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(a) Givensets A
,
BEN we corste A=m B when

there is a reduction function i
.
e - a total computable function

F : NeIN st
. Ven

x A iff f(x) = B

b) We prove the counternominal ie .
2

If A EmB and B is recursive them a is recusive

assome AEmB and let f : N- IN be the reduction

function ,
total computable St.

Vo set if TubeB ray

B recursive ie .

(a) = (1 i is computable

The characteristic funchom of A is

r * /

L

kab2 = Tes (fla)

ser
Hence XA

, composition of computable functionsB and f

is computable
,

i
.
e. A recursive.



1) if A recursive them A Em (2)

if A is recursive them

& is computable /& totalTabe= ifc

Note that Va

set iff Kake = 1 iff fabele gay

ie .
Ta is a reduction function for A Em (1)

EXTRA QUESTION : Does the converse hold ? i
.

e
.

ifA Em 213 them A 10 recunsive ?

Yes : 113 15 finite hance recursive

Since A Em 213 then A recessive

more directly :

let f : N- N be a reduction function for Am21)

i

... - is total computable and

YaEIN et iff fresegad iff f(x) = 1

nense

↳ara ifine
= (/f(x) - 1))

computable by composition.



g import

9
----

O..
-

1 "
I↑ I

same I
value S

!
-------

!

#
Ty( + 1 if = 3y and Tyrald

f(x) = O if c = by and Py(x) ↑

O if + 3y Vy

functionf is the desized one :

- f is total by definition
- f not computable since it is different from all computable

functions
Vy f(zy) + yy(3y)

in fact if Py/syst => f(3y) = yy(y) +1 = yy(zy)
if gy(3y(4 = f(zy) = 0 = yy(3y)

- the set Gol free = fractal y = ( 3y +z/yen)
is infinite !



idea 2 :

Consider Zu : -In ( total
,
not computable (

O 2 I 0100 0 2

↑ I i3
↑

8 456 7

OBSERVATION : Let f:I - In be a total function at. calf) = 20,
13

and ture is deIN St
. Ved f(x) + f(x +2)

No -

O ! 2

~I! 123

them f is computable.

In fact let

f(x) = Na sed and asome Ja = o (wlog

Define g: -In

g(a) = o

G grate) =G (g(x)) computable

Then

freei g

if = i = d No - gr ↳ Na

if = d O gred) = fle) wa free

- is a composition of computable functions , hence it is computable.



Hence Xn is a function with the desized properties

- A total

- Xs not computable

- by the observation ,
sima cod /7) = 40 , 13

the set Ge1Ank) = turtal3 is infinite

fotherwise An would be computable) .



S

conjecture : A not ze .

E not re.

A is saturated

A = Gx - (((x = c)

d = (f) fis quai-totaed = (f 1 sfs is finite y

* A not ze.

observe that ide o ance olid) = N = 6 finite

Vield
,
i finite Sea since

domsos finite hema atompo
infinite

them by Rice Shopizo A not z
.
e . (thus meither recursive

* A not ze . ~ = (f) sit not finite

= Ifomif) infinite !

mole that ide

and= Id and De
mi = = n

is infinite

hence
, by Rice Shapizo A not ze . (thus meither recursive



Fz St. ((z) = 2x

conjecture : B ze
. ,

not recursive
L

In i not re
.,

hence not recursive

*e y = a + 2x + 1

↑

53(x) = 1(u(z , y ,
t)

.

S(
,

z
, y , t))

= 1(u(z ,
d

,
t) . -(xz

,
d+ 2x + 1

,
t))

= /Mao .
S

,
casa

,
saratata

,
(a)

= /Ma .
(Cok

, ris
,
(ar 2 + 1

,
(w(s) - 11)

minimalisation of computable function ,
hanc sa is computable

hence Bis 2e

* B is not recursive

We show that KEMB
,

ie . there a a total computable S : N + 1

St
.

Ve

cek iff se E B

- Ez
. Gosy(z) + 2S(x)

define

gray) =

I if cek

f ↑ if K

=

y
. S((x) computable

by the smm theorem there is S : N-N St. Very

Eser = glay) =7



We clam that s is the reduction function for KEm B

* if sek man Gl e B

if cek them Guar (y) =

y Fy

Imparticular Pors (251 + 1) = 2 se + 1 = 251). Thus So eB

* if cel wo skB

if caek them espoly ↑ by hance Essa-p

neuce Eye Esper St . Yazera) .

Hena sho B

In summary ,
B is Ze ., not recursive

.

Hence I not 2e. otherwise

B
,
5 se . would imply B recursive) . Thus I not recuraive.

EXTRA QUESTION : Is B Saturated .

We believe it is not since the defining condition

eB iff Zyt . Ye Ex

↑
refer to the program code

2
iff Ez. /e) *

We want to show that there ore e
,
ele IN at.

et B deB Ye = Ye

We show that there is eeIN at.

9() = 2e + 1 Va

Define gime) = zn + 1 Va



Function & is computable ,
nace by Imm theorem there is

5 : /N-IN total computable such that Um,

Terme (e) = gimp) = zi + 1

By the Ind recursion theorem , since s is total computable
,
there

Is eeN St
. Ye fores .

The

Pe las e Pres las = greas a 20+1

Now :

- eeB Since Gel = 2e + 1 = ze

- there are infinitely many e' En st . Ge =

Ye

take e've at. Ge-Hel ·
There fa

Ga(x) = Pa() = 2e +22e

hena

e B

Thus B 1s not saturated.


