%)
(see Exercise 10.3.5);

3. evaluate the Fourier coefficients of s(t) = [cos(27 fot)]", where [z]T =
x - 1(x) is the positive part operator (see Exercise 10.3.7);

4. evaluate the Fourier coefficients of the saw-tooth waveform (see Exer-
cise 10.6.3)

5. evaluate the Fourier coefficients of the periodic sinc function defined as
s(t) = repy, M sinc(3£L) for odd M =1+ 2N (see Exercise 10.2.4);

6. evaluate the DFT coefficients of s(n) = |cos(Zmn)| (see Exercise 12.3.4);

7. evaluate the DFT coefficients of the triangular waveform (see Exercise 12.6.5)

s(n),

|z

w|2

N N n
2

8. evaluate the DFT coefficients of the saw-tooth waveform (see Exercise 12.6.4)






Solutions.

1. We consider fy > 0, with no loss in generality. By mimicking Exer-
cise 10.3.4, the rectified sinusoid is illustrated in the figure below

s(t) = | cos(27 fot)|

and allows writing the signal in the form

s(t) = repp (1) , z(t) = cos(2m fot) rect(£) , T, = ﬁ .

P

The Fourier transform of z(t) is easily found to be, by cosine modulation
properties,

X (jw) = 22 sine( i) + Z sinc(45:2740)

= % sinc( 2 — D+ %sinc(g}i0 +1)
where wy = 27/T),, while from the sampling relation in the Fourier domain
it is
= L X Cikwn) = Lsine(k — 1) 4+ Lsi 1
Sk = T X (jkwo) = 5 sinc(k — 5) + 5 sinc(k + 3) ,
P
which perfectly corresponds to the result of Exercise 10.3.4, although the
present derivation is by far the simplest procedure.

2. The triangular wave is illustrated in the figure below

In this case, we have

s(t) = repy z(?) , x(t) = triang( tTp) ,



where from standard Fourier couples we know that

X (jw) = 3T, sinc®(3T, £) = LT, sian(;’TO) ,
with wg = 27/T},, while from the sampling relation in the Fourier domain
it is 1
Sk = =X (jkwo) = Lsinc*(¥) .
Tp

The result perfectly corresponds to that of Exercise 10.3.5 since

1 k=0
Lsinc?(%) = Ssmz e VI
2 2 ( (% ):1(7(%)12) Jk#0

3. By mimicking Exercise 10.3.7, the signal is illustrated in the figure below

ﬁ\ [cos(27 fot)] T

L 4
~ Jo
and allows writing
s(t) = repg (1) , x(t) = cos(27 fot) rect(%tTp) , T,= f—lo .

The Fourier transform of z(t) is easily found to be, by cosine modulation
properties,

X(]w) - % Sinc(“i;jg{“) + % Slnc(w4“'7;2/75_‘f0)
=7 sinc(g- — 3) + L sinc(z2= + 3)

where wy = 27/, while from the sampling relation in the Fourier domain
it is

S ?X(kao) I smc(%) + %sinc(%) ,

which perfectly corresponds to the result of Exercise 10.3.7, although the
present derivation is by far the simplest procedure.

4. We write the saw-tooth waveform as

s(t) = repp, 1 2(t) , z(t) =t rect(t — 1) .



The Fourier transform of z(t) can be found, by using the product-by-t
property, to be

X (jw) (sinc(22) e_j%)

2w

- W

rm
= 1 sinc(£) e 7% + Lsinc/(£)e 72

while from the sampling relation in the Fourier domain it is (recall that
wo = 27 in this case)

Sk

Sl

X (jkwo)

. _ink P ik
sinc(k) e™?™ 4 ssinc’ (k) e 777

sinc(k) + sLsinc’ (k)] (—1)*

§(k) + ;—Wsinc’(k)] (—1)k

6(k) + ssinc’ (k) (—1)*,

(SIS il

N[ =

which corresponds to the result of Exercise 10.6.3 since
cos(mk) —sinc(k) [0 , k=0
k e (CDF S E#0
However, in this specific case, the relation with the Fourier transform
involves a much more lengthy derivation.

sinc’(k) =

. In this case, we have

s(t) = repp, x(t) , x(t) = M sinc(<%) ,

2 T
where
. 1 1
X(jw) =M - 35T, rect(5;T, 5=) =T rect(M“qu) ,
with wy = 27/T,. From the sampling relation in the Fourier domain it is

1 .
S, = ?X(]kwo) = rect(%) =

{1 |k <N
P

0 , otherwise
We incidentally observe that,

s(t) = reprM Sinc(%) = Z M SinC(M(t;ipnTp))

n=—oo

= Z M sinc(2 — nM) = M repsinc(t)
v M

n=—oo

t=Mt/T,

= MsincM(AT{—:) ,

where we used the equivalence stated in Exercise 14.2.4. Therefore, the
result perfectly corresponds to the outcomes of Exercise 10.2.4



6. We observe that, for M even, the period is N = % Therefore we set
T, =N and T =1 and write

s(n) = repyx(t) T repyz(n) z(t) = cos(35t) rect(%)

where, by the properties of the Fourier transform, it is

. . —2n /M . 27w /M
X (jw) = § sine(“524M) + & sinc(“E254M)
= % sinc(wio — %) + % Sinc(wio + %)

with wg = 27/T, = 2n/N. From the sampling+periodic repetition rela-
tion in the Fourier domain it straightforwardly is

Sk = repy 2 X (jhwo)
= repN% sinc(k — %) + % sinc(k + %)
In the comparison with the outcomes of Exercise 12.3.4, stating that
S = 3siney(k — 3) cos((k — 3) %) + 3 sinen (b + 3) cos((k+ 2) %)

we observe that the two results perfectly coincide because of the equiva-
lence on the periodic repetition of a sinc stated in Exercise 14.2.4.

. We can write the signal by setting 7,, = N and T = 1 in the form
s(n) = repyz(t) =repyz(n) , z(t) = & triang(2t/N) ,
t=n

where, by the properties of the Fourier transform, it is

X(jw) = NTZSinCZ(M“;N) = N—zsiHCQ(Z‘UTO)

with wg = 27/T, = 2n/N. From the sampling+periodic repetition rela-
tion in the Fourier domain it straightforwardly is

Sk = repyy 7~ X (jkwo)
= I repysinc®(1k)

In the comparison with the solution obtained in Exercise 12.6.5, stating
that
Sy = %sinc%(%k) ,

we revealed yet another link between the periodic repetition of a (squared)
sinc and the sincy; function.

. We can write the signal by setting T, = N and T'=1 in the form

s(n) = repy(t) — repyz(n) , x(t) = 151“(3(3t(t7]%\]+ ),

N




where, by the properties of the Fourier transform, it is

. . d . w o=
X(jw):]% (N smc(m)e T3 )

-_— . . . —9 N—
= [w sinc(2) +j]2v—: smc’(w%)} -

with wy = 27/T, = 2n/N. From the sampling+periodic repetition rela-
tion in the Fourier domain it is
Sy = repNT%X(jk‘wo)
=repy [Y52 sinc(k) + j 2% sinc’ (k)] e~ i2m(l=)k
=repy [Y5L6(k) + j L% sinc (k)] eIk
which in any case is a much more involved derivation and result than that
obtained in Exercise 12.6.4, which in this specific case is the preferred way.



FOUNDATIONS OF SIGNALS AND SYSTEMS
14.5 Solved exercises
Prof. T. Erseghe

Exercises 14.5

Solve the following filtering exercises by exploiting the Fourier transform ap-
proach:

1. We say that a filter does not distort an input z(¢) if the output has the
form y(t) = Axz(t — to), for some real valued constants A (scale) and tg
(time-shift), in which case the shape of the signal is kept. Is the filter with
transfer function

s [H(jw)|  p(w) = arg(H (jw))
4
%
2 2 UJ\'L
100r 200w W 1500 W

distorting the signal z(t) = cos(507t) + 5 cos(1207¢), or not?

2. The signal z(t) = Acos™(wot) , with wg > 0, is fed to an ideal low-pass
filter with cut-off pulsation w. > 0, that is H (jw) = rect(55-). Identify, in

dependence of the value of n, the range of wy that guarantees y(t) = x(t).

3. A filter has transfer function H(jw) = 1+ jwT. Is this a real filter?
Evaluate the filter output corresponding to the input x(t) = rect(¢t/T).

4. The input and output signals of a filter are x(t) = triang(%) and y(t) =
triang(t£2) 4 2 triang(%) + 4 triang(*51). Evaluate the filter transfer func-
tion H (jw), its impulse response h(t), and the response to z(t) = 1(¢). Is
the filter BIBO stable?

Solutions.

1. We observe that the filter is real, because the Hermitian symmetry in
the Fourier domain ensures an even absolute value and an odd phase.
Therefore, the output can be found by simple application of the property
of a sinusoid through a real filter. Specifically, we have

y(t) = |H(§507)| cos(507t + ¢ (507)) + 5| H (j1207)| cos(1207t + ¢ (1207))

where the values of interest can be inferred from the figure



4 [H(jw)  p(w) = arg(H (jw))

)
2 2w UJ\'L

5071207 w 507120 W

to have

y(t) = 4 cos(50mt + 39T) + 5 - 2 cos(1207t + 120m)
=4 cos(50m(t + ==)) + 10 cos(1207 (¢ + ==))
and therefore the signal is distorted since the two sinusoids are multiplied

by different factors, as one can appreciate from the figure below where the
dashed plot is signal x(t).

. In order for y(t) = x(t), given the low-pass nature of the filter with cut-
off pulsation w,, it suffices that the extension of the signal in the Fourier
domain satisfies e(X) € (—w,,w,). Since the signal is the power n of a ref-

erence signal s(t) = cos(wot) with Fourier extension e(S) = [—wq, wo], then
since X (jw) is the repeated convolution of S(jw) (repeated n times), by
the rules of the extension of the convolution we have e(X) = [—nwq, nwo],

and therefore we simply need nwy < we.

. The filter H(jw) = 1 + jwT has even real part and odd imaginary part,
hence it is Hermitian in the Fourier domain, and real valued in its impulse
response. Hence, the filter is real. We evaluate the filter output through
the product relation in the Fourier domain, to have

W

Y(jw) = X(jw)H (jw) = Tsinc(Qﬂ_/T

)+ [1+jwT]

which, however, is better written in the form

Y(jw) = X(jw) - [1 + juT] = X(jw) + T - jwX (jw)



since, by exploiting the derivative property of the Fourier transform, is
mapped in the time-domain signal

= rect() +0(F +3) — (7 — 3)
=rect(%)+Ts(t+ L) -Tét— L)

where we exploited the equivalence 6(t/T") = Td(t).

. In this case we invert the standard filter relation Y (jw) = X (jw)H (jw)
to identify H(jw) in what is called a deconvolution. We have

_ 3sinc®(32) [e/2% 4 2 + de ¥

U
2.3
3sinc™(52)

=l 4 24 4o %

whose inverse transform is
h(t)=0(t+2)+26(t) +46(t—1).

The filter is evidently BIBO stable, since |h(t)| = h(t) and Ay, = 14244 =
7 is finite. The response to the unit step readily provides

y(t) = h*1(t)
= [5(t +2) + 20(£) + 46(t — 1)] # 1(2)
=1t+2)+2-1(t)+4-1(t—1) .



FOUNDATIONS OF SIGNALS AND SYSTEMS
14.6 Homework assignment
Prof. T. Erseghe

Exercises 14.6

Solve the following filtering exercises by exploiting the Fourier transform ap-
proach:

1.

The base-band derivative filter H (jw) = jw rect(5:-) is fed with a sinusoid

x(t) = cos(wot). Evaluate the impulse response of the filter, and the filter
output as a function of wy.

The signal z(t) = Asinc™(¢/T) is fed to n ideal low-pass filter with cut-off
pulsation w, > 0, that is H(jw) = rect(5>-). Identify, in dependence of
the value of n, the range of wy that guarantees y(t) = x(t).

A filter has a transfer function of the form H(jw) = e~/*0 rect( 2 — ).
Is it a real filter? Evaluate its impulse response.

Sw

Evaluate the output of a filter H (jw) = sinc(%2) when the input is z(t) =

e~I5t 4 eITot,

Evaluate the output to the low-pass filter with impulse response h(t) =
sinc(t/T), T > 0, to the input signals x1(t) = cos(wot + 7) and x5(t) =

sinc(42 (¢t — 5)) for both wy = 2% and wy = %%

Evaluate the output to the RC filter with impulse response h(t) = a e~ 1(t),
a > 0, to the input signal z(t) = A cos(wot). What is the value of a that
guarantees that y(t) = B cos(wot — )7

Evaluate the output to the series of two identical RC filters with impulse
response hi(t) = ha(t) = ae”*1(t), a > 0, to the input signal x(t) =
A cos?(wot), and specify the output for a = 2wp;



Solutions.
1. The filter can be written in the form
H(jw) = jwG(jw) , G(jw) = rect(5)

where w. = 27 f., so that the inverse transform of G(jw) is simply g(t) =
2 f.sinc(2f.t) by standard application of the Fourier transform properties.
By further recalling the derivative property, from the identity H(jw) =
Jjw G(jw) we also have

h(t) = ¢'(t) = (2f.)%sinc’ (2f.t) .
The filter is illustrated in the figure below.

4 S[H (jw)] y (t)

. VA /\/\
We w \/ v t

For the response to the signal x(t) = cos(wpt) we can exploit the the
property of a sinusoid through a real filter, by recalling that |H (jw)| =
|w|rect(55-) and ¢(w) = § sgn(w) is almost constant. Therefore we have

y(t) = [H (jwo)| cos(wot + ¢(wo))

wo cos(wot + ) , wo € (0, w,)
= q —wo cos(wot — 5) , wo € (—we,0)

0 , otherwise
| —wp sin(wpt) = 2/ (t) , wo € (—wWe, we)
10 , otherwise

so that, in the active band, the filter acts as a derivative.

2. The signal has the form x(t) = a s"(t) with s(t) = sinc(¢/T) and S(jw) =
Trect(ﬁ), hence with Fourier domain extension e(S) = (—wr,wr),
wp = w/T. Therefore, by considering that the n-product maps in the
Fourier domain into an n-convolution, we have e(X) = (—nwp, nwr). The
output y(t) = x(t) is verified in case the signal extension is included inside
the filter cutoff frequency, that is if nwr < w.. As a function of T, we

have T' > 7n/we.
3. The Fourier domain respponse
1
H(jw) = e~@/“0 rect(“—220 w";wo)

is real valued but evidently not real-symmetric, as depicted in the figure
below.



H(jw)

wo w

The impulse response can be obtained by applying the inverse Fourier
integral, to have

h(t) = %/ H(jw) et dt

1 “o )
=5 e~W/wo gIWt gy
™ Jo

1 ew(it=1/wo) |¥°

21 jt—1/wo |,
1 elwot—1 _1q wo 1 — 1 gjwot
J— €

o jt—1/wy 21 1— jwpt

4. By applying the rules of filters to a composition of complex exponentials,
we have

10
where .
H(—j%) = sinc( —35) = sinc(—1) =0
H(j{5) _Slnc(5 10) = sinc(3) = ! 52) =2
2

so that y(t) = 2 e/ 10",
5. The filter is characterised by the couple

h(t) = sinc(%) , H(jw)=T rect(zﬂ“}T) .

For the input x(1), by exploiting the property of filters with sinusoidal
input, we have

yi(t) | cos(wot + 7 + ¢(wo))

| cos(wot + 7)

(Jwo)| z1(t)

_ {Txl(t) , Jwo| < 7/T
0 , otherwise

= |H (jwo)
= |H (jwo)
= [H (jwo)

where we exploited the fact that the filter has zero phase, and the fact

that the filter has two active levels, T and 0, above and below the cut
pulsation /7. Hence, for wy = g—;ﬂ < % the output is y1(t) = T x1(2),

while for wy = %& > I the output is y(¢) = 0.



For the second input signal we need to investigate its action in the Fourier
domain, to have (here we denote Ty = 27 /wy)
Yo (jw) = Xa(jw)H (jw)
=Ty rect(%wﬁ) e i rect(ﬁ)
rect(%“’%) ,To >T

_ —Jjbw .
=ToTe {rect(%“;T) , T >1Th

since, in the product, the smallest rectangle identifies the output. By
inverting to the time-domain, we obtain
T xo(t) ,wo < &
t) =
v2(t) {Toh(t—5)  wo > %
where we replaced back wg. Therefore, for wy = gl < 2% the output is
Y2(t) = T z5(t), while for wy = 8 > 2% the output is ya(t) = Tp h(t — 5).
. For the RC filter we have (see Exercise 13.2.6)

M) =ae 1) HGw) = = 11+<i%§2

with

H(jw)| = ———— . pw) = tan"1 (=) = — tan"(2)

V1t (w/a)?’

where the expression of the phase was derived by solving

R[H (jw)] = [H (jw)| cos(p(w)) = m
S[H(jw)] = [H(jw)| sin(p(w)) = 1Jr_(ww//aa)Q
to have S[H (jw)]
i = tan w)) = ;w :
RG] )=

Therefore, by exploiting the filtering properties under a sinusoidal input,
we have .
y(t) = A |H (juwo)| cos(wot + ¢ (wo))

A
= ———— cos(wpt — tan™ ' (£2))

V14 (wo/a)?

so that we have y(t) = B cos(wot — §) under the condition

2= tan_l(%) = @ =tan(})=1

that is for a = wy.

Remark: the name RC filter comes from the fact that the filter action is
that of an RC circuit with input voltage x(t) and output voltage y(t), as
illustrated in figure



If we denote with i(t) the current flowing through the resistor R and the
capacitor C', then the equations determining the link between input and
output are of the form

x(t) = y(t) + Ri(t)
i(t)=Cy'(t)

the first considering that the voltage x(t) is the sum of voltages on the
resistance R and at the output, while the second carries the link between
the capacity voltage y(t) and the current flowing through the capacitor.
The relations are better understood in the Fourier domain, where they
map into

X(jw) =Y (jw) + R - I(jw)

I(jw) = jw C(jw)
where we used the derivative property. Hence, by substitution of the
second in the first we obtain

) ) ) ) X (jw)
X =Y - (1 RC — Y = — 7
(Jw) =Y (jw) - (1 + jwRC) (jw) = 1 RO
which identifies a transfer function of the form

1

H(jw) = —F——
) =T jore
which is equivalent to that of the exercise by setting a = 1/RC.

. We take the transfer function of the RC filter from the previuous exercise,
and note that, in the series of two RC filters the overall transfer function
takes the form

G(jw) = H(jw)H (jw) = H*(jw) = |H(jw)[* 2/
Moreover, the signal has the form
z(t) = Acos®(wot) = 4 + 4 cos(2wot)
so that the output is
y(t) = 5 [H(GO)* + 5 | H (j2w0) | cos(2wot + 2i(2wp))
A A

=2 T AT @anjap) R 2tan”" (%32))



For a = 2wy we have
y(t) = A cos(2wot — 2tan1(1))

cos(2wot — %)

|
NIRSESTRSNENTRS
_|_
IS St

sin(2wot)



FOUNDATIONS OF SIGNALS AND SYSTEMS
15.2 Solved exercises
Prof. T. Erseghe

Exercises 15.2

Solve the following by either using the forward/inverse transform or the prop-
erties of the discrete-time Fourier transform:

1.
2.

prove the correctness of Fourier pair s(n) = §(n) and S(e’?) = 1;
prove the correctness of Fourier pair s(n) = 1 and S(e’?) = 27 comby, (6);

prove the correctness of Fourier pair s(n) = dsinc(nd), 0 < d < 1, and
S(e7%) = rep,, rect(527);

. evaluate the discrete-time Fourier transform of s(n) = e/%m;

evaluate the discrete-time Fourier transform of s(n) = sgn(n);
evaluate the discrete-time Fourier transform of s(n) = 1o(n);

evaluate the discrete-time Fourier transform of s(n) = na™ 1o(n), |af < 1.
For which values of a the absolute value |S(e’?)| is an even function?

Solutions.

1.

We apply the forward transform, to have

S(el?) = i S(n)e im =1

n=—oo

where we used the sifting properties of the delta.

. In this case it is convenient to prove the result by inverse transform, to

have L g
_ 70\ Ljon
s(n) = 5 /_Tr S(e??)el’™ do

= / rep,y.,. 0(6) /%" df

= [ §0)edh =1

where we used the range (—m,7) for the integration, in such a way to
reveal that the only contribution of S(e??) = 27rep,,.d(6) which is used in
the integral is the delta centred in 0.



3. Also in this case it is convenient to proceed by inverse transform, to have

1 [" ;
s(n) = %/ rep,, rect(5%-) el df

—T

1 md
= — e do
27 —md
2nd __ —
o = d , . yn=0
={ et nd _ gimdn _ g—jmdn _ sin(wdn) n£0
j2mnl—rd j2mn mo
= d sinc(nd)

where, again, we used the range (—7, ) for the integration, in such a way
to reveal the only contribution which is used in the integral is the rectangle
centred in 0, ranging from —nd to 7d.

4. By using the Fourier pair of Exercise 15.2.2, namely

z(n)=1, X (/%) = 27 comby,(6) ,

then the transform can be found by exploiting the modulation property
since ' .
s(n) = e%m" = x(n) eI%m

The resulting transform is therefore of the form
S(e??) = X (e7979)) = 27 comby, (6 — ) .

5. For the signum

we can use the increment property. We therefore identify the increment
signal

s(n) —s(n—1) .

which we can write as



with discrete-time Fourier transform
Y(e) =1+e7°
obtained from the properties of deltas and the time-shift property. By
inverting the increment we obtain
- Y (ed?) 1+e 90
Joy — _
S’ = T + 2mmgcomba, (6) = Ty

since the signum has ms = 0. A more explicit result is obtained by working

on the resulting expression to have

SIS

+e9%  2cos(?) ,
= =—j cot(%)

1+e 39 eia ¢l
— 5 2jsin(?)

Sy =" — =
(™) 1—e 99 cis  ¢i

[SEY SIS
N

as illustrated in the figure below.

S[S(e?)]4

6. For the discrete unit step s(n) = 19(n) we can follow two equivalent paths.

If we proceed by the application of the increment we have
y(n) =s(n) —s(n—1)=4d(n), V(e =1,
hence by reversing the increment we obtain (recall that we have m, = %)
- Y (e7) 1
5(6]6) = 1—76_]9 + 27Tmscomb27r(0) = m + WCOmeW(Q) .
Alternatively, we can recall the link with the signum function, namely
s(n) = 1o(n) = 5 + gsgn(n) + 36(n)
whose Fourier transform reads as
S(e7%) = mcomby, (0) — j% COt(g) + % ,

which is equivalent to the previous result since
1+ e 99

. 0y _
1—jcot(z) =1+ =T

- 2
C1l—eif




7. In this case we can write the signal in the form s(n) = nxz(n) with z(n) =
a™1p(n), and exploit the product-by-n property. For the transform of
z(n) we have

o0

X (%) = Z a™ 1g(n) e
oo
; 1
_ —jo\n __
—nzz;)(ae )= 1—aed9’

so that by use of the product-by-n property we obtain

; . d 1
5" =35 (=aem)
j0

joeI? ae

T U —ae 92 T (I—ae )2’

For assessing the parity of the absolute value, we calculate

) a|
S(e’?)| = S :
S =
- il _ o
(1—ae (1 —ae%)* (1—ae99)(1—a*el?)
) o
1—ae 99 —a*ei? + |al?
|al

1— |a| e—j(‘g—ﬂoa) — |a| ej(e_@a) + ‘alQ
o
1 —2|a] cos(d — va) + |af?

where we used o = |a| e/?=. Therefore, the only possibility for having an
even function is that ¢, = 0 or 7 (to have £ cos(f)), that is a real-valued
a (positive or negative).



FOUNDATIONS OF SIGNALS AND SYSTEMS
15.3 Homework assignment
Prof. T. Erseghe

Exercises 15.3

Prove the following properties of the discrete-time Fourier transform:

1

N ok @

. time-reversal property z(—n) — X (e=7%);
conjugation property z*(n) — X*(e™7?);
time-shift property z(n — ng) — X*(e??) e=79m0;
modulation property x(n)ei%” — X (e7(0=0)):
convolution property = * y(n) — X (e?)Y (e7%);
product property z(n)y(n) = 5= X g Y (el?).

product by n property nxz(n) — j X’(e?%).

Then, solve the following by either using the forward/inverse transform or the
properties of the discrete-time Fourier transform:

8

9.
10.
11.

12.

. evaluate the discrete-time Fourier transform of rect(f) for N =1+ 2M;

evaluate the discrete-time Fourier transform of cos(nfy + ¢o);
evaluate the discrete-time Fourier transform of dsinc?(nd), 0 < d < 1;

evaluate the signal whose discrete-time Fourier transform is 27 e7?/(2 +
el?);

evaluate and draw the discrete-time Fourier transform of s(n) = 3 sin(Zn)+
1 3

I sin(Tn).



Solutions.

1. For the time-reversal property we have y(n) = xz(—n) with direct trans-

form -
Y (') = Z x(—n)e I
= Z z(m)e J(=0)ym
= X (e 779

2. For the conjugation property we have y(n) = z*(n) with direct transform

Y(eje): Z a?*(n)e_jen
= ( i x(n) e—j(—é)n)*
= X*Ze__je)

where we used the equality (e=79")* = e/ = ¢=3(=0)n
3. For the time-shift property we have y(n) = z(n—ng) with direct transform

o0

Y (') = Z z(n —ng)e I

n=—oo

oo

— Z z(m) e—30(m+no)

m=—0oo

oo

= ¢ 7m0 Z x(m) e 7™

m=—0oo

= X(eje) e~ J0mo
where we used m =n — ng.

4. For the modulation property we have y(n) = z(n)e’%" with direct trans-

form -
Y (') = Z z(n) el¥m ¢=I0m
— Z z(n) e—3(0=00)n

— X(ej(9—90))



5. For the convolution property we have z(n) = zxy(n) with direct transform

Y (el = Z ( Z x(m)y(n—m)) e~ dom

= Z x(m) ( Z y(n —m) ej9”>
= Z z(m)Y (e7?) 0™
= X (7)Y (e79)

where in the second equivalence we swapped the order of sums, and in the
third we exploited the time-shift property.

6. For the product property we have z(n) = z(n)y(n) with direct transform

oo
Y(e)= Y a(n)y(n)e
oo 1 27 X . .
:n;mm(n) <2ﬂ_ ; Y (V) eV dv) eI
L (e [ S (6-v)
[ Y (e? —j3(0—v)n d
o7 J, (e’) n:z_:oox(n)e v
1 2 ) )
=— Y (e?V) X (e707)
2 0
= iX *eir Y (e1%)
2’7T cIir

where in the second equivalence we used the inverse transform to express
y(n), and in the third we swapped the order of sum and integral.

7. For the product-by-n property we derive the discrete-time Fourier trans-
form expression, to have

X)) = 5% ( > x(n)eﬁ")
_ (s, —Jbn
- nzz_oom(n)do (je )
= > a(n)-j-—jne "

Z nx(n)e Iom

n=—oo



revealing it as the discrete-time Fourier transform of nx(n).

8. The signal, for N = 1+ 2M, has the form

n n 1 ) [T S M
s(n) = rect(§;) = rect(1557) = {0 |otLerwise

so that its Fourier transform is

oo

S(el?) = Z s(n) e 90" = Z e—i0m

n=—oo

2M 2M
_ § :67]9(m7M) — €]9M § (eﬂe)m
m=0 m=0
1 e—i0(1+2M)
ejGM

1—ed9

eIOM _ o—j0(1+M)  oi§
B 1—e 99 g

eje(M"r%) _ e—je(M-i-%) SIH(QTN)
o ej% — e_jg o Sil’l(g)
= Nsiney (4Y)

9. In this case it is needed to expand the sinusoid by Euler’s identity, to have
s(n) = cos(nby + ¢o)

_ %ewo . elbon + %e—on . e—Jbon

b

Then, by considering the Fourier transform of a complex exponential, we
obtain

S(e9%) = 1el#° combar (6 — 0y) + TeTI?0 comba, (8 + 6p) .
10. In this case we can exploit the Fourier pair of Exercise 15.2.3, namely
x(n) = dsinc?(nd) , X (e?%) = rep,, rect(ﬁ)

x(n) z(n), so that by the product

=

to write the signal in the form s(n) =
property we have

S(ejg) = ﬁ XCirCX(ej‘g)
= 51 (2ndrep,, triang(52;)) = rep,, triang(52;)

where we exploited the properties of the circular convolution, and where
we took into account that the self convolution of a rectangle of basis 27d
is a triangle of basis 4wd and height 2wd. Observe that, when d > %, the
periodic repetition is introducing aliasing.



11.

12.

In this case we cannot proceed by integration, since the primitive is not
known in this specific case. However, if we write the transform in the form

. 0
) A —
(e ) 1—(—%639)

we can recognise that the denominator is the result of a geometric series,
that is

§(e?) = je? 3 (~e?)F
k=0

_ Zj(_%)keje(k-',-l)

Il
K
.
|
N
3
|
m)—‘
S
3

Il
.
—~

|

N[ =
~—
|
3
|
-
9]
d
&
3

where m = k+1 = —n. Now the transform is in the form of a discrete-time
Fourier transform, revealing that the signal in the time-domain is

{j(é)“ =2 (=2)" ,n<0
0 ,n>0
=—2j(—-2)"1p(—=1 —n)

s(n) =

For the signal

s(n) = 3 sin(Zn) + 1 sin(3fn)

by applying the standard rule on the Fourier transform of a (sampled)
sinusoid we have

S(e7%) = & repy,6(0 — F) — 2 repy,5(0 + %)
+ é repQﬂ'(S( - 377‘-) - % rep27r5(9 + 37‘”)

where we observe that, thanks to the periodic repetition (or the sampling,

which is equivalent), phase 37“ is equivalent to phase 37” —m = —7, so that

S(e7) = & repyd(0 — F) — & repy,8(60 + 5)
+ 8% repy,0(0 + 5) — Sij repy,0(0 — %)
as illustrated in the figure below where deltas in bold represent the four
delta functions prior to the periodic repetitions, the deltas in solid lines

correspond to the contribution of phase 7, and the deltas in dashed lines
refer to the contributions of phase 37”
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Therefore, we obtain
S(e) = & repy,6(6 — T) — A vep,, 50— 7)
that is s(n) = %sin(gn)7 a result that we could have easily determined

by observing that sin(3fn) = sin(—%n) = —sin(3n). The transform is
illustrated in the figure below.

S(€j9)4
_ 1 _ 1 _ 1 _ 1 _1
45 4j 45 4j 4j

&=

VB
-
[N
3
&= ——
=~
3
& ——
<




FOUNDATIONS OF SIGNALS AND SYSTEMS
15.5 Solved exercises
Prof. T. Erseghe

Exercises 15.5

Solve the following by exploiting the relation between Fourier transform and
DTFT:

1. evaluate the discrete-time Fourier transform of dsinc(nd), 0 < d < 1;

Solutions.

1. In this case we can exploit the sampling relation with T" = 1 applied to
the signal couple

z(t) = d sinc(dt) , X (jw) = rect(52) ,

whose Fourier transform is derived by simple application of the scale prop-
erty. Since we have s(n) = x(n), from the sampling relation with 7' = 1
we obtain

S(e7%) = rep,, X (j0) = repy, rect(557)

which is a square wave. The result is perfectly equivalent to that of Exer-
cise 15.2.3, although the derivation is in this case effortless.



FOUNDATIONS OF SIGNALS AND SYSTEMS
15.6 Homework assignment
Prof. T. Erseghe

Exercises 15.6

Solve the following by exploiting the relation between Fourier transform and
DTFT:

1. evaluate the discrete-time Fourier transform of rect(f) for N = 1+ 2M;
2. evaluate the discrete-time Fourier transform of dsinc?(nd), 0 < d < 1;

3. evaluate the discrete-time Fourier transform of

_ Jsin(ng) ,ne(0,N]
s(n) = {O , otherwise



Solutions.

1. We can exploit the sampling relation with 7" = 1 applied to the signal
couple
x(t) = rect(%) X(jw) = Nsinc(ﬁ) ,

whose Fourier transform is derived by simple application of the scale prop-
erty. Since we have s(n) = z(n), from the sampling relation with 7' =1
we obtain _
S(e’’) = rep,, X (j6)
0

= I'ep27‘_N Sinc(m)

which is a complete result. If we wish to relate this result to the periodic
repetition of a sinc, providing a periodic sinc, then we need to further
work on the outcome, to have

S(e?) = Z Nsinc(%;’ﬁ\?)

k=—o00

Z Nsinc(52 — kN)

k=—o0

= Nrepysinc(z)|
T=97%

£

= Nsincy (52)

which is now perfectly equivalent to the solution of Exercise 15.3.8.

2. We can exploit the sampling relation with 7' = 1 applied to the signal
couple
x(t) = dsinc?(td) , X (jw) = triang(525) ,

whose Fourier transform is derived by simple application of the scale prop-
erty. Since we have s(n) = z(n), from the sampling relation with 7' =1

we obtain )
S(e’%) = rep,, X (j0)

= repy, triang(ﬁ)

which is perfectly equivalent to the solution of Exercise 15.3.10.

3. We can exploit the sampling relation with 7' = 1 applied to the signal

1
x(t) = sin(ft) rect(* ]\Q,N) ,

Now the Fourier transform of z(t) can be identified with some effort from
the couple

y(t) = rect(tijéN) , Y(jw) = Nsinc(575) e 9T



by use of the modulation property, to have

X(jw) = Z¥ ((w — &) = Y (jlw+ F))

=N~ [sinc( ) sinc(ﬁ +1 e Iw ¥

Since we have s(n) = x(n), from the sampling relation with T = 1 we
obtain

S(e’’) = rep,, X (j6)
NO

= Nmrep,y, {[Sinc(g—ﬁ — %) — sinc(g—ﬁ + %)] e_j”ﬁ}

It is possible to relate the result to periodic sinc functions. However, we
skip this path since the derivation is troublesome.



FOUNDATIONS OF SIGNALS AND SYSTEMS
16.2 Solved exercises
Prof. T. Erseghe

Exercises 16.2
Solve the following by exploiting the Fourier transforms approach to filters:

1. Identify the class of discrete-time filters such that z(n) = e /%" and

y(n) = Le-dtn.

2. The signal z(n) = §(n — 1) — 6(n + 1) is first filtered by an ideal low-
pass filter h(n) with cut-phase 6. = 7, then the output is multiplied by
v(n) =1—¢e/™ =1—(—1)" to get the output y(n), as illustrated in figure

Identify y(n).

3. Identify the impulse response of a discrete-time high-pass filter with cut-
phase 6. € (0, 7).

4. The signal

oo
z(n) = Z triang(3(n — 8k)) — triang(% (n — 4 — 8k)) ,
k=—oc0
is fed to an ideal high-pass filter with cut-phase 0. = 5. Evaluate the
output y(n).

Solutions.

1. Obviously, the filter with h(n) = £§(n) is a viable solution, but, in general,
since in this case it is y(n) = H(e’ ) z(n), it suffices to have H(e/%) = §,

which the only effective constraint required to the class.

2. We proceed by analysing the system in the Fourier domain. For the input,
by transforming the two deltas we have

X (&) =799 — 1% = —2jsin(0) .

The filter is, by assumption, H(e’?) = rep,, rect(%) (i.e., a square wave
with duty-cycle d = 1), so that

2(e’%) = X(°) H(e")
= —2jsin(f) - rep,, rect(£)

0
= repy, — 27 sin(f) rect(£)



as illustrated in the figure below

Cx

3(2(e?)
N DN N : N I\
NIV T N VAN
The Fourier transform of y(n) can be inferred from the relation

y(n) = z(n)v(n) = z(n) — z(n) ™

M|

providing, by use of the modulation property
Y (%) = Z(e??) — Z(707™)

where the contribution added is illustrated in dashed lines in the figure
below

M2 - 20
NN N s N N
NEZERNFEE A NVEEEN PNV

Hence, we obtain

Y (e’?) = —2jsin(#)
and therefore y(n) = z(n).

This exercise can also be solved in the time domain, which can be done
1 n

graphically, by observing that h(n) = 3sinc(3) and therefore z(n) =

z*h(n) =h(n—1) — h(n+ 1), while it is

n 2 ,nodd
v(n) =1-(-1)"= {0 n even

Therefore, the outcome is the one depicted in the figure below

h(n)

1
2



—1

From the figure we see that h(n) is zero for n even, except at n = 0, which
implies that z(n) is zero for n odd, except at n = +1. Since v(n) is zero
for n even, the only two values that are maintained in the product y(n) =
z(n)v(n) are the ones at n = 1, which provides the result y(n) = x(n).

3. The filter expression, in the Fourier domain is

H? =1- rep rect(9-)
2m ¢

whose inverse Fourier transform can be obtained by separately invert-
ing the two contributions. For the constant contribution, we exploit the
Fourier couple §(n) — 1, while for the periodic repetition of the rectan-
gle we can interpret it as a sampling operation applied to the Fourier-

transform couple
9(‘.

s

sinc(%t) —  rect(g5-)
so that

h(n) =4d(n) — % sinc(%n) ,
where d = % is the duty-cycle of the square wave.

4. The signal, depicted in the figure below

is periodic of period N = 8. Its DFT can be computed by hand, and we



exploit the even symmetry by setting the range to [—3,4], to have

4
X, =43 Z z(n) e~ IHEn

n=-—:=:

= %(1 + cos(Zk) — cos(2Fk) — (—1)’“)
{0 , k even 943

A, k==1 (mod 8) A=
—A | k=43 (mod 8)

which reveals a discrete-time Fourier transform with even symmetry of

the form ,
X (el = Z 2w X}, combor (6 — Tk) .
ke{£3,£1}

as illustrated in the figure below.

bbb dfle
T TR T

Therefore, after filtering it is

|
1

V() = X (/) - H(e") = ) 2mAcombyn(0 — Fk) .
ke{+1}

or, equivalently, at the DFT level

_ JEky _ A 5 k=+1 (mod 8)
Vi = Xy H(e™™) {0 , otherwise
so that

y(n) = Z Aehim = Aelim 4 Ae™75™ = 24 cos(Zn) .
k=1



FOUNDATIONS OF SIGNALS AND SYSTEMS
16.3 Homework assignment
Prof. T. Erseghe

Exercises 16.3

Solve the following by exploiting the Fourier transforms approach to filters:

1.

Identify the class of discrete-time filters such that xz(n) = e776" and
_1_35%Zn
y(n) = gel=m.

A discrete-time filter has transfer function H(e?’) = 1+ 1sin(6). Is this
filter real? Evaluate the output when z(n) = 1p(n).

A discrete-time filter has impulse response h(n) = 1g(n) — lo(n — 3).
Evaluate the transfer function H(e’?), as well as the output when the
input signal is x(n) = rep;yd(n).

A discrete-time filter has impulse response h(n) = ne~ 3" 15(n). Evaluate
the transfer function H(e’?), as well as the output when the input signal
is 2(n) = A cos(5n).

Identify the impulse response of a discrete-time band-pass filter that selects

the phases in the range [0 — 3605; 00 + 365) C (—, ).

The discrete-time signal x(n) = cos(n) + sin(3n) + e 75" is filtered by an
ideal low-pass filter with cut-phase 6. = 5. Evaluate the filter output
y(n).



Solutions.

1. The general rule for complex exponentials is y(n) = H(e /%)x(n) =
H(e7%)e™7%™ which cannot meet value éeﬂ & for any choice of the con-
stant H(e™7%). Hence, there exists no such filter and the class is empty.

2. For the filter to be real we need to have the Hermitian symmetry (even
real part, odd imaginary part) in the Frequency domain. However, the
Fourier transform is real but not even nor odd. The output can, in this
case, better evidenced in the time-domain. We have

H(e!?) =1+ 1sin(0) =1+ %jej‘g — 4%6_]‘9

which, by inverse transform, provides
h(n) =6é(n) + %jé(n—i-l)— 4%.5(71— 1).
Therefore, the output has the form
y(n) = h(n)
=1o(n) + g5 lo(n+1) = 45 Lo(n — 1)
=1o(n) + g5 6(n+1) + 55 6(n) .

3. We preliminary observe that
h(n) =1p(n) —1lg(n —3) =d(n) +dé(n—1)+d(n—2),
so that ' 4 , ,
H(?) =14¢e79% 47720 = (1 4+ 2cos(0)) e 77 .

For x(n) = combjg(n) it is much easier to proceed in the time-domain, to
have
y(n) =xxh(n)=z(n)+z(n—-1)+z(n —2)

reppo(n) +o(n—1) +d(n —2) .

4. In this case, given that the input is a sinusoid, the easiest approach is the
Fourier-domain approach, since it is

y(n) = A|H(’F)| cos(5n +¢(5)) .
We therefore evaluate the Fourier transform starting from the transform

of z(n) = e~ 3" 1y(n), that is

1

oo
Z(ejg) = E e"Bne=dn — ____ —
0 1— 6_(§+]9)

to have, from the product-by-n property

e—(§+39)

JO\ — 57l (.30) —
H(eT) = Z(e”) (1— e (5+i0))2 "



At phase 0 = 3 we further have

T = % — ga(g):fngarctan(e*%).

. In the Fourier domain, the filter reads as

H(e?%) = rep,,. rect(ggfo) + rect(%)

which we can inverse transform by applying the sampling plus modulation
rules, starting from the Fourier transform couple

% sinc(fet) —  rect(¥)

27 27 23
to have

h(n) = ‘i—b sinc(g—;n) cos(bon) .
. From the properties of the sinusoids, in the Fourier domain we have a

collection of comb functions centred at +1, £3 and —6.

—_
V)
<

As illustrated in the figure above, %1 falls inside the interval (=%, %),
hence the cosinus is kept. Instead, 3 falls outside the range of the filter,
hence the sinus is cancelled. For the exponential, instead, which is centred
at phase —6, we need to observe from the figure that it actually falls inside
the active filter part, and is therefore kept. As a matter of fact, the filter
response H (e*) is periodic 27, hence it can be interpreted as a base-band
rectangle only if the reference phase is mapped into the interval (—m, ),
in which case it is —6 (mod 27) = 27 — 6 ~ 0.2883, which evidently falls

within the active signal part. Therefore the output is

y(n) = cos(n) + e 75"



FOUNDATIONS OF SIGNALS AND SYSTEMS
16.5 Homework assignment
Prof. T. Erseghe

Exercises 16.5

Solve the following exercises on signals, Fourier transforms, and filters:

1. The signal

oo

x(t) = Z (=1) rect(t — k) ,

k=—o0

is fed into a low-pass filter with cut pulsation w,. = %7‘(‘. Evaluate the filter
output y(t);

2. Evaluate the Fourier transform of a real-valued signal which is even and
periodic of period T, and which is defined as s(t) = t2 in the interval
[07 %TP];

3. Evaluate the Fourier transform of signal s(t) = sinc(t) - sinc(2(t — 1));

4. Evaluate the area and the energy of the signals

s1(t) =rect’({5),  s2(t) = sinc(3(t —5))
s3(t) = sin(10mt) rect({5(t — 5)) ,  sa(t) = sinc?(t) ;
5. Evaluate the output of a continuous-time filter with impulse response
h(t) = e~ when the input is x(t) = 3 cos(2t);

6. The signal s(t) = Asinc"(¢/T) cos(wot) is fed to an ideal low-pass filter
with cut pulsation w,.. Identify the values of wy (as a function of n, T and
we) that guarantee that the output is y(t) = 0;

7. Evaluate the convolution s(t) = z * y(t) between the two signals z(t) =
sinc(t) and y(t) = sinc(3t) cos(wot). Ilustrate the result for wy = 7. For
what values of wy is the area of s(t) zero? For what values of wq is s(t)

zero?



Solutions.

1. The signal has evidently period T}, = 2, and can be written in the more
compact form
x(t) = 2repyrect(t) — 1,

evidencing that it is a difference between a square-wave of duty cycle d = %
and a constant, hence its Fourier coefficients are

Xy =2 %sinc(f) —1=sinc(f) -1,
associated to pulsations kwy = k7. Being the filter a low-pass filter with
cut-pulsation w, = %w, then only the coefficients for k = —1,0, 1 are kept,
that is the Fourier coefficients of the output are

us )
P s

v - { Xk k=0%1 _ Sinc(%)zsing% =2 k=41
k= .
0 , otherwise

0 , otherwise

since Xg = 0. Therefore, by inverse Fourier transform (Fourier series, in
this case) we have

oo
y(t) = Y Yiehot = 2e0m 4 27 = 4 cog(nt) .
k=—oc0

2. For the even-symmetric signal, we can write
s(t) = repr, t? rect(£) ,
P
so that its Fourier transform can be obtained from that of the pair
x(t) = rect(Tip) — X(jw)=T, sinc(ﬁ)

by first applying twice the product-by-t property, to have
3

y(t) =t rect(£) — Y(jw) = 5> X" (jw) = —ALT% sinc”(—%j’TP)

P

and by then sampling at kwg, wg = %—”, to have
p

2
. T2 T2 5 k=0
Sy = %p Y (jkwo) = — g2 sinc” (k) = 2 - { 23(—1)’“ k0

where the compact result was derived with some effort by expanding the
second derivative of the sinc.

3. The transform can be approach by interpreting the signal as a product
s(t) = x(t)y(t) where
x(t) = sinc(t) — X(jw) = rect(5%)

y(t) =sinc(2(t — 1)) — Y(jw)=1 rect(Z)e7¥



and by successively applying the product rule, that is
) 1 .
S(jw) = — X Y (jw) .
2

The convolution between the rectangle X (of width 27) and the modulated
rectangle Y (of width 47) can be approached in the standard way where
Y is kept fixed and X is shifted. The resulting expressions, considering
the different regions and the overall extension [—3m, 37], provide

T emiv du | w € (—3m, —)

—27
S LA LT eman we(nm
Ar fjiw e v dy w}f (7, 3m)
, otherwise

After solving the integrals, we get
j —e 7% -1 [ we (=3m, )
S(jw) = yraR S +e ¢ we (m3m)

0 , otherwise

as illustrated in the figure below, where we appreciate the Hermitian sym-
metry of S(jw).

S(jw)

. The first signal is s1(t) = rect({;) and its area and energy can be easily
evaluated in the time-domain, to have

A =10-1=10, E1=10-12=10.

For the second signal, we need to map it to the Fourier domain, where the
shape is rectangular. We have

So(jw) =8 rect(%ﬂl) e I

so that

Ay =8(j0) =8, Ey=4.7.8"=38.

For the third signal, again we need to map it into the Fourier domain, to
have

S3(jOJ) __ 10 rect((w;l()'rr)) e—j5(w—107r) _ % rect((w:/lgﬂ))e—j5(w+107r)

T2 /5



with non-overlapping rectangles, so that

A3 =853(j0) =0, E3=2--Z.5°=5.
For the last signal we have
Su(jw) = triang(£)
so that
Ay =8,(j0) =1, By = 5 /OO triang®(£) dw = 2 .

. In this case we have
y(t) = 3|H(j2)| cos(2t + ¢(2)) ,

given that the Fourier transform H(jw) is known. We evaluate it by
applying the Fourier integral, to have

0 )
H(jw) = / ete It dt + / e~teTIvt gt
—00 0

1 N 12
l—jw 14w 14 w?

which is real-valued, even symmetric, and positive, hence ¢p(w) = 0. We
have H (j2) = 2, so that y(t) = 2 cos(2t).

. From the Fourier pair sinc(¢t/T) — T rect(Zw‘*}T) and the fact that a prod-
uct of order n turns into a convolution of order n in the Fourier domain,
we know that signal sinc™(¢/T) has an extension in the Fourier domain of
the form [—Zn, Zn]. Correspondingly, the cosinus multiplication defining

s(t) further ensures that the extension of S(jw) is of the form
e(S) = [~wo — Fn, —wo + Fn] U lwo — Fn,wo + .

A low-pass filter with cut pulsation w., instead, has an extension in the
Fourier domain of

6(H) = [_WCvWC] )

so that to have a zero-valued output it suffices to have disjoint extensions,
that is,
We <wop— 7N = Wo>We+ Tn.

. The convolution is more easily approached as a product in the Fourier
domain, where

ha
<
&
=
Il
—
@
3

t(55)
Y (jw) = rect(“==2) + rect(%)
S(jw) = X (jw) Y (jw)



where we observe that the extensions of the two transforms are
e(X) = [—m, 7]
e(Y)=[-wo— 5, ~wo+ F]U[wo — §,wo + 5] .
Now, for the area, from the properties of the convolution we have

- - . . LN 0 ,0<wy— %
since it is only a question of wether 0 € e(Y). The requirement therefore
is wo > 5. For the signal to be zero, instead, the two extensions e(X) and
e(Y) must be disjoint, that is we must have

T<wy— g5 = wo>%7r.



FOUNDATIONS OF SIGNALS AND SYSTEMS
17.3 Solved exercises
Prof. T. Erseghe

Exercises 17.3

Solve the following exercises on sampling, interpolation, and the sampling the-
orem:

1. Identify a sampling/interpolation scheme for signal s(t) = sinc®(t);

2. Consider the following sampling/interpolation system

ﬂ . x(nTh) R y(t) L y(nTz) Fhe) 2(t)

1 1
T]_Zg T2:§

where h(t) = 2sinc(2t) and z(t) = sinc?(2t). Identify the Fourier trans-
forms Y (jw) and Z(jw), as well as the output signal z(t).
Solutions.

1. The signal is base-band, therefore we resort to the classical sampling and
interpolation scheme

s(t) s(nT) s(t)

T

with h(t) = sinc(t/T) where we only need to identify the value of T" in such
a way that e(S) C [~n/T,n/T]. Now, from the couple sinc(t) — rect(5=),
and the fact that a product in time maps into a convolution in the Fourier
domain, we know that e(S) = [—3m, 37, hence it suffices to choose

3r < == Tg%.

Nl =

With the stricter choice T' = % we have

sinc3(t) = Z sinc?’(%k) sinc(tzlfég) = Z Sincg(%k) sinc(3t — k)

k=—o0 k=—o0

2. From the theory we know that
Y (jw) = A H(jw) repge X (jw)
— 3H (ju) repe, X (jo)



where we exploited the fact that T; = % Since the Fourier transforms X
and H are of the form

X(jw) = %triang(ﬁ) , H(jw) = rect(;%) ,

then it is
Y(jw) = % rect( ;%) repg, triang(;=) ,

where the periodic repetition is illustrated in the figure below

repg, triang (%)

EV

so that the shape of Y is the one illustrated in figure
Y (jw)

3

2
3
4

1 w
2

which we can write in the form
Y (jw) = 3H (jw) X (jw) = %rect(ﬁ) + %triang(%) .

Note that the extension in the Fourier domain is e(Y) = [—2, 27].

The second sampling/interpolation system, leading to z(t) instead pro-
vides . L . _
Z(jw) = g H(jw) repsz Y (jw)

= 2H (jw) repy, Y (jw)

where we used Ty = %, and where we note that, because of the extension

e(Y) = [—2m, 27], there is no aliasing with a periodic repetition of 47r. As a
matter of fact, this is a perfect sampling-reconstruction scheme (baseband
Shannon’s like) since T3 is coherent with the bandwidth of Y. Therefore,
in the absence of aliasing, we have

Z(jw) = 2 H(jw) ¥ (ju) = 2 rect(£2) ¥ (ju) = 2¥ (ju)



that is
Z(jw) = Srect(££) + 3 triang () .

By inverse transform, we finally obtain

z(t) = y(t) = 3sinc(2t) + 2 sinc?(¢) .



FOUNDATIONS OF SIGNALS AND SYSTEMS
17.4 Homework assignment
Prof. T. Erseghe

Exercises 17.4

Solve the following exercises on sampling, interpolation, and the sampling the-
orem:

1. Identify a sampling/interpolation scheme for signal s(t) = sinc’(t);

2. Consider the following sampling/interpolation system

2(t) ~ alt) y(t) y(nT) (1)
SO () P T ha()

cos(14t)

<

where

X(jw) =rect(4%) |1 - triang(%)}

(
Hy(jw) =2 — 2 rect(5Z)
( 3 )

H2 ]CLJ) =
Evaluate the output z(t).

3. Identify an efficient sampling/interpolation scheme for the band-pass sig-
nal s(t) = sinc?(t) e/ 5" 1.

4. Identify an efficient sampling/interpolation scheme for the signal s(t) =
sinc(441) cos(2t) — 7 sin(4t). How does the result change if the signal is
pre-filtered with a pass-band filter whose transfer function is H(jw) = 1

for 1 < |w| < 3 and 0 elsewhere?



Solutions.

1. We can mimic Exercise 17.3.1 to observe that the signal extension in the
Fourier domain is e(S) = [—7mx, 7], and therefore we can apply the sam-
pling theorem with

<z — T<i.
With the stricter choice T' = 1 we have
sinc’ (t) = Z sinc” (1) sinc(t_1%7) = Z sine”(1k) sinc(7t — k) .
k=—o00 k=—o00

2. The solution can be better approached in the Fourier domain, by graph-
ically interpreting all signals. The input signal is illustrated in the figure
below

X (jw)

For signal z(t), from the modulation property we have
Z(jw) = 3 X(j(w — 147m)) 4+ 5 X (j(w + 147))

so that its shape is the one in the next figure.

Mon w

X(jw)

The action of the high-pass filter hq(t) is simply
Y(jw) = H1(jw) Z(jw) ,

providing the result illustrated in the figure below.

Hy(jw) 4




Finally, the action of the sampling/interpolation series has the form

Z(jw) = % Hs(jw) repzz Y (jw)

= 2H5(jw) repy, Y (jw)
providing
€Dy Y(Jw) A
1
r T T T T T T T T 2‘71_ T T T T T 14T7T T T ZL}
2H2(]w) N
1
r T T T T T T T 271- T T T T T 14T7T T T Zu
Z(jw) \
1
r T T T T T T T f 2'7-[- T T T T T 147{_ T T Z‘)
so that
Z(jw) = triang(5%) , 2(t) = sinc?(t) .
. In this case, the Fourier transform is
. . w— 197
S(jw) = triang(—5-=-)
with extension e(S) = [157”, 237”] If we adopt a base-band approach to the

sampling theorem we require that

23T ™
<

2~
If, instead, we approach the solution from a band-pass perspective where

we interpret the extension as e(S) = 9% + [—2r, 27, we require that

w<z — T<i.

which is a much more efficient choice (higher value of the sampling spacing
T means less number of samples) requiring a filter of the form

__ 197w

7 H(jw) = rect(“;ﬁi/%)

that is
10,

h(t) = sinc(%) e’ 2



The reconstruction rule is, in this case

s(t) = i s(kT)h(t — kT) = i s(kT) sinc(L — k) o1 157 (1= kT)

k=—o00 k=—o00

. We preliminarily need to identify the Fourier transform, that is

S(jw) = §rect(5573) /@ 4 S rect(5555) /1)
revealing that the extension has the form

e(S)=[-2-%,-2+3FU2—-Z,2+3]U{4,—4}
C [-4,4].

so that it is required to have
4< % = T>7.
If the signal is prefiltered by
H(jw) = rect(252) + rect(“32) ,
then it is

S(jw) = S(jw) H(jw)
— %rect(“’Tﬁ) ej(w72) + %rect(%”) ej(w+2)
since 2 < %71’. The resulting extension is
6(5) = [737 71] U [173} - [7373] )

so that in this case it is required to have

3 < = T>3.

NI =



FOUNDATIONS OF SIGNALS AND SYSTEMS
18.2 Solved exercises
Prof. T. Erseghe
Exercises 18.2

Solve the following MatLab problems:

1. Evaluate numerically the Fourier transform of
z(t) = 2e” " cos(2mt) 1(¢)
and compare it with its analytical expression

1 1

X0 =S T Tr e

2. The file ‘ex18_2_2.mat’ contains in vector x pancreatic secretion values
taken in the interval [0,300] min with a sampling spacing of 7' = 0.1 min.
Plot the signal together with its Fourier transform (absolute values only).

Solutions.

1. In the code we define a small sampling step 7' = 0.01 and a number of
samples N = 1000 such that the interval in which we sample the signal is
[0, 10], to ensure that the exponential outside the sampled range is small.
The derivation of the Fourier transform is standard and it is compared
with the analytical expression here called Xref. Note that the plot of the
Fourier domain only shows the absolute values, and uses a logarithmic
form (through function semilogy, which works as plot) since this is the
standard way to correctly observe the Fourier transform behaviour, allow-
ing for a correct interpretation of the result. Always use the logarithmic
form! Note that there is full accordance between the MatLab outcome and
the analytical expression up to w = 100, then some aliasing effect (due to
the 1/w nature of the Fourier transform) is visible.

= 0.01;

= 1000;

(0:N-1)*T;

= ((£>0)+.5%(t==0)) .*x(2xexp(-t) .*cos (2*pix*t));
= fftshift (T*fft(x));

om = (-round ((N-1)/2) :round(N/2)-1) *2*pi/(N*T);
Xref = 1./(1+1j*(om-2*pi))+1./(1+1j*x(om+2*pi));

XM=
1]

figure

subplot (2,1,1)
plot (t,x)

grid



xlabel('t")

ylabel ('x(t)"')

title('signal')

subplot(2,1,2)

semilogy (om, abs (X) ,om,abs (Xref))
grid

xlabel ('\omega')

ylabel ('X(\omega) ')

legend ('MatLab', 'analytical')
title('Fourier transform')

signal
2 I\
\
|
1 1
— \ "~
gofl \ oo
Zorl [\
1 {\ \//v 1
2 | 1 . |
0 2 4 6 8 10
t
Fourier transform
10° T . , r
LN analytical
e "/ \""\*- —
3 —— —
X / N
/ \\
[ \
I |
10 L . . | | L L
-400 300 200 100 0 100 200 300 400

2. In this case all the parameters are set so it it simply the case of applying
the rules for correct calculation of the Fourier transform. Note that we
restricted the Fourier plot to the positive axis, since this is symmetric by
nature, and in fact a real-valued signal implies an Hermitian symmetry in

the Fourier domain which, in turn, determines an even symmetric absolute
value.

load('ex18_2_2.mat') % defines t, x, T

N = length(x);

X = fftshift (T*fft(x));

om = (-round ((N-1)/2) :round(N/2)-1) *2*pi/(N*T);

figure
subplot(2,1,1)
plot (t,x)

grid
xlabel('t")
ylabel ('x(t) ")
title('signal')



subplot (2,1,2)
semilogy (om, abs (X))

grid

xlabel ('\omega')

ylabel ('X(\omega) ')

axis ([0 max(om) 1le-3 1le4])
title('Fourier transform')

signal

100

x(t)

50 [

—

0 | L L L
0 50 100 150 200 250 300

t
w°¥w

Fourier transform
0

X(w)

Mg ’
B e

w



FOUNDATIONS OF SIGNALS AND SYSTEMS
18.3 Homework assignment
Prof. T. Erseghe

Exercises 18.3

Solve the following MatLab problems:

1. Evaluate numerically the Fourier transform of x(¢) = triang(t) and com-
pare it with its analytical expression X (jw) = sinc®(w/(27)).

2. The file ‘ex18_3_2.mat’ contains in vector x pancreatic secretion values
taken in the interval [0, 300] min with a sampling spacing of 7' = 0.1 min as
well as the impulse response g (on the same time samples) mapping to the
plasma concentration y = x*g. Plot the signals together with their Fourier
transform (absolute values only). Then evaluate the product X - G in the
Fourier domain and inverse-transform it by use of the inverse MatLab
functions ifftshift and ifft. Compare the result (which is a convolution
evaluated in the Fourier domain) with the convolution taken in the time-
domain: you should get a perfect correspondence!



Solutions.

1. The code can mimic that of Exercise 18.2.1, as follows, where we used the
time span [—2, 2] for the triangle and a sampling spacing 7' = 0.01. Note
that, in this case, we correct the Fourier transform for the fact that the
starting sample is not zero. Note also how we show the Fourier transform
only in the positive axis where, again, perfect correspondence is available
up to w = 100. In this case we also display the error, showing that it is of
the order 2 - 107> along the entire axis, and obviously much more visible
where the absolute value of the Fourier transform gets smaller.

—
|

0.01;

t = -2:T:2;

x = triang(t);

N = length(x);

om = (-round ((N-1)/2) :round(N/2)-1) *2*pi/(N*T);
X = fftshift (T*fft(x)) .*exp(-1li*xom*t (1)) ;

Xref = sinc(om/(2*pi)) ."2;

figure

subplot(2,1,1)

plot(t,x)

grid

xlabel ('t')

ylabel ('x(t) ")
title('signal')

subplot (2,2,3)

semilogy (om,abs (X) ,om,abs (Xref))
axis ([0 max(om) ylim])
grid

xlabel ('\omega')

ylabel ('X(\omega) ')

legend ('MatLab', 'analytical')
title('Fourier transform')
subplot (2,2,4)
semilogy (om, abs (X-Xref))
axis ([0 max(om) ylim])
grid

xlabel ('\omega')
title('Difference ')

function s = triang(t)
s = (1-abs(t)).*x(abs(t)<1);
end



1
N\
N\
o5t \\\\
0 L . L L L \\ L
2 -15 -1 05 0 0.5 1 1.5 2
100 Fourier transform ! Difference
MatLab |unn lHHUNHN
. e mumumlmM
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2. In this exercise we first evaluate the Fourier transforms of x and g sep-
arately (by using the standard approach), then make a product via the
pointwise product operator. The inverse transform is calculated by apply-
ing the inverse function ifft and ifftshift in reverse order, to get the correct
result. Note the perfect correspondence with the convolution calculated in
the time-domain (which is truncated to the same range as x). Incidentally.
one could observe that the compact expression “y=T*ifft(fft(x).*ft(g))”
holds, where we neglected any use of w or of the ifftshift operator. This is
actually how MatLab calculates convolutions!!!

load('ex18_3_2.mat') 7 defines t, x, g, T

N = length(x);

X fftshift (T*fft(x));

G fftshift (Tx£f£ft(g));

om = (-round ((N-1)/2):round(N/2)-1) *2*xpi/(Nx*T);
Y = X.*xG;

y = ifft (ifftshift(Y)/T);

y2 = T*conv(x,g);

y2 = y2(1l:length(x));

figure (1)

subplot (2,2,1)

plot (t,x)

grid

xlabel ('t")

ylabel ('x(t)"')

title ('pancreatic secretion')
subplot(2,2,2)

plot(t,g)

grid



xlabel('t")

ylabel ('g(t) ')
title('impulse response')
subplot(2,1,2)
plot(t,y,t,y2)

grid

xlabel('t")

ylabel ('y(t) ')

legend('via fft','via conv')
title('plasma concentration')
sgtitle('time domain')

figure (2)

subplot (2,2,1)
semilogy (om, abs (X))

grid

xlabel ('\omega')

ylabel ('X(\omega) ')
title('pancreatic secretion')
subplot(2,2,2)
semilogy (om, abs (G))

grid

xlabel ('\omega')

ylabel ('G(\omega) ')
title('transfer function')
subplot(2,1,2)

semilogy (om,abs (Y))

grid

xlabel ('\omega')
ylabel ('Y (\omega) ')
title('plasma concentration')
sgtitle('Fourier domain')
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FOUNDATIONS OF SIGNALS AND SYSTEMS
18.5 Homework assignment
Prof. T. Erseghe

Exercises 18.5

Solve the following MatLab problems:

1. The file ‘ex18_5_1.mat’ contains in vector x some ECG samples taken with
spacing T = 1/125s. After removing the signal average value (use the
mean MatLab function), plot the signal as well as its Fourier transform
in absolute value, and determine the position wg > 0 of the first peak. By
resorting to the expression wy = 27/T),, identify the ECG period T, =
27 Jwp. You can use the MatLab function “[maxval,pos] = max(abs(X))”
for this.

2. The file ‘ex18_5_2.mat’ contains in vector x some ECG samples taken with
spacing T = 1/125s and corrupted by a sinusoidal noise. After removing
the signal average value (use the mean MatLab function), plot the signal
as well as its Fourier transform in absolute value. Then, filter the signal
with an high-pass filter that rejects all pulsations in the range |w| < 7,
by applying a selection in the Fourier domain and then by applying an
inverse transform. The sinusoidal noise should be absent in the filtered
signal.



Solutions.

1. In the code we first subtract the average value, then use a trick to increase
the definition in the Fourier domain (i.e., to increase the value of N),
namely that of adding zero-valued contributions at the end of the signal.
The search for the maximum is restricted in the range [4, 8] since this is
the range we can identify by looking at the plots. We also display the
estimated period which turns out to be 7, = 1.3151.

load('ex18_5_1.mat') % defines t, x, T

x = x - mean(x);

X [x, zeros(1,2xlength(x))]; % trick to tighthen
Fourier sampling

N = length(x);

t = (0:N-1)x%T;

X = fftshift (T*fft(x));

om = (-round ((N-1)/2):round(N/2)-1) *2*pi/(N*T);

% find max: range [4,8] set by looking at the plot

[maxval ,pos] = max(abs(X).*(om>4) .*(om<8)) ;

om0 = om(pos); /% estimated omegal

disp(['estimated Tp = 2 pi/omegal0 = ' num2str (2*pi
/om0) 1)

figure (1)
subplot(2,1,1)

plot (t,x)

grid

xlabel('t")

ylabel ('x(t) ")

title ('ECG signal in time')
axis ([0 20 ylim])
subplot (2,2,3)
semilogy (om, abs (X))
grid

xlabel ('\omega')

ylabel ('X(\omega) ')
title('Fourier domain')
subplot (2,2,4)
semilogy (om, abs (X))
hold on
semilogy (om0 ,maxval, 'ro')
grid

xlabel ('\omega')

ylabel ('X(\omega) ')
axis ([0 20 1lel 3e3])
title('zoom')
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2. We apply the same tricks as in the previous exercise. The high-pass filter
is implemented by multyplying entrywise the Fourier coefficients X by a
selection of the pulsation values “abs(om)>pi” which is active (i.e., equal
to one) only for |w| > 7. The filtered signal is then obtained by inverse
transform.

load('ex18_5_2.mat') % defines t, x, T

X = x - mean(x);

x = [x, zeros(1l,2*length(x))]; % trick to tighthen
Fourier sampling

N = length(x);

t = (0:N-1)*T;

fftshift (Txfft(x));

om = (-round ((N-1)/2) :round(N/2)-1) *2*pi/(N*T);

= X.x(abs(om)>pi); % filter signal

ifft (ifftshift(Y)/T); % filtered signal in

time

>
]

< <
non

figure (1)

subplot (2,2,1)
plot (t,x)

grid

xlabel ('t ")
ylabel ('x(t) ")
title('time domain - distorted')
axis ([0 20 ylim])
subplot (2,2,2)
plot (t,y)

grid

xlabel ('t ")



ylabel ('y(t) ")

title('time domain - filtered')
axis ([0 20 ylim])

subplot (2,2,3)
semilogy (om, abs (X))

axis ([xlim 5e-2 5e3])

grid

xlabel ('\omega')

ylabel ('X(\omega) ')

axis ([0 20 1lel 1le4])
title('Fourier domain - distorted')
subplot (2,2,4)

semilogy (om,abs (Y))

grid

xlabel ('\omega')
ylabel ('Y (\omega) ')

axis ([0 20 lel 1e4])

title('Fourier domain - filtered')
time domain - distorted time domain - filtered
1500 1000
1000
500
= 50 l =)
x =
0 0
-500
-1000 -500
0 5 10 15 20 0 5 10 15 20
t t
10t Fourier domain - distorted 10t Fourier domain - filtered
_10? _10?
3 =)
X >
102 102
10’ 10’
5 10 15 20
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Exercises 19.2

Evaluate the following Laplace transforms, by either applying the forward rela-
tion or the Laplace properties to known Laplace pairs, and identify their regions
of convergence:

1. Evaluate the Laplace transform of the unit step x(t) = 1(¢);

2. Evaluate the Laplace transform of the Dirac delta x(t) = §(t);

3. Evaluate the Laplace transform of the one-sided exponential x(t) = eP'? (¢);

4. Evaluate the Laplace transform of the one-sided exponential z(t) = —eP1* 1(—t);
5. Evaluate the Laplace transform of the ramp x(t) = ¢ 1(¢);

6. Evaluate the Laplace transform of x(t) = cos(wot) 1(t);

Solutions.

1. For the unit-step, we apply the forward rule, to have

X(s) = /OO 1(t)e st dt

— 00

oo . e—st %)
= e % dt =
0 —s lo

0-1 1
_S

—S

where the integral converges only if [e~*| = e~®l¥] < 1, that is R[s] > 0,
which sets the region of convergence. Correctly, the signal is causal, and
the ROC is the region on the right of the rightmost pole (the pole here is
s=0).

2. For the delta, we apply the forward rule, to have
X(s) = / Stye Stdt=e0=1

where we used the sifting property of the delta. Note that the integral
converges for any s, hence the region of convergence is the entire complex
plane.



3. For the one-sided complex exponential, we apply the forward rule, to have

X(s) = /OO 1(t) ePrte st dt

_ /OO ef(sfpl)t dt — ef(Sfpl)t o]
0 —(s—p1)lo
0—-1 1

 —(s—p)  s—m

where the integral converges only if [e~(57P1)| = e Rls—ml < 1 that is
R[s — p1] > 0, which sets the region of convergence to R[s] > R[pi].
Correctly, the signal is causal, and the ROC is the region on the right of
the rightmost pole (the pole here is s = p1).

The result could also have been derived from the couple 1(¢) — % of

Exercise 19.2.1, by applying the modulation rule, providing a shift in the
Laplace domain. The definition of the ROC, in this case, can be obtained
by identifying the poles in the analytical expression ——, and by recalling

s—p1’
that the considered signal is causal.

4. For this one-sided complex exponential, we apply the forward rule, to have

X(s) = /OO —1(—t)ePrte 5t qdt

0 —(s—p1)t
:/ _e—(S—p1)t dt — e (s—p1)t 0
—00 S§—pP1 |-
1-0 1

s$—Dn s$—Dn

where in this case the integral converges only if |e* P1| = eRls—rl < 1,
that is R[s — p1] < 0, which sets the region of convergence to R[s] < R[p1].
Correctly, the signal is anti-causal, and the ROC is the region on the left
of the leftmost pole (the only pole here is s = p;). Nicely, note that the
analytical expression we obtain is identical to the one of Exercise 19.2.3,
but with a different (complementary) region of convergence, thus correctly
establishing that the signal information in the Laplace transform is kept
by the couple “transform plus ROC.”

5. For the ramp we can follow at least two different paths, exploiting the
Laplace properties. As a first go we exploit the product-by-t property
starting from the pair of Exercise 19.2.1, namely, y(t) = 1(¢) and Y (s) =
1/s, to have

d (1 1
t =5 t t X = 7Y/ = —_—— — — .
s =tut) — X6 =¥ = (1) =5
Alternatively, we can observe that

x(t)zl*l(t):/

— 00

oo

0 L t<0
T P



so that by the convolution rule we have

The only pole in the analytical expression is s = 0, therefore, given that
the considered signal is causal, the region of convergence must be R[s] > 0.

. For the cosinus, we can exploit Euler’s identity to write
_ 1 jwot | 1 ,—juwot
z(t) = 5?00 4 S 70

and then apply the Laplace couple of Exercise 19.2.3, namely y(t) =
eP1t1(t) and Y (s) = ﬁ, with p; = £jwg. By linearity we obtain

1
Xle)= %5—,7'600 *

1 s s

s+jwo  (s—jwo)(s+jwy) s —wi

N[

which is an analytic expression containing the poles in s = +jwq, hence
the region of convergence is R[s] > 0.
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Exercises 19.3

Evaluate the following Laplace transforms, by either applying the forward rela-
tion or the Laplace properties to known Laplace pairs, and identify their regions
of convergence:

1.

2.

Evaluate the Laplace transform of the shifted Dirac delta x(t) = 6(t — to);

Evaluate the Laplace transform of the ramp xy(t) = %k, 1(t) (can be done
through the convolution property, by induction);

Evaluate the Laplace transform of the exponential ramp x(t) = %k, ePrt 1(t);
Evaluate the Laplace transform of z(t) = sin(wpt) 1(¢);

Evaluate the Laplace transform of z(t) = eP*? () + eP2! 1(—t);

Evaluate the Laplace transform of the rectangle x(t) = rect(t);

Evaluate the Laplace transform of the triangle x(t) = triang(t);

Evaluate the Laplace transform of the kth derivative of the delta z(t) =
5 (¢).



Solutions.

1. For the shifted delta, we apply the forward rule, to have
X(s) = / St —to)e "t dt = e %

where we used the sifting property of the delta. Note that the integral
converges for any s, hence the region of convergence is the entire complex
plane. Incidentally, the same result can be found by applying the time-
shift rule to the Laplace pair of Exercise 19.2.2.

2. We prove the result by induction, by observing that

oo uk
Tpr1(t) =z x 1(t) = /_ o 1(u)1(t — u) du

{ 0 ,t<0
— t ok gkl
JoFrdu=qmmr >0
Hence by the convolution property we have
Xi(s
Kia(s) = 240
S
where from Exercise 19.2.1 we know that Xy = % Therefore, it must be
1
Xi(s) = prEs)

with a (k 4+ 1)th-order pole at s = 0, hence the corresponding region of
convergence is R[s] > 0.

3. In this case, the easiest way is to apply the complex exponential rule to
the pair of Exercise 19.3.2, namely

th 1
yr(t) = il 1(t)  Yi(s) = prsgl
to have
1

(S _pl)k+1 :

The result has a (k + 1)th-order pole at s = p1, hence the corresponding
region of convergence is R[s] > R[p1].

zp(t) = yp(t) et Xp(s) = Yi(s —p1) =

4. For the sinus, we can exploit Euler’s identity to write

— 1 Jjwot _ 1 ,—jwot
x(t) = 5; /" — 55 €



and then apply the Laplace couple of Exercise 19.2.3, namely y(t) =
eP1t1(t) and Y (s) = ﬁ, with p; = +jwg. By linearity we obtain
1 1 wo Wo
X = L — L = =
(5) Us—jwy Hs+jw (s—jwo)(s+jwo) 82— wi

which is an analytic expression containing the poles in s = +jwg, hence
the region of convergence is R[s] > 0.

. In this case we can directly exploit the outcomes of Exercises 19.2.3 and

4, to have
1 1

X(s) S§—pP1 S—DP2
where the ROC is such that both integrals converge, that is R[p1] < R[s] <
R[p2]. We observe that under the condition R[pl] < R[pe] we have an
active ROC, while for R[p;] > R[p2] the ROC is the empty set, since in
this case no complex exponential can guarantee the damping effect that
allows both integrals to converge.

. For the rectangle, we apply the forward rule, to have

X(s) = /ij rect(t) e " dt

—00

1 1

2 e 53
/ e St dt = .
_ -5 1-1

lg 1lg —1g : s
—e2 e2% —e7 2 sinh(5)

9]
[SIESNI

— 5
S S 2

where apparently there is a pole at s = 0, but actually the hyperbolic sine
has a Taylor series starting at s, and it’s a continuous function providing
X (0) = 1. Hence the region of convergence is the entire complex plane.

. For the triangle we can exploit the convolution rule, to have

smh(;))2 |

S

x(t) = rect xrect(t) , X(s) = ( ;

where we exploited the outcomes of Exercise 19.3.6, and where the region
of convergence is the entire complex plane.

. For the derivatives of the ideal impulse, we can resort to the derivative
property applied k-times to the couple of Exercise 19.2.2, namely

y(t)=06@t), Y(s)=1,
to have
2(0) =y W) =M (), X(s)=s"V(s) = 5",

where the region of convergence is the entire complex plane since there
are no poles.
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Exercises 19.5

Evaluate the inverse unilateral Laplace transform for the following rational func-
tions:

1. H(s) = %;
2. H(s) = gy

3. H(s) = 72;5?;_11).

Solutions.

1. The fraction is not proper, therefore, we first need to map it into a proper
function by polynomial division. We have

r—3|x+2
—rx—2|1
-5
so that
H(S):sfi%:li )
s+ 2 s+2

whose inverse transform readily provides

h(t) =6(t) —5e 2 1(¢t) .

2. The fraction is proper, therefore we do not need to divide it. We have

1

1= w9

with poles (solutions) in the quadratic equation of the form

—-1+v1+24

P12 = 5 — p1=2,p=-3.

All the poles are distinct. Hence, we can write

R B SR
s(s —2)(s+3) s  s—2 s+4+3




with residues given by

Ry=H = =—1

0 () s=0  (s—=2)(s+3)ls=0 6

1

Ri=H(s) (s—2 = — =L

! (S) (S ) s=2 8(5 + 3) s=2 10

1

Ry = H(s) - 3 R — =1

2 (S) (S + ) s=—3 S(S — 2) s=—3 15

By putting the result together, we find
1 1 1
H(s)— 12 1 1
(s) 6$+103—2+155+3

with inverse transform
h(t)=—21(t) + 5 e* 1(t) + £ e 1(t) .

. The fraction is proper, therefore we do not need to divide it. However, in
this case there is a pole of multiplicity 2, hence we can write

48—1 _ Ro & R2

A =san—n~ w2 ™5 T5o1
with residues given by
Ry = H(s)-s* szo:% s=0:%
fi= g (16-0-2)| = 2 ()
- 2(54— 1) 2(488—_11)2 =0 —2+3=-3
Ry =H(s)- (s =3) s=1 :482% s=1 =3

where we observe that for the pole s = 0 with multiplicity 2, the residue
R1 needs a derivative. By putting together the results, we obtain
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Exercises 19.6

Evaluate the inverse unilateral Laplace transform for the following rational func-
tions:

1. H(s) = #ﬁﬂ)’
2. H(s) = sgig)%%;

3. H(s) = %735

4. H(s) = (52_&3%;

s2 s+4
5. H(s) = ity



Solutions.

1. The fraction is proper, therefore we do not need to divide it. Furthermore,
we have
s+3 A B C
_|_

HO) = ey~ Goa? "5 Tatd

where .
s+ 3 _1-3j

S+ jls=j 2

n A2
ds\s+j
_s+3
(s—4)?

A:

s=j 4

s=—7 o 4

providing
h(t) = {Atejt + B - Be’jt} 1(1)
=[G -39t + (3 +59) sim(n)]1(t)

2. The fraction is proper, therefore we do not need to divide it. Furthermore,

we have
1-— 1-— A B
H(s) = 5 = 5 = +
$245s+6 (s+3)(s+2) s+2 s+3
where 1
—s
A= =3
S+ 3ls=—2
o 8+2 s:—37

and therefore
h(t)=3e 2 1(t) —4e 3 1(t) .

3. The fraction is not proper, therefore we need to divide it, obtaining

s2—s s+1

H(s) = =1-

241 s24+1

which is already in an invertible form involving sinusoids, that is
h(t) = 6(t) — cos(t)1(t) — sin(¢)1(¢) .

4. The fraction is proper, therefore we do not need to divide it. Further-
more, we note that the denominator is a function of s2, with poles of the
form p; o = +3j and p3 4 = 27, which reveals the presence of sinusoids.
Although we can proceed with the four poles, and identify four residues



(complex valued, but the final result will be real valued because of real-
valued coefficients), we can exploit a residue mapping in # = s? of the
form

1 R + Ry
(z+1D)(z+4) x+1 x+4
where
Ry = L =1
O_SC+4 x:—l_s
1
Ri = _ 1
1 SC+1 r=—4 3
to write ) L ) .
28—1 55*5 *554’5

H(s) = (s2+1)(s2+4) S s2+4

which is already in an invertible form, since it is the linear combination
of sinusoids, providing

h(t) = [% cos(t) — 1 sin(t) — 2 cos(2t) + ésin(2t)} 1(t) .

. The fraction is not proper, therefore we need to divide it. By expanding

s*(s+4) 04487
(s+1)(s+2) s2+3s+2

H(s) =

we have a polynomial division of the form

3 + 422 22+ 3x+2
—x3 =322 -2z rx+1
2

so that

where 5 5
A s+

s+ 2
B:5$+2

s+1

s=—1

s=—2

By inversion we finally obtain

h(t) =6 (t)+6(t) +3e " 1(t) —8e 21 1(¢) .
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Exercises 20.2

Solve the following problems on differential equations:

1. Consider an RC filter driven by the differential equation
y(t) + RCY'(t) = x(t) ,

for input voltage x(t) = A and initial condition on the output voltage
y(0_) = V. Evaluate the output response y(t) for ¢ > 0, and the steady
state condition on y.

2. Consider the differential equation

y"(t) —y'(t) — 6y(t) = 2'(t) — 3z(t) ,

for which it is required to evaluate the transfer function H(s) and its
BIBO stability properties, as well as the forced response for z(t) = 1(¢);
then consider zero initial conditions and an input z(t) = A cos(wot + ©g)
and identify for which values of wy the output at steady state assumes the
form y(t) = fa(t — to).

3. Consider the spring-mass system system described by the differential equa-
tion
(t) = ky(t) + my"(t) ,

where the input force is set to x(t) = Fp cos(wot) and the initial conditions
are y(0_) = yo and y'(0_) = vg. Identify the output y(¢) for ¢t > 0.

Solutions.

1. If we map the RC filter equation in the (unilateral) Laplace domain, we

have
Y (s)+ RC (sY(s) — V) = X(s)
so that
B 1 RCVy B Vo
Y(s) = 1+RCSX(S)+ 1+RCs s+ﬁX(S)+s+ﬁ ’

where 8 = % is the key constant of the RC filter. Incidentally, the
impulse response provides

H(s) = s—fﬂ = h(t) = Be P1(t),




while from the unilateral transform of z(t), namely, X (s) = A/s, we have

A Vo _A_ A Vo
Y(s)_s(s+5)+s+ﬁ_g s+B8 s+p8

and therefore

y(t) = A1 —e PH1t)+Voe P1(t) .

ys Yn

At steady state, t > 0, the exponential goes to zero and we have y(t) = A,
as depicted in figure.

yr(t)

2. From the differential equation we can straightforwardly identify the trans-
fer function
5s—3 s—3 1

H(S)ZSQ—S—GZ (s —3)(s+2) T 542 = Wt) =71

which is evidently BIBO stable since the pole p; = —2 has negative real
part. The forced response to the unit step, for which X (s) = 1/s, is simply

so that



At steady state, instead, the system action on x(t) = A cos(wot + ¢q) is
simply that of filter h(t), and from the properties of the Fourier transform
we have

y(t) = [H (jwo)| A cos(wot + o + arg(H (jwo)))

where
1 1

s+ 2 s:jw0:2—|—jWQ ’

H(jwo) =
Hence, it is

_arg(H(jwo))

y(t) = [H(jwo)| z(t —to) ,  to =
the request thus being equivalent to
|H(jwo)| =1 = 25=uwj+4
so that it must be wy = ++/21.

3. By mapping the differential equation in the (unilateral) Laplace domain
we have

X(s) = kY (s) +m(s”Y (s) — syo — vo) ,

so that
X (s) + myops + mug
Y =
(s) ms2 4+ k
H(s)
R SR SO SIS S .1
m g2+ w? yOSQ—l—w% wig2 4 i’ ! m
Y1 (s) Ya(s)
where P
s
X(s) — 0
0= 7

Now, in case wy # wy, we have

1 A B
Yi(s) = fos — Tos
=8 e ¥ [T e
where 1
B=-A, A= 5
Wy — Wy
so that
- F S v w1
Y(s) mwi-wg) |82 +wg 82+ w%} Yooy w? Wt g2 4?2



and therefore

y(t) = #“_wg) [cos(wot) — cos(wit)] + yo cos(wit) + 52 sin(wit)

forced natural

for ¢ > 0. Note that the natural response is sinusoidal, i,e, it does not
vanish for large ¢, and in fact the transfer function here is not BIBO
stable.

In case wy = wy, instead, it is

R s R 2wps
Yi(s) = HO(SQ _Hdg)z = 2w00m (s2 —|—w3)2

where we note that, by the multiplication by ¢ rule, we have

tsin(wot) d wo 2w s
sin(w = —— =
0 ds \ s? + w? (82 +wd)?

and therefore

y(t) = 522 tsin(wot) + yo cos(wot) + 2 sin(wot)

20.)0

forced natural

which diverges for large ¢ since the system is not BIBO stable.
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Exercises 20.3
Solve the following problems on differential equations:

1. The input to a system described by differential equation is z(t) = d(¢t) +
2e7t1(t), and the forced response has, in the unilateral Laplace domain,

the form .

s(s+a)
with steady-state condition yz(t) = 1 for t > 0. We wish to: a) identify
the value of the real parameter a; b) identify the transfer function H(s) as
well as the differential equation to which it relates; ¢) identify the BIBO

stability properties of the system; d) identify the natural response under
the initial conditions y(0_) = 3'(0_) =0 and y"”(0_) = 1.

)

Yi(s) =

2. Consider the system described by the differential equation
y"' () + 27 (t) — 19y () — 20y(t) = " (t) + 2'(¢) ,

where we know that p; = 1is a pole. We want to: a) determine the transfer
function; b) determine wether the system is BIBO stable; ¢) determine
the system output with input z(¢) = 1(¢) and zero initial conditions; d)
identify the transfer function Hy(s) of a system that, in cascade with the
given system, makes the cascade BIBO stable.



Solutions.

1. To identify the value of a, we transform the forced response to the time
domain, to have

O R
so that 1
yr®) = - (1= ™) 10)

In order to have y¢(t) = 1 for t > 0, it needs to be a > 0, so that
y¢(t) = 1/a for t > 0, and therefore we have a = 1. The transfer function
is then obtained by exploiting the relation

1 2 s+3
Y =H(s)X(s)=——X X(s)=1 = —
) = HEOX() = o X(5) . Xl =14 =5 =207,
so that
Y 1 1 1
His) =28 st - |
X(s) s(s+1)(s+3) s(s+3) s2+3s
with poles p; = 0 and p, = —3, which identify a system which is not

BIBO stable. The differential equation follows from H(s) to have
x(t) =y"(t) +3y'(t) -

The natural response for y(0_) = y'(0_) = 0 is identified by zero valued
initial conditions (the value y”(0_) = 1 is not part of the initial conditions)
and therefore y,,(t) = 0.

2. The transfer function follows directly from the differential equation, to
have

s?2+s s(s+1) s

$B+252—195—20 (s+1)(s+5)(s—4) (s+5)(s—4)’

H(s) =

with active poles po = —5 and p3 = 4. The system is not BIBO stable since
p3 = 4 has positive real part. The output, which in this case corresponds
to the forced response, is given by

s 1 1
Yi(s) = H(s)X(s) = (s+5)(s—4) s B (s+5)(s—4)
1 1 11
TG 1) 9 _4)

to have



which diverges, thus confirming that the system is not BIBO stable. To
overcome BIBO stability we need to cancel the pole ps = 4, for example
using the BIBO stable system

with R[a] > 0, to have

s s—4 s
HOH) = Co 5 6= 510 GEolra)
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Exercises 20.5
Evaluate the unilateral Z transform, or its inverse, for the following signals:
1. the discrete-time unit-step z(n) = 1p(n);

2. the discrete-ramp signals

Tp(n) = o (n+k)...(n+2)(n+1)1p(n),

with zo(n) = 1o(n), to obtain X(z) = (1 — z~1)~(+1);
3. the shifted delta x(n) = d(n — ng) for ng > 0;
4. the one-sided exponential z(n) = pj+* 1o(n);

5. the modulated ramp
1
2(n) = o (1K) (2 1) ()

6. the sinusoid z(n) = cos(6pn) Lo(n).
Then solve the following difference equations system:

7. Consider the discrete-time system described by equation

z(n) =y(n—2) +y(n —1) = 6y(n) ,

where z(n) = A, y(—1) = k1, and y(—2) = ky. Identify the system impulse
response h(n) and the output y(n).

Solutions.

1. For the unit step, we have

) . 9] . 1
X(Z): Z lo(n)z :ZZ = =1
n=-—00 n=0

valid in the region where |271| < 1, that is for |z| > 1.

2. We observe that, starting from zg(n) = 1g(n), with transform Xo(z) =
1/(1 — z71), as we have already seen, signals are defined through the
recursion

zp(n) =+ (n+1)azp_1(n+1)
=Lm+k)...(n+2)(n+1)1o(n+1)
H(n+k) .. (n+2)(n+1)1g(n)



where we replaced 1g(n + 1) with 1p(n) since in n = —1 the factor n + 1
guarantees that the signal value is zero. The validity of this recursion
suggests proving the result by induction. We therefore assume that the
transform is correct at index k — 1, and want to prove its correctness at
index k. From the recursion, to obtain zx(n) from x;_1(n) we need to: 1)
multiply by n and by the constant factor %, and 2) time-shift by —1, to
have
zp(n) =u(n+1),  u(n)=gnzp_1(n).

Now, from the multiplication-by-n rule, we easily identify the Z transform
of u(n) as

dXp—
U(z) = —%z%(z)
o d 1
R de (1 - 2k
1 271
_ _1 -2 _
=—§% —k (1 0)k+l 7 T (1 1)kt

while it is easy to see that

Xi(z) = Z un+1)z7"
n=0
= Z u(m) 2= (m=1) — Z u(m) z=(m=1)
m=1 m=0

1
(2) = A==y -

Il
w
-

where m = n + 1, and where in the second row we exploited the fact that
u(0) = 0 by construction. This proves the result.

. In this case we simply apply the forward transform

X(z) = Z o(n—mg)z""=z""0
n=0

which is valid for |z| > 0

. In this case we simply apply the forward transform

. n —-n - —1\n Po 1
X(2) =Y pgtt =" =po > (poz") =
n=0

-7 -1
n=0 1= poz Po —=

with associated ROC of the form |ppz~!| < 1, that is |z| > |po]-.



5. For the modulated ramp we have
, 1
zi(n) = pg ™ yk(n) . gr(n) = 7 (k). (4 2)(n+1) 1o(n) ;

so that, by the multiplication rule we have

1

Xn(z) = pISHYn(Z/pO) ;o Yalz) = m

where we used the result from Exercise 20.5.2. Hence, it is

1
Xn(z) = (pal _ 2_1)k+1

with associated ROC of the form |z| > |po|.

6. For the sinusoid we simply apply the forward transform

o0 o)
X(z) = g %ejeon 27"+ g %e_ﬂo” z "
n=0 n=0

1 . 1
1—eifor=1t = 21— edfop—1
12— e 900571 _ ei00 51
2(1—eifoz=1)(1 — e—J0oz—1)

1 —cos(fp)z~1
1—2cos(fp)z=1 + 272

N

7. The impulse response can be identified by simply looking at the equation
to get the transfer function

1 1
H == = frnd —
() z724271-6  (27143)(z71—-2) z1-2 27143

[
(S

where all the polynomials are in =% (you can replace x = 2z~ if this is
less confusing). Note that the equation is in 271, so that the poles are
not 2 and —3, but are p; = % and ps = }3 = —%, which make the system

BIBO stable. From standard Z couples, we then have

(o™ =) 10m) = £ (=37 = (3)*) 1o(n)

h(n) = 1 :

5
In order to identify the full output y(n), we preliminarily need to map the
equation in the unilateral Z domain, to have

X(2) =272V (2) + 27 'y(=1) +y(=2) + 27V (2) + y(=1) = 6Y(2)
so that
X(2) kiz7 Y+ ki + ko A

Y(Z):z—Q—&—z_l—Gi 2724271 -6’ X(Z):l—z—l’




where X (z) is the unilateral transform. Hence, for the forced response we
have

—A _A _4 A
Y. _ _ 20 5 4
1) (z714+3)(z71 —=2)(z~1 = 1) z—1+3+z—1—2+z 11’
where we used the standard residues method in z~! to get the result,
which guarantees that

yr(n) = A(F(-

H=H™ L) = 1) 1o(n)

For the natural response, instead, we have

k:lz_l + k1 + ko 2k1 — ko 1 3k + ko 1
Y’I’L(Z) = — 1 — = — — —
(z71+3)(z71 —2) 5 z71+3 5
so that

yn(n) _ (2k15—k2 (_%)n—&-l + 3k1;—k2 (%)n-ﬁ-l) 10( ) .

z71 -2



FOUNDATIONS OF SIGNALS AND SYSTEMS
20.6 Homework assignment
Prof. T. Erseghe
Exercises 20.6
Solve the following problems on difference equations:

1. Consider a discrete-time system with transfer function

1
(7 4+1)(271+3)°

H(z) =

We want to know: a) which are the poles; b) whether the system is BIBO
stable or not, and in case it is not identify a limited input signal that
provides an unlimited output; ¢) the input signal if the output is y(n) =
—(—%)”"‘110(11) with zero initial conditions.

2. Consider a discrete-time system with impulse response and input
h(n) = (1+2n) (=1)" 1o(n) + 3 (—3)" Lo(n) , z(n) =5 (~5)" Lo(n),

and with zero initial conditions y(n) = 0 for n < 0. We want to know: a)
if the system is BIBO stable; b) the difference equation that describes the
system; and c¢) the natural and forced responses.



Solutions.

1. By inspection the poles are p; = }1 = —1 and ps = }3 Since P — 1

lays in the unit circle, the system is not BIBO stable. A limited input
providing an unlimited output is one that stimulates the unstable pole,
for example

2 72’1+3
2141 27141

2(n) =6(n) —2(-1)"11(n) = X(z)=1+

to have a forced response of the form

1

V() = HEX () = oy

that is
yr(n) = (n+1) (=1)"*"21(n) .

In the case the initial conditions are zero, then the output is the forced
response, that is we have
X(z) 1

Y(2) =Ys(2) = H(z)X(2) = T DET19) =153

By solving on X we get X (2) = 271 + 1, that is z(n) = §(n) + 6(n — 1).

2. By inspection of the impulse response, we see that it is diverging for large
n, hence the system is not BIBO stable. The difference equation can be
easily obtained from the transfer function, that is the Z transform of h(n).
To this end, we recall the Z pairs

)= (-1 ) =
) = (4 ) ()" o) = g
g3(n) = —(=3)""o(n) = ﬁ

which allow writing h(n) = —g1(n) + 2g2(n) + g3(n) so that

1 n 2 n 1
27 41 (271 41)2 0 242
271 +3 27143

a 1+ 1D)2(z"1+2) 2344224527142

H(z) =

and the equation is

z(n—1)+3z(n) =y(n —3) +4y(n — 2) + 5y(n — 1) + 2y(n) .



Because of zero initial conditions on y(n) and z(n), the natural response is
yn(n) = 0. For the forced response, instead we can work in the (unilateral)
7 domain to have

271 +3 1
(z71+1)2 (71 +2)

Yi(z) = H(2)X(2) =

that is
1 1 1 1
Y — = —
R P Y P ) S i L s g e
so that

yr(n) = —g1(n) + g2(n) + g3(n)
= (2+n) (=1)"1o(n) + 5 (=3)" Lo(n) .



